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DISCRETIZATION OF LINEAR OPERATORS ON L*(RY)
MARIA J. CARRO

1. Introduction

We say that the boundedness of an operator T: LP(RY) — LP(R") can be
discretized if we can characterize it by the boundedness of a collection of operators
T, on £”. Throughout this paper, we shall work under the restriction 1 < p < oo.
There are many results of this type in the literature:

(a) Using simple estimates and the density of the simple functions on L?(RV),
one can obtain that the boundedness of a linear operator on L”(R) is equivalent to
the boundedness on £7 of the operators associated to the matrices

((2kN/”T(X(0,|>(2k c=m)), 2V o2 —m)>) ;

n,m

uniformly in k € Z.

(b) Using Shannon’s sampling theorem (see §3) one can show that the boundedness
of a linear operator on L” (R") is equivalent to the boundedness on £” (Z" ) uniformly
in k of the operator associated to the matrix

((T 2*V/Psinc (2% - —n)), 2V/P'sinc (2% - —m)))

n,m’

. . sin 7 x;
with sinc x = [; ==~
g

(c) In the context of Wavelet theory (see (M 1], [M2]), the boundedness of a linear
operator on L?(R) is equivalent to the boundedness on £2(Z?) of the operator

(@n i nk = (Z<2"N“’T(<p(2k - —n)), 2°NP g 2 . —m>>an,k> ,

n.k m,k'

where ¢ and ¢ are wavelets. In [M2], they use this result to give a proof of the T1
theorem for singular operators.

(d) A result of de Leeuw and Jodeit (see [D] and [J]) shows that if suppm C
(=1/2,1/2)N and K = m, then m is a multiplier in L?(R") if and only if the
sequence (K (n)), gives a convolution kernel on £7.
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(e) Using the properties of the functions of exponential type, the previous result
was extended in [AC] to show that if the function ¢ is such that

(1) ¢ is a multiplier on L?(RV),
(2) supp® C [-R,RIV, R<1,
(3) for some & > 0, x(—¢.c)v /¢ € M(RY),

then a convolution kernel K is bounded on L?(RV) if and only if the sequence
((K; * ¢)(n)), gives a convolution kernel on £7 uniformly in ¢ > 0.

Our aim in this paper is to show that in fact the three conditions we have just
mentioned on ¢ are sufficient to discretize the boundedness of any linear operator
and not only those of convolution type. Moreover, condition (3) can be replaced by
an almost approximation of the identity condition (see Definition 3.1.1).

The paper is organized as follows: In Section 2, we study some necessary con-
ditions so that the discretization result holds. Section 3 contains the main results of
this paper and it is divided in three parts. Section 3.1 concerns the case when ¢ is an
almost approximation of the identity, Section 3.2 is related to the condition (3) we
have mentioned above (that we shall call the local invertibility property) and Section
3.3 concerns to integral operators. Section 4 presents some applications of our results
and in Section 5 we study some connections of the local invertibility property with
multiresolution analysis (MRA) on L? (see [M1]).

We shall use f ~ g to indicate the existence of two positive constants A and B
such that Af < g < Bf. As usual, ¢;(x) = t"Ng(x/t) with N the dimension,
M, will be the class of Fourier multipliers on L?(RY) and constants such as C may
change from one occurrence to the next.

Throughout this paper, we shall identify the torus TV = (—1/2, 1/2)V.

2. Preliminaries

Let ¢ and ¢ be two functions in L2.

Definition 2.1. We say that a pair of functions (¢, ¢) discretize linear operators
if the following condition holds: any linear operator T is bounded on L” (RV) if and
only if the operators T y associated to the matrices (whenever this makes sense)

((sz/pT((p(zk A __n)), 2k'N/PI¢(2k/ . —m)>)n,”1’

are bounded on £7 uniformly in k, k' € Z.
Moreover,

T || Lo ®¥y—Lo@yy ~ SUP ([ T k[l er—ser-
k, k'

For simplicity, we shall write (¢, ¢) € D,.
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In the case that the boundedness of T can be characterized by the boundedness of
T« uniformly in k, we shall write (¢, ¢) € DD, (Diagonal Discretization result).

First of all, let us observe that using duality and the adjoint operator, D, = D
with p’ the conjugate exponent of p. Then, using interpolation, we get D, C D,.

Let us now study some necessary conditions for the pair (¢, ¢) to be in D).

If we take T to be the identity operator, then the sequence {W(n) = (¢ * ¢)(n)},
is a convolution kernel on £7. Similarly, if we take T to be the translation operator
Tf(x) = f(x+0),then {W(n+6)}, is aconvolution kernel on £?7 with norm uniform
in 6. In this case, we write W € U,. Observe that U, = U, and U, C L? N L”".

In fact, this U, condition implies that ¥ e M, since, for every f € L?,

1129 = [ w0 ds

nezZN
(/sn_. Y fm+p¥n—m+0 ——ﬂ)dﬁ)

‘/‘;n_l nezZN meZN

Cf 2 |fm+p)Irdp =CIfIE.

meZN

P
do

IA

With an analogous argument one can easily see that the U, condition also implies
that W satisfies the following upper Riesz condition, U R),:

Zanllf(- —n)

for every sequence a € £”. Now, since UR, # UR, U, also implies UR, and
therefore U R,. Thus, we have the following proposition.

< Cllallp,
p

PROPOSITION 2.2.

(@ U,=UR,NUR, = UR,.
(b) ¢ € Uy implies § € M),
(c) (p,¢) € D, implies ¥V = ¢ x ¢ € Up.

The converses of the above implications are not true in general. First of all, the
fact that ¢ € M, does not imply, in general, that ¢ is well defined at every point and
therefore the U, condition may make no sense. However, if this is not the case, still
the converse of (b) is not true. Take ¢ to be a function in L! such that, for every
neZ on) =1 Thenp € M,buty ¢ U,.

The UR, N U R, condition implies that the function has to be in L” N L? while
the U R, condition does not.

However, if we assume that the support of ¢ is compact things change.
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Let Eg be the set of slowly increasing C* functions f with supp f C [-R, R]V.
The elements of Eg are functions of exponential type R. We recall a well-known

sampling theorem for such functions (see [B]):
If g € Eg, then

g = g(-z%) sinc (2Rx — n), )

P\ 1/p
) . )

and

gty ~ & (3 ‘g(%)

We also need the following lemma (see [AC]).

LEMMA 2.3. Let ¢ be in Eg such that § € M,(R"). Then

| X atmec —m)| < cmy@) maxt, RY=VP)al,
meZN

for all sequences a = (a(m)),, where C = C(p, N); thatis, ¢ € UR,.

As a direct consequence of the previous results one can easily show the following
proposition.

PROPOSITION 2.4. If ¢ € Eg, then the following conditions are equivalent:

(@) ¢ € M,
) ¢ € Up.
(c) ¢ € UR,.

Finally, as we shall see later, the fact that ¥ = ¢ * ¢ € U, does not imply that
(¢, ¢) € D, even in the case of exponential type functions (see Remark 3.5(b)).

3. Equivalence between boundedness of discrete and continuous versions

For the sake of completeness we shall start giving the proof of the well-known
result (b) in the introduction.

THEOREM 3.1.  The boundedness of a linear operator T on L? (R") is equivalent
to the boundedness on £P of the operator associated to the matrix

’

(2*V/P < T(sinc (2% - —n)), 2V/P'sinc 2 - —m) > ),

m

with norm uniformly bounded on k.
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Proof. Letus assume that T is bounded on L? (R") and let us consider two finite
sequences (ay), and (b,,)n,. Then, by Lemma 2.3,

Z(Z"N/”T(sinc @* - —n)), 2tV/7 sinc (2* - —m))bman

= <T (2""’/” > aysinc (2¢ - —n)), 2N/PN " byysine (2 - —m)>

< |IT|| |2*N/P Zansinc k. —n)
n

KN/ P Z bysinc (2% - —m)
m

14 P

< T\ llallplbllp-

Conversely, since by (1) and (2) the subspace
H, = Iz"N/P > aysinc 2+ —n); k €N, (ay)n € el’],

is dense in L7 (IR), we only have to check that T is bounded on functions of H,.
Now, let f € H, and g € Hy; then f = 2N/P Y qg,sinc (2K - —n) and g =
2KN/P S bysinc (2K - —m). We can assume without loss of generality that the
sequences (a,), and (b,,),, are finite.
Now, if we write

V= {2“” Py ansine 2 —n); (an)n € e"],
weget V7 C V[, andhence, if, sayk’ < k, we canalways write g = 2V/P' 3" c,,sinc (2¢-

—m), with ¢ € 7',
Thus,

(Tf,g) = Z<T(2kN/”sinc VAR —-n)), 2KN/Pging (2% - ——m)>c,,,a,,

n,m
< Clallyliely < C| 3 asine - = n)
n

Zc,,,sinc (—m)

’
’

14 4

where we are using the fact that

lall, ~

Zansinc (—n)| . (|
n

14

We see from the proof that the conditions on the function sinc that we have used
are the following: Let ¢ = p or p’; then

(i) H, isdensein LY.
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(ii) Forevery a = (an), € £, llally ~ | X, ansinc (- —n)|l,.
(iii) V7 c Vi, withk < k'.

If p = 2, this is equivalent to saying that the function sinc is the scaling function
of a MRA (see [M1]). The same argument proves the result (a) in the introduction.

Hence, the first question we want to consider is the following: Given ¢, when is
it true that the space

Hy = {2"”/ Py anp@ - —n); ke N, @ € eP],

is dense in LP(RM)?

After this problem is solved we shall see that (ii) and (iii) are too restrictive for
our purpose and that the discretization result holds under weaker conditions.

In this paper, we shall restrict our attention to the case ¢ € M, (R") such that
¢ € Eg. Since, by Proposition 2.4, we know that then the U R,, holds, we will be
interested in the opposite inequality, that we call the I R, condition (Inferior Riesz
condition).

3.1. Almost approximations of the identity

Definition 3.1.1. 'We say that ¢ is an almost approximation of the identity in L?
if there exist an invertible and bounded operator S in L? and a sequence (rnx); such
that g,-n * f converges to Sf in L?, for every f € LP.

For this case, we need the condition ¢ € E ;.

THEOREM 3.1.2. Let ¢ € M,(RY) be such that supp § C (—1/2,1/2)". Then,
if g is an almost approximation of the identity in L?, Hy is dense in L” (R").

Proof. Let us define
ATf(x) =) ($oa % ST )@ IMP(27x — ),

nezZN

where ¢ = sinc and g € N. We have A7 f € H.
Let us consider HY f = }_,(¢2- * f)(277n)¢(27x — n) = ($2- * f)(x). We
know that HY f converges to f in the L” norm. Now, since ¢ = ¢ * ¢,

17w = T xS @) [ 9@1x—n—ye0)dy

nezZN

=2V (@ % Sﬁlf)(T"n)f (27 (x —2) —n)e((272) dz
n RN

= / H"S"f(x — 2)¢r-4(2) dz = (Pa-a * HqS—lf)(x)~
RV
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Therefore,

A

IA7f — fllp < IATf — @20 % ST fllp + llgz-a % S7' f = £l
lp2-e % (HIS™' f — STLA, + llgz-a * STHF = £l
Ny@IHIS™ f = ST fllp + oo * S7HF = Fllp.

IA

Taking g = n;, we see that the above expression converges to zero whenever k tends
to infinity. O

For our purpose, we see that we do not need the I R, condition to hold for every
sequence a € £P but only for those sequences that appear in the definition of A,. That
is, let us consider the set A, of all sequences (a,), such that there exist g € (ny)«
and f € L7 satisfying

ap =27 (¢4 % ST F)(27n), Vn,

and such that || f||, < 2||A? f||,. Then, what we have shown above is that the set

Aﬁ = {2kN/P Zan(0(2k -=n); keN, (a)n € A ]’

isdense in L7,
Moreover, if a € A,, then

lall, = \2_"N/”(¢2—q * S~ f)(27n)

p

~ g2 %S fll, <Clifll, < C

Zan¢(~ —n)

Thus, following the same steps of Theorem 3.1, we can show the following result.

P
THEOREM 3.1.3. Let ¢, ¢ € Eyjy such that $ and ¢ € M,(RV). If ¢ and ¢ are

almost approximations of the identity in L? and L respectively, then (¢, ) € D,.

We cannot prove that under the hypothesis of the previous theorem, (¢, ¢) € DD,
since, in general, if

Ve = {2"N/P > anp@* - —n); (@n)n € 13”],

we do not have Vk"’ C Vk“,’, for some k' > k. This will be solved in the following
subsection.
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3.2. The local invertibility condition

If we want to study (ii), we note that under the conditions we have assumed on ¢,
(ii) is equivalent to having ¢ bounded from below by a constant C > 0 (see [M1]).

Let us now consider a somehow weaker condition than this one.

Definition 3.2.1. 'We say that ¢ satisfies the local invertibility condition in L? if
for some & > 0, X(—¢.e)v/§ € M,(RY).

The following theorem shows that the local invertibility condition is enough to
have condition (i).

THEOREM 3.2.2. Letp € Egwith R < 1, € M,(R") and such that ¢ satisfies
the local invertibility condition in LP. Then the space Hy is dense in LP(RV).

Proof. Let f € L?*(RM) N Ex and let ko be such that 27% < min(e, 1 — R).
Then, if 2(§) = f(2¢*%¢&), g € E,-s and therefore, if h = x(_y-t 2-to)v, We oObtain

§&) = g(&)-%@(&) P&)@(). 3

Now, since ¢ € Eg with R < 1—27%, we have §(§) = (X, P(§ +k))@(£). Let
us write Y, P(§ +k) =Y, ame?™ ™, where

(E) 2ﬂt$md _[(E)V ]
an fR iz s g = | (2) we|on.

\2
Since (%)v % g is of exponential type and || (%) * g||p <M,(h/9)lgllp, we get
(@m)m € €P and

lall, < Mp(h/$)lIgll, = 2~ “HNP M, (/) £ -
Moreover, from (3), we get g = )_,, am@ (- — m) and hence,

f=2N2N% a0kt —m), @

with (@m)m € €P. Therefore, f € Hy. Since L N (Ug Ex) is dense in L?, we are
done. O

Again, as in Theorem 3.1.2, we observe that we have shown more. In fact, if
we write b, = 2*+TkN/P'g then every f € L2 N Ey can be written as f =
2koN/PRKNIP N by (25t . —m), with ||b]l, < M, (R/@)I f I
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Moreover, if f = Zm amfp(Z" - —m), then f € LN E,« and therefore, we see
from the proof of Theorem 3.2.2 that V¥ C V£, .

This implies that, given k and k' we can find k" such that both V} and V} are
subsets of Vi and hence, we get the following result which is fundamental for the
applications.

THEOREM 3.2.3. Let ¢ and d; bein M, (RY) and such that ¢ and ¢ are in E g with
R < 1. If ¢ and ¢ satisfy the local invertibility condition in LP and L”' respectively,
then (¢, @) € DD,

Remark 3.2. If we apply Theorem 3.2.2 to the function ¢ = ¢ gy where 5(-;) =
X(—r.ryv With R < 1, we obtain, by (4), thatif f € L> N Ex,

f=3 f(%)@m@”k" O

with 27% < min(R, 1 — R). (Observe that the formula above is of the same type that
1.

Now, let us assume that in Theorem 3.1.2, ¢ € Ex with R < 1. If we define

ATf(x) =) (@20 x ST )T Im)p27H0x —n),

and

HIf = (20 % Q7)) 2970x — 1) = (-0 * (),

then H? converges to f in L” and, since, o x¢r) = ¢, we get A7 f = g x HIS™! f.
Therefore, Theorem 3.1.2 remains true under the hypothesis ¢ € Eg with R < 1.

As a consequence of this and Theorems 3.1.3 and 3.2.3, we obtain:

THEOREM 3.3. Let  and ¢ be in M,(RY) and such that ¢ and ¢ are in Eg with
R < 1. If ¢ satisfies the local invertibility condition in LP and either the same holds
for ¢ in L or ¢ is an almost approximation of the identity in L” , then (¢, ¢) € DD,.

Remark 3.4. Now, let us see if there is some connection between the local in-
vertibility property and the almost approximation of the identity condition. We shall
work, for simplicity, with p = 2.

First, € M, implies that (p,-» * f), is a uniformly bounded family in L? and
therefore, there exists a sequence (rn;); such that (¢,-« * f); converges in the weak
topology to a function in L? that we call Sf. Obviously the operator S is bounded
in L? and, in fact, it is a convolution operator, and hence, there exists m such that
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5? &) =m(&) f (). Moreover, by Plancherel’s Theorem, there exists a subsequence
(n)x such that

limg@™8) =m®),  ae.d. &)

Conversely, if (5) holds, then @, * f converges to Sf in L2, That is, the almost
approximation condition in L2 is equivalent to (5), withm € L* and |m(¢)| > C > 0,
ae.£.

Now, if ¢ satisfies the local invertibility condition, then one can easily see that
¢; * f converges weakly to an invertible operator, but the limit in (5) does not exist
in general: Take ¢(&) = sin(1/&) + 3. Therefore, the local invertibility condition in
L? does not imply the almost approximation condition.

Conversely, let (ny); be defined by ny = 1 and ngyy = (k + 1) + ng. Let us
consider I; = (2=U*1 27/] and define

Ao 1 ifx el j & (mk
ox) = {O elsewhere.

Then ¢ does not satisfy the local invertibility property but, for every x, ¢(x/2")
converges to 1 when k tends to infinity; that is, ¢ is an almost approximation of the
identity.

Hence, both concepts, are independent.

Remark 3.5. (a) If the operator T is given by a convolution kernel X, then,
@NT (P2 - —n)), 22N 92 - —m))) = (Ko % ¢ % $)(n, m).

Thus:

(1) If ¢ satisfies the hypotheses in Theorem 3.2.3 and ¢ € S (RM) such that
qAb(é;:) = lin [—R, R]" then Kx * ¢ % ¢ = Ky % ¢ and, as a consequence, we get the
results in [AC].

(2) If ¢ and ¢ satisfy the hypothesis in Theorem 3.1.3 with ¢ = 1 in supp ¢, then
K is a convolution operator in L? if and only if (K *¢)(n) is a convolution sequence
on £7 uniformly in k; that is, the condition of local invertibility can be changed by an
almost approximation of the identity condition.

(b) As shown in [AC], the condition R < 1 in Theorem 3.2.3 is sharp in the sense
that if R = 1 the result does not hold. Namely, if we take ¢(§) = x[-1,11(§) then
for K(x) = p.v.n—lx, (K2 * f)(x) = H(f)(x) is the Hilbert transform of f while
Ko % ¢(n) = 0, for every n and therefore (¢, ¢) ¢ D,. In this case, the space H,‘f is
not dense in L”.

3.2. Integral operators. The discretization results for convolution operators
studied in [AC] have been recently extended to the case of Hardy spaces H? with
0 < p < 1 (see [BC]). The extension of the results of this paper to Hardy spaces does
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not seem easy because we have used the duality L? and L? everywhere. However, if
the operator T is an integral operator, we can give another proof (of a particular case
of Theorem 3.3) that does not use duality.

Let

Tf(x) = fR FOK@ dy.

To avoid technicalities and to have a direct definition of the operator T', we shall assume
that K (x, -) € L? with ||K (x, )ll2 < C and K (-, ) € L? with |K (-, y)|l2 < C.

THEOREM 3.3.1. Let1 < p < oo and R < 1/2. Assume that ¢ and ¢ satisfy:

(@) ¢ € My,

(b) g and ¢ € ER,

(¢) o satisfies the local invertibility property,
d peLland [¢p=1.

Then T is bounded on LP(RY) if and only if the operators associated to the
matrices
(NPT (92" - —n)), 2VIP $ (2 - —m)))

(Whenever this makes sense) are bounded on £P uniformly in k € Z.

n,m’

Proof. The necessary condition is clear.

To prove that T is bounded, it is enough to show, by density and rescaling, that,
forevery f € S(RV) satisfying supp f C [—8, 8] with § small, we have ||T; f|| p <
C|l fl, uniformly in s > 0, where T; is the integral operator associated to the kernel
sTNK(x/s,y/s).

To see this we shall prove that, for ¢ small, the function q~>, /R * Ty f € LP with
||<Z>,/R * Ty fll, < Cllfll, and C independent of ¢ and s, where, as usual, o(x) =
¢ (—x). Then, using (d) we can deduce that ||7; f||, < C|| f|l, as desired.

By condition (b),

supp (¢r/r * T, f) C [—R*/t, R*/t1Y C [-R/(21), R/ 2DV

P) l/p
Now,

(Bu/r * Tsf)(%) = fRN ‘Z’t/R(% —x)(fRN K (x, )’)f(}’)dy>dx

and therefore, by (2),

et (5) (2 m ()
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= /RN f(y)(fRN K (x, y)ti;/R(% —x) dx)dy
= /RN f()’)(Ks *1 fl;t/R)f%l’ }’) dy
= [k n bun) (go6) .

where *; denotes the convolution with respect to the first variable and ™, denotes the
Fourier transform with respect to the second variable.

If we choose t < (¢R)/8, with ¢ > 0 and such that if & = x ¢, h/@ eEM,,
we can write

o o o h(L£&) o
f© = f©n(58) = F©= SLEINES
Pt/R
Therefore,
i tn h(£E) f (&) 2 Natn \a
LHl=) = ——\K; —, d
@uims f)(R) /[—R/(Zt),R/(Zt)]N @1yr(€) ( " ¢t/R) (R §)¢I/R(€) :
h(£8)f &) N
= ———\K; % ¢, —,&)d
f[—R/(zz),R/(zt)]" @/r(E) ( *¢/R¢I/R) (R E) s
- h(§) f(2) tn RE
= RNtV / L (K, % — d
! [—1/2,1/21¥ (ﬁt/R(R;S') ( * t/R) (R ) g
= ZP,(m)(K *J,/R)(t; t;")
where

f(REH Yy (6 1k
P,(5)=Z(f( L ¢ )),
keZ¥ @& +k)

defines a 1-periodic function, whose Fourier coefficients are

FE)hnE)
R G(E)

ﬁt(m) — —2nim£ dg,

and thus

(;m(m)v)l/p <M ( )(;

Lo (5)mal)”
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e (Z

I/p
N (Z |fR(rm)|") :

On the other hand,

tn tm
K % J,
(K * Ji/R) (R R )

~ tn . tm
= fRN / K (x, y)bi/r (E —x) @1/R (7 - Y) dxdy

. n\ /P
fR . f(RE)e ™ ds‘ )

13

R
= / / K(x,y)t™"RV¢ (— — n) VRN (ﬂ — m) dxdy,
RN JRN t

and therefore, choosing ¢ such that Rs/t = 2%, we get

(K, * Ji/R) (tI’: t: ) =t"NRV(T@*N'Pp@2} - —m)), 22N/ ¢ 2" - —n)),
and hence
1/p
tn\|”
e/r * T fllp ~ (E) )

@ (=
( : )N/p ( Z Bi(m) (K, % Ji/) (
)N/p (; I (m)v’) "

IA

T

IA

c

‘(
(

| =

4. Applications

tm
"R

p)l/p

N/p 1/p
) RN<Z|fR(tm)|p) ~ N frllp ~ 1 £1lp-

First of all since the theory generalizes the case of convolution operators, we get

those studied in Examples I and II of [AC] as an application.

Example 1. Singular Integrals. We first consider the Hilbert transform on R
whose multiplier is m(x) = -i sgn(x). By choosing a smooth and even ¢ as above,
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we can explicitly compute Ky« * ¢(m) and we obtain

Ky % p(m) = fR i sgn(2*E)p ()M g

m?2

= 2/ $(6) sin QrmE)dE = —— + o(i).
0 mTm

Thus, (Ky % ¢)(n) = 1/n + E,, where E, is an operator bounded on all £7.
Therefore, the boundedness of H is equivalent to the boundedness of the discrete
Hilbert transform. Similar results can be obtained in dimension N (see [AC])).

Example 2. Convolution operators with compactly supported multipliers. If K has
compact support, then Ky * ¢ reduces to Ko« for k large, if ¢ is 1 in a neighborhood
of 0. Thus, as a consequence of our results we get that for 1 < p < oo,

1K * fll, < Cllfllps

is equivalent to

< Clallp,

Z Ky (m)a(n — m)

P
uniformly in k (see [AC]).

Example 3. Let

Hx,y) =) ¢i1(x —m)ga(y —n).

neZN

We want to study when the linear operator associated to this kernel is bounded on
LP. As we show in Section 3.3, the operators 7} are given by (H; * J)(n, m) where
J(x,y) = ¢(x)¢(y) and

Hy(x,y) =27V H(x/2", y/2").
Now, if we take ¢ and ¢ in S appropriately, we obtain
(Hi * J)(n, m)
=2 L, [, 01 = oty = ot = 2000m — 2y sy

=273 (@1 x 020270 — (@2 % )@ 7Fm — ),
Jj

that, in the particular case k = 0, is a convolution operator.
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Example 4. Let us consider T to be the directional Hilbert transform; that is,
dt
Tf(x) = f fa-n%
R t

wherex e RN, (x —#) = (x{ — £,...,x§ — 1).

From our results, with appropriate ¢ = (¢1,...9y) and ¢ = (¢, ..., ¢y) the
well-known boundedness on L? of T is equivalent to the boundedness on £7 of the
convolution operators associated to the matrices

d
A@m) = fR [T o —np <.
J

In particular, taking ¢; € SN E) satisfying the hypotheses of Theorem 3.2.3 and
¢; = sinc we have

dt
An) = /;{]:[gq(t —m 2.

Now, if we define A(x) = fR nj @i (t — xj) dt—', we get A € Ej/; and therefore,
the boundedness of the above matrix is equivalent to the fact that A is a convolution
kernel on L? (see [D]).

Hence, we have shown that the boundggness on L? of T is equivalent to the
existence of a function ¢ € Ey/; such that Ty € M.

Example 5. Now let us consider the case where T is the Hilbert transform along

a curve (see [NRW)),
- [ Lemr
R t t

where x € R¥N and y (t) = (1 (¢), . .., yn(2)) is a curve.

Then, with appropriate ¢ = (¢, ..., ¢n) and ¢ = (¢, ..., $n), the boundedness
on L? of T is equivalent to the boundedness on £7 of the convolution operators
associated to the matrices

d
ao = [ Tl on@ino -n) S,
J

uniformly in k.

Again, taking ¢; € S satisfying the hypotheses of Theorem 3.2.3 and ¢; = sinc
we have

d
A(n) = fR [Te@vi® —np 7’
J



16 MARIA J. CARRO

Example 6. Let b be a BMO function and let H be the Hilbert transform. It is
known that the commutator

[H,b]: LP(RY) — LP(RM)

is bounded. This commutator operator can be defined as the linear operator T such
that, for every f € L? and every g € L”, (T(f),g) = (b, fH(g) + gH(f)).
Hence, the boundedness of T is equivalent to the boundedness on £ of the operator
associated to the matrix

(b,o(- —n)H(@( —m)) + (- —m)H(p(- —n))),

which is equivalent to having, for every (a,), € £? and (b,,),, € 27, the function

Fx) =) anbn (p(x —n)H(@$(x — m)) + ¢(x — m)H(p(x — n))

is the Hardy space H' with || F||g: < Cllall,|Ibll .
Now, taking ¢ = ¢ = sinc x, the previous result follows by simple computations.

5. Multiresolution analysis on L?

In this section, we shall study the connection between the local invertibility prop-
erty and Multiresolution Analysis (MRA).

Let us recall that a MRA in L? (see [M1], [HW]) is a sequence of closed subspaces
Vi (j € Z) such that

@) V; C Vi1, j €2,
(ii)) f(x) € V;jifand only if f(2x) € V44,
@iii) NV; =0,
(iv) U;V; = L?, and
(v) there exist ¢ € Vj such that {¢(- — n), n € Z} is a Riesz basis for Vj.

The function ¢ is called the scaling function. Although this is the original definition
of MRA, it turns out that condition (iii) is redundant (see [HW]). Let us now consider
the following definition.

Definition 5.1. A Multiresolution Analysis (MRA) in L? of order & is a sequence
of closed subspaces of L, V; (j € Z) such that

i) V; C Vi, j ez,
(ii’) f(x) € V;ifand only if f(2*x) € V4,
(iii") U;V; = L?, and
(iv") there exists ¢ € Vp such that {¢(- — n), n € Z} is a Riesz basis for Vj.
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The function ¢ will be called the scaling function of order k. Our aim is to give
sufficient conditions on a function ¢ to be a scaling function of order k. We shall
restrict ourselves to the case supp ¢ C (—1, DV.
It is clear that if ¢ and ¢ are scaling functions of order &, then (¢, ¢) € DD,. It
is well known (see [M1]) that a necessary and sufficient condition on a function ¢ to
have (v) hold is

3 1pE +2nm)P ~ 1, (6)

for almost every £. Hence, if the function ¢ is supported in (—1/2, 1/2)V, this
condition 1mplles X(=1/2,1/2)N /(5 € M,.

Moreover, under this assumption on the support, condition (iv') is equivalent to
saying that the convolution operator ¢ (n)* is an invertible and bounded operator in £7
and hence in £7" and the inverse operator is given by (x(—1/2,127 /)" (n)*. Hence,

X=1/2,1/27 [P € M. @)

The next result is implicit in the proof of Theorem 3.2.2 and the comment after it.

THEOREM 5.2. Let ¢ € Eg such that § € M), and satisfying (iv'). Then, if k is
such that

(@ R<1-2"%and
(b) X2+ 2+ /P € M,

then @ is a scaling function on L? of order k.

Finally, if ¢ satisfies (7), a = (a,) is a finite sequence and ¢ (x) = sinc x,

= ” (Z anezni"‘X(-l/z,l/z)N(‘)>

“(Za e X 12,127 () s 1/2(1/)2)N()A())

cM (X< 12, |/2)~) ’(Za Q2in: A>
P

X
CM,,( = 1/21/2>~) Zanw( _n)

and therefore ¢ € I R,,. From this and Proposition 2.4 we obtain:

(-—n)

lall, =

14

p

IA

p
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THEOREM 5.3. Let ¢ € Er ¢ € M, and xip2,127/¢ € M,. Then ¢ is a
scaling function of order k € N where

R<1-=27%

Observe that R < 1 implicitly and if k = 1, then R = 1/2.
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