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FREE MARKOV PROCESSES AND STOCHASTIC
DIFFERENTIAL EQUATIONS IN
VON NEUMANN ALGEBRAS

MINGCHU GAO

ABSTRACT. Free Markov processes are investigated in Voicules-
cu’s free probability theory. We show that Voiculescu’s free
Markov property implies a property called “weak Markov prop-
erty”, which is the classical Markov property in the commutative
“weak Markov property” is
the same as the Markov property defined by Bozejko, Kummer,
and Speicher. We also show that a kind of stochastic differential
equations driven by free Levy processes has solutions. The solu-
tions are free Markov processes.

case; while, in the general case, the

Introduction

The concept of reduced free products of von Neumann algebras was in-
troduced by Ching [Ch] in 1973. Later, Voiculescu [V1] and Avitzour [Av]
introduced the free product construction in the framework of C*-algebras in-
dependently in 1980s. Since then, the study on free product operator algebras
has been considerably developed and become an independent and important
direction of research free probability theory. This theory has many inter-
actions with other subjects in mathematics such that quantum probability,
operator algebras, and operator spaces ([RX], [S], [V2], [VDN]).

The study on stochastic processes is a vast research area in free probability.
The analogues of classical Brownian motion and Levy processes in free proba-
bility were introduced in 1990s. The concept of Markov processes of bounded
self-adjoint operators in a (tracial) probability space (i.e., a finite von Neu-
mann algebra with a normal tracial faithful state) was introduced by Bozejko,
Kummer, and Speicher in [BKS]. They showed that a Markov process in a
(noncommutative) probability space can be “realized” as a classical Markov

Received July 18, 2006; received in final form November 6, 2006.
2000 Mathematics Subject Classification. 461L.54.

(©2009 University of Illinois

153


http://www.ams.org/msc/

154 M. GAO

process. Moreover, they defined transition functions for a Markov process (see
4.3 and 4.4 in [BKS)). Voiculescu [V3], [V4] defined Markovinian property for
a parameterized family of *-homomorphisms from a unital C*-algebra into
a finite von Neumann algebra. Voiculescu’s idea to define the Markovinian
property is the free independence with amalgamation of the “future” alge-
bra and the “last” algebra with respect to the “present” algebra. We adapt
Voiculescu’s definition for free Markov processes. So far, most of the research
work on stochastic processes in free probability is on free Brownian motion
and free Lévy processes (see [A], [BT1], [BT2], [BeP], [BeV], [Bil], [Bi2], [Bi3],
[BiS1], [BiS2], [Bo], [BS], [GM]).

In this article, we study the properties of free Markov processes and a kind
of stochastic differential equations driven by free Lévy processes. We get some
results in the following three aspects.

1. The properties of free Markov processes.

(1) We classify the relation between the free Markov property, the classical
Markov property, and Markov processes defined in [BKS]. We show that a
free Markov process has a weak Markov property (Theorem 2.5), that is,
the “future” subalgebra and the “past” subalgebra are “conditionally per-
pendicular” with respect to the “present” algebra. In the case of Abelian
algebras, the weak Markov property is the same as the classical Markov
property (Theorem 2.4); while, in general case, the weak Markov prop-
erty is the same as the Markov property defined in [BKS] (Theorem 2.6).
Hence, we see that the concept of Markov processes defined in [BKS] is a
classical version of the Markov property in a noncommutative probability
space. Voiculescu’s concept of free Markov property is a free version of
the classical Markov property in free probability.

(2) Biane [Bi2] showed that every free increments process has Markov transi-
tion functions. [BKS] defined transition functions for a Markov process.
But, there were no properties of the transition functions given in [BKS].
We now show that every weak Markov process has transition functions.
The transition functions have very similar properties to those transi-
tion functions of a classical Markov process. In the commutative case,
these transition functions determine the weak Markov property com-
pletely (Theorem 2.8).

1I. Free stochastic differential equations. Certain free stochastic differential
equations driven by free Brownian motion were studied by Biane and Speicher
in 2001 (see [BiS2]). They showed that the free stochastic differential equa-
tions driven by free Brownian motion have solutions, and the solutions have
the free Markov property (see [BiS2]).

We consider the similar free stochastic differential equations driven by free
Lévy processes. We prove that the equations have solutions (Theorem 3.6).
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Under certain conditions, the solutions are free Markov processes (Theo-
rems 3.7 and 3.8). Our proofs rely on a free Burkholder-Gundy type inequality
in L2-norm (for the Lévy case) proved by M. Anshelevich [A]. A similar in-
equality in operator norm for stochastic integrals with respect to free Brown-
ian motion was obtained in [BiS1]. Our results provide a method to find
examples of free Markov processes of random variables with noncompactly
supported distributions.

III. Free Ornstein—Uhlenbeck equations. Biane and Speicher [BiS2] studied
the solution to the following stochastic differential equation (a special case of
the free stochastic differential equations mentioned previously)

t
(0.1) Xt:XO—A/ X,ds+ S, t>0,
0

where A >0, {S; : t >0} is free Brownian motion, and the initial variable X
and {S;: t >0} are free. They proved that the unique solution to (0.1) has
the following form

t
(0.2) Xi=e MXo e M / erdS,, t>0.

0
The process given in (0.2) is called a free Ornstein—Uhlenbeck process (briefly, a
free OU process). They also showed that its limit distribution is a semicircular
law. Barndorfi-Nielsen and Thorbjornsen [BT2] mentioned free OU processes
driven by free Lévy processes (but there were no details given).

In this paper, we study similar equations to (0.1), driven by free Lévy
processes. It is shown that the solution of the equation has the same form
as (0.2), a free OU process driven by a free Lévy process (Theorem 4.3). We
show that a probability measure on R is freely self-decomposable if and only
if it is the limit distribution of a free OU process driven by a free Lévy process
(Theorem 4.4).

We study free OU processes in detail in [G].

The paper is organized as follows. In Section 1, we review some basic con-
cepts and results in classical Markov processes, unbounded operators affiliated
with a von Neumann algebra and operator Lipschitz functions. In Section 2,
we study some basic properties of free Markov processes. Section 3 is devoted
to the study of a kind of free stochastic differential equations driven by free
Lévy processes. We prove the existence, uniqueness, and the free Markov
property of the solution to this kind of systems of the equations. The purpose
of Section 4 is to study free Ornstein—Uhlenbeck processes in some details.

1. Preliminaries

In this section, we briefly discuss relevant background materials on classical
Markov processes, stochastic processes in noncommutative probability spaces,
unbounded operators affiliated with a von Neumann algebra, the convergence



156 M. GAO

in distribution for stochastic processes, and operator Lipschitz inequality. We
refer to [BT2], [KR], and [VDN] for the general basics on free probability,
operator algebras, and unbounded operators affiliated with a von Neumann
algebra and the convergence of unbounded operators in distribution, respec-
tively.

We first review some basic concepts in free stochastic processes (see, e.g.,
[BKS]).

Let M be a finite von Neumann algebra, 7 be a faithful normal tracial state
on M. We call (M,1) a (tracial) probability space, (or a W*-probability
space). A random wvariable is a self-adjoint operator X € M. A stochastic
process on (M, ) is a family (X;);>o of random variables X; in M. The dis-
tribution of a random variable X € M is a probability measure ux on the
spectrum ox of X determined by the equation

T(X")Z/x"dux(a:) Vn=0,1,2,....

Free Brownian motion ([BiS1], [BiS2]). Let (M, ) be a tracial probabil-
ity space with filtration {M; : ¢ > 0} (that is, {M; : ¢ > 0} is a family of von
Neumann subalgebras of M such that M; C M, when 0 <¢<s). A sto-
chastic process {S;: t > 0} is called (M,)-free Brownian motion, if Sy =0,
and, for 0 <s<t, Sy —S; and M, are free, and S; — S, has a semicircular
distribution of mean zero and variance t — s.

To define free Lévy processes, we need some basics on unbounded operators
(see [BT2]).

Unbounded operators and convergence in distribution. Let (A,,7) be
a tracial probability space with A, acting on the Hilbert space H (= L?(A,, 7))
by left multiplications. A self-adjoint (unbounded) operator A defined on a
dense subspace of H is said to be affiliated with A,, if all spectral projec-
tions of A lie in A,. Generally, a closed densely defined operator 7' on H is
said to be affiliated with A,, if T =UA, for some U in A,, and self-adjoint
operator A afﬁlirzited with A,, where T'=UA is the polar decomposition of
T. Denoted by A, the algebra of all densely defined and closed (unbounded)
operators affiliated with A, (see [BT2], [KR], [MV], [N] for details). Elements
in :I, are called random variables, in general, with noncompactly supported
distributions. . .
Let A,,, be the set of all self-adjoint elements in A,. Given X in A,,,,
let C*(X) be the unital C*-algebra generated by {f(X): f € BC(R)}, where
BC(R) is the space of all bounded continuous functions on R. Let W*(X)
be the von Neumann subalgebra of A, generated by C*(X). Let U|A| be the
polar decomposition of the element A in .Z,, W*(A) be the von Neumann
subalgebra of A, generated by U and W*(|A|). The family {X; € A, : i € A}
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is said to be free if {W*(X;): i€ A} forms a free family. Similarly, we can
define freeness with amalgamation for elements in A, (see [VDN]).

The distribution of element X € A,,, denoted by u(X), is a linear func-
tional on BC(R), which maps function f in BC(R) to 7(f(X)). Let
A, BeA, sq De freely independent elements with distributions u(A) and p(B),
respectively. We call the distribution p of A+ B the freely additive convolu-
tion of p(A) and u(B), denoted by p(A) B u(B). A probability measure on
R is B (or free)-infinitely divisible, if for every natural number n, there exists
a probability measure u,, on R such that

po=pn BBy
n times
In classical probability theory, there are very similar concepts. Let f and
g be independent (classical) random variables on a (classical) probability
space (€,%, u) with distributions p(f) and p(g), respectively. The distrib-
ution p(f + g) of f+ g is called the convolution of u(f) and p(g), denoted by
w(f) * u(g). A probability measure p on R is infinitely divisible if for every
natural number n, there is a probability measure p,, such that

LU= [y e % [y -
n times

We use ZD(H) and ZD(x) to denote the set of all H-infinitely divisible distri-

butions on R and that of all infinitely divisible measures on R, respectively.
A probability measure p on R is said to be free (or B) self-decomposable

if, for any c € (0,1), there exists a probability measure u. on R such that p=

D18 pu.., where measure D,y is defined by the formula D.u(B) = u(c™!B),

for Borel set B CR. A sequence (o,) of finite measures on R is said to

converge weakly to a finite measure o on R, denoted by ¢, — o, if for all f in
BC(R),

/R £ (t)on(dt) — / F(t)o(dt),

asn — 0o. For X,,, X in Ayq, {X,}52, is said to converge to X in distribution,
denoted by X, 4 X, if pu(X,) 5 u(X). Given X,,, X in A, {X,}22, is said
to converge to X in probability, denoted by X, = X, if | X — X]| <. By
[BT2], for X,, X € Ay, Xn 2 X if and only if X, — X 50, and X,, & X
implies that X,, & X. For X,Y € Ay,, X =Y means u(X) = u(Y).

Free Lévy processes. A family {S; : ¢ > 0} of elements in A, is a free Lévy
process, if Sy =0, it has free increments (that is, S,, S, — Sty -, St, —St,_,
are free, for 0 <ty <ty <---<t,), it is stationary [that is, u(Sty+s — Ss) =

w(St), for s,t € (0,00)] and S; 40, ast—0 (see [A], [BT2], [BiS2]). We say
that a free Lévy process {S; : t >0} is adapted to the filtration {A,, : t > 0}
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of A (we call it an A;-free Lévy process), if W*(S;) € Ay, for t >0, and Sy — S,
and A, are free, for 0 < s <t (see [A]).

Classical Markov processes. Let (Q,F, ) be a probability space, {f::
t > 0} a family of measurable functions from (2, F,u) into a locally com-
pact Hausdorff space X with a Borel o-algebra B. Define F<; to be the
o-subalgebra of F generated by f;'(B) for all Borel subsets B of X and
s <t. Similarly, one may define F—, and F>;. The family {f;: ¢ >0} is a
Markov process if

P(ABU::t) = P(A|-7::t)P(B|-7::t)a

for all A in F<y, B in F>, where P(-|F~;) is the conditional probability with
respect to F—;. Given s <t, z € X, and Borel subset I' C X, we can define
a transition function P(s,z,t,T') = P(f; €T|fs =x). Then {f;:t >0} is a
Markov process if and only if P(s,z,t,T") has the following properties (see
8.1.3 and 8.2.3 in [W]).

(1) When s,t,x are given, P(s,z,t,-) is a probability measure on B.

(2) When s,t,T" are given, P(s,-,t,I') is a measurable function on (R, B).

(3) P(s,z,s,T)=xr(x).

Operator-valued Lipschitz functions. A map Q: A¥, — A,, is called
Lipschitz (or operator-valued Lipschitz) with respect to || - ||z, if there exists
a constant C' > 0 such that

k
(1.1) 1Q(X1, .., Xi) = Q(V1,.... Vi) [l2 < C Y | X; = Yilla,

i=1
for all operators X1,Y7,..., X, Y% in A,.,. Amap Q: A% — A, is locally
Lipschitz (or locally operator-valued Lipschitz) with respect to || - |2, if for
all M > 0, there exists a constant Cps > 0 such that (1.1) holds for all X;,Y;
in A, , with || X;||2 and [|Y;]|2 less than M, 1 <i < k. Similar definitions
of (locally) Lipschitz maps with respect to operator norm can be found in
Section 2.3 in [BiS2].

2. Free Markov processes

In this section, we study free Markov processes of (unbounded) random
variables in a W*-probability space. We classify the relation between the free
Markov property, the classical Markov property, and the Markov property
defined in [BKS]. Moreover, we show that every free Markov process has
transition functions.

First, let us recall the definition of freeness with amalgamation for two
subalgebras.

Let (M,7) be a finite von Neumann algebra 7 be a faithful normal tra-
cial state on M, B C M; N M5 be von Neumann subalgebras of M. Let
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Ep : M — B be the trace preserving conditional expectation onto B. We say
that the subalgebras M; and My are free with amalgamation over B, or M
and My are B-free, if

Eg(aias---ay,) =0,

whenever a; € M;,, i; € {1,2}, i1 #ia # -+ #in, Eg(a;) =0, and n €N (see
Section 5.3 in [V4]).

A classical example of free subalgebras with amalgamation comes from
the analogue concept in group theory. Let H C G; N Gy be subgroups of a
group G. We say that G and Gy are free with amalgamation over H in
G if g192- -+ gn # €, where e is the unit of group G, whenever g; € G;, — H,
i1 # i3 # -+ #in. Consider group von Neumann algebras Ly, Lq,,Lq, and
Lg. Then L, and Lg, are free with amalgamation over Ly in the finite von
Neumann algebra L¢ if and only if G; and G4 are free with amalgamation
over H in G (see Section 5.3 in [V4]).

By [V3] and [V4], we have the following.

DEFINITION 2.1. Let {X,: ¢ >0} be a family of (unbounded) operators
in A,. Let A, -, be the von Neumann subalgebra of A generated by {W*(Xj),
0<s<t}, A, be the von Neumann subalgebra generated by {W*(X,),s >
t} and A,_, = W*(X;), for t > 0. We say that the random process {X; : t > 0}
is a free Markov process, if, for t >0, A,., and A,~, are A,_,-free.

We generalized it to a more general case.

DEFINITION 2.2. Let {X; = (X14,...,Xpy) € AF £ >0} be a family of
k-tuples of random variables. Let A<, A—, respectively, A>; be the von
Neumann subalgebras of A generated by {W*(X, ;) :0<s<t,i=1,2,...,k},
{W*(Xi):i=1,2,...,k}, respectively, {W*(X;;),s >t,i=1,2,...,k}. We
say random process {X; : t > 0} is a free Markov process, if A<, and As,; are
A_;-free.

Voiculescu pointed out in [V4] that every process with free increments is a
free Markov process.

An analogue of the classical Markov property in noncommutative proba-
bility spaces is the following “weak Markov property”.

DEFINITION 2.3. Let (A,,7) be a W*-probability space. Let (X¢);>0 be
a family of self-adjoint operators in A,. Let A,., =W*{X,:s<t}, Ay =
W*(X;) and A,s, = W*{X,: s>t} Wesay {X;:t>0} is a weak Markov
process (or it has weak Markov property) in (A,, 1), if

E_{(AB) =E—t(A)E=¢(B), VA€A o, Be A,

where E_, : A, — A,_, is the trace preserving conditional expectation onto

A,
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The following two results show the relation between the weak Markov prop-
erty, the classical Markov property, and the free Markov property.

THEOREM 2.4. A family {fi € A,,s: t >0} in A, = L>*°(Q,F,P) is a weak
Markov process if and only if the random process {f;:t >0} is a Markov
process in classical sense.

Proof. Let f € A, =L>(Q,F,P) be a real valued random variable. Then

W*(f) = LOO(O'(f)7BU(f)7df)7

where W*(f) is the von Neumann subalgebra generated by f, By(ys) is the
Borel algebra on o(f), the image (i.e., the spectrum) of f, df (or ps ) is the
distribution of random variable f, and M = N means that M is *-isomorphic
to N, as von Neumann algebras. Let F—; = {f; '(B) : B € B}, where B is the
Borel g-algebra on R. Then F_; is a o-subalgebra of F. Define

I e (U(f),Ba(f),df) — LOO(Q,]::t,P)
by the formula 7(g) =go f, for g € L>=(a(f),Bs(s),df). It is obvious that

m(g) =go f e L>®(Q,F=,P). Given g1,92 € L>(0(f),Bo(y),df ), x € 2, and
A1, A2 € C, we have

(Arg1 + A2g2) o f(x) = Mgr (f () + Aaga(f (),
and

91(f(2)) - g2(f(2)) = (9192)(f (%)), a1 (f(2)) =79(f ().
Thus, 7 is a *-homomorphism. Moreover, the image of f (i.e., the spectrum of
f) is the domain of elements in L (o (f), By(y),df). Hence, 7 is injective. For
any simple function s = Zle AixB, € L>®(Q,F=, P), let g = Zle XiXF(By)-
Then g € L>(o(f), Bo(f),df) and s = go f. It implies that the image of 7 is
dense in L>(Q, F—;,P). Hence, 7 is a *-isomorphism. To prove

A, 2 L7(Q, F<y, P), A5y = L>(Q, F>4, P),
we first note that A,; is generated, as a von Neumann algebra, by {Xs:
s <t}, and we have proved that W*(Xy) is *-isomorphic to L>®(2, F—, P).
Thus, up to *-isomorphisms, we can assume that A,<; is the von Neumann
algebra generated by elements in L (Q, F_s,P), s <t, and it is enough to

show that L>°(Q, F<;,P) is generated by L>=(£, F—,,P), s <t. In fact, given
a sequence t > s > 89 > ---, and By, Bs,... € B, we have
Xz, 7780 = B0 X sy Xk ) € Avsee

n—oo

Moreover, let S; = fs_ll(Bl), and

-1
SJ_f‘;Jl(BJ)<U fsll(BZ)>7 j:27377
=1
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we have
XUz, £51 (B = XUZ, S5 = Z Xs; € Ay
i=1

Hence, for S € F<¢, x5 € A,<;. Hence, L>(Q,F<;, P) € A, ;. Conversely, it
is obvious that A,., € L*>(Q, F<¢, P) (up to *-isomorphism). Hence, A,., =
L(Q, F<;, P). Similarly, A5, = L%(Q, For, P).

Let {f;:t >0} be a weak Markov process in sense of Definition 2.3. For
all t >0, A€ F<y, and B € F>y, we have xa € A,<4, xB € A,>,. Hence,

P(AB|ft) = E:t(XAXB) :E:t(XA)E:t(XB) = P(A‘ft)P(B‘ft)-

It follows that {f; : t >0} is a classical Markov process.

Conversely, suppose {f; : t >0} is a classical Markov process. By the pre-
vious discussion, E_;(PQ) =E_;(P)E_;(Q),Vt > 0, for projections P and Q
in A,, and A,,, respectively. Thus, for A\;, \; € C, P, € A,.,,Q; € A,5,, and
X =Y NP, Y=Y NgQ;, we have

E_(XY) = Z NNE—; (PQj) = E—y (X)E—(Y).

ij=1

Note that conditional expectation E_; is norm continuous and the linear span
of all projections is norm dense in a von Neumann algebra, so we have

E_t(AB) =E_;(A)E=(B), VA€A,,BeA,;,.

It follows that {f;: t >0} is a weak Markov process. O

THEOREM 2.5. Let {X;:t >0} be a free Markov process of elements in
A,oo- Then {Xi:t >0} is a weak Markov process in W*-probability space

(A, 7).

Proof. For any tg >0, let A,o, = W*{X;:t<to}, A,_,, = W*(Xy,), and
Aoy = WXt >1to}. Let Ey, be the trace-preserving conditional expec-
tation on A,_; . For A€ A, and B €A, , we have

B, (AB) = Ey, ((A —Eyy (A) + Ey (A)) (B — Eyy (B) + Ey (B)))

=By ((A — By, (A)) (B — By, (B))) + (Eto (A)Eq, ((B —Ey, (B)))
+ Ery (A = Etg(4)) Ery (B)) + Ee, (A)Esy (B)

= (Eto (A)Er, ((B — Bty (B))) + By, ((A — By, (A))Eyo (B))
+ E, (A)E, (B)

= Eq, (A)Eq, (B),

where the third equality holds true because of the free Markov property of
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Let (A,,7) be a (tracial) probability space, and {X; : t > 0} of self-adjoint
operators in A, be a stochastic process. Denoted by
Ao =W ({ Xyt u<t}), Aoy =W ({ Xyt u>t}), A,_, =W (Xy).
In [BKS], {X;:t >0} is called a Markov process if

Ec«s(X)€eA,_,, VXeA_,s<t

The authors of [BKS] pointed out that there is another canonical version for
the Markov property as follows. A stochastic process {X;: ¢t > 0} has the
Markov property if
(2.1) E<s(X)€A_,, VXEA,,,s<t.

The following result gives some sufficient and necessary conditions for a
process to be a weak Markov process.

THEOREM 2.6. Let (A, ,7) be a W*-probability space. Let (X;)i>0 be a

family of self-adjoint operators in A,. Then the following are equivalent.

(1) The process {X; : t >0} is a weak Markov process.

(2) Forallt>0, E<;(A) =FE—;(A),YA€ A,~,, where E<; : A, — A, ., is the
trace preserving conditional expectation onto A,y B

(3) For allt>0, Exy(A) =E_,(A),YAE€ A, ., where E>;: A, — A,~, is the
trace preserving conditional expectation onto A~y -

(4) For all 0<s<t, let A, =W*{X,:s<r<t} and Es;: Ao, > A,
be the trace preserving conditional expectation. Then Es,t(A,s’;) CA,_,.

Proof. (1) = (2) Without loss of generality, we can assume that von Neu-
mann algebra A, acts on the Hilbert space L?(A,,7). Then 7 is the vector
state associated to identity element I of A,. Thus, 7 is continuous with respect
to WOT (weak operator topology). Note that the linear span £ of the set
{Xp, - Xy, 1 t;>t,7=1,2,...,n,n=1,2,...} is dense in A,-, with respect
to WOT. If we can prove B
(2.2) E<y(Xy - X1, ) =F—y(Xy, - Xy,), Y >6,5=1,2,...,n, n€N,

then we have E<;(X)=E—;(X),VX € L. Moreover, for A € A,,, there is a
net {X: A€ A} in £ such that limy X = A, where the limit is with respect
to WOT. Hence, for B € A,,, we have

T(E—:(A)B) = 1i§\nT(E:t(X,\)B) = 1i§\nT(E§t(X>\)B)
= llinT(X)\B) = T(]Egt(A)B)
Hence, it is sufficient to show (2.2). For t; >¢,j=1,2,...,n and B € A,
we have

T(Et (X, -+ Xt )E=4(B))
T(E=e(Xt, -+ X3,)B),

T(th c 'thB) = T(E t(Xt1 c thB))
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where the second equality holds because of Definition 2.3. Hence,
Eci(Xy, - Xy,) =By (Xy, - Xy,,)-
(2)= (1) For Ac A, Be A5, and C € A,_,, we have
T(ABC) = 7(CAE<¢(B)) =17(CAE_(B))
=7(AE—(B)C) =7(E=(A)E=(B)C).

Hence,

The proof of the equivalence of (1) and (3) is the same as that of (1) < (2).
(4) = (2) It is enough to show that
]Egt(th"'th)EA;:tv Vt] 2t7j:1,2,...,n, n €N.
Let u=max{t;: j=1,2,...,n}. Then Xy, ---X; €A, ,. Hence, by (4),
By (Xp, - X, ) = Eoo( Xy, - Xy, ) € Ay
(2) = (4) Itisenough toshowthat E((X,, ---X,,) € A,_,, foralls <r; <t.
Since X, -+ X, € A5 NA 4,
ES,t(Xh ) "Xrn) = ESS(XTl o 'Xrn) € Av:sv
by (2). O
REMARK 2.7. The above result shows that the concept of Markov processes
(2.1) defined in [BKS] is the same as that of weak Markov processes, a weak
version of the free Markov property. Combining Theorem 2.4, we see that
the concept of Markov processes in [BKS] is a “classical” Markov property
in noncommutative probability spaces. The concept of free Markov processes

defined in [V3, V4] and our Definitions 2.1 and 2.2 is a free version of the
classical Markov property in free probability.

E_,(AB) = E_,(A)E_,(B).

The following result shows that a free Markov process has transition func-
tions, which have very similar properties to those of a classical Markov process.

THEOREM 2.8. Let {X;:t >0} be a stochastic process in W*-probability
space (A,, 7). Then the following statements hold.

(1) If {X;: t >0} has the weak Markov property, then there is an operator
Ks: L°(R) — L=(R),
for 0 <s<t, such that
(a) the map ks (z,-): T — kg (2, T) = Ks o (xr)(x) is a probability mea-
sure on the Borel o-algebra B,(x ) over the spectrum o(Xs) of opera-
tor X, for almost all x € o(X,) with respect to the spectral distribu-
tion dXs: T'— 7(A(T)), where A(T) is the spectral projection of X,
corresponding to the Borel set T' of o(X5).
(b) when t=s, we have Ks s(xr) = Xxr, for every Borel set ' € 0(X5).

(C) ESS(SD(Xt)) = ’Cs,t(sﬂ)(Xs%V@P € LOO(R)
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(2) If{X::t >0} is a commutative process of operators in A,,, (i.e., X4 X5 =
XXy, for all t,s>0), and there is an operator

Ksi: L®(R) — L*(R),
for 0 < s <t, satisfies conditions (a), (b), and (c) in (1), then {X; : t > 0}
18 a weak Markov process.

Proof. By (4) in Theorem 2.6, E; +(A,_,) C A,_,, for 0 < s <t. Note that
there is a *-isomorphism

Tt : A7:t - LOO(U(Xt)vlgU(Xt)vdXt)v

where dX; is the (spectral) distribution of X; with respect to 7. For 0 < s < t,
define

Kst(f)(@)=mEs o (f(Xy))(z), VfeL®R),zeR.
Then Ky : L°(R) — L*(R), and
E<s(f(Xe)) =75 (Kot () = Kot (/)(Xs),  Vf € LZ(R).

This shows that /s, satisfies condition (c). Now, we show that Ky, satisfies
the properties (a) and (b). It is obvious that function /Cs ;( f)(x) is measurable,
since

Ks.i(f) € L=(0(Xs), By(x,), dXs).
For 0<s <tz €R, a Borel set F'=J;, Fi € B,F;NF; =0, Vi#ji,j=
1,2,..., VG € B,(x,), and kq¢(z, F) = K, 1 (xr)(z), we have

/ Kot () dX, = / Kt (0r)xe) dXs = 7(Ba s (xr (X0)x6(X.))
=7(xr(Xe)xa(Xs)) =7 (Z XF; (Xt)XG(Xs)>

Z T(xr (Xe)xe (X Z/’CstXF

:/ <ZICs,t(XFi)) X
G\i=1

StFx sttFul‘

It follows that

for almost all © € o(X;) with respect to dX,. Moreover,
ksi(2,0(Xs)) = KsiXo(x.) (@) = T Est (Xo(x,) (X¢)) (z) = 1.

Hence, ks ¢(z,-) is a probability measure on o(Xj), for almost all x € o(X5).
This completes the proof of (a). Property (b) is obvious.
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Conversely, by property (c) of operator s ;, we have E;(A,_,) CA,_,,
for 0 <s <t. Now we show that E;;(A,,) CA,_,, for 0<s<t. Since A, ,
is Abelian, the linear span £ of elements in {X,., --- X, :s<r <.---<r, <
t,n € N} is dense in A, , with respect to WOT. Hence, it is sufficient to show
that

T(Xp - Xy, B) =7(B=s(X;, -+ X;, ) B),
for all B € A,-,. We shall prove it by induction in n. For n =1, we have
Es,t(f(Xh)) € A7:s? Vf € LDO(R)7
since Es ¢(A,—;) € A,_,. Suppose
Es,t(fl(th) e fTL(th,)) € 'A7:s7 Vfla v 7f7L € LOO(R)vs S tl S e S tn <t.

Now for fi,..., fny1 € L(R),s <t; <--- <tny1 <t, and B € A,,, we have

T(f1(Xe,) - far1 (Xt ) B)

T(f1(Xe,) o fu(Xe, ) E<t, (frr1(Xt, ) B)
T(f1(Xe) - (f(Xe, ) E<t, (fo1(Xt,11))) B)
=7(E=s(f1(Xs,) - (fa(Xe, ) E<t,, (frr1(Xe,11)))) B)
=T(E=s(f1(Xt,) - fr( X)) fr1 (Xt 1)) B).

It implies that Eg(f1(Xe,) - far1(Xe, 1)) € A,—,. We have proved (4) in
Theorem 2.6. Hence, {X; : t > 0} is a weak Markov process in W*-probability
space (A,,T). O

3. Free stochastic differential equations

In this section, we study a kind of system of stochastic differential equa-
tions (3.3), and the free Markov property of its solution. Our results gener-
alize Biane and Speicher’s work on free differential equations driven by free
Brownian processes (see [BiS2]) to a more general case of the free stochastic
differential equations driven by free Lévy processes. On the other hand, our
results provide a way to get free Markov processes of random variables with
uncompact supported distributions.

Let (A,7) be a W*-probability space with filtration {A;: ¢ > 0}. For
each 1 <i <k, {S;¢:t>0} is As-free Brownian motion, and {Sy¢:t >
0},...,{Sk+: t >0} are free in (A,7). In [BiS2], Biane and Speicher proved
the following result.

THEOREM 3.1 (Theorem 3.1, Proposition 3.3 in [BiS2]). Let Q1,...,Qx :
AEF. — A be k locally operator-valued Lipschitz functions (with respect to op-
erator norm) such that each Q; maps (As)%, into (As)sq for all s >0. If there
exist constants a € R,;b > 0 such that

k k
(3.1) Z(Qi(Xla s X)X+ XiQi(X1, ., Xp) 1) < GZXE +0b,

=1 =1
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forall X1,..., Xy € Asq. Then, for X;0€ Ao, i=1,2,...,k, the system

(32) dXz,t:Qz(Xl,h7Xk:,t)dt+dsz,t; 121,,k,t20

has a unique solution X (t) = (X1 4,...,Xgt) for all t > 0. Furthermore, we
have X; 1 € Ay for alli=1,...,k,t >0, the maps t — X, are norm contin-
uous. Moreover, let B<y = W*{X,0,S:;s:5<t,1<i<k}, B> =W*"{X;,,
Sis—Sit:8>t,1<i<k} and By =W*"{X,;;:1<i<k}, then (B<,B=,
B>t) is a free Markovinian triple (i.e., B<; and B>, are B—;-free).

It is obvious that (3.1) is equivalent to

k k
(3.1) D (Qi(X1, ., Xi)Xi + XiQi(X1,..., Xp)) a ) X[+,
i=1 i=1
for all Xq,..., X, € As, and some a,b > 0. In this section, we consider a

system similar to (3.2) as follows.
(33) dX(t):QZ(Xlt, Xk’t)dt+dsi7t, i:1,...,k,t20,

where {S;;:¢t>0} (i=1,...,k) are A;-free Lévy processes of elements in
Asq (by [1, Lemma 1], the function t — S, ¢ is continuous in L™(A,,7), for all
neN), and {S1,:¢t>0},...,{Sk: t >0} are free in (A,7). We shall prove
that under conditions similar to Theorem 3.1, the system (3.3) has a unique
solution X; = (X14,...,Xk¢) € L2(A,7), and {X¢: t > 0} is a free Markov
process.

LEMMA 3.2. For 1 <i<k, let Q;: A’;a — Agq be a Lipschitz maps with
respect to || - ||2, such that Q;: (As)*, — (As)sa, fori=1,...,k,s>0. Then
given arbitrary initial conditions X; o € Ao, 1=1,2,...,k, (3.3) has a unique
solution {Xy = (X14,...,Xks): t > 0}.  Furthermore, we have X;; €
L*(At sa,7) for alli=1,...,k,t >0, and t — X, is continuous with respect

to |- [|2-

Proof. The solution to (3.3) is a process {X;; € L*(Asq,7): t > 0} such
that

t
B4)  Xor=Xio+ [ Qu¥iw Xe)dst Sis VZ01<i<h
0

We use Picard iteration method to get the solution. Since @Q); is Lipschitz,
there exists C' > 0 such that
k

1Q;(X1, .., X5) = Q;(V1,..., Vi)l <C D | X; = Yila,
i=1
for all X;,Y; € Ase,1<14,j <k. Take T > 0 such that kCT < 1. For 0 <t < T,
let XY = X;0,1<i<k, and

(35) XUV =X, +/ Qi(x{",.... x")ds+ S, m=12,....
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Then Xi(,(i) € At sq and the function Xi(,?f) € Ay sq is continuous with respect
to || - |2, for 1 <i < k. Assume Xi(:) € L*(Atsa, T ) and t— Xz‘(,? € L?(Asq,T)
is continuous with respect to || - ||2. Then Q;(X 1 & e 7X,(Cné,)) € L?(As s4,7)
and s — Q; (Xl("s)7 : ,X,i?s)) is continuous with respect to || - |2, since
Q;: L2(A 7)¥ — L?(A,7) is continuous. It implies that X(nH) Xio +
Jo@i(x(™, . X ds + Sip € LP(Apsa,7) and t — X3 € L2(Ayg, 7) is

continuous. By induction, Xi(’t € At 5o and t — XZ.(,?) € L*(Asq,7) is continu-
ous with respect to || - ||2.

ROARES oAl H/ Qi1 X)) — Qu(XTT Y X)) ds

2
n n n—1 n—1
g/ 1Q: (X, o, XY = Qu(XY L XY ds
<cf Z ) X
Let Dy, —Sup0<t<TZz 1||X(n) o 1)H we have
D, <kTCD, ;<---<(KTC)" 'Dj;.
It follows that {X(”)}n 1 is a Cauchy sequence with respect to || - ||2, since

0 < kTC < 1. Therefore, there exist X;; € L*(A¢ sq,7), for 0 <t <T,i=
1,2,...,k, such that X;, = lim, XZ-(;I) where the limit is taken in the
topology of norm || - |[. Note that @Q;: L?(Asq,7)* — L?(Asq,T) is con-
tinuous with respect to || - ||2. Let m approach oo in (3.5), we get (3.4).
Hence, X; = (X14,...,Xk,.) is a solution to (3.3), and X; ; € L*( A sa,T), for
0<t<T. Now we show that t — X, ; € L?(Asq, T) is continuous. For 0 < s,t¢,
we have

o= Kol < X = XDy + X0 = X+ X - X
= X0 - X+ X - X,

m—00

+ lim X - X

m=n

Since limy, oo Y oe_, (kCT)™(KTC)" 1Dy = 0, for £ > 0, there exists n

such that

m= TL(

i (kCT)™(KTC)" 'D; < ¢/4.
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Note also that ¢ +— Xi(jtl) is continuous, for the above € > 0, and ¢ € [0, T, there
exists ¢ > 0 such that ||sz) - Xi(Z)Hg < &/2, whenever, |t — s| <d. Hence, we
have

1 X5 s — Xitll2
whenever [t — s| < §. It follows that ¢ — X+ € L?(Asq,7) is continuous. For
T <t<2T, (3.4) can be rewritten as

<é,

t
Xiz=Xsr +/ Qi( X165y Xis)ds+ Siy — Sir.
T

Let X(?&) = XZ' T and

K3

X("+1) Xi, +/ Qz 1sa (n))ds+Si7t—Si7T, n=12....

As the above proof, we can prove that (3.3) has solution X; = (X1 4,..., Xk ),
for T <t <2T. Generally, for ¢t > 0, there exists n € N such that nT <t <
(n+ 1)T. Thus, after doing the above process n times, we get a solution
of (3.3). Hence, by the construction of X; = (X1,4,..., Xkt), (X145, Xpt) €
L?*(A¢ sq,7) and ¢t — X, ; is continuous with respect to || - ||2.

Uniqueness, if (3.3) has two solutions X;; and Y, in L?(Asqa,7), for 1 <
i <k, then we have

k

k
(3.5") sup ZHX”— ralla SECE sup > 1XG = Vil

0<s< z 1 <s<t i—1

Let f(t):= Zle | X; s — Yis|l2. Then f(t) is a continuous nonnegative func-
tion on [0,00) such that
sup f(s) <kCt sup f(s), Vt=>0.
0<s<t 0<s<t
Hence, let ty be W’ we have f(t) =0, for ¢t € [0,%p]. That is, X; ;=Y ,, for
1<i<k,and 0 <s<tyg. When t > ty, we have
¢

Xit=Xipo+ | QX165 Xks)ds+ Sie — Site,
to
t

Yiie =Y + QWi,ss- Y s)ds+Sis — Sis,-

to
Thus, we get an equation similar to (3.5")

k
sup Z”Xzs - ’LSH2 <kC(t_t0 sup Z”Xzs _Y;,s||2~

t0<s<t t0<s<t

It implies that X, ; =Y; ., for ¢ € [to,2¢to]. Finally, we get that X, ; =Y; 4, for
allt>0,and 1 =1,2,...,k. O
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LEMMA 3.3. Let Q : A¥, — Ag, be a locally operator-valued Lipschitz func-
tion, and h: [0,00) — [0,1] be a continuous function with the following prop-
erty: there is a R >0 such that h|jg g =1, h|j2r,cc) =0 and there is a C' >0
such that |h(t) — h(s)| < C|t — s|,¥t,s > 0. Let

k
f(X1,. . Xp) = Q(Xl,...,xk)h<z |Xi2>7 VX1, Xy € L (Asa, 7).
i=1
Then f is Lipschitz.
Proof. The proof is the same as that of Lemma 3.2 in [BiS2]. O

We need the following well-known result.

LEMMA 3.4. Let A€ L%(A,,,,7) C Asa. Then A2 LY(A,,,,7) and ||A|j2 =
T(A2)1/2,

To prove the existence of the solution to (3.3), we need the following lemma.
First, we introduce some notions (see [A] for details).

Let A,°P? be the opposite algebra of A, (i.e., the von Neumann algebra
obtained by defining A- B = BA, for A, B € A, and preserving all other oper-
ations in A,). Given 0 <¢y <.-- <t,41 <ooand Ay,By,...,A,, B, € A, the
function U(t) =Y 1 | A; ® BiXit;,t:,,) is called a simple biprocess. A simple
biprocess U(t) is adapted with a filtration {A,, : t >0}, if U(t) € A,, ® A,;*,
for all ¢ > 0. The space of all A,,-adapted simple biprocesses is denoted by B.
For U(t) =" 1 A; ® BiX}t, t:,,) € B, we can define

/ U(s)§dSs =Y Ai(S,,, — Si,)B;.
0 i=1
Denoted by m the multiplication map A, ® A,°" — A,. Then m(U(t)) = A;B;,

it U(t) = Z?zl Aj ® BiX[t;,0,,0)(t) and t; <t <tipq. Given a >0, we can
define the norm

00 1/2
||U||’2,¢L=</O ||U(s)||§ds> +a

for U € B. The completion of B with respect to || - [|5 , is denoted by B

)

2

/ (U (s)) ds

LEMMA 3.5. Let t — X; be a continuous function in L*(A,,7), {S;:t >0}
be a A,,-free Lévy process of elements in A and 1 =|7(S1)|. Then

t t
max{‘ / X,dSs| / dSs X
0 2 0

Proof. By Proposition 6 in [A], for X, € B3"", If5° Xt dSsllz < [ X5, -
Thus, it is enough to show that X, xyo,4(s) € Bg’”, for all ¢ > 0. In fact, for

rsa’

} < X X100 ).
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neN, let U, s = Z?Zl XitX[(q‘,—l)t (s). Then U, € B. Moreover,

1X X001 = Unlls.,

)
n it
n
= <§ / 1X, — Xt
(i—1)t n
i=1 n

1/2
2 ds) +

" (X, = Xu)d
;‘/(i—l)t( R) o

2

o\ 12
<Y s IX X3

i—1 (ijll)t SSS%

" t
£ s IXe-Xalht

=1 Gt it Lon
n

<Y s X X fo(t 4 1)
i—1 0<s,s’<t,|s—s’|< L

— 0,

as n — 0o, where we have used the fact that s — X is uniformly continuous
as a function from [0,¢] into L?(A,, 7). Hence, X.x[0() € By O

THEOREM 3.6. Let Q; : A* — As,, (i=1,...,k) be k local Lipschitz maps
with respect to || - ||2 such that Q; : A’;wsa — Ag 50, fori=1,...k, s>0,
and there exist constants a,b > 0 such that (3.1') holds. Then for initial
conditions X; 0 € Ao (1 =1,2,...,k), the system (3.3) has a unique solution
X;=(X14y...,Xpy) for t >0. Furthermore, we have X;; € L*(A sa,7) for
i=1,...,k,t>0, and t — X, ; is continuous with respect to | - ||2.

Proof. For R > 0, take a function hg as that in Lemma 3.3, and let

k
fi(X1, .. Xe) = Qi(Xa, ..., Xp)hr <Z ||Xi||2>,
=1

for all Xy,..., X, € L?(As,7) and 1 <i < k. By Lemmas 3.2 and 3.3, the
following system

¢
Xi,t:Xi,0+/ filXis, .., Xps)ds+Siy, 1<i<k
0

N

has a unique solution X[ = (Xf‘t,...,X,f,t). Note that if Zle 1 X2 <
R, we have f; = Q;,1 <i <k. So, X is a solution to (3.3). Let Tg =
inf{t: Zle | X[ ]l2 > R}, then X[ is a solution to (3.3), if ¢ < Tr. Hence,
we shall be done if we can prove that

lim Tg = oco.

—0C
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y [A, Corollary 12]
t t
(Sia)?= / 05,y S0y + / SisdS, s+ Asa(t),
0 0

where A; o(t) =limy o0 Z;V:l(Si i:— 5, Jit)2, where the limit is taken in
YN TN

the topology of the operator norm (see Definition 3 in [A]). By Lemma 2

n [A], {A; k(t) : t >0} is an A,;-free Lévy process. Hence,

d(SzQ,t) = dSz’,tSi,t + Si,t dSi,t + dAZ’Q(t)
Let X[* = (X{,,..., X,ft) we have

d(xf)? )d<X20+X10/ Qi( XR)ds) + X085

i ([ min)' s [ansus,

+snxo+s”/c2 )ds + (Si.)?
t
= i70dX£+Q(XtR)thft+/ Q(X —s)dsdX],

4 dSi X0+ dSes / QX.)ds + S; /Q(XE) dt + d(S2,)
= X[ dXE +ax[ X[+ dA o ().
Let Z, = (35, (X£)?)"/2. Then

k
(e 2}) = —ae™™ (Z(X;?tﬁ)

i=1

k
e X XX+ (03,20)
i=1

k k
(z (xP) ) S (FXE e XE)XE
=1 =1

k
XEf(XT X)) + e > (dSia X[+ X [LdS; )

i=1

k
+e Z(dAz,2<t))

By Lemma 3.2, t — X [{ is continuous with respect to |- ||o. Therefore, T > 0,
if R is big enough. Moreover, {t : Zl L 1 X[]l2 > R} is open. So, for t < Tg,
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we have X[? is a solution to (3.3). Hence, we have

¢
72 = e <Z§ - a/ e
0

t k
+/ e—au(Zfi(Xfu,...,leu)Xfu+Xﬁufi(X5u,...7X,fu)> du
0 i=1

(X[)? du

k
—1

3

k

t t k
I / o—au Z(dsi’uXﬁu + XﬁudSi,u) du) + e“t/ e ZdAi,Z(’U,)
0 i=1 0 i=1
t t k
<eZ2 4 e / be ™ dy + e / e Z dA; 2(u)
0 0 i=1

t k
Lot / e (dSi W XE, + XE, dS; ),
0 1=0

where the inequality holds because of (3.1’). Let
r=max{|7(S;1]: 1 <i <k},

we have
b t b
"(2) < e Zull3 + e~ 1) + ( e Zdﬁm(U))
a 0 i=1
k t
+ et - (/ eau (dSl)quu + Xfu dSzyu)> ’
i=1 0

t k
< e Zoll3 + 9(6‘” —1)+er (/ e‘““ZdAi,2<u)>
a 0 i=1
k k
+e“tz +e“tz
i=1 2 i=1
b t »
<e™|Zoll3 + a(eat —1)+er (/ eauZdAi,z(u)>
0 i=1
k t
/ efaqu‘u du
i=1 1170
b t »
< e Zoll3 + (e 1)+ ( / e‘”ZdAi(u))
0 i=1

1

k t 3 t
+2¢e* sup Z ||X1Ru2<</ e 2au du> Jrr/ e du>
0wtz 0 0

t t
/ e " dS; X, / e X f dS; .,
0 0

2

k t %
+ 2e% </ ||XLRU ||3e2au du) + 2re®t
i=1 W0

2



FREE MARKOV PROCESSES 173

b
< e[| Zo3 + (e +e“t7</ WZdA”)

1
2 t 1 t
+ 2ke™ sup (E I Zu2> ((/ e_za“du> +r/ e‘““du),
0<u<t 0 0

where the third inequality holds by Lemma 3.5. Let
k

p(t) =sup{7(Z;) : 0<u<t}—02up ZHX W2,

we have

t k
o(t) < e*p(0) + g(eat —1)+er </0 e ZdAi’Q(u)>

R E= = P

Note that E 1 IIXE 2 = R, so maxy<i< | X[, 12 > R/E. Tt follows that

1/2
‘P(TR)I/2:< sup Z||Xﬁu|2> >R/k.

=

0<u<Tgr
It implies that
R?[k* < ¢(TR)

b " -
< 6aTR§0(O) + a(€CLTR o 1) + eaTRT</ e au ZdAl’Q(u)>
0 i=1

+2k[(62aTR - 1)2% e 1)} (Tr)?.

M\»—l

2a a
Moreover,
o= s Y UGN s (X IAE ||2> <R
0=usTr o} <Tr \y i<k
Hence, let r{ = max7(A;2(1)) : 1 <i<k, we have

0) b(e?Tr — 1)
2 o( aTr
R/k* < = e +7aR

Tr k
T/O Ze_a“(dAi,Q(u))

2aTr _ q 3 alr _q
+2k<(e ) C ))
2a a

+ eaTR i
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b(e?Tr — 1) 1<
aTgr aTR_
RS T ar TR ;

2aTR _ 1\ 5 aTp _
+2k<(e 1) +r(e 1))
2a a

al k 1 1/2
(p(O) a b(e R 1) a7 1 / " —2au
<« X\ alg 2\ 7 R __ E

1
+ r, /TR e_au du + 2k eZaTR _ 1 2 + T(eaTR _ 1)
1 0 2a a

©(0) ,p, , b(eTm —1)
<P atr ¢ 77
SR TR

k(1) 2Tr _ 1\ % p(eaTh 1)
aTr v - /o —1 2%k .
(@) o) e(((a) )

It is obvious that map R — Tg is increasing. Thus, if limg_,. Tr # 00, the
right-hand side of the inequality above is upper bounded. On the other hand,
the left-hand side is upper unbounded as R — oo. This gives rise of a con-
tradiction. Hence, limg_.o Tr = co. We finish the proof of the existence of
solution to (3.3). Moreover, for ¢ > 0, we can take R > 0 such that ¢t < T, so,
Xit= Xft. Hence, X;; € LQ(At,Sa, 7) and t — X, ; is continuous with respect
to || - ||2, by Lemma 3.2.

Uniqueness. This result follows from the uniqueness of solutions to (3.4)
(Lemma 3.2). O

Tr
/ e ™ dAl’Q(U)
0

2

We shall show that the solution {X;:t >0} to (3.3) is a free Markov
process in L2(A,, 7).

THEOREM 3.7. Under the hypotheses of Theorem 3.6, and the condition
that Q: A%, — A is polynomial of k moncommutative unknown variables.
Then the solution {X; : t >0} is a free Markov process.

Proof. Let

B<; =W™{X;0,5:s:s<t,1<i<k},
B> =W*"{X;,Sis—Sit:s>t1<i<k},
Cai =WX;s:s<t,1<i<k},Co=W{X,,:5>1t,1<i<k},
and
Co =W X, : 1<i<k}.
We want to show that

(3.6) C<t C©B<,C> C B>y
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By the proofs of Lemma 3.2 and Theorem 3.6,
lim || X, —X7|,=0, 1<i<k,

where Xi(g) =X, 0 € Ap, and Xi(ftl) (n>1) are defined by (3.5). Let H<; =
L?*(B<;,7). Then Xo: € H<y. Let fi = Qih (see Lemma 3.3 for the de-
finition of function h). Assume Xi(f;) € B<,1<i<k,s<t. Let Xi(;L) =
limy, o0 Xi(;n’") in norm | - ||2, where Xi(r’n) € (B<t)sa,1 <i<k. Then
fi(Xl(f:’")(s),...,Xli?Z’n)) € B<;, since Q; is a polynomial. Note that Q; :
Ak — A, is continuous with respect to || - ||o. It implies that the ||| limit
FOX LX) of (XL XY s in Hey, for s < 6,1<i <k
Hence,

t
XD :Xi’0+/ F(X), XY ) ds + S € Ha.
0

By induction, Xi(ftl) € H<¢. Hence, X;;= 1imn_,oo(Xi(:)) € H<:. It follows
that C<; C B<;. For s > t,

Xi,s: i,t+/ fi(Xl,u7~--an,u)du+Ss_St~
t

By the above proof and the uniqueness of the solutions to (3.3), C>; C Bxy.
Now we show that B<; and B>, are C—;-free. Note that W*{Xy,Ss: s <t}
and W*{S, — S;: u >t} are free in (A,7), and C—y C W*{Xy,Ss: s <t}.
By Lemma 2.1 in [BiS2], B<; and Bs; are C—;-free. Therefore, C<; and
C>; are C—;-free. By Definition 2.1, {X; : t > 0} is a free Markov process in

L*(A,7) C A, 0
For k=1, we can get more general condition on ) so that the solution is

a free Markov process.

THEOREM 3.8. Under the hypotheses of Theorem 3.6, and the conditions
that k=1 and Q: R — R is Borel measurable, the solution {X;:t >0} is
a free Markov process.

Proof. We use the same notation (with k =1) as that in Theorem 3.7.
Assume X, ; € H<y, then f(X,, s) € B<y, since f = Qh is bounded measurable
function. Hence,

t
Xn+1,t = X() + / f(Xn,s) ds + St S Hgt
0

The rest of the proof is the same as that of Theorem 3.7. O
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4. Free Ornstein—Uhlenbeck process

In this section, we consider a special case of (3.3). Let k=1, Q(X) = —-\X,
A >0, and {S;:t >0} be A;-free Lévy process of operators in Az,. We
consider the following equation

t
(41) Xt:Xo—A/ Xst+St, tZO,
0
where self-adjoint operator Xy € Ay. We call
t
X, =e MXo+ / e AMt—w) dS,, t>0

0

a free OU process, where fot e~ 2t=v) 48, is defined by Theorem 6.1 in [BT2]
(Generally, we can define a free OU process {X; : t > 0} by the formula above
in the case that {S;:t >0} is a free Lévy process of self-adjoint operators

in :4:, and X is affiliated with A,;). We show that the free OU process is
the unique solution to (4.1) and the limit distribution of Xy, as t — oo, is free
self-decomposable.

LEMMA 4.1. Let f: [a,b] = R be a continuous function. For n € N,
and a =tpo < tp1 < -+ < tpp, =0b a partition of [a,b], let fn(t) =

Zf;l anvix[tn,.'i—17tn,'i)(t)’ fn(b) = f(b) be a step function such that fp,(t) = f(¢)

for t€la,b]. Then

Proof. By Lemma 3.5, f — fn € B>*. Hence,

=0.
2

I fr = fll2 < [fa = fllzzqapy + 7SO 1 fn = Fllor (e
< |\ fn = Fllzoe (a0 — a) (1 + |7(51)])

— 0,
as n — oo, since f, = f on [a,b]. O

The following lemma gives some kind of Fibini theorem. We omit the proof
of the lemma, because it is very similar to that of Proposition 35 in [RS].

LEMMA 4.2. Let f and g be continuous functions on [a,b],

Xz/abg(s)/:f(u)dSud& Y = / / s)dsdS,,.

Then X =Y.
THEOREM 4.3. Let X; =e¢ MX, —|—f0t e~ Mt=u) q4S,. Thent — X, is contin-
uous with respect to || - |2, and {X; : ¢ >0} is the unique continuous solution

o (4.1).
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Proof. 1t is obvious that ¢t — X; is continuous. Moreover,
t t s
f>\/ Xodu=eMXy)— X — A/ e*AS/ M dS, ds
0 0 0
t t
:e—MXO—XO—A/ em/ e dsdS,
0 u

t
= eiAth - X() + / 67/\(t7u) dSu - St
0

=Xy — Xo— S,
where the second equality holds because of Lemma 4.2.

Uniqueness. Since (4.1) is a special case of (3.3), by Lemma 3.2, equation
(4.1) has a unique solution. O

Now we study the limit distribution of the process {X;: ¢t > 0}. Let
{S;: t>0} be a free Lévy process of (unbounded) operators. Then u(S7)
is H-infinitely divisible. By 2.7 and 2.8 in [BT2], there are a real number
~ and finite measure o on R such that the Voiculescu transform Pusey (see
[BT2] for Voiculescu transform) can be given by

1

(v,0) is called the free generating pair of p(Sy).

THEOREM 4.4. If the measure o in the free generating pair (v,0) of 1(S1)

in the Lévy process {S; € A,y : t >0} satisfies

(4.2) /t|>1 log(1 + [t])r(dt) < 0o,

then the limit distribution of Xy, as t — oo, is H-self-decomposable.
Conversely, if ug is a B-self-decomposable distribution on R, there is a free
OU process { X[t > 0} such that the limit distribution of Xy is po-

Proof. Since X; =e MX + fg e~ M=) 48, it is enough to show that the
limit distribution of fg e~ M=) 4S, is B self-decomposable. Let
tn,j:jt/nv j:0717"'7na Tn:
j:
Then T,, 2 f(f e~ 2t~ 48, by Theorem 6.1 in [BT2]. On the other hand,

efA(tftn'j) (Sf
1

n,j - Stn,j—l)'

WE

T, = e—)\(t—t,-)(

St—(t—tn;) = St—(t—tn; 1))

<.
Il
—_

e—)\rnm,_j(

I
NE

St_rn,nfj - St_rn,nfjﬁ»l )

<.
Il
—_
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n

n
d _ . _ )
= Z € ATmn— (Srn,nfj{»l - Srn,n—j) = Z € ATn,i=1 (Srn,i - Srn,ifl)

j=1 i=1

t
2, / e M dS,,.
0

Hence, we have

t B t tA
/ e Mz dSUZ/ e M dSuZ/ e dSu/x-
0 0 0

Let Sy = Si/x,Vt > 0. It is obvious that Sy is a Ay-free Lévy process. Let
bu, (2) be the Voiculescu transform of p(S1). By [BT2], ¢, (s,)(t) = to,, (2).
Let (v,0) be the free generating pair of p1. Then (t7,t0) is the free generating
pair of u(S(t)). Hence, u(S;) = 1(S(%)) has free generating pair (37, +0). It
follows that the finite measure 1o in (3, +o) satisfies (4.3). By Theorem 6.5
in [BT2], there is a self adjoint operator X € A such that

t q tA q
/ e M= gg, = / e " dS,/\— X,
0 0

as t — 0o, and X has a B self-decomposable distribution.

Suppose g is a free self-decomposable distribution on R. By Theorem 6.5
in [BT2], there is free Lévy process S; satisfying (4.2) and u( [, e~* dS;) = uo.
Let

t
X = e_t/ e®*dSs, t>0.
0
By the proof above, the limit distribution of Xy, as t — oo, is . O
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