ON A THEOREM OF SPITZER AND STONE AND RANDOM WALKS
WITH ABSORBING BARRIERS

BY
HarrYy KESTEN

1. Introduction

Consider a sequence X;, X, --- of independent, identically distributed
random variables, taking integer values only. We assume that every integer
is a possible value (compare [5]), i.e., if

(1.1) Sy = 2 ia Xy,
then there exist integers w and v such that'
(1.2) P{S, = +1} >0 and P{S, = —1} > 0.

Let I be any finite set of integers, containing u(I) points, and put

(1.3) Ni(A) = the number of terms Sy in the infinite sequence S;, Sy, - -,
such that Sy e fand 8; £ Afor¢t = 1,2, --- | k,

(14) Ni:(A, —B) = the number of terms S, in the infinite sequence
S1,8z, -+ such that Sy e/ and —B = S; < Afori = 1,2, ---, k.

In a recent research note (Theorem 6 of [11]) of Spitzer and a paper [13]
of Spitzer and Stone the asymptotic distributions of N;(A4) and N;(4, — 4)
were given for the case u(I) = 1, X,; symmetrically distributed and EX; < .
At the same time Spitzer suggested in [11] that some formulae would be valid
for any finite p(I) and even for nonsymmetrically distributed X; with zero
mean. We shall drop the condition EX? < e but instead assume that the
characteristic function ¢(t) = Ee*** is such that

lime 0 (1 — 6(£))/t* = Q with Re @ > 0

for some @ with 1 < @ < 2. (In some places 0 < a < 1 is also considered.)

The generalizations suggested by Spitzer for N;(A) will be derived, and
the corresponding results for 1 < a < 2 are also found. If there are two
barriers, we consider mostly variables with symmetric dlstributions, i.e.,
for which P{X; = k} = P{X, = —k}. We do not require, however, that
the barriers be symmetrically placed, i.e., we shall find the asymptotic dis-
tribution of N;(A4, —B) where B not necessarily equals A.

Received March 2, 1960.
1 As usual, P{A} = probability of the event A;
P{A | B} = conditional probability of A, given B;
E{X} = expectation of the random variable X; and
E{X | B} = conditional expectation of X, given B.
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For 1 < a = 2 the results are of the form
lim.e P{N/(A) £ A 'Cu(Da} =1 — ¢,
and if P{X; = k} = P{X,= —k},forc >0
lim e P{N(A, — cA) = A Du(Da} = 1 — &%,
where C and D are constants depending on «, @, and c.

If @ = 1, one obtains similar formulae with 4% replaced by log A.
The case @« < 1 does not lead to theorems of this type, since for o < 1

P{8S; €I for infinitely many k} = 0.

It is of course possible to derive similar results if (1.2) is not fulfilled, but
if instead

if 7 £ 0 (mod d).

There is some duplication between this note and the papers [12] and [13],
especially in Section 3. Since we treat slightly more general cases than
Spitzer, most proofs are nevertheless reproduced in full. The behavior of
N:(A) for 1 £ a < 2 follows from Spitzer’s method just as well. The main
difference lies in the methods for N;(4, —B).

The author is indebted to Professor F. Spitzer for communicating results
and methods before they appeared in print.

2. The exponential form of the limiting distributions

X,, Xs, --- is a sequence of independent, identically distributed random
variables, such that, with
(2.1) Sn = 21 X,
there exist positive integers u and v for which
(2.2) P{S. = +1} > 0, P{8, = —1} > 0.
Putting ¢(t) = Ee'™ | we also assume
(2.3) lim, o (1 — ¢(8))/t* = Q with Re @ > 0

for some @ > 0. In general we take 1 < o < 2. Since ¢(—t) = ¢(7), it
follows from Theorem 3 in [5] that all integers are recurrent values in this
case, i.e., Sy = b for infinitely many k with probability 1 for every integer b.
Thus, if (2.2) and (2.3) are satisfied,”

Se P{Si=b8 b for 1 <4<k =1
This implies immediately

(2.4) My D g P{Si = b, b= 8, = A for 1<i<kl =1
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as well as

(2 5) 1im4_,°°,3..°° Z;:_l P{S]q = b, Si = b, —B é Si é A
’ for 12i<kl =1

Put

(26) po(A) = D e P{Si=bb=8; A4 for 1<i<k)

and

@27) P4, —B) = 2k P{S =b,8#b-B<S8; <4
' for 1 =21 <k

py(A) is the probability to visit b, before any partial sum exceeds A. In
terms of random walks, we can think of A + 1 as an absorbing barrier, and
then p»(A) is the probability of reaching b without absorption. A similar
interpretation can be given to p,(4, —B).

If I contains just the point 0, one has almost immediately from the definition
(1.3)
(2.8) P{N(4) = N} = [p(A)]",
and thus by (2.4) and (2.6)

lim 4o P{N10)(4) Z 2(1 — po(4))7}
= lim o [1 = (1 = po(4))F@™ = 67,

The generalization of this formula for general finite sets I is proved in the
following lemma.

(2.9)

Lemma 1. Let I be any finite set of integers, containing u(I) points. Define
N;(A) and N:(A, — B) by (1.3) and (1.4). Then

(2.10) lim g P{N(A) 2 p(Da(l — po(4)7} =€
and
(2.11)  1liMsw 500 P{N1(4, —B) Z u(I)z(l — po(4, —B))7} = ¢™".

Proof. We shall only prove (2.10), the proof of (2.11) being practically
the same. If J is any set of integers, put M;(n) = the number of terms S;
in the finite sequence S;, Sz, - -+, S, such that Sy ¢ J. Let I now consist

of the uintegersa;, --- ,a,. By Theorem 2 of [3] and its corollaries one has
(2.12) litne M) () My (n) = 1 (G=1,-,n),
and therefore

(2.13) limw Moy (n)Mi(n) = p with probability 1.

Define n(y) as the first index for which S, > v, i.e, n(y) = kif S > v
while 8; S yfori =1, ---,k — 1. One has then for any ¢ > 0 and integer m
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P{uN(4)(1 — &) = Ni(A) = uN(4)(1 + &)}

= 1 — P{n(A) < m} — P{there exists an n = m such that
| b Mgy (n)Mi(n) — 1| > ¢}.
Since by (2.13)
lim .. P{there exists an n = m such that
| M@ () Ma(n) — 1] > & =0,
and for each fixed m
limy,, P{n(4) < m} =0,

it follows that for each € > 0
lim e Pl ' Ny(4)-Ni(A) — 1| < ¢} = L.

This together with (2.9) implies (2.10).

From the lemma we see that one only needs to find the asymptotic behavior
of 1 — po(4) and 1 — po(4, —B) in order to find the asymptotic distribu-
tions of N;(A) and N;(A, —B). From (2.9)

(2.14) EN@(4) = po(4)(1 — po(4))7,
and thus, by using (2.4) and (2.6)

(2.15) limgse (1 — po(A4))EN(4) =
Similarly

(2.16) limy,e (1 — po(A, —B))EN (4, —B) = 1.

The relations (2.15) and (2.16) will be one of the main tools in the next two
sections.

3. The asymptotic behavior of 1 — p(4) and N:(4)

We have already interpreted in (2.14) (1 — po(A4))™" as the expected num-
ber of terms S; in the infinite sequence So, S1, Sz, ++ (So = 0) with Sz = 0
and S; < Afor7 = k. Let us put

SF = max(0, Sz) and Sy = max(0, —S;).
Then

(3°1) ((1 - pO(A))_l = p=0 ZnaOP S = 0 marxlskgn S+ = p}

In order to find the asymptotic behavior of this sum we shall derive an expres-
sion for

D p0€ P m o P{S, = 0, maxickzn St = p}

and apply Karamata’s Tauberian theorem to this expression.

The computations in the next few lemmas could be greatly simplified by
considering symmetric distributions of X; only. The reader may find it pro-
fitable to consider that case only (i.e., ¢(t) = ¢(—t), 8 = 0). It seemed
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worth while though, to do the more general case to obtain the expressions
(3.6) and (3.7) for C(a, Q) (cf. also the remark immediately after the proof
of Theorem 1).

Lemma 2. If (2.3) s satisfied, then for s > 0

> _2"”ZPS = 0, max S{ = p)}

=0 1<k<n

1 I s
= -2‘;"' i dy exp — <;—r [m (—t——y)2+—s2 log [1 - d)(t)] dt) .

Proof. Spitzer (Theorem 6.1 in [9]) has shown that

0

Z z" Z Z e—(s—iy)pe—(si-iy)q.P {max S;cl- = p, max Sk+ -8, = q}

(3 2) p=0 g=0 1<kgn 1gkgn
= epo ﬁ(s —4y) + ¥i(s 4+ 3y) — 1],
where
vi(s) = B, yi(s) = B %,
Hence

Zox"'Zezs”P max St = p, S, = 0}

p=0 1sksn

p=0 1gksn 1<kgn

(33) ® © ©
— " e—-S(p+q) iy (p—q)
[uEeE%

=0 ¢=0

Z "> ¢ ¥ P {max S§ = p, max St — S, = p}
1
2

-P {max Sf, max S§ — S, = ¢}

1gkgn 1gksn
[ dy eXPZ W Gs — i)+ giGs + ig) — 1]

In another place (Theorem 3 in [10]), Spitzer showed that if

f“ 1 — (1)

L1

t
thenfors =2 0,0 =z <1

0 xk (t)
2 Wi — 1l = e"p( f fw o zs) d—20 = z¢(t)) d‘)'

By analytic continuation we are allowed to replace s by s = 2y for s > 0,
y real. Changing 4 X; into —X; we obtain

dt < o,
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2, g
Z 5 Wi (s +ay) — 1]

- o ( f Lo i fy— = %) -—¢z(><_1t>-—z¢1<—t)> d‘)

N exP( f ,[w (¢ iZ :1_/ i) (1 —d)z()t()l — 2(%)) dt).

Taking into account that

one verifies immediately

o _k
expz%ws—m ~ 1+ ¥i(s+ i) —1+1]

(3'4) k=t 1 +0
Since ¢(2) is close to 1 only when ¢ is close to 21rk, k=0,x1 42 ---, (by
(2.2)), and if ¢t = 27k 4+ ¢, log (1 — z¢(¢)) = O(|log ' |) (¢ — 0)

(by (2.3)), it follows from the Lebesgue dominated convergence theorem
that for s > 0

1 +r 1 40 s
}clfnll—z; dy eXp( foo -G—_—y)—{ﬁ log 1 - xqb(t)] dt)
1 +x 1 o0
= é;—r [ dy eXp( [w '(T-:‘W—z log []. — ¢(t)] dt)’

which proves the lemma.

Lemma 3. Let (2.2) and (2.3) be satisfied. Put

1) = log[1 — ¢(¢)] — alog|t] — log @ fort >0,
" og [1 — ¢(t)] — alog|t] — log @ fort < 0,
and
f(0) = 0.
Then
G5 im = [0 - ) =0
510 T Jw @t — y)2 + &

uniformly in |y | =«
Proof. Let n be some small positive number. Split the integral up in
three pieces: I; from —« to y — 9, I, from y — n toy + 75, and I; from

y + 9 to .
in s [ =0 =104

L
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By (2.3) lim;.c f(¢) = f(0) = 0, while by (2.2) |{ — k-2x| = ¢ for all k
implies | ¢(t) | = 1 — C(e) < 1 for some function C(e) > 0. In addition
by (2.3)

[log [1 — ¢(8)]| = O(|log (t — k-27) |) as t — k2.

Using these facts, one sees

00 |f(y — t;_f(y)ldt — 0("—2) (77'—)0)-

n

Hence | I, | = O(sq?), and similarly | I;| = O(sy ?). On the other hand
~+o0

ILls swp 1f0) =i E [ 28 < ap 150) - S,

ly—t <0 o (2

— Y+ 87 lu—tizn

By the continuity of f(t) it follows that I, — 0, as 5 — 0, uniformly in s.
The lemma, follows by combining the estimations for Iy , I, and I .

Lemma 4. If (22) and (2.3) are satisfied with 1 = o =< 2 and
Q = |Qle” (|8 < x/2), then, as s | 0,

> ¥ > P{S, = 0, max Si = p}

p=0 n=0 1gkgn

(r|Q I)—lsl"“f (1 4 ¥*)™" cos (gﬁfy(l + &)™ dt) dy forl<a=2,
A 0 ™ Jo

(r]Q])™" - cos B - log s fora = 1.

Proof. We have shown in Lemmas 2 and 3 that

> e 3 P{S, = 0, max Si = p}
1gksn

p=0 n=0
_ 1 1 [®s(alog|t| + log @ + f(¥))
=5 | dyexp[o(l) ;fo I dt
1 (% s(alog|t| + log @ + f(y))
L G-y + & dﬂ’

where o(1) — 0 as s | O uniformly in |y | = = Substituting
log @ = log | Q| + 78 (note that | 8| < /2 since we assumed Re @ > 0)
one can write for the integral in the exponent

B[ 1~ s dt '° sdt
~eg101 -5~ 2[ [" =i - [ ]
_a [ s — 1y s+ ay
;ﬁbyb+@—mﬁW+@+wd&

. 4ys—1
= —loglel -/ -2 [+t
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_a f"" llog (s — 4y)t + log (s + ip)d ,,
T b 14+

. +ys—1
= —log |Q| — f(y) = & (1+ &)™ dt — Zlog (8 + 4).
™ ys—1 2
We therefore have to determine the asymptotic behavior of

+ : +ys~1
%{TIQ‘I Lr (8 + )™ exp (o(l) — f(y) _.Ef - (14 #)™ dt) dy

= 1 o 2 2\ ~a/2 (g‘} vt 25\ —1 )
W|Q|-’;(s + y)™** cos ‘n'-/o‘ (14+E)"dt)dy

1 o 2\ —a/2 (_27:)3 vt 2y 1 )
+2__—WIQI _w(s + ¥) ™ exp - h (14)"dt

- [exp (o(1) — f(y)) — 1] dy.

Let us prove the result for « = 1, the proof for 1 < a < 2 being very similar,
even simpler. We have then

[+ em( =22 [7 04 67 a) fowplotw) = 1) = N

+e w
= _L (8¢ + )7 [exp(o(1) — f(y)) — 1ldy + O(fc (84 H dy).
Since lim,.o f(y) = 0, the integral from — ¢ to ¢ can be made less than
1 [ &+ dy =0 (n log %—)

for any 5 > 0, by choosing & small enough.
The integral from ¢ to « is O(log £') uniformly in s > 0. Hence

+r . ys—1
: —1\—1 2 2y —1/2 ___2749 2y —1
lalfl;)l(logs ) Lr "+ v) exp( — ./; 1+ dt)

- [exp (o(1) — f(y)) — 1l dy = 0.
Since

ys~1
cos(ggf (1+t2)’1dt)—cosﬂ—>0 as sl 0,
T Jo

one also has .
T ys—
lim(log s*) ™ f (84 4H™2 [cos (29/‘ a+H)™ dt) — cos B] dy = 0.
8]0 0 ™ Jo
Finally
T Ts—1
cos 8 - f (" + ) dy = cos B f 14+ )™ dy ~cos 8-log s’
o 0

as s | 0, from which the required formula follows.
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IfQ = |Qe®with|8| < 7/2andif 1 < « < 2, we put
C(e, Q)

(3.6) = (»]Q| Zl_af(a))—l‘[a (1 + 95" cos (%rg L‘” (1 + &)™ dt) dy,

and for the same @ with o = 1 we put
(3.7) C(1,Q) = (r| Q7" cos 8.
We then have the following
THEOREM 1. If (2.2) and (2.3) are satisfied with 1 < o £ 2, then

(3.8) limyne A7%(1 — po(A) " = C(e, Q) #f 1< a =2
and

(3.9)  limase (log A)7'(1 — po(A)) ™" = C(1,Q) 4 o = 1.
Consequently, if 1 < a £ 2,

(3.10) lim e P{N(A) £ A°7'Cla, QuI)z} = 1 — ¢,
and if @ = 1,

(3.11) lim o P{N(A) < log A-C(1, Qu(I)a} =1 — ¢,

Proof. (3.8) and (3.9) follow immediately from (3.1) and Lemma 4 by
applying Karamata’s Tauberian theorem [6]. That (3.8) and (3.9) imply
(3.10) and (3.11) respectively has already been proved in Lemma 1.

Note that changing +X into —X only changes the sign of 8. Hence
Ni(+ o, —A) = the number of terms S in the infinite sequence S;, S, - - -
such that Sy el and S; = —A4 for¢ = 1, 2, --- k has the same asymptotic
behavior as N;(4) even though we did not require X; to be symmetrically
distributed.

4. Asymptotic behavior of 1 — py(4, —B) and N:(4, —B)

We shall derive the asymptotic behavior of N,;(A4, —B) directly from that
of N:(A) without any such explicit expression as given by Lemma 2. Except
for the case o = 2 we shall assume in this section that the X; have a symmetric
distribution, i.e.,

(4.1) P{X; =k = P{X, = —Fk}.
Define n(y) as in the proof of Lemma 1 by
42) nly)=%k if S >+ while S;=y for ¢=1,---k— 1.
Put now
(4.3) Z = Sn -

By definition Z is the first positive term in the sequence S, , Sy - - -
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LemmMa 5. If (2.3) s satisfied for some 0 < a < 2, and if (4.1) is satisfied,
then fors =2 0

—sZ 1 Heo
Ee*" =1 — exp o fw TR _|_ 5 ——log [1 — ¢(¢)] dt
- exp Z S’“ =0} .
k=1

Proof. 1t is shown in Corollary 3.2 of [12] that for s = 0

Ee@? =1 — exp< lf e d,P{S; < t}).
=1k Jo+
But by (4.1)

00

f+ e A PIS: St} = ¢i(s) — 3 — 3P{S: = 0}
(1]

(4.4)

where, as before,
¥(s) = E exp(—sS¥).

Putting d = exp(P{Sx = 0}/2k) (d < = by Theorem 1 in [4]), one has
B = 1 — dexp(— 228 (¥ (s) — ).

The lemma follows now by letting ¢ tend to 1 in equation (3.2) and Lemma
2 of [10]. The distribution of Z was first found in [1].

The analogue of the next lemma for stable processes was proved by Ray
in [8].

LemMa 6.° If (2.3) and (4.1) are satisfied, then, if a = 2,

(4.5) lim e P{Suay — A = 2} = Fa(x),

where Fo(x) ts a proper distributton function with lim,., Fa(x) = 1. If
0 < a < 2, then

(4.6) lim g, P{Suy — 4 = Az} = Fu(x),

where

Fo(z) = S0 (r2/2) f (L 4 ) e,
™ 0

Proof. Consider a sequence Z; , Z,, - - - of independent random variables,
each having the same distribution as Z, put

U, = Z:';l Zi)

and let ¢(A) be the first index for which U, > 4, i.e.,q(4) = kif Uy, > A
while U; £ Afore =1, -,k — 1. Justas Spq — 0 = Z, it is easily seen
that S, — A has the same distribution as Uyuy — A. Hence we can find

2 This lemma does not depend on (2.2). A change of scale does change F:(x) but not
F.(x) for@ < 2. A similar remark holds for Lemmas 8 and 9.
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the distribution of S,4y — 4 from renewal theory if we know the distribution
of Z. But using Lemma 5 and the estimates of Lemma 3 for y = 0 one ob-
tains

lim, 0 s **(1 — ¢*%) = dQ™"".

(Recall that @ in (2.3) is real when (4.1) is satisfied.) Hence for o = 2, one
has (compare Theorem 3.4 in [12])

EZ = d@"* < =,

from which (4.5) follows by well known results in renewal theory (cf. for in-
stance Theorem (3.1) and the identity (5.1) in [7]). For0 < o < 2, (4.6) is
merely equation (5.5) of [7].
In addition to n(y) we define
4.7) my) =k f Sy <y while S8;=v for 2=1,---,k— 1
and
r(y, —=8) =k if S < =8 or Si>4~

(4.8) ( * *

while ~6=<8:;=2y for ¢=1,---,k— 1.
Smiyy 18 the first partial sum smaller thanv, and S,,—s is the first partial sum
greater than vy or smaller than —&. Finally, we put

#(A, —B) = P{S;a,-» > 4},

7(A, —B) =1 — #(4, —B) = P{8;u.-» < —B}.
7 is the probability of crossing the upper boundary before the lower boundary,
and similarly for = with the words upper and lower interchanged.

TeeoREM 2. If (2.2) and (2.3) are satisfied with @ = 2, then for any fived

cz0
(4.9) liMane #(A, —CA) = limssw 1 — (4, —cA) = ¢(1 +¢) 7,
and
(4.10) limye A7 (1 — po(4, —cA)) ™" = c(1 +¢)7'C(2, Q).
Consequently
(4.11) lima.. P{N:(A, — cA) < Ac(1 + ¢)7'C(2, Qu(I)a} = 1 — ¢

Remark. Note that if @ = 2, Q = EX*/2 and must be real even without
the condition (4.1). Related to this is the fact that (4.5) is valid for a = 2
even without (4.1), as follows from the proof of (4.5) and Theorem 3.4 in [12]
which states that always EZ < o« whenever @ = 2. We therefore do not
require symmetric distributions in this theorem but can nevertheless use
(4.5).
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Proof.
(1 — po(4))™ = E {number of indices k¥ < n(A) for which S = 0}
= E {number of indices ¥ £ r(A4, —B) for which S, = 0}

+ m(A4, —B) E{number of indiceskwithr(4, —B) <k <n(4)
for which Sy = 0| Sy4,—s < —B}.

Assume now S,4,—5 = —C — 1 < —B, and let
(4.13) 7'(0) = the first index greater than r(4, —B) for which S, > —1.

In that case S, oy —(—1) has the same distribution as S,y — C. Hence, it
follows from (4.5) that

(414) lim,_,w P{Sn'(o) >z | Sr(A,—B) < —B} =0

uniformly in B > 0. Since by the definition S; £ 0forr(A4, —B) <k <n'(0)
one has

(4.12)

E{number of indices k with r(4A, —B) < k < n(4)
fOI' Wthh Sk =0 l Sr(A,—B) < —B}

= 2 40 P{Sww = j| Sra-m < —B}

- E{number of indices k with n'(0) = k < n(4)
for which S; = 0 I Sn'(o) = ]}

(4.15)

However, for fixed j > 0

E{number of indices k with n'(0) = k < n(4)

(4.16) for which Sy = 0| Sury = J}

= p-i(4)(1 — po(4))7".
Hence from (4.12), (4.14), (4.15), (2.4), (2.6), and
E{number of indices k < 7(A4, —B) for which S; = 0} = (1 — po(4, — B))™
one obtains, by substituting B = ¢4 and multiplying (4.12) with 1 — po(4),
w1 limysw [1 = 7(4, — cd) = (1 — po(4, —cd))7(1 — po(4))]

= liMoe [7(4, —cA) — (1 — po(4, —cA)) (1 — po(4))] = 0.

Repeating the argument with the roles of the upper and lower boundaries
interchanged, gives

(4.18) limyse [er(A, —cA) — (1 — po(A4, —cd) (1 — po(cd))] = 1.
Since by (3.8) for @ = 2
limasw (1 — po(cd))e(1 — po(4))™ =1,
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one gets by subtracting (4.18) from (4.17)
limuse [#(A, —cA) — cn(4, — c4)] = 0.
Combining this with
7(A, —cA) + w(4, —cd) =1

one obtains (4.9). (4.10) follows from (4.17) and (3.8), while (4.11) fol-
lows then from Lemma 1.

Even easier than the case a = 2is the case a = 1. The remarkable content
of the next theorem is that the addition of a second absorbing barrier has
asymptotically no influence on the number of visits to / when « = 1.

TueoreM 3. If (2.2), (2.3), and (4.1) are satisfied with o = 1, then for
anyc >0

(4.19) limg.elog A(1 — po(4, —cA)) = lima.olog A(1 — po(4)) = 7Q.
Consequently
(4.20) lima,o P{N(A4, —cA) = log A-C(1, Qu(D)a} =1 — ¢

Proof. Instead of the quantities = we shall here work with

(A4, —B) = P{S;,—» > A and there existsa k > r(A4, —B) such

(4.21) that S = 0 but S; = —Bforr(4, —B) < i < I
and
(4.22) p(A, —B) = P{8;u,-s < —B and there exists a k > (4, —B)

such that Sy = Obut S; < A forr(A, —B) < 7 < k}.

The interpretation is again easy. E.g., p is the probability that the upper
boundary is reached first and that afterwards zero is visited before the lower
boundary is reached. Instead of (4.15) and (4.16) use now

E{number of indices k with r(4, —B) < k < n(4) for which S; = 0}
= P{there exists a first k with »(4, —B) < k < n(A) for which S; = 0}
(1 = po(A))™" = p(4, —=B)(1 — po(4))7".
Analogous to (4.12) one then has for¢ > 0
(423) (1—po(4))" = (1 = po(4, —eA))™ + p(4, — cA) (1 — po(4)) 7"
Changing the role of the upper and lower boundary gives

(1 — po(ed))™
= (1 — po(4, — ¢A)) ™ + (A, —cA) (1 — po(cA)) ™.

Subtracting (4.24) from (4.23) and multiplying by (log A)™", one obtains
by (3.9) as 4 —

(4.25) lim s [P(A, —cAd) — B(4, —cA)] = 0.

(4.24)
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On the other hand, if n/(0) has the same meaning as in (4.13)
P(A, —cA) £ P{Sra—ony < —cd and Sp ) = 4},

while by (4.6)

M ase P{Sw@ = A | Sra,—cay = —8A < —cd}

= lim e P{Sn(zA) —¢A = A} = Fl(é_l).
Consequently

(4.26) lim Sups« P(A4, — cA) < Fi(c™).
Using the obvious inequality
(A, —cA) = p(4, —8A) if ¢=c¢
one derives from (4.25) and (4.26)
lim SupPssw (4, —cA) = lim supas. P(A4, —8A) < Fi(&7).

As limg,,, F1(87) = 0, it follows that lim sups..p(4, —cd) = 0 for each
fixed ¢ > 0. (4.19) follows then from (4.23) or (4.24) and (3.9). The
proof is completed by an application of Lemma 1.

For the case 1 < o < 2 it seems much harder to get explicit results. We
have seen in the proofs of Theorems 2 and 3 that it is useful to know the
conditional distribution of S,4,—p given S,(4,—z) < — B and the distribution
of Snr@y. These will be considered in the next lemmas and Theorem 4.

LeEMMA 7. Let
Fa(z) = ﬂ:—“—@f (1 4 ¢) 7 gt
0

If 0 < a < 2, then for any ¢c,d > Oand x = 0

Jim fo dF (21 d ) fo dF o (25(1 + ¢ + 2)™)

k—>o0

(4.27) : fo " AP 4o+ 2 -

~fow AF o (2y(1+ ¢+ 2-1) ") Fala(1+c+21)7)

exists and is independent of d. If this limit is denoted by L.(z;c), then for
1 < a < 2, Lo(x; ¢) s a proper distribution function giving probability 1 to
[0, ), while for 0 < a £ 1, Lo(z; ¢) = 0 for all x.
Proof. Put in (4.27)
x1=u1d, x«i=ui(l+c+xi—l) (7;=2y"';k)7

y = up1(1 + ¢ + x).



260 HARRY KESTEN

One has then
Yy = uk+1(1 -+ C) + Uk4+1 Tk

(4.28) = (1 4+ ¢) + gy ur(1 4+ ¢) + Upyr Uk To
= (1 + o) 25 5w + dl it w;,
and the repeated integral in (4.27) represents P{y < x} if uy, -+, Upys are

independent random variables for each of which

Plu; = u} = Fo(u).

Reversing the numbering of the «’s, the repeated integral represents

(429) P{(1+c)(u1+u1u2+ e +u1u2---uk) +du1---uk+ISx}.

Assume now 1 < a@ < 2. Then

Elogu; = MZ f log ¢ £7*(1 + &) dt
™ 0

— S0 (xe/2) [ hog 41 4 71 - £ at < 0,
m 1

and (1 4+ ¢)(us + Urug + -+« + wpus -+ wx) + dwy + - - Up1 converges with
probability 1 to a random variable not depending on d as k& — . The
limit L.(x; ¢) in (4.27) therefore exists and is the distribution function of this
limiting random variable.

If, however, 0 < o < 1, we obtain F log u; > 0 and for « = 1, E log u; = 0.
In both cases one sees

lim infy e Uy ug -+ - up = 1 with probability 1

(if @ < 1 by the strong law of large numbers, and if @ = 1 by Theorem 4 in
[5]). Consequently, for « < 1 the limit in (4.27) equals zero for every
c=0,d>0.

Let (2.3) be satisfied with 0 < « < 2. The distribution of S,c4,—c4) is then
determined by the following two functions:

Go(z;A,¢) = P{—(x + c)A £ Sia,—ca) < —cdl},
H.(z;A,¢) = P{A < S,(A, —cA) £ (1 + x)A}.

G and H are monotonic in z and bounded. Hence we can find a sequence

A; < A; < --- and bounded monotonic increasing functions G.(x; ¢) and
H .(z; ¢) such that
(4.30) limpw Ga(x; Aj , c) = Ga(x; C),

(4.31) limae Ho(z; A, ¢) = Hu(z;c).
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It is not hard to see that G,(z; ¢) and H.(z; ¢) have to be continuous, using
the definitions of G and H, (4.6), and the fact that F.(x) is continuous.

Lemma 8. If (2.3), (4.1), (4.30), and (4.31) are satisfied with 0 < a < 2,
then

(4.32) Ga(xs0) = 20 G (75 ¢) + gLa(; c),
(4.33) Ho(z;¢) = 2o HP (x;¢) + hLa(z;¢),
where®

GP (z;¢) =
f” dF (z1¢™) fn dFa(z,(1 + ¢+ 21)7") -+ - [ dF o (29(1 + ¢ + x5 1))
0 0
Fo(z(1 4+ ¢+ 20)7)
- [ " drua) [ X E TR R | " AP (amn(1 + ¢ + 22)7)
0 0 0

Fo(z(1 + ¢ + 2pp1)™)

and

HP (z5¢) =
f dF (1) f dF(2:(1 + ¢+ 21)7) - f AF (22 (1 4+ ¢ + 21) ™)
0 0 0
Fo(z(1 + ¢+ 20)™)
~ [ @Fume™) [ aP(ast et o)™ o [ dFu(omn(l + ot 2a)™)
0 0 0

Fa(z(1 + ¢ + zu) ™).

Proof. We shall prove (4.32). Practically the same proof applies to
(4.33). Let

s(A, —cA) = the first index s > n(A) for which S, < —cA4.
Note that s(A, —cA) = m(—cA) only if the upper boundary is reached

s GOz ) = Folac) — f AF (@) Foa( + ¢ + 207
0
and

HO (@ ¢) = Fule) — f AR (@1 e Fa(a( + ¢ + ).
0
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before the lower boundary, i.e., if Sy(4,—c4y = Sncsy > A. We have then
Ga(z;A.¢) = P{l— (2 + ¢) £ Smeay < —cd}

— P{r(4, —cA) = n(4) < m(—cA) = s(4, —c4) and
—(x+ ¢)A = Ssar—eny < —cd}

(4.34)
= P{— (2 + )4 = Spoay < —cA}
— P{—(2 4+ ¢) S Ssa,—car < —cA}
+ P{r(A, —cA) = m(—cA) < n(4) < s(4A, —cA) and
—(z + c)A = Sia,—cay < 4}.
By (4.6)

lim e P{— (2 + ¢)A £ Smeay < —cA} = Fo(xc™),

and similarly

lim P{—(zx + ¢)A = Sea,—oay < —cA} = fo dF. () Fo(x(1 4+ ¢ + 1) ™).

A-—>0

The last term, for A = A ; can be written as
[ dG.(zs 5 4;, ¢) f:dP{Sn(A,.(mm)) — AL 4e+am) S md;)
P{=Spa;qtere — Ai(1 4+ ¢+ 32) = 24}
and tends as j — o« to
[o dGe(zy ;) [ow AFo(2(1 + ¢ 4 21) D Fo(x(l + ¢ + 2) 7).

Combining these results one sees from (4.34) by letting A — « through the
values 4 ;, that

G.(z;c) = Fo(ac™) — f: dF (1) Fa(z(1 + ¢ + 1))

+ f: dGa(zr ) [ow QP21+ ¢ + 20) ) Fale(l + ¢ + ) 7).

Iterating this equation one obtains
N—1 ) 0
Gulio) = 2 G (50) + [ dGuler;o) [ dFuloa(l + et a0)™)
(435) .
. fo AFo(wan(1 + ¢ + @ows) Falz(1 + ¢ + zar) ™).

Since F.(x) decreases as x decreases, it follows from the definition that
GP(x; ¢) = 0 (this is also obvious from the interpretations (4.28) and
(4.29)). Hence, letting N — « in (4.35) and using Lemma 7 one gets
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G.(z;¢) = kz: QP (x;¢) + f dGy (21 ;¢) Le(;c),
=0 o
This proves (4.32) withg = 0if « < 1,and if 1 < @ < 2 with

(4.36) g = f dG. (21 ;¢) = lim G, (z; c).

>0

(Since G, was already known to be bounded, the proof shows at the same

time that
2 0GP (x5 ¢)

converges and that g is finite, so that (4.32) makes sense.)

Notice that g and A may still depend on the sequence {A;}. That this is
not so will be proved in Lemma 10.

Let us consider again the quantities p_+(A) = probability of reaching —b
before any partial sum exceeds A

It seems reasonable that p_,(A) has a limit if A, b — o, such that bA™ — y
and that this limit is continuous in y. Since the proof of this fact is slightly
tedious and not enlightening, we do not reproduce it, but rather compute the
value of this limit.

Lemma 9. Let (2.2), (2.3), and (4.1) be satisfied with 1 < o < 2, and let
ps(A) = pa(y) of A, b — o such that bAT - y(1 — )7 (0 <y < 1).
Then

pa(y) — _ydyj’ (t—a/Z a/2—1)(t y)a/2-—l dt

- _yi (w—-al2 _ wal2—lya—1) (w _ l)aIZ—l dw
dy 1

1
= (a — l)y“"lf w (1 — w)** ™ dw.
Y

Proof. Analogous to (4.23) one hasfor0 < y < 1

(1 — po(A))™ = (1 — po(yA))™" + E {number of indices k with
n(yA) < k < n(A) for which S; = 0}

1
= (1 - po(?/A))_l + j; dP{Sn(yA) = tA} : P—m((l - t)A) : (1 - po(A))—l.
Multiplying by 1 — po(A) and using (3.8) and (4.6) one gets as 4 —

. 1
1=y + ﬁl‘rl‘(?@ f (t = )™ pa() dt,

Y
or

e A ) f [ pa (It — ) ™" dt.

sin (7roc/ 2
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This is an integral equation of Abel’s type [2] for ¢ 'p.(t). Solving it along
the standard lines gives the lemma (cf. [2], pp. 8-10).

Lemma 10. If (2.3) and (4.1) are satisfied with 0 < a < 2, then

(4.37) limy.e Ge(x; 4, ¢) = Guo(z; )

and

(4.38) lima,e Ho(z; A, ¢) = Ho(z; )
exist, and

(4.39) Ga(z;¢) = Dm0 GP(x5¢) + gLa(z; c),
(4.40) Hu(z;¢) = DnoHP (2;¢) + hLa(z;¢),
where g and h for 1 < o < 2 are determined by’

(4.41) g+h=1

and

1—¢' = fn dGe(z1; €) f pa(22) dFe(2oc + 21)7")
0 0
(4.42) ) ¢
- [ s 0) [ pelane™ aPulan(t + 207,

For0<a=1,9=h=0. Furthermore,if1 < a < 2
(4.43) g = 1imA—->oo P{ Sr(A,—cA) < —CA}, h = limA»go P{Sr(A,—-cA) > A}.

Proof. Let {A;} be any sequence such that (4.30) and (4.31) are satisfied
for some G,and H,. For 0 < a = 1 it was proved in Lemma 8 that (4.39)
and (4.40) have to be satisfied withg = h = 0. If 1 < a < 2, then

limjse P{Sra;,—ca;) < —CAj} = lim,se Go(z5¢) = ¢
(cf. (4.36)), while similarly
lim,-m P{Sr(Ai,—cAf) > A} = h.

Hence
g+ h=1

In addition, for x = 0
4 One can also prove that G, must satisfy the equation
QO
pe@) = [ (L= 9=yt + )7 dGy(L — 7 20~ 27,
0

This of course can be used to determine G, instead of (4.41) and (4.42). The quantities
in (4.41) and (4.42), however, have interesting probability interpretations and will
be computed in a subsequent paper.
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limjoe P{Sru;—cap < —cA; and 8,(0) = zA}

= /: dGo(a1; ) Fala(c + 1) 7).

Hence if p(A4, —cA) has the same meaning as in (4.22), then
00 1
limj. P(A;, —cA;) = { dGa(a1;c) f Pe(®2) dFa(@a(c + @1)7").
v 0

Even though Lemma 9 was proved with the help of assumption (2.2), it is
easily seen that the above expression remains valid without (2.2); compare
also footnote 2. Similarly

1112 p(A;, —cA;) = j: dH,(z1; c) foc Pa(@26™) dFa(aa(1 4 1) ™).
Instead of (4.25), we obtain from (4.23) and (4.24)
limjae A77%(1 = po(4))™ = limyaw 477%(1 — po(cd;))™
= lim;.e p(A;, —cA)AT*(1 — po(4;)) ™
— limjoe p(4;, —cA;)A7(1 — po(ed;)) ™.

By using (3.8) this reduces to (4.42). Clearly (4.39)—(4.42) determine
g and h uniquely, so that g and A cannot depend on the particular sequence
{A}, and (4.37), (4.38), (4.43) must hold.

TueoreMm 4. If (2.2), (2.3), and (4.1) are satisfied with 1 < a < 2, then
(444) lim 4. Al—a(l - pO(A) —CA))—I = (1 - B)C(a’ Q)
where

(4.45) o= " 4G (o1 0) [ pals) dFalasle + 207,
0 0
Consequently
(4.46) limy.,, P{N(4, —cA) £ A*7'(1 — p)C(a, Qu(I)a} =1 — ™.

Proof. By Lemma 10
lim p(A, —cA)

is given by (4.45). (4.44) follows now from (4.23) and (3.8), while (4.46)
follows from Lemma 1.

Remark. The solutions for G, and H, have recently been obtained by
R. M. Blumenthal and R. K. Getoor and independently by H. Widom and
will be discussed together with their applications to Toeplitz forms in a sub-
sequent paper. The explicit expression for 1 — p in Theorem 4 turns out to
be (¢/(c + 1))*™.
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