EXTENSIONS AND OBSTRUCTIONS FOR RINGS

BY
SAUNDERS Mac Lang!

1. The setting of the problem

The cohomology theory of rings, in the form recently introduced [15], will
here be shown appropriate to the systematic treatment of the general extension
problem for rings.

The treatment is parallel to the known theory [5] of the extensions of
groups. If G is a normal subgroup of a group E, the assignment to each
e ¢ F of the operation of conjugation by e in @ induces a homomorphism 6 of
the quotient group @ = E/@G into the group of automorphism classes of G.
The converse problem of group extensions therefore starts with the data:
groups Q and @ plus 2 homomorphism 6. These data are called a “Q-kernel”
by Eilenberg-Mac Lane [5]. On the center C of G the homomorphism 6
assigns to each element of @ a well defined automorphism of C; thus C may
be regarded as a module over the integral group ring of @, and the cohomology
groups H"(Q; C) are then available. To 6 one assigns an element of H(Q, C)
as ‘“obstruction”; there exists an extension E of G by @ which realizes 6 if
and only if this obstruction is zero. When the obstruction is zero, the usual
description of extensions by factor sets yields a one-one correspondence be-
tween H*(Q, C) and the set of those equivalence classes of extensions of G by
Q which realize 6. These results [5] yield an algebraic interpretation of the
two- and three-dimensional cohomology groups and provide a refinement of
the usual extension theory (normally attributed to Schreier [17], but actually
initiated’ by Holder [14]) in which the map 6 and the factor sets are all treated
together, in a somewhat indigestible lump.

There are subsequent and parallel studies for the extensions of associative
algebras (Hochschild [11]) and of Lie algebras (Hochschild [12, 13]). In both
cases, the algebras are taken over a field and hence have the additive structure
of a vector space over that field. Consequently the extension problem for the
additive structure involved is trivial, and only the multiplicative structure is
substantially involved in the cohomology theory. The new cohomology for
rings to be used here has as its object precisely the simultaneous treatment of
additive and multiplicative structures. For example, Everett [10] has de-
veloped the analogue of the Schreier extension theory for the case of rings,
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using factor sets for both addition and multiplication. His treatment is
rendered perspicuous by the use of the cohomology of rings.

An essential point is the observation that the automorphisms of the group
G must be replaced (§2) by the ‘“bimultiplications” of a ring A. This notion
is due to Hochschild [11], who called it a “multiplication””. The same notion
has later been called a “homothetie’” by Redei and his co-workers ([17], [18])
who had apparently overlooked the work of Hochschild. This development
leads to the consideration of the ring of bimultiplication classes of 4.

Given these notions, the extension theory for rings becomes exactly parallel
to that for groups. For example, for groups an extension of a centerless
group is uniquely determined by the corresponding homomorphism 6. Simi-
larly, let A be a ring with the property that az = 0 = xa for all « implies
a = 0. Then (see the Corollary in §8) any ring extension E D A is uniquely
determined, up to isomorphism, by the quotient ring E/A and the induced
homomorphism 8 of E/A into the ring of bimultiplication classes of 4. Fur-
thermore, the obstruction theory carries over for rings.® The most difficult
point is the demonstration (§10) that every three-dimensional cohomology
class which satisfies an appropriate necessary condition can indeed be realized
as the obstruction to a suitably constructed ring extension problem.

A few remarks on notation. Our rings are not fashionable: they do not need
to have an identity element for multiplication. By a 1-ring we mean a ring
which does have such an identity, and by a 1-homomorphism a homomorphism
of 1-rings which carries the identity to the identity. If A is a ring, a A-
bimodule K is as usual an abelian group which is simultaneously a left
A-module and a right A-module in such wise that (zk)y = x(ky) holds for all
kin K and all z, ¥ in A. In the 1-case, i.e., when A is a 1-ring, we require
also that 1k = k& = k1 for all £ in K.

2. Bimultiplications of a ring

A bimultiplication ¢ of a ring A is a pair of mappings ¢ — ca, @ — ao of 4
into itself which satisfy the rules

2.1) o(a + b) = oa + ab, (a + b)e = as + ba,
(2.2) a(ab) = (oa)b, (ab)e = a(bo),
(2.3) a(ad) = (ao)b,

for all elements a and b of A. The sum ¢ + 7 and the product o7 of two
bimultiplications o and 7 are defined by the equations

(2.4) (¢ + 7)a = ga + 7a, alc + 7) = ao + ar,
(2.5) (o7)a = o(ra), a(er) = (ao)7

3 The relevance of trying to get an extension theory for rings which would go beyond
H? and the extension of zero rings was pointed out to me by Professor W. Krull.
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for all @ in A. One verifies that ¢ + 7 and o7 are bimultiplications and that
under these operations the set of all bimultiplications of A is a 1-ring, denoted
by M A .

For each element ¢ of 4 a bimultiplication . is defined by

(2.6) He @& = ca, ap; = ac, aed;

we call p. an inner bimultiplication. Clearly u:4A — M, is a ring homo-
morphism. Since also
(27) Tlhe = Moc Me O = Meo o

the image pA of this homomorphism is a two-sided ideal in M, . The quo-
tient ring Po = M 4/pA is called the ring of oufer bimultiplications or the ring
of bimultiplication classes of A. The kernel of u is that two-sided ideal
K4 of A which consists of all those ¢c e A with cx = 0 = ac for every z ¢ 4.
We call K4 the bicenter of A. We thus have the exact sequence of rings

2.8) 0—>K,—» A+ M, >P,—0.

Observe that K, is both a left and a right P4-module, under the operations
Ik — ok, &k — ko, for the result of these operations does not depend upon the
choice of the bimultiplication ¢ within its class. However, K4 need not be
a P 4-bimodule.

The bimultiplications ¢ and 7 are called permutable if o(ar) = (sa)r and
7(ac) = (ra)o for every a in A. By (2.2), ¢ and any inner bimultiplication
are permutable; hence we can speak of two permutable outer bimultiplications.
In particular, ¢ is self-permutable if ¢(ac) = (sa)o for all a. The self-permu-
table bimultiplications are exactly the double homotheties considered by
Redei [16]. The set of all self-permutable bimultiplications of A need not be
a ring.

For given rings 4 and A, an exfension of A by A is an exact sequence

0——>A—0‘—+E—£—>A—+()

of rings and ring homomorphisms. In the 1-case, when A is a l-ring, we
require also that 8 be a 1-homomorphism. Since ad is an ideal in E, the
assignment to each ¢ in F of its inner bimultiplication g, yields a homomorph-
ism u: £ — M, ; furthermore any two bimultiplications in uF are permutable.
Since this u carries the ideal a4 into inner bimultiplications of A4, it induces
a homomorphism

0: A — P A

for which the image A again consists of permutable elements. The given
extension thus determines 6; in the 1-case, 6 is a 1-homomorphism. Given 6,
A, and A, the “extension problem” is that of finding whether there is any
corresponding extension and, if so, how many. The “how many” is taken
in the sense of equivalence: two extensions F and E’ are equivalent if there is
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a ring homomorphism ¢: E — E’ such that the diagram

0—>A_a_.E_ﬁ_>A——>0

e bt

’ 7
0-—>A—L»E'——>A——>O

(where each I is an identity map) is commutative. The commutativity of
this diagram automatically implies that ¢ is an isomorphism of E to E’ and
hence, in the 1-case, that ¢ is a 1-homomorphism.

We have observed that K, is a left and right P,-module. If 6:A — P,
has an image A which consists of mutually permutable outer bimultiplica-
tions, then K, becomes a A-bimodule according to the operations

(2.9) zk = (62)k, kx = k(0x), keKs, zeA.

In the group extension problem a special role is played by the extensions
of abelian groups. The analogous case here is the extension of a zero ring K.
A zero ring K is a ring in which the product of any two elements is zero. Each
such K is its own bicenter, and Mx = Px. For each 6:A — Mg as above,
K becomes a A-bimodule. Indeed, given K as an additive abelian group, to
specify the structure of a A-bimodule on K is exactly the same as to specify
that K is a zero ring and that A — Mg is a homomorphism in which the image
consists of permutable bimultiplications.

3. The cubical complex

Eilenberg-Mac Lane has introduced a homology theory for an abelian group
(G. This theory, which may be described in many equivalent ways ([6], [9])
is for our present purposes best considered as the homology of a certain
normalized ‘‘cubical” complex @Q(G), defined as in [6]. Specifically,
Q@) = Y Q.(Q) is a certain graded differential group, with Q, = 0 for
n < 0, and with @, for n = 0 the free abelian group with generators all
2"-tuples of elements of G, taken modulo a certain normalization. Each such
2"-tuple of elements may conveniently be represented as an n-dimensional
cube carrying an element of G as a “label” at each of its 2" vertices. In the
sequel we need only the low dimensions, for which we tabulate the free genera-
tors of @, together with their boundaries as follows:

Dimension Generator Boundary
0 () 0
1 (@, ) @+ @ — @+y

2 (:L‘ y) (x,y)-l—(z,t)—(x-l-—z,y—l—t)
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This is to mean, for example, that @:(G) is the free abelian group with genera-
tors all pairs (z, y) for elements z, ¥y e @, and that 8 = 9¢:Q: — @ is that
homomorphism for which dq(z, ¥) = () + (¥) — (z + y). Actually, Q,(@)
is to be taken with a normalization; that is, modulo the subgroup generated
by all pairs (z, 0) and all pairs (0, ¥), while @y(G@) is taken modulo the sub-
group generated by (0). There is a simple normalization for @, though we
shall not actually need the form of the generators of @, and their normaliza-
tion, but only their boundary as given above.

In general Q(@) is to be exactly the complex denoted by Q/Q, in [6], i.e.
with the normalization given by ‘“slabs” and ‘“‘diagonals”. However the
sign of the boundary formula (12.6) in [6] is to be taken corrected and changed:
corrected by replacing —S; ¢ by S; ¢; changed by changing the total sign of 9
by the factor —1.

Q has an “augmentation”. Specifically, we may regard the group G as a
graded differential group, with trivial grading and zero differential. A homo-
morphism 7:Q(G) — G of graded differential groups is then defined by setting
n(x) = zforz eGand 9g = 0 forqe@, and n > 0. We call 4 the augmenia-
tion of Q.

The homology of @ in low dimensions is known. Observe first that, for
each z ¢ G, @ has a two-dimensional cycle

(3.) v = (2 5).

TarEorREM 1. There are isomorphisms
HQ@) =G, HQ®) =0, HQG) = G/2G,
induced respectively by 7, 0, and y(x) — = + 2G.

Proof. It is known [6] that H,(Q(®)) is for large n isomorphic to the stable
homology H,4(G, n) of an Eilenberg-Mac Lane space K(G, n), and the above
three groups G, 0, G/2G are the known first three stable Eilenberg-Mac Lane
groups. For H, the fact that v(x) does yield the explicit isomorphism may
be verified either by direct calculations on @, or by a translation according
to [6] of the known explicit representation for H.,.s(@, n) found by means of
the bar construction in [8, Theorem 23.1].

Now let A be a ring. The cubical complex Q(A) of the additive group of
A may now be turned into a ring by a product which is defined in low di-
mensions as

W@ =, O =enm, o ° Y)= (2 ),

p, Q) = (pz, @x), (p, Pz, y) = (px py),

qx Py
¢ Yo -2 ).
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The general definition (which was suggested by J. Dixmier) is tolerably ap-
parent, and is given in detail in [15]. In particular, if A is a l-ring, so is
Q(A), with identity (1), and 9:Q(A) — A is a 1-homomorphism. In the usual
terminology one can prove that Q(A) is a graded differential ring; in particular
this means that the product of elements w and v of dimensions m and 7 in Q
is an element uv of the dimension mn and with the boundary

dww) = (Qu) + (—1)"udv.
4. The universal embedding

If A is a 1-ring, then each abelian group G gives rise to a left A-module
A ® G, where the tensor product is taken over the ring of integers. The em-
bedding 7:G@ — A ® @ defined by 7(9) = 1 ® g has the following universal
property: if f:G@ — K is any homomorphism of G into the additive group of a
left A-module K, then there exists a unique A-module homomorphism
f'*A ® G — K such that f'r = f. This property is really just a reflection of
the familiar universal properties of the tensor product for bilinear maps.

We need a similar embedding for bimodules and when A is not necessarily
a 1-ring. To fix the terminology, consider any subcategory X of a category
®. We thensaythata covariantfunctor T': @ — & and a natural homomorph-
ism 7:G — T(@) provide a universal embedding if for every @-map f:G — K
of an object G of & into an object K of & there exists a unique
K-map f':T(G) — K such that f'+ = f.

In [15], Lemma 1, we have already observed such embeddings in the case
when @ was the category of graded differential right A-modules and & the
subcategory of modules which are also left differential modules over a given
graded differential ring. We now cite two more such cases.

Suppose first that A is a 1-ring, @ is the category of abelian groups, and &
the category of A-bimodules. Set T(G) = A ® G ® A, where the tensor
product is taken over the ring of integers. Then 7(G@) has a natural structure
as a A-bimodule, in that a typical element p ® ¢ ® », with u, v ¢ A and g € G,
is multiplied on the left and right by an element A € A according to

Mp®g®»)=M®g®r, (WBOIOVA=p®g® .

A map r:G — T(G) may be defined by ¢ = 1 ® ¢ ® 1. Toeachf:G — K,
where K is a bimodule, there is a corresponding f':T(G) — K, defined by
fllu ® g ® v) = uf(g)v. Hence T and r in this case yield a universal em-
bedding into bimodules.

Suppose second that A is a ring, @ is again the category of abelian groups,
and X the category of A-bimodules. This case differs from the preceding one
in that A need not have an identity, while even if it does, its bimodules K
need not satisfy 1-k = k-1. We now set

T =G@+A®GC+GT®A+A®G® A,

a direct sum of tensor products (over the ring of integers) in which a typical
element will have the forma + p ® b+ c® v+ 8 ® d ® yfora, b, ¢, d
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in G and pu, v, B8, v, in A. Then T(G) is a A-bimodule, where the left and
right operations of A € A are defined by

Na+u®btc®v+B®A®Y)
=A®@a+MOV+A®RC® v+ MO 7,

@+p®b+c@®rv+0d® )
=0@OAN+p@®bAON+c®MNF8Od® YN

A map 7: G — T(G) is defined by 7(g) = g for g eG@. To each f: G — K,
where K is a bimodule, there is a unique corresponding f': T'(@) — K given by

fa+p®b+c®rv+B®d®7) = fla)+ ufd) + fle)y +6f(d)y.

Hence T and 7 yield a universal embedding for bimodules.

If Hom (G, K) denotes as usual the group of homomorphisms of G into
K while Hom, denotes the group of bimodule homomorphisms, the universal
property of T (G) may be summarized in either case by the fact that f — f
yields an isomorphism

(4.1) Hom (G, K) =2 Homj (T(G), K).

5. The bar construction

The homology of the ring A will be obtained from the cubical complex
Q(A) by a variant of the Eilenberg-Mac Lane bar construction. This con-
struction B operates relative to a fixed base ring A, and provides a graded
differential A-module B(Q, 5) from the data n: @ — A, where  is any given
differential ring and # a homomorphism of graded differential rings. Here
the base ring is regarded as a graded differential ring with trivial grading
(i.e., all elements are of degree zero) and trivial differential (i.e., dx = 0 for
all z € A).

The explicit definition of B is as follows. As a A-bimodule, B(Q, 7) is
the direct sum Y no B, , where By = T(Z) and B, = T(Q ® --- ® Q) for
n > 0 is obtained by applying the universal embedding functor of §4 to
the tensor product over the ring of integers of n factors Q. We write

(5.1) fur| o Jual = 7(1 ® -+ @ ua), u; € Q

for the generators of B, . Let the grading of @ be denoted by writing du for
the degree of a homogeneous element u of @; then the grading of B is defined
by the requirement that the element (5.1) is homogeneous when the u; are
homogeneous and has the degree

(5.2) dlug ] -+ |uxl = n 4+ dus + -+ + dun .

The boundary operator (differential) 8: B — B has the form = 9, + 9;,
where the 9, and 9, are A-bimodule homomorphisms defined, in terms of the
product and the differential 94 of @, by the formulas
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Bl -+ | ] = —é(—l)fm [ua] -+ | B el -+ | n],

n—1

Bslus| -+« |ual = plulus| - -+ Jun] + ;1 (=D [ua] -+ - [ s Ugpa| -+ - [ wal

+ (=D"[wr] - - - [ upaln ().
Here the signs ¢; are the following:
e =du| -+ |ud, 2=20,1, -, n.

One readily verifies that these definitions do give B the structure of a graded
differential A-bimodule.

In the special case when A is the 1-ring Z of integers, this bar construction is
exactly the original one discovered by Eilenberg-Mac Lane [7]. The general
case, provided A is a 1-ring, is that discussed in more detail in [15]; there it
is shown how B may be obtained from an acyclic construction B(Q, n) re-
sembling the acyclic bar construction of Cartan [2]. Note however that the
direct application of Cartan’s theory, which is formulated for augmented
algebras, does not give the above construction, which must be formulated for
rings “augmented” by the homomorphism 7.

In case A is a 1-ring, we require also that @ be a 1-ring and 4 a 1-homo-
morphism in this construction. In this case, let C' denote the subbimodule
of B spanned by the elements [u; | - - - | u,] with at least one term w; = 1.
From the coboundary formulas one verifies at once that C is a subcomplex
of B. The complex B is equivalent to the quotient By = B/C in virtue of
the following “normalization” theorem.

TuEOREM 2. The subcomplex C of B(Q, 1) has homology groups zero.

Proof. This theorem is a mild generalization of the corresponding normali-
zation theorem of [7, Theorem 11.2]. To prove it, take C,, to be the sub-
module of B spanned by all elements [u; | - - - | u,] with at least one term
u; = 1foranindex:= 1,2, --- ,m. Then0Cc C,c---c(C,CCpnuC ---
is a chain of subcomplexes with C as union, and C,, »/C, is a A-bimodule
spanned by the elements [wy| -« |Um |1 |0v1] -+ [0x]. It suffices to define
a contracting homotopy in each quotient C,.41/C.,, by the formula

Dalug| | L] or| oo Joe] = (=1 [ua| <o+ |wn | 1|1 ]| -+ |0,

where ¢ = dlus| -+ | um]. One then verifies readily that 0D,, + D, 8 = I,
as required to complete the proof.

The homology of a ring A is now defined as the homology of the graded
differential A-bimodule R(A) = B(Q(A), 5); in case A is a 1-ring we may use
equivalently the normalized construction By. Correspondingly, the co-
homology of A may be defined with any A-bimodule K as coefficients and is

(5.3) H"(A, K) = H"(Homy (B(Q(A), n), K)),
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where Hom, (B, K) designates the graded differential group which in di-
mension 7 consists of all the A-bimodule homomorphisms of the n-dimensional
part of B into K. Since B is defined by means of the universal embedding
functor T' of §4, we may consequently use (4.1) to express these bimodule
homomorphisms.

In the sequel we need R,(A) through dimension ¢ = 4 inclusive. Each such
R, has the form T'(F,), where T is the embedding functor and F, is a certain
free abelian group. Upon consulting the definition of B, we may list the free
generators of these groups F, as follows

Fy generator 1

o [(@)] = [x] x#0in A
Fy o ul, [ | yl, ueQy
Fy [v], [u | ], [ | ul, [x]y]el, veQe
Fy o w], v | 2], [ | o], [ | u'],

lylul, [vlulyl, [wlz|lyl, lylz]|

Here 2, ¥, 2, t are nonzero elements of A; u and u' are free generators of the
group @y, so that u for example has the form v = (s, £) with s, £ not both
zero in A; v is a generator of @;, and w is a generator of @; (i.e., a 3-cube).
To simplify the notation, we have written [z, y] in place of the more correct
(@) [ ]

For each type of cell above, the boundary formulas may be written out
explicitly, using the boundary formulas given in the definitions of @ and B.
These explicit formulas will be summarized below; for example in the next
section we will use the following boundary formulas for R;:

a[: ?] ——@y =G+ @+ay+D
+ @2+ ) — @+ y 2+ 10,
oz, y 1] = — [dolx, y) | 1] + [at, yt] — [z, y] ® ¢,
at |z, yl = [t]do(x, )] + ¢ ® [x, y] — ltx, tyl,
dr|ylel =z @[ylel — [aylel + [x]yel — [2]y] ® =
6. Extensions and H’

A two-dimensional cochain g of the ring A with coefficients in a bimodule
K is a function on the two-dimensional generators of R(A) with values in K.
There are two types of such generators, g1 = (z, ) and [z | y]; hence the
cochain ¢ can be regarded as a pair of functions g(z, £) ¢ K and g(x | y) € K,
defined for all arguments 2, ¢, , ¥ in A and satisfying the 0-normalization
conditions (0, ¢) = 0 = ¢(z,0) and g(0 | y) = 0 = g(x | 0). The coboundary
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of this cochain is the function dg = gd defined on the four types of three-
dimensional generators of B(A) as listed above. Thus for example

ol |2, ] = —glx|z + &) + glx|2) + glx|t) + g, 1) — g(zz, at).

The function g is a cocycle if 8¢9 = 0; that is, g satisfies the four identities
gd = 0 given by the four types of boundary formulas (e.g., one is the identity
obtained by setting the right-hand side of the equation displayed above
equal to 0).

Given a cocycle g, construct the ring E, of all pairs (k, z) for k ¢ K, x € A,
and define the sum and the product of such pairs by the equations

(k, z) @, y) = (ky + 2l — g(z | y), 2y).

(Here the function g appears in the second formula with a negative sign in
place of the more natural positive sign in order to make the choice of signs
here agree with signs already chosen for the bar construction.) The 0-nor-
malization condition on ¢ implies that (0, 0) is the zero element for the ad-
dition in E,. The fact that ¢ must vanish on the boundary of each u ¢ @,
gives, upon consultation of the boundary (§3) for such a u, the fact that
addition in F, satisfies

@+ +E+t)=(@+2)+ H+10.

We call this law the commutassociative law because, in the presence of a
zero for addition, it is equivalent to the commutative and associative laws
together. Finally, go[u | 2] = O gives the right distributive law; gd[z | u],
the left distributive law; and ¢z | y | 2], the associative law for multiplication
in E,. In other words, E, is a ring; the two types of two-dimensional gener-
ators of R(A) correspond to the two operations (addition and multiplication)
in a ring, while the four types of three-dimensional generators correspond
exactly to the four identities which these operations must satisfy in a ring.
In the l-cases the l-normalization condition on the cochain g means that
g(1]y) = 0 = g(z | 1), which implies that (0, 1) is an identity for the ring E, .

By using the homomorphisms £ — (k, 0) of K into E, and (k, ) — x of
E, into A we see that the ring E, is an extension of the zero ring K by the
given ring A. We have thus constructed to each 2-cocycle g of R(A) an
extension E. From the boundary formulas for the two-dimensional gener-
ators of R(A) one readily verifies that cohomologous cocycles give equivalent
extensions. The usual arguments also show that every equivalence class of
extensions is represented in this way by one and only one two-dimensional
cohomology class of R(A). We thus have the following theorem, already
proved for the 1-case in [15].

TuroreM 3. Let A be a ring, K a zero ring and 0:A. — Mg a homomorphism
with tmage OA consisting of permutable bimultiplications of K. Gie K s
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induced structure as a A-bimodule. There is then a natural one-one correspond-
ence between the two-dimensional cohomology group H'(A; K) and the set of
equivalence classes of those ring extenstons of K by A which induce 0. The same
result holds in the 1-case; hence in particular any extension of a zero ring by a
1-ring which tnduces a 1-homomorphism 0 is a 1-extension.

As in the case of group extensions, this result implies that the manifold
of equivalence classes of ring extensions realizing a given 6 has a canonical
abelian group structure. In §8 below we will give a direct description of this
composition of extensions.

The last assertion about identity elements holds more generally even if the
kernel of the extension is not a zero ring.

TaEOREM 3a. If0— A—F ﬁ) A — 0 4s an exact sequence of rings such
that A is a 1-ring and the homomorphism 0: A — P4 induced by 8 is a 1-homo-
morphism, then E has an identity element (and hence B is a 1-homomorphism).

We give a direct proof. Since 6 is a 1-homomorphism, we can choose for
the identity 1 of A a representative ¢ in £ such that 8¢ = 1 and bimultipli-
cation in A by ¢ is the identity. This means that

ta = a, al = a,

for all @ in 4, and that # = ¢ + d for some d in A. Then a = ta, hence
ta = fa = (t + d)a = la + da, and therefore da = 0 for all a. Similarly
ad = 0 for all . Thus d lies in the bicenter of 4, and

t—d’=F—dt—td+0=t—2d+d=1t—d.

Thus if we set s = ¢ — d, we have 8s = 1, § =s,and sa = a = as. Now
consider any ¢ in E. Since 8s is the identity, there are elements b and ¢ in
A with

se =¢+ b, es = ¢ + c.

Then (es)s = (e + ¢)s = e + 2¢; on the other hand by the associative law
(es)s = es’ = es = e + ¢. Therefore ¢ = 0. By similar argument b = 0.
Thus se = e = es for all e; in other words, s is the desired identity element.

7. The obstruction

Tor given maps A and A let 6:A — P, be a homomorphism whose image
consists of permutable outer bimultiplications. We propose to assign to 6
a three-dimensional cohomology class of H*(A, K4) as “obstruction”. To
this end, choose to each x ¢ A a bimultiplication o, € 8z, with oo = 0 and,
in the 1-case, with ¢; = I, the identity bimultiplication. Since 6 is a homo-
morphism, both o, + 0, — 041y and o, 0, — 04 are then inner bimultipli-
cations, so we may choose elements h(z, y) and h(z | y) in A such that

(7.1) oz + oy = ph(z, y) + ooy,
(7.2) op0y = —ph(x | y) + ouy -
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In particular, since ¢ = 0, we may choose h so that

(7.3) RO, y) = h(z,0) = (0 |y) = h(x|0) = 0,
while in the 1-case we may require in addition that
(7.3a) h(1]y) =0 = h(l|=x)

for all z, ¥ in A.

We now assert that, for all z, y, ¢, 2, in A the right-hand sides of the follow-
ing four equations represent elements in K, (here 9, denotes the boundary
operation in Q(A)):

(7.4) J) = —h(dqv), vele
(7.5) f@, y 1) = —h(dal, y) | 1) + h(at, yt) — h(x, y)ou,

(76)  fClz,y) = h(t| e, ¥) + ochlz, y) — hltx, ty),

(17 felylz) = o:hy|2) — hlxy|2) + k(x| y2) — bz |y)o, ;

indeed, upon application of u to the right-hand sides and the use of the defi-
nition of &, one obtains exactly the four basic identities valid for the bimulti-
plications o, in M, (namely, the commutassociativity of addition, the right
and left distributive laws, and the associativity of multiplication). Since
these right-hand sides thus lie in K, , we may define a function f of the four
types of generators of R;(A) as indicated by the left-hand sides of these equa-
tions. This function is then a three-dimensional cochain of R(A) with co-
efficients in K4 ; indeed the four formulas in its definition above are chosen
80 as to exactly parallel the boundary formulas for the four types of generators
of R;. In other words, this definition of f has the form f = 6h. We call
the cochain f an obstruction of 6:A — P, . It follows easily that f is O-
normalized and, in the 1-case, 1-normalized.

TurorEM 4. FEach obstruction f of 6 is a cocycle, and any fwo obstructions
of the same homomorphism 6 are cohomologous. If f is an obstruction of 0
then any cocycle cohomologous fo f s also an obstruction of 6.

Proof. The definition of f has the form f = 6h, except for the fact that the
2-cochain h has its values in the additive group of A, which is not quite a
bimodule under the bimultiplications o,. Hence the proof that §f = 0 is
essentially the same as the proof that 66h = 0, except for those terms which
involve composite bimultiplications ¢,4y Or o, . For example, to prove that
ofle, y|2|t] = folz, y|2]|f = 0, one has two such terms, o,4, h(z | ) and
h(z, y)o.. . Upon using (7.1) and (7.2), these terms give

ozh(z|t) + oy h(z|8) — h(z, Yh(z|) + h(z, Y)o,o0 + h(z, Yh(z|?).

The two “extra” terms (those not involving ¢) cancel, and the rest of the
terms cancel with others exactly as in the explicit proof that dd[z,y | 2| ] = 0.
The other seven cases of boundaries of four-dimensional generators of E(A)
are treated similarly.
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We next show that any two obstructions f are cohomologous. The defi-
nition of f depends upon two choices, that of the ¢, and that of h. We assert
that any change in the choice of the o, can be followed by a suitable new
choice of h such as to leave the original obstruction f unchanged. Indeed,
any different choice o, of bimultiplications will have o, and o, yielding the
same outer bimultiplication 6z, and hence o, = ub(z) + 0., where ub(z) is
an inner bimultiplication, so that b can be chosen as a function on A to A4
with b(0) = 0 (and, in the l-case, with (1) = 1). From (7.1) and (7.2)
we may then compute that

0. + oy = ub(@) + b@y) — bl + y) + iz, v)] + ozt
ooy = ul—=b@b(y) — 0:b(y) — b(@)ey + blay) + Az | Y)] + ou 5
hence we may and do choose the new functions A’ as
W(z,y) = b) + by) — bz +y) + k=, ),
Kz |y) = —b@)Dby) — 02 b(y) — b(@)oy + blay) + k(x| y).

These equations state that b’ = 6b 4 h, except for the extra term b(x)b(y)
in the second equation and the proviso that A is not quite a A-bimodule
under o, and o, . Thanks to this extra term one readily calculates that
oh’ = 86b + 6h = 6h, much as in the proof above that §f = 0.

We next assert that, for fixed choices of the ¢, , any change in the choice of
h will change the obstruction f by adding a coboundary from Homy (R(A), K,),
and moreover that f may be changed by the addition of any such coboundary.
This will complete the proof of the theorem. TFor suppose that A’ is another
function satisfying (7.1) and (7.2). Then uh = uh’, hence b’ — h lies in
the kernel K, of u, so that A’ — h = g, for g with values in K, . In detail

Wz, y) = hz,y) + glz,y), HWly) =hlx|y) + gl@|y),

where ¢ is a (normalized) 2-cochain of A. Conversely, if g is any such cochain,
then & + ¢ is an allowable choice of A’. From the definition of f one now
calculates that f/ = §(h + g) = 6h + 89 = f -+ &g, so that f is indeed changed
by a coboundary 8¢, which may be arbitrary.

In virtue of this theorem, the unique cohomology class of any obstruction
f of 6 may be called the obstruction of 6.

THEOREM 5. A homomorphism 0:A — P, (in the case of a l-ring A, a
1-homomorphism) can be realized by a ring extension (respectively, by a 1-exten-
ston) if and only of the obstruction of 6 is zero.

Proof. Suppose first that 8: £ — A is an extension of A by A which realizes
6. To each z in A choose u, in F with fu, = z, and in particular choose
uo = 0 and (in the 1-case) u; = 1. Then in the definition of the obstruction
of 6 we may choose o, = uu, and hence h(2, y) = U, + Uy — Uotyy , B | Y) =
Us Uy — Uz . From (7.4)—(7.7) one then computes at once that the re-
sulting obstruction cocycle f is identically zero.
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Conversely, suppose that  has an obstruction f which is a coboundary.
By Theorem 4 we can then choose & so as to give a new obstruction which is
identically zero. We then apply the following existence theorem.

THEOREM 6. For given rings A and A let the function o assign to each x
m A a bimultiplication o, of A such that any two bimultiplications o, and o,
are permutable and such that oo = 0 and (if Aisa 1-ring) o1 = 1. Leth(z, y) e A
and h(z | y) € A be two functions related to o by (7.1) and (7.2) and satisfying
the mormalization conditions (7.3) and (7.3a). Then if h satisfies the four
equations obtained from (7.4)—(7.7) by setting f there equal to O, there exists
an extension B:E — A of A by A and elements u, in E such that

Bu, = z, MUz = 0z,
Us + Uy = h(2, Y) + Yoy, Uz Uy = —h(x|y) + Usy .

This theorem is due to Everett [10]; we have rearranged it only by separating
the ten conditions which he lists into (i) the conditions that the o, be per-
mutable bimultiplications; (ii) the conditions (7.1) and (7.2) that z — o,
be a homomorphism of A to outer bimultiplications; (iii) normalization con-
ditions; (iv) the conditions (7.4)—(7.7) stating the four identities necessary
in a ring. (In Everett’s statement, (7.4) is replaced by separate conditions
for the associative and commutative laws for addition.)

The proof of this theorem is direct. One constructs £ as the ring of all
pairs (z, a) for x € A, @ e A with addition and multiplication defined by the
equations

(xya) 'l'" (y,b) = (CK + y,h(%?/) + a+ b):
(x, a)(y, b) = (xy, =M= |y) + 02 b + aoy + ab).

In the proof that this set £ is in fact a ring, the four equations (7.4)—(7.7)
enter exactly to prove that I satisfies the four corresponding identities.
In the 1-case, the normalization condition (7.3) serves to prove that (1, 0)
is the identity of F.

8. The manifold of extensions

THEOREM 7. If there exists a ring extension of A by A realizing 0:A — P, ,
then the set of equivalence classes of such extensions is in one-one correspondence
with the cohomology group H*(A, K.) , where the bicenter K, of A is regarded
as a A-bimodule under the operations induced by 9.

Proof. This result follows readily by Everett’s methods, by observing
that any two solutions %y and A of the equations (7.1)-(7.7), with f = 0 in
(7.4) to (7.7), must differ by a 2-cocycle g. Hence the correspondence
“hy + ¢g”’ <> “cohomology classes of g” yields the desired one-one correspond-
ence. We prefer to give a more conceptual proof of this theorem, so as
to illustrate how notions such as the “Baer product” of group extensions will
work for extensions of rings.
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The graph T of 0:A — P, is that subring of the direct sum A + M, which
consists of all pairs (z, o), for x ¢ A, and ¢ e M, , such that o €6,. Under
the ring homomorphisms ud — T' — A given by pa — (0, ua) and (z, ¢) — =z,
this graph T is a ring extension of u4 by A. In the 1-case, I' is a 1-ring and
the map T' — A is a 1-homomorphism.

B

Any extension A 2L E-P iAo 4 by A which realizes  induces an ex-
tension of K, by the graph I' of 6. Indeed, we define ¢:E — T by setting

Ye = (Be, ue) for each ¢ ¢ E; then K, — E —L T is the desired extension,
and the diagram

O—AA_LE_ﬁ»AHO

vl

0—>ud >T—A—>0

is commutative. In particular, if K, = 0, ¢ is an isomorphism, so that in
this case any solution of the extension problem is equivalent to the graph T.
To any two extensions ¥ and E’ of A by A which realize the same 6, we

now construct an extension 0 — K, — F —)\—> A — 0 of the zero ring K4
by A which will realize the given A-bimodule structure of K, . To this end,
let ¢:E — T and ¢/: £’ — T be the homomorphisms constructed as just above,
and let 7' be that subring of the direct sum £ 4 E’ which consists of all pairs
(e, ), for e e E and ¢’ ¢ E’, such that ye = ¢'¢’. Let Ty be the two-sided
ideal in T which consists of all pairs (aa, &’a) for a € A, where a:A — I
and o’:4 — E’ are the given monomorphisms under which ¥ and £’ extend
A. Then F = T/T,is a ring, and is an extension of K, by A relative to the
homomorphisms K, — F given by k£ — (ak, 0) + Ty and FF — A given by
(e, ') — Be = Be’. One verfies that this extension F does in fact realize the
given A-bimodule structure of K,. We write T*(E, E’) = F for the ex-
tension so constructed, and regard T* as a function applying to equivalence
classes of extensions.

Now conversely let K 4 2 F —>l» Aand 4 -5 E —B—> A be given extensions
which realize respectively the bimodule structure of K 4, and the homomorphism
6. We construct a second extension E* as follows. Let S be that subring
of the direct sum F 4+ E which consists of all pairs (f, e¢) for fe F and ¢ e E
and such that \f = Be. Let S, be the two-sided ideal in S which consists
of all pairs (kk, — ak)—notice the sign—for k e K, . Then E* = S/S,is a
ring, and is an extension of 4 by A relative to the homomorphisms 4 — E*
given by a — (0, aa) and E* — A given by (f, ¢) — Af = Be. Furthermore
E* does in fact realize the given 6. 'We write S*(F, E) = E* for the extension
so constructed, and regard S* as a function applying to equivalence classes
of extensions.

Now let E, be any one extension of A by A which realizes the given 6.
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Then one readily proves two equivalences of extensions

T*[S*(F, Eo), Bo) = F,  S*[T*(E, Ey), Eo)l = E

for £ and F as above. Indeed, in the first equivalence any element in the
extension on the left may be written as a coset of a coset, in the
form [(f, e1) + So, €] + To, for suitable e;, exin Eq. Then f, ¢; and e; may
be so chosen that ¢; = e, ; with this choice, the map which carries the cited
coset of a coset to f provides the desired equivalence. The second equivalence
is treated similarly.

In virtue of these equivalences, the maps

F—E=S%F,E), E—TF =T*E, E)

provide a one-one correspondence between the equivalence classes of ex-
tensions F and those of extensions K. Since the classes of extensions F
correspond again to the elements H*(A, K,) , by Theorem 3, this result gives
the desired Theorem 7. Note however that the correspondence thus ex-
hibited is not ‘“natural”, since it depends on the choice of a particular ex-
tension Ey. In other words, just as in the case of extensions of groups, the
manifold of all extensions of A by A realizing  does not have the natural
structure of a group H*(A, K,), but has the natural structure of a “coset”
to this group. This phenomenon has recently been investigated thoroughly,
for the case of group extensions, by Cobbe and Taylor [4].

These constructions also contain a ‘“Baer product” of extensions in the
special case of extensions of a zero ring (4 = K,). The extensions of the
type denoted above by F are then identical with the extensions of the type
denoted by F. In this case the obstruction of 6 is always zero, and in fact
there is a canonical choice of an extension F, ; namely, we may choose E,
as the semidirect product of K and A, defined as that extension F, constructed
as in §6 from the cocycle ¢ = 0. The set of equivalence classes of extensions
of A by A realizing 6 is then a group under the binary operations S*(E; , E,) ;
indeed, this operation corresponds to the addition of cohomology classes in
the isomorphism (Theorem 3) of equivalence classes to H’. The identity
element of this group is the class of the semidirect product E,. The inverse

B

of an extension 4 - E -2, A is the ring E* whose elements are in one-one
correspondence e¢* <> ¢ with those of E, with the two operations
(e1 + e)* = (ef + ¢f), (e1 e2)* = —ef ef. Note that E* is in fact still a
ring, and that the correspondences & — (ok)* and e* — — Be make E* an
extension of the zero ring 4 by A.

The operation S* thus provides the “Baer product” of ring extensions;
on the additive group of the ring it reduces exactly to the Baer product of
group extensions (cf. [1]).

The simple case where the bicenter K, is zero also deserves special state-
ment, as follows.
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CoroLLARY. Let A and A be rings, where A has the property that axr = 0 = za
for all x in A implies a = 0. Then there is one-one correspondence between
the equivalence classes of extensions 0 — A — E — A — 0 and the homomorphisms
0 of A into the ring of outer bimultiplications of A. Given E, the corresponding 0
18 the homomorphism induced by the map which carries each e ¢ E into the cor-
responding bimultiplication of A. Given 0, the corresponding E s the graph
of 6.

9. An auxiliary ring

The next constructions to be made will apply to the ring Q(A) and equally
well to many other rings U(A); the essential feature is the observation that
in low dimensions Q(A) is a free resolution of the additive group of A. First
recall that @Qo(A) is the free abelian group generated by all the symbols (z)
for « # 0 in A, that one sets (0) = 0, and that @, becomes a ring under the
product defined by (z)(y) = (zy) for x, y ¢ A. Furthermore 5(x) = x defines
a ring homomorphism 5:Q(A) — A which in the 1-case is a 1-homomorphism.

We next state the requirements to be placed on the rings U(A) which may
be used to replace Q(A):

(1) U(A) is a graded differential ring.
(i) Us = Q(A), as a ring.

(iii) In each dimension n, U, is a free abelian group.

(iv) The sequence U, —a—a U, —a-> Us -1 A — 0 is exact.

Note in particular that (ii) means that #, defined originally in @, = U,,
also gives a homomorphism 5:U(A) — A of graded differential rings which is
zero on U, for n > 0. These conditions (i)—(iv) are all satisfied in the case
U = Q; for example the exactness in (iv) results from the statements of
Theorem 1 about the homology of @(A) in dimensions 0 and 1.

From Q,(A) = U, alone we now construct a certain auxiliary ring I, = L(A)
as the tensor ring over @ ; that is, we set

L=Q+Q@®Q+ - +Q® - ®Qq+-,

where all the tensor products are taken over the ring of integers. Then
L is a ring under the product denoted by ®. Since this product is not the
originally given product in @y, we write ¢ — {(g) for the embedding of €, in
L. Then g — {q) is an additive but not a multiplicative homomorphism, and
we can write the product in L as an ordinary multiplication {g){r) = {¢) ® (r).

This ring L is a universal ring to the additive group of @, in the sense that
whenever an (additive) group homomorphism f:Qy — A into the additive
group of a ring A is given, there exists a unique ring homomorphism f":L — A
with f’{¢q) = f¢. In particular, a ring homomorphism S:L(A) — Qo(A) is de-
fined by setting S{¢) = ¢. The composite 7S is then also a ring homomorph-
ism 9S:L(A) — A.
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In the 1-case, the ring L defined above must be taken modulo the ideal
spanned by all the elements (¢){1) — {g) and {¢) — (1){g) for 1 the identity
of A. Then (1) becomes the identity of L, and S and %S are 1-homomorph-
isms.

In either case we wish to determine the kernels

C = ker [3S:L — A], D = ker [S:L — Q).

Both C and D are ideals in L, with L D ¢ D D. Furthermore, since
Ui — @ — A is exact, C/D = 9U,. Clearly D contains the ele-
ments P(q1, - -+, ¢.) defined as follows:

P(g, r) = {gr) — (@){r), q, 7€ Qu,
P(qu e ’q2m) = P(qlvq2) "'P(q2m—lyq2m); m = 1727 )
Plg, ++, @emi) = Plar, -+, @m) {@ems1), m=12---,

for all ¢;in Qo. The larger ideal C contains in addition for each % e U; the
element (9u) which we denote as

S(u) = (du).
These elements satisfy the relations S(dw) = 0 for each element w e U,.

Lemma 1. As an additive group, D is generated by the elements P(qy , - -+ , qn)
for g eQoand n = 2,3, -, while C s generated by these elements and the ele-
ments S(u) foru e Ur. The only relations between these generators P and S are
the relation S(ow) = 0, the linearity of S(u) in w, and the mulitlinearity of P.
In the 1-case there are additional relations

(913,) P(qli"')qi-171,qi+17°";q2m)=0; 1§7r§2m,
(glb) P(qu qu—lal’qi-l-l’ 7q2m+1) = O, 1 é ié 2m;
(9.1¢) Plgi, 5 ¢n,1) = Pla, -, @n.

In the proof, it is convenient to use the natural grading of the ring L, ob-
tained by assigning to each generator (¢) of L the degree 1 (exception: in the
1-case, (1) has the degree 0). Then L is a graded ring, and P(q1, -+, qs) =
+{q1) - -+ {qu) + terms of lower degree. Thus P(q, -, ¢s) has degree n if
no g; is zero (or, in the 1l-case, if in addition no ¢; = 1).

Suppose now that ¢ € C is a sum of homogeneous terms of degrees at most
n in L; we will show by induction on 7 that ¢ is a linear combination of the ele-
mentsstated. If n = 1, ¢ hastheform {(g) for q¢ ¢ @ and Sc = nq = 0; hence
by the exactness condition (iv), ¢ = du forsomeu e Uy and ¢ = (du) = S(u).
If » > 1, ¢ is a linear combination of terms (g1) - - - {g.) plus terms of lower
degree. By subtracting the corresponding combination of 4=P(qi, --- , ¢s)
we then reduce ¢ to terms of degree less than n and hence complete the in-
duction. These arguments apply equally well to the generators of D and to
the 1-case.
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Suppose now that R denotes some linear relation between the generators
S(u) and P(qi, -+, ¢»). By assigning to each letter S(u) the degree 1 and
to each letter P(qi, - -, g.), whatever the arguments ¢, the degree n, we
obtain some (maximum) degree n for the whole relation . We now can
show by induction on the degree n that this relation R is a consequence of the
statedrelations. If n = 1, R hastheform Y, e; S(u;) for &; = =1 andu; e U; .
Since R is a valid relation in C, we have

0 = Et &; S(uz) = Z:l &; ((mz) = <6Z@€1u1>.

Hence Z &; u; is a l-cycle, and thus by exactness a 1-boundary, so there is
some element v ¢ U, with 9 = Y ;&;u;. Thus R is a consequence of the
linearity of S and the relation S(dv) = 0.

Now consider a relation R of maximum degree n with n > 1; it has the form
0 = > iP(qu, -+, qu) + terms of lower degree. Replace each P by its
definition; we get 0 = Zz (qui) ® -+ ® {qni) + terms of lower degree.
The highest degree term lies in the tensor product @ ® --- ® Qo with n
factors, which can be zero only by virtue of the multilinearity which also
applies to the P. Hence the given relation is a consequence of multilinearity.

In the 1-case, the additive group Qo has the form of a direct sum Z(1) + Qs ,
where Qq is the free abelian group generated by all (z) for  # 0, 1. Thus in
the relation each argument ¢ can be written as a sum, ml 4+ ¢’ for
meZ,q e Qo; by multilinearity and the relations (9.1) all the terms m1 can
be removed; the rest of the argument, on the ¢/, proceeds as before since in
this case L = Qo + Qo ® Qo + --- .

This completes the proof of the lemma.

We now describe the multiplicative structure of the rings C and D, starting
with the inner bimultiplications by {¢) in L. Since C and D are ideals in L,
this yields a bimultiplication p, which is given on the generators of C and D
by the following explicit formulas

quP(qu "')qn)

(9.2) n )
= ;0 ('—‘1)@P(Q(), oy Qi qn) + (_l)nP(q()) ] qn))

(933) P(ql""aq2m)pr= P(Ql,"',qmﬂ'),

Plgi, -, ¢2m r
(9.3b) (@ Q2mt1)p

= —P(g, "+, @mir,7) + Plar, 5 @om s Gamia 1),

(94) pe S(u) = —P(g, 9u) + S(qu),
(9.5) S(u)ps = —P(3u, ) + S(ug).

Furthermore one shows easily that, for ¢, 7 € @,

(9.6) Potr = Pq t+ Pr, Pgr = Pg Pr + Hr@n »

and in the 1-case one has p; = 1.
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The products of any two generators of C are given explicitly by the formulas
(973') P(ql’ ,sz)P(le ’rn) = P(qlr s Qem 1, 0t )Tn)a
P(qu oty Qomy TO)P(TI, cet J’rn)

(9.7b) = :Z: (=1)°P(qu, =+ Gumy To, === s PiTigs, =+ Tn)

+ (=D"Plqr, -+, @m, 7o, =5 Ta),
(9.8) Sw)Sw') = psuSu’), u, ' e Uy,
(9.9) SW)P(qr, -+, qn) = poulq, -+, ¢n),
(9.10) Plg, -+, q)Sw) = Plqu, -+, qn)pou -

10. The main existence theorem

TareorEM 8. Let K be a bimodule over the ring A and f a three-dvmenstonal
cocycle of R(A) with coefficients in K. Then there exists a ring A with bicenter
K together with a homomorphism 6:A — P4 whose 1mage conststs of mutually
permutable outer bimultiplications and which induces on the bicenter K the given
bimodule structure, all such that f is an obstruction of 6, if and only if, for all

TeA
/0 3)-o

This condition is manifestly necessary, for by the definition (7.4) of the
obstruction one has f(v) = 0 on every 2-cycle v of 6, in particular on the basic
2-cycle y(z) (see (3.1)) of Q(A). In fact, the assignment f — f(y(z)) yields
a homomorphism

7:H*(A, K) — Hom (A/2A, K);

hence we may state the necessary condition in the more invariant form that
¥ of the cohomology class of f is zero.

Conversely, to define a ring A which will realize a given f we simply “invert”’
the equations (7.1)—(7.7) which defined the obstruction f and use these equa-
tions instead to define a ring A generated by the bimodule K and by symbols
h(z, y) and h(z | y) which satisfy the conditions (7.1)—(7.7) relative to suitable
bimultiplications ¢, . Compare these conditions with the relations of §9 on the
generators S and P, writing now S(z, ) instead of S(u) for u = (z, y) € @1 .
Specifically, replace h(z, y) by S(z, v), h{z | y) by P(z, y) and p by . Now
if f were zero, the condition (7.5) on h is exactly the definition (9.5) of p on
the right, while (7.6) is similarly (9.4), and (7.7) combines (9.2) for n = 2
and (9.3a) for m = 1. We will therefore define the ring A by modifying the
defining equations found in §9 for the ring C by adjoining suitable terms in
the given cocycle f. The eight conditions stating that f is a cocycle will then
all enter in the demonstration that what we get is indeed a ring.

It will simplify the formulas if we replace the cubical construction Q(A) by
any U as in §9, so that the construction is applied to a cocycle f of B(U, n)
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and not to one of the more special complex R(A) = B(Q(A), 3). We assume
that U satisfies the conditions (i) — (iv) of §9, together with

(iv") The sequence U; —‘1 U, — U, is exact.

To be sure, this last condition doesn’t hold for @, but it would hold if @; were
enlarged by new generators with boundary y(z). We don’t care at all how
or whether products are defined for these new generators, for these products
don’t enter—the three-dimensional cohomology of B(U, ») involves the mul-
tiplication in U only up through products which lie in U,. The merit of
adding condition (iv’) is that the necessary condition f(y(xz)) = 0 of our
theorem now becomes part of the statement that f is a cocycle of B(U, »).

Explicitly, let now A, K, and f be given, and take U to satisfy (i), (ii),
(iii), (iv), and (iv’). Introduce the abelian group

A = (K+ U+ D)/M,

for D as in §9 and M the subgroup consisting of all f(v) + v, for v € U, .
Define a homomorphism ¢: 4 — C, where C is the additive group of the ideal
described in §9, by setting

Yk + w4+ d) = Su) + d, keK, uelU;, deD.

LevMa 2. The map ¢ yields an exact sequence of abelian groups

0-K—A% oo

Proof. That ¢ as defined annihilates the subgroup S follows from the rela-
tion S(dw) known to hold in C. To show that the natural map k — &k + M
of K into A has kernel zero, we observe that an element f(v) 4+ dv of M can
lie in K only if v = 0, hence by (iv) only if v = dw for some w ¢ U;, hence
f) + w = f(Ow) + ddw = &f(w) = 0. That ¢ annihilates K is clear.
Conversely, suppose that k + « + d is in the kernel of . Then S(uw) +d =0
in C. But Lemma 1 of §9 determines the additive structure of C, and im-
plies here that d = 0 and that S(u) = (du) = 0, hence du = 0 and v = dv
forsome ve Uy. Thusk + u +d =k + v =k + f(—v) (mod M) is an
element in the image of K. This proves the lemma.

LemMa 3. For each q ¢ Uy = Qo an endomorphism a — 74 a of the abelian
group A s defined by

ok = (nQ)k, kekK,

o = f(g|u) — P(g, 8u) + qu, ueUs,

o P(ry s) = flg|r|s) + oy P(r, 5), 7, s € Qo
o P(r, s, 8) = flg| | )nt + oo P(r, s, 1), teQo,

TqP(rl7"'7rn)=PuP(T1y"','rn), n > 3.
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These endomorphisms also satisfy

(10.1) Tate = Ta T Ta, Y(rqa) = py¥a.
In the 1-case we also have v1 = I, the identity endomorphism.

Proof. Since all the expressions involved are multilinear in their arguments,
it will follow that 7, is an endomorphism if 7, M < M. Take then v in U, .
Then

7o(f(v) + v) = (n)f(v) + flq|v) — P(g]| ddv) + qdv
= (nq)f(v) + f(g | ) — fqv) (mod M)
= folg|v] = 0,

as desired. The remaining assertions of the lemma follow readily; in par-
ticular ¢¥(7, @) has the indicated form because of the parallel between the
definitions above and those found for p, in §9.

LemMa 4. For each q € Uy an endomorphism a — ar, of the additive group A
s defined by

kry = k(ng), keK,
urq = —fu|q) — P(ou, q¢) + ug, ue U,
drq = dpg, deD.
These endomorphisms also satisfy
(10.2) Tate = Ta + Ta,  ¥lar) = (a),,

and in the l-case one has ™ = I.
The proof is similar, and uses the identity fo[w | ¢] = 0.
LemMma 5. For all ¢, r in Qo and a in A,

(10.3) (1o @) = 7o(ar).

Proof. For a ¢ K, this follows because (A\a)r = N(ap) in the bimodule K.
For a = u € Uy, it reduces by the above definition to the identity fo[g | u | ] =
0. For a = d it reduces by the definitions of = to zero.

LeMMA 6. A homomorphism A ® A — A, that 18, a product in A, is defined
by

(104) (*k+u+ dE + v + d) = 10% + 10ud" + drow + dd’

for k, k' e Ky u, w €Uy ; d, d eD; and dd’ the known product in the ring D.
For this product ¢:A — C is a homomorphism.

Proof. Since the formula (10.4) is bilinear, it will yield a homomorphism
as desired if each product with one factor in M lies in M. This is readily
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verified :
d(f(v) + ) = d() = drse = 0,
) + ow)(w + d) = ()u + ()d = Tagett + Ta50d = 0.
Finally, ¢ is a homomorphism as claimed because
Y(du') = Y(drow) = dpsw = dS(u) = dyu
by (9.5) and (10.1), with a similar calculation for the other products.
LeMMA 7. Foru eUyand a € A, ua = 74, 0 and au = aty, .

In terms of the inner multiplication u, of 4, the result can be written more
briefly as u, = 74, . The first assertion about ua is simply a part of the defi-
nition (10.4) of the product. The second assertion about au may be treated
in three cases, according as @ is in K, Uy, or D. The third case is part of
the definition (10.4); the first case follows because krg, = k(ndu) = k0 = 0 =
ku. Tinally,if @ = «'isin Uy,

wu — Uty = Towth — W Thu

= f(ou' |uw) — P/, ou) + (du)u + fu'|ou) + P(ou/, du)

— u'(9u)
= f(ou' | u) + f(u' | ou) — f(u'w) (mod M)
= —folu' |u] = 0.

LevMma 8. For q, r € Qo and u the inner bimultiplication in A,
Tgr = TqTr + WP, -

Proof. We first compute the expression £ = 7,a — 74r,a — P(q, 7)o for
any ain A. If a € K, E is zero by definition. If a ¢ Uy, E turns out to be
zero by the identity f[qg | r | a] = 0. TFinally, if a ¢ D, we consider several
cases corresponding to different generators of D. If a = P(s, t) for elements
s, t € Uy, then E = 0 by the identity folg |r|s|t] = 0. If a = P(s, ¢, p),
we may write @ = P(s, ¢)7, ; the expression F then reduces to that of the
previous case, if we use Lemma 4 and the readily established result that
P(q, r)[P(s, )] = [P(g, r)P(s, t)]r, . Finally, if @ = P(sy, - -+, 8,) with
s; € Qo and n > 3, the bimultiplications = are identical with the p, and the
expression is zero in virtue of (9.6).

It remains only to show that B’ = ary — arer» — aP(g, r) is zero. For
a e U, this follows by the identity fd[a | ¢ | r] = 0; in the other cases it is im-
mediate.

LevMMA 9. For q e Qo and a, b € A we have
ro(ab) = (rqa)b,  (arb = a(ryd),  (ab)7y = a(bry).
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Proof. After setting for a and b the various types of elements of A—from
K, U, or D—these expressions may be expanded by the definitions; by suitable
use of the previous lemmas they all turn out to be identities, and this without
further use of identities valid on the cocycle f.

Lemma 10.  Multiplication in A is associative.

Proof. We must prove (ab)c = a(be) for all a, b, ¢cin A. If all three argu-
ments lie in the ring D, this is known. If any one argument lies in K, both
sides are zero. We are then left with the cases in which at least one argument
is an element w ¢ U;. In this case we have respectively

u(be) = 7au(be) = (raub)c = (ub)c
by Lemma 7, Lemma 9, and Lemma 7 again,
a(uc) = a(rgu¢) = (argu)c = (au)c,

a(bu) = a(bry,) = (ab)7eu = (ab)u,
as asserted.

We pause to observe that this sequence of Lemmas 2-10 has fully used the
fact that f is a cocycle; i.e., that f vanishes on the boundary of each of the
8 types of 4-cells from R. Indeed, these 8 types appeared as follows, with
the notation ¢, r, s, £ ¢ Uy = Qoy, w e U, v e Uy, w e Us:

[w], Lemma 2; l¢]v]), Lemma 3; [v]gl, Lemma 4;
l[¢ | w|r], Lemma 5; [w' | u], Lemma 7; lg|7|u] Lemma 8;
[w|q]r], Lemma 8; lg|7]|s]¢, Lemma 9.

Lemma 11. A s a ring, ¥ s a homomorphism of rings, and

0>K—A4%0-0

1s an exact sequence of ring homomorphisms tn which K is mapped tsomorphically
onto the bicenter of A.

Proof. Lemma 10 shows 4 a ring, Lemma 6 shows ¢ a ring homomorphism,
and Lemma 3 gives the exactness. By the definition of the product, the
image of K clearly lies in the bicenter of A. On the other hand, y4 = C is
a subring of L, and L has no divisors of zero; hence K is exactly the bicenter
of A.

LemMma 12. For x € A the correspondence 0x = 1, tnduces a homomorphism
0:A — P4. The vmage of 8 consists of mutually permutable outer bimultipli-
cations, and in the l-case 0 is a 1-homomorphism.

Proof. Set (x) = ¢. That 7, is a bimultiplication of A is asserted by
Lemmas 3, 4, and 9. That any two 7, permute is the content of Lemma 5.
That 6 is a homomorphism for addition is stated in (10.1) and (10.2), while
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the fact that 0 is a multiplicative homomorphism, modulo inner bimultipli-
cations of 4, is Lemma 8. In the 1-case 1 = I, Q.E.D.

Lumma 13.  An obstruction to 8 is the given cocycle f.

In keeping with our definition of the obstruction, this is proved only in the
explicit case when U is Q. To apply the definition of the obstruction, choose
for each x in A the bimultiplication o, = 7 in the class 6x. Then since
(z + y) + d(x, y) = (x) + (y) by the boundary formula for @, and since

My = 75, by Lemma 7, we have
0z + 0y = Py + oty .
Therefore we may choose h(x, y) = (x, y) as in (7.1). Also, by Lemma 8
0z 0y = Pp@y) T Oz ;

hence we may choose h(z|y) = P(z, y) e D C A, as in (7.2). From the
functions » thus chosen we now calculate the obstruction according to the
definitions (7.4)—(7.7). We obtain exactly the original cocycle f; indeed (7.4)
comes from the choice of M, (7.5) and (7.6) from the definitions of ur, and
7, %, and (7.7) is a combination of the definitions of 7, P and Pr, .

With this lemma the main existence theorem is established.

11. Alternative forms for the cohomology of rings

We may now illustrate the general conditions considered in §§9 and 10 on
the ring U by constructing a particular ring V = V(A) which satisfies these
conditions. Set Vo = Qo (A). Since @, as an additive group is free, the
kernel V; of n:Vy— A is also a free abelian group. Let the injection of this
kernel in V, be written 9:V; — V, ; then

(11.1) 0=V 5 Ve=@ha—o0

is an exact sequence of abelian groups. Since the kernel of 5 is also an ideal
in V,, we can define the product of v ¢ V; and g € V, by

vg = a7(@)ql, @ =9"[g)], w =0.

With these products (together with those given in Qo), V = Vo 4+ Viis a
graded differential ring which satisfies the conditions (i)~(iv) and (iv’) placed
on U in §9 and §10. Like Q(A), V(A) is a functor of A.

TaEOREM 9. There is a homomorphism x:Q(A) — V(A) of graded differential
rings which induces tsomorphisms

(11.2) H"(B(V(A), n); K) = H'(BQ(), n); K), n=0,1,2,
(11.3) H*B(V(A), n); K) = ker {YH (B(Q(A, n); K) — Hom (A/24, K)}.

Proof. To define x, take x = 1 in dimension zero, xu = 87" (dqu) for u € Q1 ,
and x = 0 in higher dimensions. Then x is a homomorphism of graded dif-
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ferential rings. By the exactness of (11.1), x induces also a homology iso-
morphism of @ to V in dimensions 0 and 1. If one adjoins to @ elements of
dimension 3 to kill the cycles yv(x) (i.e., elements with boundary v(x)), then
x induces a homology isomorphism in dimensions 0, 1, and 2. Now in
[7, Theorem 13.1] it was proved that a homology isomorphism x:G — G’
between graded differential rings G and G’ which are free as additive groups
induces a homology isomorphism B(x):B(G) — B(G’). This theorem, in
which the proof depended essentially upon a filtration of B, applies mutandis
mutatis to the present slight generalization of the bar construction. Since the
application of the bar construction raises the dimensions of G by 1, we get a
homology involving isomorphism B(Q(A)) — B(V(A)) valid in dimensions 0,
1, 2, 3 (the latter provided the extra elements are adjoined to Q(A)). The
asserted cohomology isomorphisms then follow. No trouble is caused by the
products of the new elements adjoined to Q(A), since in these dimensions only
products lying in @. and below matter.

We have used the cohomology theory for rings defined by the complex
B(Q(A), n), and indeed this appears to be the proper complex for the relative
homology for modules which was considered in [15]. The present theorem
suggests that for the purposes of obstruction theory one might operate more
generally, with the complex B(U(A), n) where U(A) is any graded differential
ring satisfying the conditions (i)—(iv) of §9 and (iv’) of §10. It is in fact the
case that the whole theory of extensions and obstructions as presented in
§86-8 can be carried out directly with U replacing @, though some little clarity
is lost in this generalization. In particular, Lemma 13 as to the identification
of this obstruction does hold in this generality.

The exactness conditions (iv) and (iv’) on U might more naturally be re-
placed by the stronger requirement that the whole sequence

N T /NP RS (R
be exact. Fach such U may be described briefly as a free resolution of the
additive group of A which has the structure of a graded differential ring and
for which % is a homomorphism of such rings. In this sense then, the ho-
mology of a ring may be described as that obtained by applying the bar con-
struction (or presumably any equivalent construction in the sense of Cartan
[2]) to a free resolution of the additive group, this resolution being given a
ring structure. However, the condition (ii) of §9 that U, be the specific ring
Qo , freely generated as an additive group by the elements (x) for x = 0, is a
sharp restriction. This restriction appears to be an essential one. On the
one hand, it enters essentially into the comparison made between @ and V
(or some other U) in Theorem 9, since the choice Vo = @, was the starting
point for the construction of a ring homomorphism x. On the other hand,
if the obstruction theory is carried out for a general U, as mentioned
above, the assumption Us = @, appears to be essential to the proof of
the theorem that an extension realizing 6 exists provided only that the
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obstruction of # vanishes. Hence of all the resolutions which might be pos-
sible for U, only @ and the specific V exhibited in (11.1) above appear to be
clearly of interest. Neither provides an easy means for the calculation of the
cohomology groups of specific rings.

We mention in passing that still another ring U, satisfying (i)—(iv) but not
(iv'), can be obtained by replacing the cubical complex @(A) by the complex
A(A) which is described in detail in [15] and which, like @, is a complex for
the homology of the abelian group A. Briefly, A is obtained by applying the
iterated bar construction to the integral group ring Z(A) of A. If y:Z(A) — A
is the canonical augmentation of this group ring, then the exact definition is
A(A) = B*(Z(A, n)—with suitable adjustment of the dimensions so that
B — B(B) — - - - preserves dimensions. The cohomology of A in dimensions
0, 1, 2, and 3 can then be obtained as that of the complex B(A(A), ) when
in the bar construction one uses a product in A (A) defined in low dimensions
(up to products in A.) by the formulas

@)y = @y), (@) (y,2) = (xy,22), (2,y)(2) = (az, y2),
O, y,2) = (tx, by, t2),  (x,9,2)@) = (at, yt, 2t),
Dz |yl = e tyl, [x]|yI@) = [at] 91,

(z, y)(s, 1) = (xs, ys, at + yt) — (@8, yt, ys + yt)
+ (at, ys, yt) — (ys, at, yt) — [ys | «t].

Here z, y, 2, s, t are any elements of the ring A. I have not found any natural
extension of this product to higher dimensions in A(A).

The acyclic bar construction B(Q(A), 1), described as in [15], may informally
be regarded as a sort of resolution of the graded differential ring Q(A). Now
B is a Q(A)-A-bimodule, and observe that » may be used to turn every
A-bimodule K into a Q(A)-A-bimodule. The construction of B from B is
then such that Homa (B; K) = Homg,x (B; K);it follows that the cohomology
groups H"(A, K) defined in (5.3) may be written as

H"(A, K) = H"(Homg, (B(Q(A), n), K))

with B replacing B. In other words, the cohomology theory of a ring arises
by putting a “multiplicative” resolution B on top of an additive resolution @
of the ring A.

12. Two examples

To show that the obstruction to a ring extension problem is not always
trivially zero, we construct two examples.

First, take A to be the ring generated by 1 and £, with £ = 0; thus the
elements of A are all @ + bt for a, b € Z (the ring of integers). Take K to
be the additive group Z of integers with the A-bimodule structure given by

(a + bk = ak, k(a + bt) = ka.
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Define a three-dimensional cochain of B(Q(A), ) by setting
f[al + b1t|(12+ b2t|a3+ bst] = b1b2b3,
f(any other type of generator) = 0.

This f is clearly multilinear in its argument. One proves that f is a cocycle
by showing that f98 = 0 for each of the eight types of four-dimensional
generators 8 of B. TFor four of these types fog is identically zero, for three
types f08 = 0 by virtue of the multilinearity of f, and finally we compute

fa(a].-i— bltiag + b2t|a3 "I‘ b3t|a4 + b4t)
= @y ba by by — a1 by bs by — az by b by + by a3 by by + by by a3 by

—_ b1b2a3b4 - b1b2b3a4 + b1b2b3a4 = 0.

If f were the coboundary of some 2-cochain g, we would have in particular
Jele|f = golt|t]f) =tg@t]t) — g |4) + gC|£) — g(t| )t =0,

since ## = 0. This contradiction shows that f gives a nontrivial cohomology
class, and clearly one in the kernel of the homomorphism ¥. By the main
existence theorem there therefore is a ring extension problem with obstruction
f#0.

The second example will construct explicitly a sample ring of outer bimulti-
plications. Take Z to be the ring of integers, p a prime, and set A = pZ/p°Z.
The bicenter of A is then K = p’Z/p’Z, and as an additive group 4 is a cyclic
group of order p° with a generator which we write as 5 = p + p°Z. For

each pair ¢ = (a, ¢) with a € Z/p’Z, ¢ € Z/pZ, we define left and right endo-
morphisms ¢: A — A by setting
o(ip) = aip,  (iP)o = (a — cp)ip, teZ.
We verify easily that each such ¢ is a bimultiplication of A. They are in
fact all the bimultiplications of A. For if 7 is any bimultiplication, 7p = ap
for some a ¢ Z/p’Z, so r — (a, 0) = p is a bimultiplication with p’p = 0.
If then fip = bp for some integer b, we have 0 = 5(pp) = (Bp)p = b’ = bpp,
and hence b = 0 (mod p). Setting b = cp we have p = (0, ¢), as asserted.
Upon calculating sums and composites of these bimultiplications we con-
clude that the bimultiplication ring M, consists of all pairs ¢ = (a, ¢) and
r = (a, ) for a e Z/p'Z and c e Z/pZ with

o+ 7= 1(a+a,c+ ), or = (ad’, ac’ + d'c).

In particular (1, 0) is the identity bimultiplication. Now the inner bimulti-
plication by % € A is (p, 0). Hence the ring P, of outer bimultiplications
may be represented as the ring of all pairs (a, ¢) of integers a and ¢ each taken
modulo p, with sum and product

(a,¢) + (a,¢) = (a+ a/,c+ ¢)

(a, e)(d, ') = (ad’, ac’ + a’c).
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Equivalently, P, is a ring generated by I = (1, 0) and v = (0, 1); each
generator has additive order p, I is the identity, and * = 0.

We now take A = P, and assert that the identity homomorphism
6 = I:A = P, — P, cannot be realized by an extension. It will then follow
that the obstruction cohomology class for 6 in H*(A, K) is nonzero. For
suppose that there did exist an extension

0——>A~>E£>P—>O

with 4 and P as above. Since 8 induces # = I which is a 1-homomorphism,
it follows by Theorem 3a that E has an identity 1 and is a 1-homomorphism.
Since @ induces 8, we can choose in £ an element r such that gr = v and
such that the bimultiplication induced on 4 by r is the bimultiplication de-
noted by (0, 1). This statement means that

(12.1) rm = 0, n=—m+---4+n=—pn (p terms)

for all elements n of A. Since pl = 0 in P, there is a constant # in 4 such
bhat plg = hin E. Since 1lg is the identity, A = hr; on the other hand
Th = 0. However,

hr = —ph (by (12.1))
= —ph by the definition of product in A4,
= —p(pls), by definition of A
= —(pP)lg, by distributive law
= —pp, as 1z is identity.

But —pjp # 0in A = pZ/p°Z. Thus 0 = rh = hr 5 0, a contradiction,
as asserted.
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