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Bayesian Experimental Design: A Review

Kathryn Chaloner and Isabella Verdinelli

Abstract. This paper reviews the literature on Bayesian experimental
design. A unified view of this topic is presented, based on a decision-
theoretic approach. This framework casts criteria from the Bayesian lit-
erature of design as part of a single coherent approach. The decision-
theoretic structure incorporates both linear and nonlinear design
problems and it suggests possible new directions to the experimental
design problem, motivated by the use of new utility functions. We show
that, in some special cases of linear design problems, Bayesian solutions
change in a sensible way when the prior distribution and the utility func-
tion are modified to allow for the specific structure of the experiment.
The decision-theoretic approach also gives a mathematical justification
for selecting the appropriate optimality criterion. ‘
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1. INTRODUCTION
1.1 Experimental Design

Experimental design involves the specification
of all aspects of an experiment. Common sense,
available resources and knowledge of the motiva-
tion for carrying out the experiment often help in
selecting important features that depend on the
specific problem. Not all aspects of experimental
design are susceptible to abstract mathematical
treatment, but the choice of values for those vari-
ables that are under the control of the experimenter
can be simply expressed in a mathematical frame-
work. This problem has been considered at length
in the scientific literature and is focused on in this
paper.

In designing an experiment, decisions must be
made before data collection, and data collection is
restricted by limited resources. Because specific in-

formation is usually available prior to experimen-
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tation and, indeed, often motivates the experiment,
Bayesian methods can play an important role.
Bayesian decision theory also sharpens thinking on
the purpose of the experiment. Like most areas of
Bayesian statistics, Bayesian experimental design
has gained popularity in the past two decades, but
like many areas of Bayesian statistics, applications
to actual experiments still lag behind the theory.
Apart from Flournoy (1993), there are no true “case
studies” that we know of where Bayesian ideas
have been formally applied to the design of an ac-
tual scientific experiment before it is done. This is
a very important area for future work. There are,
however, several examples of examining an experi-
ment in a Bayesian design framework after it has
been done, for example, Clyde, Miiller and Parmi-
giani (1995, 1996) and some examples presented in
this paper.

Decisions made in designing an experiment in-
clude choosing which treatments to study, defining
the treatments precisely, choosing blocking factors,
choosing how to randomize, specifying the experi-
mental units to be used, specifying a length of time
for the experiment to be performed, choosing a sam-
ple size and choosing the proportion of observations
to allocate to each treatment. The basic idea in ex-
perimental design is that statistical inference about
the quantities of interest can be improved by appro-
priately selecting the values of the control variables.
These values should be chosen to achieve small vari-
ability for the estimator of interest. Much depends,
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therefore, on what is to be estimated and how it will
be estimated.

In this paper we address the fundamental prin-
ciples of design by providing a general Bayesian
decision-theoretic framework. Most of the work in
Bayesian design can be included as special cases
in this general structure. The usefulness of the ap-
proach we adopt here will be demonstrated with
three examples, which are presented in Section 1.2.
They will be examined again in Sections 3 and 6 to
illustrate improvement over non-Bayesian designs
and to show that, sometimes, experiments used in
practice are approximately Bayes optimal.

1.2 Examples

EXAMPLE 1. Consider the one-way analysis of
variance model where a given total of n observa-
tions must be divided among ¢ groups in an optimal
way. The observations are measurements on the ex-
perimental units, and the groups correspond to ¢
treatments whose effects are of interest. Assigning
the same number of observations to each group is a
possibility, but different choices of these proportions
might be more appropriate, depending on the type
of experiment. The same one-way analysis of vari-
ance model can be used either in a trial to study
the effect of ¢ different treatments or when the ef-
fects of ¢t — 1 similar treatments are to be compared
with a standard control or, perhaps, when a given
drug is to be tested at ¢ different dose levels. Intu-
itively, it may be sensible to have different designs
for each of these situations.

To give an idea of the difference a Bayesian ap-
proach can make, consider the following two exper-
iments. One experiment consists of comparing ¢ — 1
similar treatments with a control. A second exper-
iment takes observations in ¢ different groups to
study the effect of increasing levels zq, 2o,..., 2,
of a certain drug. Both experiments are modeled

through a one-way analysis of variance, and a non-

Bayesian approach to design would typically con-
sider the two experiments exactly the same so that
» the same design would be chosén for both. The ex-
amples, however, are essentially different. Section
3 presents a way to introduce prior knowledge: a
prior distribution for the first experiment will not
necessarily be appropriate in the second.

EXAMPLE 2. At a University of Minnesota labo-
ratory large numbers of animal experiments were
done to assess the potency of individual batches of
drug. The laboratory performed logistic regression
experiments on many. different drugs and biologic
material.

For one particular drug under study, 54 similar
experiments were performed and the same type of
design was used for each of the experiments. The
design usually consisted of 6 equally spaced doses
with 10 mice exposed to each dose. Sixty animals
were required for each experiment. Occasionally
less than 60 animals were available, in which case
less than 10 animals were exposed to the highest
dose. The responses measured were the number of
surviving mice between 7 and 10 days after being
given the dose. Different numbers of mice died de-
pending on the potency of the batch of drug and by
chance. Typically a high proportion (80 or 90%) of
the mice died at the high levels and a lower pro-
portion (20 or 10%) died at the low levels. After
each experiment, the potency of the batch was cal-
culated using maximum likelihood to estimate the
LD50, the dose at which the probability of a mouse
dying was estimated to be 0.50. Two typical data
sets are given in Table 1 from experiments that
looked at the potency of different concentrations of
albumen.

This example will be discussed further in Section
6.2. The design used (6 equally spaced doses with 10
animals at each dose) was chosen mainly for conve-
nience: this choice makes it straightforward to do
the experiment and, with large numbers of exper-
iments, it is simpler to use the same design each
time. It is natural to ask whether the experiments
could have been designed differently. It is also natu-
ral to use results from this set of experiments to con-
struct a prior distribution to use for subsequent ex-
periments. The 54 estimates of LD50 can be thought
of as a sample from a distribution of possible val-
ues. We will therefore consider a prior distribution
for the LD50 that reasonably reflects the observed
sample and has approximately the same first two
moments as the sample.

EXAMPLE 3. Atkinson, Chaloner, Juritz and Herz-
berg (1993) examined a designed experiment to in-
vestigate bioavailability. The experiment, described

TABLE 1
Batch 1 Batch 2
Number Number Number Number
Dose exposed dead Dose exposed dead
2.5 10 0 2.5 10 0
3.0 10 1 3.0 10 2
3.5 10 1 3.5 10 1
4.0 10 3 4.0 10 4
4.5 10 5 4.5 10 7
5.0 10 6 5.0 10 8
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in a 1979 unpublished Ph.D. thesis by Button at
Texas A&M University, consisted of giving 15 mg/kg
of theophylline as aminophylline to a number of
horses by intragastric administration. Blood sam-
ples were then drawn at different times ¢ after in-
jection, and the concentration of drug y was mea-
sured. The value of y was modeled to be related
to t through an open one-compartment model with
first-order absorption input:

y = O5(exp(—0;¢t) — exp(—0yt)) + &.

The observation errors ¢ are independent and nor-
mally distributed with mean zero. The unknown pa-
rameters (6, 05, 65) are such that 6, > 6;. At time
t = 0 the expected response is zero and, as ¢ in-
creases, it increases up to a maximum and then de-
creases to zero as t gets larger. Several quantities
are of interest including the area under the expected
response curve, the time at which the maximum is
reached and the value at the maximum. The design
problem is to choose the times at which to take blood
samples. The design used in Button’s thesis is fairly
typical of these experiments and is an 18 point de-
sign with one measurement at each time and the
times approximately uniform on a log scale.

As in Example 2, this is another case of a non-
linear design problem. Atkinson et al. (1993) looked
at the efficiency of the 18-point design used by the
experimenter and constructed Bayesian optimal de-
signs under several prior distributions suggested by
the data. This is discussed further in Section 6.4.

1.3 Overview of the Bayesian Approach

Experimental design is a situation where it is
meaningful within Bayesian theory to average over
the sample space. As the sample has not yet been ob-
served, the general principle of averaging over what
is unknown applies. Following Raiffa and Schlaifer
(1961), Lindley (1972, pages 19 and 20) presented a
decision-theoretic approach to experimental design.
Lindley’s argument is essentially the following.

A design 1 must be chosen from some set -/, and
, data y from a sample space % will be observed.
Based on y, a decision d will be chosen from some
set &. The decision is in two parts: first the selection
of n and then the choice of a terminal decision d.
The unknown parameters are 6 and the parameter
space is ©. A general utility function is of the form
U(d’ 0, UB y)

For any design 7, the expected utility of the best
decision is given by '

w  Um=[ max [0 0.0y

- p(6ly, n) p(y|m)dody,

where p(-) denotes a probability density func-
tion with respect to an appropriate measure. The
Bayesian solution to the experimental design prob-
lem is provided by the design n* maximizing (1):

@ U(n )=11?3 |, max @U(d, 0,1,y)

- p(0ly, n) p(yln)dody.

In other words, Lindley’s argument suggests that a
good way to design experiments is to specify a utility
function reflecting the purpose of the experiment,
to regard the design choice as a decision problem
and to select a design that maximizes the expected
utility.

The present paper pursues Lindley’s approach as
a unifying formulation for the theory of Bayesian ex-
perimental design. Selecting a utility function that
appropriately describes the goals of a given experi-
ment is very important. A design that is optimal for
estimation is not necessarily also optimal for predic-
tion. Even restricting attention to optimal designs
for estimation, there are a variety of criteria that
lead to different designs, depending on what is to
be estimated and what utility function is used. The
choice of a utility (or loss) function expresses vari-
ous reasons for carrying out an experiment.

In the linear model, the analogue of widely
known non-Bayesian “alphabetical” design crite-
ria (Box, 1982) such as A-optimality, D-optimality
and others can be given decision-theoretic justi-
fication. When inference about the parameters is
the main goal of the analysis, for example, a util-
ity function based on Shannon information leads to
Bayesian D-optimality in the normal linear model
(see Bernardo, 1979). In addition, Shannon infor-
mation can be used both for prediction and in mixed
utility functions that describe several simultaneous
goals for an experiment. Bayesian equivalents of
some other popular optimality criteria can also be
derived by choosing appropriate utility functions.
Some, but not all, of the alphabetical optimality
criteria have a utility-based Bayesian version.

There are cases where prediction might be consid-
ered more important than inference when designing
an experiment. This might be the case, for example,
in settings like reliability and quality control, where
the future level of output has to be kept on target,
or in clinical trials when it is important to obtain
information on how patients will respond to some
treatment. For these types of problems the predic-
tive Bayesian approach is appropriate for both de-
sign and analysis. For a detailed treatment of this
topic, see Geisser (1993).

Other utility functions can be devised for design-
ing experiments that take into account more spe-
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cific issues. For example, as argued by Lindley and
Novick (1981), randomization is not necessary for
inference in a Bayesian experiment: it is “merely
useful.” Randomization is an important practical as-
pect of design, especially in clinical trials. Verdinelli
(1990) and Ball, Smith and Verdinelli (1993) consid-
ered this problem for the linear model within the
theory of Bayesian optimal experimental design.

1.4 Structure of the Paper

Sections 2 and 3 of this paper deal with designs
for linear models. Bayesian analogues of alphabeti-
cal design criteria are introduced in Section 2.2 and
are examined in Section 2.3. Other design criteria
within the Bayesian decision-theoretic approach are
discussed in Section 2.4. The case where the error
variance is unknown is considered in Section 2.5.
Section 3 is devoted to the simple but important
case of analysis of variance models. The examples
considered illustrate the effect of incorporating prior
information in the linear model.

Nonlinear models are examined in Sections 4 and
5. Various possible approximations to expected util-
ity are investigated in Section 4.2. Section 4.3 deals
with some of the different Bayesian approaches. Lo-
cal optimality is considered in Section 4.4. The ap-
proximations of Bayesian nonlinear design are com-
pared in Section 4.5. Properties of optimal nonlinear
Bayesian design are discussed in Section 5. For ex-
ample, it is shown that the number of support points
in an optimal design may depend on the prior distri-
bution. Some exact results are given and the avail-
able software is reviewed. Section 6 considers a few
other specific problems in nonlinear design such as
sample size in clinical trials and design for reliabil-
ity and quality control.

Nonlinear problems generated from a linear
model are considered in Section 7. Additional prob-
lems, such as design for variance components, for
mixtures of linear models and for model discrimina-
tion, are discussed in Section 8. Section 9 contains
concluding remarks.

1.5 Notation

In the linear model with n independent observa-
tions, X stands for an n x &k design matrix. The
rows of X, xJT,“j =1,...,n, are elements of a com-
pact set 2" of design points available to the ex-
perimenter. The matrix X7X is denoted by nM
and it is often referred to as the information ma-
trix, since the Fisher information matrix is equal to
o~ 2nM. If n; observations are taken at the point
Xx; € 27, then the information matrix can be writ-
ten as n Y (n;/n) x,x! with Y n;/n = 1. Following
Fedorov (1972, page 62) and many other authors,

define n; = n;/n so nM =n Y. n,x;x!. A design can
now be seen as a probability measure 1 on the re-
gion 2 of design points. It is usually convenient to
relax the requirement for the n;’s to be integers so
that the design problem becomes that of finding an
optimal design measure 7 from the set of all proba-
bility measures on £°; this set is denoted -#. We will
use both notations nM and nM(n) for the informa-
tion matrix. In some situations, it may be of interest
to find exact optimal designs, where the probability
measure 7 is such that, for a specified n, the values
nm; are all integers.

In some cases, using a linear model, exact calcu-
lations for expected utility, U(n) as given by (1) and
(2) in Section 1.3, are possible. For nonlinear mod-
els, expected utilities do not have a closed form rep-
resentation. Approximations are therefore required.
It is often still possible, however, to formulate the
problem in a similar way. The design problem is
still to choose values of the control variables x;,
J=1,...,n, from a compact set 2". If, just as in
the linear case, we denote 7; to be the proportion of
observations at a point x;, then in both linear and
nonlinear models the design problem can be thought
of as choosing a probability measure n over 2" from
#. We will see in Sections 4, 5 and 6 that design
for nonlinear models presents some challenges. A
Bayesian approach can provide practical insight and
lead to useful solutions.

Relaxing the requirement for nm; to be integer
values makes the problem more tractable. Designs
where the proportions are not constrained to corre-
spond to integers for some n are referred to as ap-
proximate or continuous designs. An approximate
design can be rounded to an exact design without
losing too much efficiency (see Pukelsheim, 1993,
Chapter 12, for some rounding algorithms and dis-
cussion). Without the relaxation to noninteger de-
signs the design problem is that of a hard inte-
ger programming problem. Not much work has been
done with exact design and what has been done il-
lustrates the difficulties. Majumdar (1988, 1992), for
example, derived Bayesian exact designs for a two-
way analysis of variance model considering a special
subclass of prior distributions. This is a particularly
useful approach when dealing with the constraints
of incomplete blocks. Toman (1994) derived Bayes
optimal exact designs for two- and three-level facto-
rial experiments, with and without blocking. One of
the important problems she solved is that of choos-
ing a fraction of the full factorial design.

In contrast, most approaches to design find con-
tinuous designs. One of the most powerful tools for
finding optimal continuous designs is the general
equivalence theorem (Kiefer, 1959; Whittle, 1973).



BAYESIAN EXPERIMENTAL DESIGN: A REVIEW 277

Of course there may be other constraints, such as a
fixed total cost C, and each observation may cost a
different amount c¢;. The problem then becomes to
maximize utility subject to a fixed cost C. The equiv-
alence theorem can easily be adapted to deal with
this extension. See, for example, Chernoff (1972,
page 16), who showed that a simple linear transfor-
mation can modify the problem to the more famil-
iar one with a fixed sample size. This is applied to
Bayesian linear design problems in Chaloner (1982).
Tuchscherer (1983) finds Bayesian linear optimal
designs for particular cost functions.

1.6 Related Reviews

Non-Bayesian experimental design for linear
models has been reviewed by Steinberg and Hunter
(1984) and in the recent book by Pukelsheim (1993).
Ford, Kitsos and Titterington (1989) reviewed non-
Bayesian design for nonlinear models. This paper
considers the theory of non-Bayesian design only
as needed for the development. DasGupta (1995)
presents a complementary review of Bayesian and
non-Bayesian optimal design.

2. BAYESIAN DESIGNS FOR THE NORMAL
LINEAR MODEL

2.1 Introduction

Congsider the problem of choosing a design 7
for a normal linear regression model. The data
y are a vector of n observations, where y|0, o?
~ N(X80, 02I), 6 is a vector of k£ unknown parame-
ters, o2 is known and I is the n x n identity matrix.
Suppose that the prior information is such that 6|02
is normally distributed with mean 6, and variance—
covariance matrix 2 R~1, where the % x k matrix R
is known. Recall, from Section 1.4, that the matrix
XTX is denoted by nM or, equivalently, nM(n).
The posterior distribution for 6 is also normal with
mean vector 6* = (nM(n) + R)1(XTy + R6,) and
covariance matrix o2D(n) = o*(nM(n) + R)™L;
D(n) is a function of the design 7 and of the prior
prec1s1on matrix c~2R.

2.2 Bayesian Alphabetical Optimality: Overview

Following Lindley’s (1956) suggestion, several
authors (Stone, 1959a, b; DeGroot, 1962, 1986;
Bernardo, 1979) considered the expected gain in
Shannon information given by an experiment as
a utility function (Shannon, 1948). These authors
proposed choosing a design that maximizes the ex-
pected gain in Shannon information or, equivalently,
maximizes the expected Kullback—Leibler distance

between the posterior and the prior distributions:

p(0ly, n)
3) /log 2(0) p(y, 6ln)dody.
The prior distribution does not depend on the design
7, so the design 7 maximizing the expected gain in
Shannon information is the one that maximizes

(@) Uy(n) = [log{p(6ly, )} P(y, 6ln) dbdy.

This is the expected Shannon information of the
posterior distribution. This expected utility U,(n)
might be appropriate when the experiment is con-
ducted for inference on the vector 6. In the normal
linear regression model,

k k
Us(n) = -5 log(@m) 5

+ % logdet{oc2(nM(n) + R)}.

This utility therefore reduces to maximizing the
function ¢;(n) = det{nM(n) + R} and it is known
as Bayes D-optimality. Non-Bayesian D-optimality
maximizes the determinant of nM(n). Note the
symbol ¢(-) is used to denote a design criterion func-
tion and U(-) is used to denote an expected utility
function.

In the non-Bayesian design literature, there are
papers that discuss the augmentation of a previ-
ous design that is, for D-optimality, choosing 7 to
maximize the determinant of (n M + XTI X)), where
XTI X, is fixed, typically from a design obtained pre-
viously. This is algebraically identical to Bayesian
D-optimality and is discussed in Covey-Crump and
Silvey (1970), Dykstra (1971), Evans (1979), Mayer
and Hendrickson (1973), Johnson and Nachtsheim
(1983) and Heiberger, Bhaumik and Holland (1993).

A variation of non-Bayesian D-optimality is Dg-
optimality; see, for example, Silvey (1980, pages 10—
11). This criterion maximizes the inverse determi-
nant of the covariance matrix for the least squares

~ estimator of a linear function ¢ = sT6 of the pa-

rameters. The equivalent Bayesian criterion is ob-
tained considering the posterior distribution of i
in (4). Not much attention has been given to this
criterion in the Bayesian literature, but its use is
straightforward.

Bayesian D-optimality can be derived from other
utility functions as well. Assume that interest is in
inference for 6 and that p(-) is chosen to represent
its probability density function. The following util-
ity function is associated with the true value of the
parameter 0 and with the function p(-) selected as
the probability density function for 6:

5) U, p().m) =2p(6) - [ p(B)dd.
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This utility function is a proper scoring rule, first in-
troduced by de Finetti (1962) for discrete 0. Buehler
(1971) proposed its use for eliciting beliefs about
0, both in the discrete and in the continuous case.
Spezzaferri (1988) adopted (5) for designing exper-
iments for model discrimination and parameter es-
timation. He also showed that in the normal linear
model, when interest is in estimation of 0, (5) re-
duces to

(2o/m) " {det [nM(n) + RI}?,

thus obtaining the D-optimality criterion. Eaton,
Giovagnoli and Sebastiani (1996) also use utility
functions based on proper scoring rules for predic-
tion and also derive D-optimality as a special case.

Another justification of Bayesian D-optimality
was derived by Tiao and Afonja (1976) through the
following two-valued utility function:

0, 10— 6] <a,

(6) Ue@,e, n)= .
(6, 6m) {—1, 16— 6] > a,

where § denotes an estimator for 6, and a is an
arbitrarily small positive constant.

When the specific reason for conducting an experi-
ment is to obtain a point estimate of the parameters,
or of linear combinations of them, a quadratic loss
function might be appropriate. In this case a design
can be chosen to maximize the following expected
utility:

Us(n) =~ [(6- 0)TA(6 - b)
- p(y,0lm)dody,

where A is a symmetric nonnegative definite ma-
trix. The Bayes procedure yields as expected utility
Uy(n) = —c?tr{AD(7n)} and a corresponding crite-
rion _

¢a(n) = —tr{AD(n)} = — tr{A(nM(n) + R)"'}.

A design that maximizes ¢4(n) is called Bayes
A-optimal, a generalization of the non-Bayesian A-
optimality criterion that minimizes tr{AnM(n)~'}.
This criterion also arises when minimizing the
,expected squared error loss for estimating ¢76
or when minimizing the squared error of predic-
tion at ¢, where ¢ is not necessarily fixed and a
distribution is specified on it; see Owen (1970),
Brooks (1972, 1974, 1976, 1977) and Duncan and
DeGroot (1976). Chaloner (1984) showed how an
equivalence theorem can be used for this criterion,
derived a bound on the number of support points
in an optimal design and presented some examples.
Toman and Notz (1991) considered this criterion for
analysis of variance models with two-way hetero-
geneity. Toman (1992a) and Toman and Gastwirth

(7

(1993) dealt with A-optimality in a robustness con-
text, and Toman (1994) examined A-optimality for
factorial experiments.

A special case of A-optimality is when rank(A) =
1, that is, A = ce” and Uy(n) = —o?c”D(n)c;
this variation of A-optimality is called Bayes
c-optimality and it parallels the non-Bayesian c-
optimality. This optimality criterion is also obtained
when the expected squared loss is used for estimat-
ing a given linear combination of the parameters:
y = ¢T6, where c is fixed. A Bayesian modification
of the geometric argument in Elfving’s (1952) theo-
rem for c-optimality was given in Chaloner (1984)
and extended in El-Krunz and Studden (1991) and
Dette (1993, 1996).

An extension of the notion of the c-optimality cri-
terion is E-optimality, for which the maximum pos-
terior variance of all possible normalized linear com-
binations of parameter estimates is minimized. As
a heuristic argument to motivate E-optimality, con-
sider an experiment to estimate the linear func-
tion = ¢7, for unspecified ¢, with the normaliz-
ing constraint ||e| = w. A minimax approach leads
to searching for a design that is good for different
choices of ¢. Denoting the maximum eigenvalue of
a matrix H by Ap.[H], an E-optimal design mini-
mizes
(8 sup CTD(TI)C = wz/\max[D(n)]'

lel=w
This criterion appears not to correspond to any util-
ity function and so, although it is referred to as
Bayes E-optimality, its Bayesian justification, in a
decision-theoretic context, is unclear.

Closely related to Bayesian E-optimality is
Bayesian G-optimality. A G-optimal design is cho-
sen to minimize supy., X' D(n)x. Similarly to
E-optimality, this does not correspond to maxi-
mizing a utility function (although there is an
equivalence theorem [see Pukelsheim (1993), Sec-
tion 11.6] that states that continuous G-optimal
designs are numerically identical to a corresponding
continuous D-optimal design).

Tiao and Afonja (1976) presented other utility
functions aimed at the problems of selecting the
best of & parameters and of ranking the parame-
ters. They also proposed, in addition to the utility
(6), the quadratic utility in (7) and the exponential
utility

U(n) =1— exp [—g(é —0)T(h- e)] .

They considered the problem of choosing among a
class of balanced designs to illustrate the use of the
above utilities and to show that a design often has
to be selected from a limited range of available ones.
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It is important to recall briefly the main relations
between Bayesian and non-Bayesian design criteria.
A characteristic of optimal Bayesian design mea-
sures is the dependence on the sample size n, since
D(n) = n~Y(M(n) + n~'R)~L. This identity shows
that any differences between a Bayesian design and
its corresponding non-Bayesian one are unimpor-
tant if n is large, since, in this case, (M(n) +n"'R)
is approximately equal to M(n). This is intuitively
reasonable: in experiments where the sample size is
large the posterior distribution will be driven by the
data and will not be sensitive to the prior distribu-
tion. In contrast, if n is small the prior distribution
will have more of an effect on the posterior distri-
bution and on the design.

Letting n — oo is equivalent to R — 0 and a
similar limiting result is seen. When there is little
prior information available, optimal Bayesian de-
signs are close to the corresponding non-Bayesian
ones. Hence, when a noninformative prior distri-
bution is used for inference, as may often be the
case, there is no advantage to using the Bayesian
approach for design.

This limiting behavior is not seen in design for
nonlinear models where usual non-Bayesian opti-
mal designs are again special cases of Bayesian
design but correspond to a point mass prior dis-
tribution rather than noninformativeness. This is
discussed further in Section 4.

Note also that non-Bayesian design criteria, such
as c-optimality and D g-optimality, must be adapted
to allow for designs where the optimal choice of
nM(7n) may be singular. For Bayesian design crite-
ria, no such adaptation is required. The matrix R is
nonsingular for a proper informative prior distribu-
tion, so the matrix n M(7)+ R is always nonsingular
irrespective of whether n M (n) alone is.

2.3 Bayesian Alphabetical Optimality:
Related Work

In the 1970’s Lindley’s work had a profound in- .

fluence on many aspects of Bayesian statistics. In
the area of experimental design, a set of papers
by Brooks (1972, 1974, 1976, 1977) were inspired
by work of Lindley’s on the choice of variables in
multiple regression (Lindley, 1968). Brooks followed
Lindley’s approach to motivate the problem of choos-
ing the best subset of regressors and the design
points in a linear regression model. Predicting the
future value of the dependent variable is the goal
of the experiment, and the predictor is obtained by
substituting the Bayesian estimator in the regres-
sion function, rather than considering the predictive
distribution for the future observation. A quadratic
loss function, plus costs, is used to evaluate the dif-

ference of the future value of y and its predictor.
Bayes A-optimality with added costs is the design
criterion derived. In his 1974 paper, Brooks also
looked for optimal sample size using the same loss
function and in his 1977 paper he dealt with de-
sign problems when controlling for the future value
of y to be at a preassigned value y,. The setting
considered in Brooks’ early papers is too general
to allow for many explicit solutions and few spe-
cial cases are explored. Straight line regression is
examined in his 1976 paper. Brooks’ work can be
seen as a statement of the general principle that
the Bayesian method has a way to deal with the de-
sign problem. Bayes optimality criteria are consid-
ered as elements of a class of linear criteria. This
last feature shows the influence of Fedorov’s (1972)
book. It is also found in Pukelsheim (1980) and in
Pilz’s work (e.g., Pilz, 1991), where Bayesian design
criteria are seen mostly as extensions of the corre-
sponding non-Bayesian criteria, the focus often be-
ing placed on showing that non-Bayesian criteria
are limiting cases when diffuse prior information is
considered. See also Fedorov (1980, 1981).

Brooks also examined the case of o2 being un-
known and used the simple solution to the problem
that substitutes the value of o with its prior mean
wherever it appears in the final expression of the
criterion. This approach was also used by other au-
thors, for example, Sinha (1970), Guttman (1971)
and more recently Pukelsheim (1993, Chapter 11).
They defined optimality criteria without a decision-
theoretic-based framework and so have no clear ex-
tension to the case where o2 is unknown. In con-
trast, with a decision-theoretic-based framework,
the extension to the case where ¢? is unknown is
conceptually easy, but, as is shown in Section 2.5,
algebraically hard.

Pilz dealt with Bayes experimental designs for a
linear model in a series of papers (Pilz, 1979a—d,
1981a—c; Nather and Pilz, 1980; Gladitz and Pilz,
1982a, b; Bandemer, Nither and Pilz, 1987). See
also the monograph Pilz (1983) and the revised
reprint of the monograph, Pilz (1991). His approach
is very general, with no distributional assump-
tions for the model or for the prior distribution.
Pilz defined Bayes alphabetical optimality criteria
as an extension of the corresponding non-Bayesian
criteria and looked at them as special cases of a
general “linear optimality criterion.” Because D-
and E-optimality do not fall into this setting, Pilz
often derived separate results for these criteria.
The methodology used throughout Pilz’ work has
the flavor of classical decision theory. For example,
he considered admissible and complete classes of
designs to find conditions for the existence of Bayes
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designs in an admissible class. Pilz also adapted
much of the existing theory on optimal design to
the Bayesian case. He used Whittle’s (1973) general
version of the equivalence theorem to find rela-
tions among the different design criteria and to
find bounds for the designs. Pilz also showed that,
under. certain conditions, Bayes alphabetical de-
signs can be constructed as A-optimal designs for
a transformed model. In some cases, A-optimality
coincides with D- and E-optimality, but the condi-
tions under which the above holds do not seem easy
to satisfy. Pilz did not give explicit designs and ex-
amine their practical implications, and his work is
somewhat abstract.

2.4 Other Utility Functions

As noted in Section 1, in certain experiments,
prediction can be more important than estimation.
In quality control and in clinical trials, prediction
of future observations can be of special interest. In
these cases the Bayesian approach uses predictive
analysis, which can also be helpful in designing
the experiment. The expected gain in Shannon in-
formation on a future observation y,, ; is used
rather than the expected gain in information on
the vector of parameters. The expected Kullback—
Leibler distance between the predictive distribution
P(Yni1lysm) = [ P(Yn1110)p(6ly, m)d6 (posterior
predictive) and the marginal distribution p(y,.,;)
(prior predictive) on y,,; is the equivalent of the
quantity (3) in Section 2.2. The prior predictive dis-
tribution does not depend on the design and the
design that maximizes the expected gain in Shan-
non information on y,,; is equivalent to the design
that maximizes the expected utility:

Us(n) = [1og p(ynsaly, m)
: p(y’ yn+1,17) dydyn+1'

This utility function has been used by San Martini
and Spezzaferri (1984) for a model selection problem
and by Verdinelli, Polson and Singpurwalla (1993)
for accelerated life test experiments. In the normal
" linear model, maximizing Uj(7n) with respect to n
corresponds to maximizing

9

—1 {log(2m) + 1+ log [o®xL, ; D(0)X,,; + o]},

where the next observation is going to be taken at
the point x,,, ; € 2. This is equivalent to minimizing
the predictive variance

0'r2z+1 = 0-2[Xr7:+1D(7’)Xn+1 +1].

In the special case of prediction of y, ; at a fixed
point ¢ = x,, 1, the design maximizing U3(X) corre-

sponds to the Bayes c-optimal design presented in
Section 2.2.

Yet another situation is where the experimenter
is concerned with the value of the response variable
y. In these cases, one might be interested not only
in inference on the parameters, but also in obtain-
ing a large value of the outcome. Experimentation
might be considered only if the design proposed is
expected to produce a large value of outcome as well
as a large value of information. In such cases, one
possibility is to look for a design that maximizes a
combination of the expected total output and the ex-
pected Shannon information for the posterior distri-
bution. Verdinelli and Kadane (1992) proposed the
following expected utility:

Ua(n) = [ [py"1+ B log p(6ly, n)]

- p(y, 0|m)dy do.

The nonnegative weights p and B express the rela-
tive contribution that the experimenter is willing to
attach to the two components of U (7). In the nor-
mal linear model, these weights affect the choice of
the design through the ratio B/p. A design maxi-
mizing U,(n) is equivalent to a design maximizing

[¥71p()dy + - log det{D()}.

Verdinelli (1992) suggested the use of another ex-
pected utility function when the goal of the exper-
iment is both inference about the parameters and
prediction about the future observation. It is given
by a combination of U;(n) and Uj(7n), namely,

(10)

Us(n) = [1og p(3naly, m)
(11) p(y7 yn+1|7’)dydyn+1
+w [log p(0ly, m)p(y, 6n) dy do.

As in Uy(n), the weights y and w express the rela-
tive contribution of the predictive and the inferen-
tial components of the utility. In this case, the two
components are expressed in the same units. In the
linear model the expected utility U is maximized
by a design that maximizes

—% {log(27) + 1+ log[o®x T, | D(1)X, 1 + o°]}
- g {klog(27) + k — log det(c~2D"'(n))} .

This is equivalent to minimizing o2 ; [det{o? -
D(7)}]“/?, where o2, is the predictive variance,
defined earlier.

Yet another formulation of the design problem as
a decision problem is given in Toman (1996). She ex-
amined design when the purpose of the experiment
is hypothesis testing.
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2.5 Unknown Variance

If the variance ¢? in the linear model of Sec-

tion 2.1 is unknown, then the optimality criteria in-
duced by the utility functions of the earlier sections
may need to be modified, although conceptually the
goal of maximizing a utility remains the same. Let
the prior distribution for (6, o) be conjugate in the
normal-inverted gamma family:

0)0® ~ N(6y, 0’ R™Y) and o ?%a, B~ Ga(a, B),

so that p(o?|a, B) « (%)~ (D exp{—Bo~2}. This
implies that both the prior and the posterior
marginal distributions for 6 are multivariate ¢ dis-
tributions. Denote by #5[(m, u,3] the probability
distribution of an m-variate ¢ random variable with
& degrees of freedom, mean vector u and scale
matrix 3 (see, e.g., DeGroot, 1970, Section 5.6,
or Box and Tiao, 1973, page 117). Recall that
0° = (nM(n) + R)™ (X"y + R6,). Let h(n,y)
denote the quantity

(2a +n) {(y — X80)"[I - X(nM(n) + R)"' XT]
(v — X 6o) + 2B},

and let @ = B/a. The prior and posterior marginal
distributions for 6 are

0 ~ too [k, 0y, aR™']
and

0|y7 n-~ t2a+n [k7 0*: h(ﬂ, y)(nM(Tl) + R)_l] .

The distribution of y conditional on 6 alone is mul-
tivariate ¢: y|0 ~ &y,[n, X0,al]. In addition, the
marginal distribution of the data y is multivariate ¢,

Y| ~ tae [, X 00, a[I — X(nM(n) + R)XT]],

and the posterior predictive distribution for y,,, a
new observation at x, , ;, is univariate ¢,

yn+1|y’ n-~ t2a+n[1’ Xn-f—lO*’ h(m, y)
Ax, 1 (nM(n)+ R) x4 +1}].

Evaluating the expected utilities presented in
Sections 2.2 and 2.4 is now a more complicated
task. The integrals that define U, U3, U, and Uj
seem now to be intractable. Numerical approaches
or approximations are needed to find Bayesian
designs.

Things are somewhat simpler for A-optimality
and U,. In the expression for Uy(n), letting A = 1,
the integral in (7) reduces to [ tr Var(6ly)p(y)dy,
where Var(6|y) denotes the posterior covariance ma-
trix and ‘p(y) is the marginal distribution of y. The

A-optimality criterion reduces to finding a design 7
that minimizes

5% tr(nM(n) + B) - | [ h(n, y)p(v) dy .

The integral in the above formula is equal to (28 +
n)/(2a + n), which does not depend on y. Hence
Bayes A-optimality is insensitive to the knowledge
of o2 and in this sense it is a robust criterion for
choosing a design. See also Chaloner (1984). This
feature of A-optimality makes it appealing to use.
It remains to be seen how design developed from
distributional distances are influenced by the prior

distribution on ¢2.

3. DESIGN FOR ANALYSIS OF
VARIANCE MODELS

3.1 Introduction

In Section 2, we showed how a decision-theoretic
setting for experimental design leads to well defined
optimality criteria for the linear model. This sec-
tion deals with the important special case of models
for the analysis of variance. In these cases, criteria
from Section 2 sometimes allow the derivation of ex-
plicit forms for optimal designs. Two different ways
of building normal prior distributions for the vec-
tor 6 are examined. Bayesian optimal designs are
considered when 6 has prior mean 6, and covari-
ance matrix o2R™1, as in Section 2.1. In addition,
Bayesian optimal designs under a hierarchical prior
distribution, as in Lindley and Smith (1972), are
also derived. The hierarchical normal linear model
can be used to represent different experimental set-
tings. A given criterion like, say, Bayes D-optimality,
yields different designs for various choices of the hi-
erarchical structure that describes the experiment.

3.2 Analysis of Variance Models

In the one-way analysis of variance model, when
the effects of ¢ treatments are of interest, the matrix
nM is simply diag{n,, ng, ..., n,}, where n; is the
number of observations in the ith group. Choosing
an optimal design for this model consists of choosing
the number of observations n; or the proportions of
observations n; = n;/n on each treatment.

Duncan and DeGroot (1976) considered the prob-
lem of Bayesian optimal design for the one-way
analysis of variance model using the A-optimality
criterion, defined in Section 2.2. In one of the cases
they examined, one of the ¢ treatments is a con-
trol and the contrasts of interest compare the ¢ — 1
treatments to the control.

In the two-way case, with the second factor be-
ing a blocking variable, there might be ¢ treatments
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and b blocks. The choice of a design for this model
is equivalent to the choice of n;;, the number of ob-
servations taken on the ith treatment in the jth
block. If the block sizes k; are fixed, this is the
same as choosing the proportions n;; = n;;/k; of
units to assign to the treatments in each of the
blocks. Owen (1970) and Giovagnoli and Verdinelli
(1983, 1985) considered Bayesian designs for the
two-way model with treatments and blocks. One of
the treatments is a control and the parameters of
interest are the contrasts of the treatments with
the control. Owen dealt with A-optimality while
Giovagnoli and Verdinelli examined a class of cri-
teria proposed, in a non-Bayesian context, by Kiefer
(1975). The class is defined for a parameter p > 0
as @, = {k~'tr[D(n)]?}"/7. Bayesian A-optimality
is a special case when p = 1, Bayesian D-optimality
results when p — 0 and Bayesian E-optimality
when p — oo. Having defined this class, Giovagnoli
and Verdinelli then focused on D-optimal designs.
Simeone and Verdinelli (1989) used nonlinear pro-
gramming techniques to derive E-optimal Bayes de-
signs for the same model.

Bayesian designs for analysis of variance models
were derived in Toman (1992a, 1994, 1996). Designs
for models with two blocking factors were examined
by Toman and Notz (1991), who mainly considered
the A-optimality criterion, but also presented solu-
tions for D- and E-optimality.

3.3 Example 1 (Continued)

Following Duncan and DeGroot (1976) let us now
consider the A-optimality criterion in the one-way
analysis of variance model. Let 6 = (aq, as, ..., ;)T
represent the treatment effects, and suppose the ex-
periment is designed to study the contrasts o; —
of the effects of ¢ — 1 new treatments compared with
a control for i = 2, ..., t. Assume that the treatment
effects a; are independent and normally distributed
with prior means u; and variance 1?. The use of util-
ity function (7) for Bayesian A-optimality leads to
an optimal proportion of observations on the control
1+ thzl 1/ n”'f’ 1

1+vi-1  ni?

and on the ith new treatment

VE=T1(1+ 5, 1/nr?) 1

1+4Vt-1 nt?

fori=2,...,¢,

71 = max {0,

n; = max {0,

with the constraint th:l n; = 1. If the same prior

mean and variance u, and 73, say, are assigned to
all the new treatments, to represent that they are

thought to be independent and have the same prior
distribution, then the A-optimal proportions of ob-
servations can be written as

0?4+ 8+ (t— 1)52}
1+Vt-1 ’
ne=(t—1)7'(1—m),

where 8, = o%/n7? and 8, = o%/n7i. From these
expressions we can see the limiting behavior of 7,
and 7ny. As the value of the prior variances gets large
with respect to o2/n, that is, for §; and &, both
small, the result approaches the non-Bayesian A-
optimal proportion. A proportion {+¢ — 1+ 1}~! of
the observations are on the control and the rest are
equally divided among the other ¢ — 1 treatments.
This design is sometimes called the square root rule,
since it places the same number of observations on
all the new treatments and v/t — 1 as many on the
control. When, instead, §, is large compared with
8, (meaning that prior information is less precise
on the new treatments than it is on the control),
then the A-optimal design puts no observations on
the control. Similarly, if 8, is large compared to 6,
it may be optimal to put all the observations on the
control.

Assume now that the utility function chosen is
Ui(n) in (4) and the experiment is designed to be
Bayesian D-optimal. Suppose that the new treat-
ment effects are still assumed to be independent
and identically distributed. The optimal proportion
of observations on the control, n;, depends again on
the ratios 8; = o?/n7? and 8, = 0?/n72. When §,;
and 8, are both small, the non-Bayesian D-optimal
design is obtained that places the same proportions
of observations 1/¢ on the new treatments and on
the control. In contrast, if §; is large, there is pre-
cise knowledge of the effect of the control, and it
may be optimal to take no observations on the con-
trol, just as in Bayesian A-optimality. Similarly if
85 is large, the prior information about the new
treatments is precise and no observations need to
be taken on them.

When the optimal design takes no observations
on a treatment, then the only information on that
treatment in the posterior distribution will be from
the prior information. Some experimenters might
well find this feature unappealing: some might
argue that this is not even an experiment. In im-
plementing such a design, the assumption is clearly
critical that the prior information really does rep-
resent accurate information about the experimen-
tal units in this particular experiment. This is
always an important assumption to examine, es-
pecially when the optimal Bayesian design is so

nlzmaX{0,0'
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different from the corresponding optimal non-
Bayesian design, but, of course, it is in exactly
these cases of precise prior information or, equiva-
lently, of small planned sample size, that Bayesian
optimal designs can improve over non-Bayesian
designs if the critical assumption holds.

Similar results are obtained when the utility func-
tion chosen is (10) and concern is both on inference
and on yielding a large value of the total output.
In this case, the optimal proportion n; on the con-
trol depends both on the prior means and on the
prior variances. It can be shown that there are two
threshold values, F' and G, functions of §; and §,
only, such that if uy — u; < F, then n; = 1, and if
Mo — 1 > G, then n; = 0. Hence the optimal design
does not take observations on the new treatments
if the prior mean u, of the new treatment effect is
small compared with the prior mean of the control
effect u,. Similarly no observations are taken on the
control if u, is large compared to wy.

3.4 Hierarchical Form for the Prior Distribution

The use of a hierarchical normal linear model is
motivated by Lindley and Smith (1972). The basic
model consists of three stages. The first stage is the
sampling distribution, which is just the usual nor-
mal linear model with a vector of parameters 0, say,
as described in Section 2.1. The second and third
stages together are used to model the prior distribu-
tion for 0. The linear models of earlier sections are
obtained when the prior distribution is expressed
through one stage only. We now consider prior dis-
tributions specified in two stages. The distribution
of 0 at the first stage is expressed through a vector
of hyperparameters and a second stage is added to
specify the distribution of the hyperparameters.

For example, in the one-way analysis of variance
model, let the sampling distribution be such that
the y;; are independent and

yij|0i ~ N(6,, 02)

with 2 known. To represent the information that
-all the group effects 6, are similar, then the first
stage of the prior distribution is that, conditional
on some value u, the 6; are independent with mean
u, and with the same known variance 72; that is, the
f; are a sample from the same distribution 6, ~
N(u, 7%). The second stage of the prior distribu-
tion represents the uncertainty in u: for example,
u ~ N(0, »2). Then the marginal distribution of
the parameters 6; is such that the 0, are exchange-
able, but not independent. The 6,’s are positively
correlated, representing that they are believed to be
similar. Even if w? — oo, representing vague prior

knowledge, the distribution still retains a correla-
tion structure.

As Lindley and Smith (1972, page 7) remarked,
it is the type of experiment that often suggests the
specifications for the first stage of the prior that de-
scribe the relationship existing among the elements
of 6. At the second stage, knowledge is likely to be
weak, so it is natural to express this by assuming
a distribution for the hyperparameters that is dis-
persed. Under this type of prior distribution, the
marginal distribution of the data, y is formally that
of a random effects model rather than a fixed effects
model.

Under this hierarchical structure, the Bayesian
optimal design criteria derived from D-optimality
(4) and A-optimality (7) are different than under a
prior distribution set only in one stage. Relatively
little research has been done on design with a hier-
archical prior distribution and more work is needed
in this area.

3.5 Example 1 (Continued)

Assume again there is a control group and # — 1
treatment groups. The first stage of the prior dis-
tribution is such that, conditional on u; and u.,
the control effect is normally distributed with mean
w1 and variance 72, and the ¢ — 1 treatment effects
(ay, ag, ..., a;) are normal with a mean vector 1ug,
where 1 is a (¢ — 1) vector of ones, and a variance
matrix 721. The variances 72 and 72 are assumed
to be known. Let the prior distribution of u; and
o be flat and improper to represent that not much
is known about treatments and control, apart from
the fact that u,; and u, are thought to be different.
Collapsing the two stages gives a singular prior pre-
cision matrix o2R:

R o2 0 or
S @-Dnd|0@E-DI-J]|

where J = 117. The matrix R is such that the mean
of the control effect is independent of the mean ef-
fects of the new treatments, that the means of the
new treatments are exchangeable, but not indepen-
dent of each other, and that the prior distribution
is noninformative with respect to the control. The
symmetry built into this model is such that, for
any of the utility functions of Section 2, the opti-
mal proportions of observations on each new treat-
ment are the same, 7, say, with 0 < ny < (¢ —1)71,
and the proportion of observations on the control is
n=1-(—1)n,.

In this case too, different designs are gener-
ated from different utilities. When (4) is chosen,
for Bayesian D-optimality, and interest is on in-
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ference on either the vector 6 = (o, ay,...,a;)
or on the contrasts o; — a;, for i = 2,...,¢, the
optimal proportion of observations on the con-
trol n; can be expressed as a function of the ratio
8 = 0?/n72. When 8 — oo, the prior variance for the
new treatments is small compared with the error
variance o?/n. This implies that the new treat-
ments are believed to be very similar to each other
(which might often be the case in practice) and
limg_, o, 11(8) = 1/2. Hence half of the observations
are on the control and the rest are equally divided
among the new treatments. Intuitively, to com-
pare two independent treatments, the observations
would be divided equally between the two and this
is, essentially, the situation when 6 — oco. In con-
trast, if the prior variance for the new treatments
is large compared with o?/n, that is, § — 0, then
limg_ o 11(8) = 1/¢. Exchangeability in this case re-
duces to the new treatments being independent,
and all treatments (control and new) get an equal
allocation of observations.

The design derived from (7) is such that the A-
optimal proportion 7; also depends only on . When
8 — oo and the new treatment means are believed
to be very similar, then limy_,  1;(8) = 1/2. This
solution is the same found for D-optimality when
8 — oo. In fact, for this limiting case, all alphabeti-
cally optimal criteria coincide. In contrast, when the
new treatment means are independent, represented
by § — 0, we get again the square root rule given
in Section 3.2.

As mentioned in Section 1.2, let us consider now
a different experiment (Smith and Verdinelli, 1980)
where the prior means of each group are formed to
study the effects of increasing levels zq, 2y, ..., 2, of
a given drug. This experiment too can be modeled
by specifying the prior distribution in two stages.
At the first stage the prior means of each group
are on a response curve described by a low degree
polynomial. Hence

a;~ N(yo+ 712+ + 7,2}, 7°),

where i = 1,2,...,t, r < t. A straight line corre-
sponds to choosing r = 1 and a quadratic to r = 2.
At the second stage, the prior distribution for the
hyperparameters vy, v1,-- -, ¥, is chosen to be non-
informative, thus representing that the only knowl-
edge available is about the type of response surface,
not about its actual form. Deriving optimal designs
for this type of assumptions requires numerical
implementation.

Figure 1 shows how the D-optimal proportions
m; vary when 8 = o2/n7? increases, for equally
spaced z; and an orthogonal polynomial represen-
tation. The left-hand side of the figure shows D-

optimal proportions for seven groups (¢ = 7) and a
straight line at the first stage of the prior distri-
bution (» = 1). The right-hand side of the figure is
essentially the same, but the D-optimal proportions
are for nine groups (¢ = 9) and for a second degree
polynomial at the first stage of the prior distribu-
tion (r = 2). Note how the D-optimal proportions
in the groups behave consistently with the strength
of prior beliefs in the polynomial at the first stage,
as represented by the ratio § between sample and
prior variances. The optimal proportions of observa-
tions on the ¢ groups vary from the non-Bayesian
D-optimal design for the one-way model 7; = 1/t,
when 8 is small, to the non-Bayesian D-optimal de-
signs for the polynomial chosen when 8 is large. This
last case corresponds to assuming a strong prior
knowledge about the polynomial relationship for the
t groups, while not considering the one-way struc-
ture particularly relevant.

4. NONLINEAR DESIGN PROBLEMS
4.1 Introduction

Design is more difficult when the model is not lin-
ear or when a nonlinear function of the coefficients
of a linear model is of interest. Such problems are
referred to as “nonlinear design problems.” It will be
shown that the design problem can be formulated
as maximizing expected utility, but approximations
must typically be used because the exact expected
utility is often a complicated integral. Designs can
still be denoted by a probability measure n over the
design space 2" and the set of all such measures
will be denoted -#. The measures may be arbitrary
probability measures representing approximate, or
continuous, designs, or measures corresponding to
exact designs which have mass 1/n on n, not neces-
sarily distinct, points.

4.2 Approximations to Expected Utility

Most approximations to expected utility involve
using a normal approximation to the posterior dis-
tribution. Several normal approximations are pos-
sible (see, e.g., Berger, 1985, page 224) and involve
either the expected Fisher information matrix or the
matrix of second derivatives of the logarithm of ei-
ther the likelihood or the posterior density. The ex-
pected Fisher information matrix for a model with
unknown parameters 6, a design n and a sample
size of n is denoted by n.#(6, n). Note that the ma-
trix of moments M, used in the previous sections
on linear design, is a very special case of (0, 1),
where #(6, 1) does not depend on 6. For consistency
with the literature and to emphasize that .#(6, n)
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FiG. 1. Left: D-optimal proportions for k = 7 groups and a straight line at the first stage of the prior. Right: D-optimal proportions for
k =9 groups and a parabola at the first stage of the prior.
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is not necessarily a moment matrix, this separate
notation is used for linear and nonlinear problems.

Let 6 denote the maximum likelihood estimate of
6. One normal approximation might be

(12) 0ly,m ~ N(8, [n.7(8, )] ).

In (12) the posterior norma} approximation only de-
pends on the data through 6. An alternative approx-
imation is

13) 0ly,mn ~ N(6,[R+ns(6,n)] ),

where  now denotes the mode of the joint posterior
distribution of 6 (also called the generalized max-
imum likelihood estimate of 6 as in Berger, 1985,
page 133) and R is the matrix of second derivatives
of the logarithm of the prior density function or the
precision matrix of the prior distribution.

Several other approximations are possible, for ex-
ample, using the exact posterior mean and vari-
ance as the mean and variance of the approximat-
ing normal distribution or using the observed rather
than expected Fisher information matrix. Although
in specific problems there may be reasons to pre-
fer one approximation to another, and the observed,
rather than the expected, information matrix al-
most always gives a better normal approximation
to the posterior distribution, in general there is no
obviously best one to use. For design purposes the
expected Fisher information matrix is usually al-
gebraically much more tractable. Using approxima-
tions other than (12) and (13) is an area for future
research.

If, for illustration, Shannon information is the
choice of utility, then the expected utility U,(n) is
given by (4), as in the linear model. The utility
U,(m) is the exact expected utility, which involves
p(y|n), the marginal distribution of the data for a
design 7. As in the linear model,

p(yIn) = [ p(y16, n)p(6)do.

In most cases this marginal distribution of y must

also be approximated. When the posterior utility
only depends on y through some consistent estimate
. 6, a further approximation, of the same order as (12)
and (13), is to take the predictive distribution of 8
to be the prior distribution. Using this approxima-
tion together with (12) gives an approximate value
of Uy(m):

k

k

+ % / log det{n.# (0, n)} p(8) d6.

As in earlier sections U(-) will be used to denote
exact expected utility and ¢(-) a design criterion.

(14)

The constant terms and multiplier in (14) can be
dropped to give

(18)  1(n) = [logdet{n.# (9, n)}p(6) o

as a design criterion. Similarly the design criterion
derived using (13) gives

(16) ¢1p(n) = [logdet{n.#(6, n) + R}p(6) do.

Suppose now that the only quantity to be estimated
is a function of the coefficients g(6) and squared
error loss is appropriate, so that the utility is U,(+)
in (7). Define the k-vector ¢(6) to be the gradient
vector of g(6). That is, the ith entry of ¢(6) is

9g(0)

a0,
Then, using (12), the approximate expected utility
is

(18) da(m) = — [ (6)"{n.# (6, m)} 'e(6) p(6)db.

A slightly different approximation involving R is
given when (13) is used:

$ar(n) = — [ () {R+n.s(6, )}
-¢(6) p(6)dse.

Should more than one function of 6 be of inter-
est, the total expected loss is the sum of the ex-
pected losses for all the nonlinear functions. This
sum could be a weighted sum to represent some
functions being of more interest than others. If the
matrix A(0) is the sum, or corresponding weighted
sum, of the individual matrices ¢(6)c(6)7, then the
approximate expected utility is

(20) $o(m) = — [ tr{A(®)[nr (6, m)] '} p(6)db

with a similar expression involving the matrix R
if (13) is used. Criteria (15), (18) and (20) will be
referred to as Bayesian D-optimality, Bayesian c-
optimality and Bayesian A-optimality, respectively.

Clyde (1993a) suggested that because these
Bayesian design criteria are based on approximate
normality, it is appropriate to design to ensure that,
with high probability, the posterior distribution
is, approximately, normal. She suggested several
approaches, including maximizing the criteria dis-
cussed above subject to some constraints that help
ensure normality. The constraints she used are de-
veloped from the ideas of Slate (1991) and Kass
and Slate (1994), who gave diagnostics for posterior
normality. For small sample sizes the constraints
are active, but for large sample sizes posterior
normality is more likely and so the constraints
are typically satisfied by the design maximizing

17 ¢;(6) =

(19)
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the Bayesian criterion. She also looked at other
ways of combining the two objectives of maximiz-
ing approximate utility and attaining approximate
normality. Clyde (1995) illustrated these ideas for
a simple nonlinear regression example, and Clyde
and Chaloner (1995) gave a more general presenta-
tion. Hamilton and Watts (1985) and Pazman and
Pronzato (1992a, b) took a related non-Bayesian
approach.

Miiller and Parmigiani (1996) suggested estimat-
ing the exact expected utility using Markov chain
Monte Carlo methods, but the effectiveness of this
suggestion in specific problems has yet to be demon-
strated.

4.3 Bayesian Criteria

Some of the earliest papers putting design for
nonlinear models in a Bayesian perspective are
Tsutakawa (1972) and Zacks (1977). They both
used the matrix .#(6, n) in their design criteria.
Tsutakawa considered a one parameter logistic re-
gression with known slope coefficient and unknown
LD50, denoted by 6. The criterion he maximized
was the univariate case of (19), that is,

@) ¢(n) =~ [{R+ns (6. m}" p(6) db.

where the integrand is a scalar. Tsutakawa numeri-
cally found designs maximizing (21), restricting the
designs to equally spaced design points with equal
numbers of Bernoulli observations at each design
point. He gave the arguments of Section 4.2 to jus-
tify (19). In a later paper (Tsutakawa, 1980), he ex-
tended similar ideas to design for the estimation of
other percentile responses.

Zacks (1977) considered problems where the data
are to be sampled from an exponential family with
known scale parameter and where some function of
the mean is linear in an explanatory variable. This
class of generalized linear models includes quantal
response models and models for exponential life-

times. The Fisher information matrix has a com-"

mon form for these models, and Zacks considered
designs that maximize the expected value of the de-
terminant of .7 (6, ), that is,

(22)  ¢(n) = [ det{n.7 (6, m)} p(6)do.

Zacks examined several examples and also found
optimal multistage designs for quantal response ex-
periments. Note that the criterion in (22), unlike
(15), is not readily interpretable as an approxima-
tion to the expected utility (4).

A similar approach to that of Tsutakawa and
Zacks to design for nonlinear models, called “ro-
bust experimental design,” was developed in the

field of pharmacokinetics and biological modeling.
This was initially developed without mention of
any Bayesian motivation. These procedures are de-
scribed in Walter and Pronzato (1985, 1988) and
Pronzato and Walter (1985, 1987, 1988); see also
Landaw (1982, 1984). This work also relates to
work on dynamic systems as in Mehra (1974) and
Goodwin and Payne (1977).

In addition to using the criterion (22), Pronzato
and Walter also used several other criteria such as

23)  ¢(n) =~ [[det.#(6, m)]™* p(0) 9,
24  o(n)= det[/[f 9p(6)do, n]l

They also discussed and derived designs based on
minimax criteria.

There is a rich related literature, mostly non-
Bayesian, on design for complex pharmacokinetic
and biological models. A feature which makes these
methods different is that often allowances are
made for inter- and intrasubject variability. An-
other feature of such models that is often used is
nonconstant error variance. Further references can
be found in Launay and Iliadis (1988), Mallet and
Mentre (1988), D’Argenio and Van Guilder (1988),
Thomaseth and Cobelli (1988) and D’Argenio (1990).
With a few exceptions, such as Katz and D’Argenio
(1983), this important work is not in the main-
stream statistics literature, but in the scientific
literature of pharmacokinetics and mathematical
biology.

4.4 Local Optimality

A crude approximation to expected utility would
be to approximate the marginal distribution of 8 by
a one-point distribution. The one point would rep-
resent a “best guess.” This approach, known as lo-
cal optimality, has been used extensively in non-
linear design and is due to Chernoff (1953, 1962).
It is also used in the pioneering paper of Box and
Lucas (1959), where the important issues in design
for nonlinear regression were identified. Although
they used local optimality, Box and Lucas suggested
extending this by taking into account a prior distri-
bution on the parameter values. Draper and Hunter
(1967a) extend the work of Box and Lucas. White
(1973, 1975) showed how results from linear design
theory can be adapted to apply to local optimality in
nonlinear models, and she also derived locally opti-
mal designs for binary regression experiments.

As local optimality is a very crude approximation
to expected utility, it can be considered as being ap-
proximately Bayesian, although it is typically not
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justified in this way and is usually used in a non-
Bayesian framework.

The experimenter is required to specify a best
guess 6, for the unknown parameters 6. Local D-
optimality involves choosing the design 7 maximiz-
ing

(25) $10,(n) = det{# (6o, 1)}

for a fixed value 6,. Similarly, local c-optimality is
to choose 7 to maximize

b26,(m) = =€ (8)-7 (69, 1) 'e(6y)

26
26 = _trA(BO)‘/(009 77)71,

which can clearly be generalized to local A-
optimality. As in (18) and (19) the vector c(6,)
is the gradient vector of the function of interest,
evaluated at 6,. Typically e(6,) depends on 6, as
does the matrix A(6,) = e(6y)e(8y)”. If more than
one function of the parameters is of interest, then
the matrix A(6,) is the, possibly weighted, sum of
matrices corresponding to the individual functions.
The weights are the relative importance of each
nonlinear function. To our knowledge versions of
(25) and (26) involving the matrix R have not been
used.

4.5 Comparison of the Approximations

The various ways to approximate (1) presented
earlier and their implications will now be com-
pared. For Bayesian D-optimality and maximizing
Shannon information we compare criteria (15) and
(16) and, for Bayesian c-optimality and minimizing
squared error loss, (18) and (19). These criteria are
asymptotic approximations of the same order. Sev-
eral aspects do distinguish them. The criteria (16)
and (19) are distinguished in the following ways:

¢ They require the specification of R.

e They give optimal designs which depend on
the sample size. \

e They avoid technical problems using prior dis-
tributions with unbounded support where, for
a design with bounded support, .#(6, n) may
be arbitrarily close to being singular (as dis-
cussed in Tsutakawa, 1972).

The criteria (15) and (18), alternatively, are distin-
guished as follows:

e They can be interpreted as a procedure where
a different prior distribution will be used for
the analysis than was used in the design
stage. A noninformative prior distribution will
be used in the analysis, hence giving R identi-
‘cally zero, but all available prior information

will be used in the design process and an in-
formative p(6#) will be used to average over
in the integral. This echoes the idea given in
Tsutakawa (1972) of using different prior dis-
tributions for design and for analysis (see also
Etzione and Kadane, 1993).

e For similar reasons these criteria are appeal-
ing in a non-Bayesian framework where it is
accepted that prior information must be used
in design, but should not be used in the anal-
ysis. Indeed this is the motivation of Pronzato
and Walter (1985, 1987).

For these reasons we prefer (15) and (18) over (16)
and (19). However, note that for large sample sizes,
or for cases where the matrix R corresponds to im-
precise information, there will be very little differ-
ence between the two sets of criteria.

Versions of these criteria using the observed
rather than expected information matrix, or the
second derivative of the logarithm of the poste-
rior, do not appear to have been investigated and
might give better designs, especially for small sam-
ples. Similarly, not much is known in general about
how well these criteria, which approximate ex-
pected utility, perform empirically. For a special
case of Example 3, Atkinson, et al. (1993) showed
by simulation that the Bayesian criteria do well
empirically. Clyde (1993a) also presented some sim-
ulations. A recent paper by Sun, Tsutakawa and
Lu (1995) showed by simulation that the numeri-
cal approximation of Tsutakawa (1972) for design
in the one parameter logistic regression example is
remarkably accurate.

4.6 Discussion

Apart from the ideal approach of maximizing ex-
act expected utility precisely as in, say, (1), no single
approach can comfortably be labeled as the defini-
tive “Bayesian nonlinear design criterion.” The cri-
teria derived in this section are all approximations
to the ideal. This has not always been fully un-
derstood. For example, Atkinson and Donev (1992)
present “five versions of Bayesian D-optimality” in
their Table 19.1. They explain that (15) corresponds
to “pre-posterior expected loss,” but do not explain
that it is Shannon information as utility rather than
loss, and it is an approximation.

5. OPTIMAL NONLINEAR BAYESIAN DESIGN

5.1 Introduction

Chaloner (1987) and Chaloner and Larntz (1986,
1988, 1989) developed the use of criteria such as
those given by (15), which are the expectation over
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a prior distribution of a local optimality criterion.
We refer to such criteria as “Bayesian design cri-
teria.” These design criteria are concave on #, the
space of all probability measures on 2°. Subject to
some regularity conditions, an equivalence theorem
can be derived. The equivalence theorem was stated
by Whittle (1973) in the context of linear design
problems, but its application to nonlinear problems
was not then apparent and the regularity condi-
tions required for its use in the nonlinear case were
not stated; see also Lauter (1974, 1976) and Dubov
(1977). The theorem states that, in order to ver-
ify that a design measure is optimal, it is neces-
sary only to check that the appropriate directional
derivative at that design measure, in the direction of
all one point design measures, is everywhere non-
positive. A candidate optimal approximate design
can be found using numerical optimization, and the
theorem makes it easy to check whether the candi-
date design is indeed globally optimal over #.

The theorem applies to any criterion that is an av-
erage, over a prior distribution, of a local optimality
criterion concave on +#. Most of the criteria in com-
mon usage, including those given by (15), (16), (18),
(19) and (20), satisfy this condition.

For a criterion ¢(-) the derivative at a design mea-
sure m in the direction of another measure 7, is,
when the limit exists,

D(n, m.) = lim ~[${(1 — &)1 — en.} = b(n)]

The extreme points of &# are the measures putting
point mass at a single x in 2" and are denoted 7,.
The directional derivative of ¢(7n) in the direction
1, is D(7, n,) and is denoted d(7, x).

For example, for ¢(-) defined by (15) (Bayesian
D-optimality), the derivative is -

d(n, %) = [ [ tr #(6, m,)# (6, 1) p(6)d6] ~ I,

where % is the dimension of 6.

Regularity conditions that are sufficient for the °

equivalence theorem to hold are that there is at
. least one design 7 such that ¢(7) is finite, that ¢(7)
is continuous on # in some topology such as weak
convergence and that the derivatives d(7, x) of ¢(7n)
exist and are continuous in x.

The extension of Bayesian criteria to situations
involving nuisance parameters is straightforward
under the general approach of maximizing expected
utility. For Bayesian c-optimality and A-optimality
no extension is required because nuisance param-
eters are inherent in their definition. A Bayesian
D,-criterion and its corresponding equivalence the-
orem can also be easily derived.

Unlike in linear problems, the criterion function
¢(-) is not necessarily a concave function over a fi-
nite dimensional space and so the equivalence the-
orem does not provide any bound for the minimum
number of points in an optimal design. This is dis-
cussed in the following section.

5.2 Number of Support Points

In most non-Bayesian linear problems an upper
bound on the number of support points in an op-
timal design is available; see Pukelsheim (1993,
pages 188-189). For linear models deriving the
bound relies on the fact that the matrix M depends
only on the first few moments of the design mea-
sure  and Carathéodory’s theorem is used. The
D-optimality criterion in linear models typically
leads to an optimal number of support points that
is the same as the number of unknown parameters
and the design takes an equal number of obser-
vations at each point (see Silvey, 1980, page 42,
and Pukelsheim, 1993, Section 9.5, for polynomial
models).

Designs on a small number of support points
are easy to find and their theoretical properties
are readily examined. They are not very appeal-
ing in practice, however, because they do not allow
for checking the model after the experiment is
performed.

The bound also applies to most local optimality
criteria and Bayesian criteria for linear models (see,
e.g., Chernoff, 1972, page 27, and Chaloner, 1984).
In contrast, for nonlinear models there is no such
bound available on the number of support points.
Although the criteria are concave on #, the space
of probability measures, they are not concave func-
tions on a finite dimensional moment space and so
Carathéodory’s theorem cannot be invoked.

Chaloner and Larntz (1986, 1989) gave the first
examples of how the number of support points in an
optimal Bayesian design increases as the prior dis-
tribution becomes more dispersed. They found that,
for prior distributions that have support over a very
small region, the Bayesian optimal designs are al-
most the same as the locally optimal design and
they have the same number of support points as
the number of unknown parameters. For more dis-
persed prior distributions, there are more support
points. This is a useful feature for a design because
if there are more support points than unknown pa-
rameters, the model assumptions can be checked
with data from the experiment. This is discussed
further in Section 8.5.

Other examples of Bayesian nonlinear designs
where the number of support points is not fixed can
be found in Atkinson and Donev (1992), O’Brien and
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Rawlings (1994a, b, 1996), Ridout (1995), Chaloner
(1993) and Atkinson et al. (1993).

5.3 Exact Results ‘

For local optimality there are several papers
deriving closed form expressions for designs: see,
for example, White (1975), Kitsos, Titterington
and Torsney (1988), Ford, Torsney and Wu (1992)
and Wu (1988). For a particular value of the un-
known parameters the problem often reduces to an
equivalent linear problem.

Finding optimal Bayesian designs algebraically is
much harder, and thus implementing Bayesian de-
sign criteria requires that designs be found by nu-
merical optimization. Exceptions to this are simple
special cases: these cases are not very useful in prac-
tice, but they give insight into properties of the op-
timal designs for more realistic and practical situa-
tions. Exact, algebraic results are quite difficult to
derive because none of the tools from local optimal-
ity is very helpful.

In Chaloner (1993), for example, in a one param-
eter problem, with prior distributions with only two
support points, it is possible to examine exactly
how the transition from a one-point optimal design
to a two-point optimal design occurs as the prior
distribution is changed. Mukhopadhyay and Haines
(1995), Dette and Neugebauer (1996a, b), Dette
and Sperlich (1994) and Haines (1995) all consid-
ered some nonlinear regression problems involving
an exponential mean function, and gave conditions
under which the optimal design is of a particular
form. Loosely speaking these results can be gen-
eralized to say that if the prior distribution is not
too dispersed and does not have heavy tails, then
an optimal Bayesian design has the same number
of support points as there are unknown parame-
ters. Haines (1995) gave an insightful geometric
interpretation of this and demonstrated how, for
a prior distribution with finite support, the prob-

lem reduces to a particular convex programming -

problem.

" 5.4 Design Software

It is clear that if Bayesian designs for nonlinear
problems are to be used in practice, then software
must be readily available. Chaloner and Larntz
(1988) describe such software for logistic regres-
sion. These are menu driven FORTRAN programs
that are easy to use and compile and are avail-
able from the authors by email. A more powerful
and flexible Bayesian design system is the object-
oriented environment of Clyde (1993b), developed
within XLISP-STAT (Tierney, 1990). This system

enables both exact designs and approximate de-
sign measures to be easily found for both linear
and nonlinear problems. Locally optimal designs
and non-Bayesian linear designs can also be found
as a special case of Bayesian designs. The system
also allows for constraints in the optimization pro-
cess as suggested in Clyde (1993a). This powerful
software environment is a little difficult to use ini-
tially but can be easily adapted to solve a multitude
of design problems and makes Bayesian design a
very practical reality. The availability of this soft-
ware makes it straightforward to derive designs
for a variety of prior distributions, model assump-
tions and criteria and so examine robustness. The
software is available from the author (by email)
and requires the NPSOL FORTRAN library of Gill
et al. (1986) to be loaded. Documentation, installa-
tion and availability by ftp are described in Clyde
(1993b).

Warner (1993) describes some other software,
which we have not examined, using the Gibbs
sampler.

When software provides a continuous (approxi-
mate) design and an exact design is required, then
Pukelsheim and Rieder (1992) and Pukelsheim
(1993, Chapter 12) can be consulted for procedures
rounding continuous design measures to exact
designs.

5.5 Sequential Design

In any design problem an optimal sequential de-
sign procedure must be at least as good as a fixed
design procedure. In most linear design problems,
however, both Bayesian and non-Bayesian, the opti-
mal sequential procedure is the fixed, nonsequential
procedure. There is nothing to be gained by design-
ing sequentially. This is easily seen when the error
variance o2 is known: the posterior utility depends
on the design 7, but does not depend on the data
y. For the case when ¢? is unknown it is not so
clear. For A-optimality and ¢ unknown with a con-
jugate prior distribution, the analysis of Section 2.5
shows that there is nothing to be gained by sequen-
tial design in this case. For other linear problems it
is unclear whether sequential design is better. For
nonlinear problems the posterior utility clearly de-
pends on the data y, or a function of y such as 6, and
there should be a gain from choosing design points
sequentially.

Sequential design, however, may be unrealistic in
practice. Consider for illustration the experiments
of Example 2 done in the University of Minnesota
laboratory. Theoretically the dose for each one of
the 60 animals could be decided upon one at a time
and the extensive statistical literature on sequen-
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tial design of binary response experiments could be
consulted (see, e.g., Wu, 1985). However, in practice
the following problems arise:

1. Because death over the seven days following
injection of the drug is the response, the ex-
periment would be prolonged from a total of
seven days to many months.

2. Time trends or seasonal effects may be intro-
duced if the experimental conditions change
over time. Similar animals might not always
be available and the drugs deteriorate over
time.

3. The probability of error in doses and calcu-
lations is increased when 60 calculations are
done to determine the next dose. A nonsequen-
tial procedure is easily implemented and re-
quires less training of laboratory staff.

Several powerful sequential Bayesian design pro-
cedures have been developed: see, for example
Berry and Fristedt (1985), who reviewed the ex-
tensive work in bandit problems, and Kuo (1983),
who develops procedures for nonparametric binary
regression. Freeman (1970) solved the Bayesian se-
quential design problem exactly for a very small
and simple binary regression experiment. We do
not attempt to review this work here.

Batch sequential procedures rather than fully se-
quential procedures (as in Zacks, 1977, and Ridout,
1995) might prove to be more practical. There is
a practical concern, however, that the experimen-
tal conditions from one batch to the next might be
different.

5.6 Discussion -

Whatever criterion is used, Bayesian or non-
Bayesian, prior information must be considered for
nonlinear design because, unlike in a linear model,
the posterior utility of a design depends on the
data. An experimenter may be willing to specify an

informative prior distribution (or, equivalently, a.

predictive distribution for the data) in designing the
experiment, but may prefer to use a noninformative
prior distribution for inference.

6. SPECIFIC NONLINEAR DESIGN PROBLEMS
6.1 Binary Response Models

Tsutakawa (1972, 1980), Owen (1975), Zacks
(1977), Chaloner and Larntz (1989), Flournoy (1993)
and Clyde, Miiller and Parmigiani (1995, 1996) all
use Bayesian design ideas in binary regression mod-
els. These models are important and have many
applications in toxicology and reliability studies.

They are also interesting from a design perspec-
tive because they are so very different from linear
regression models.

Consider, for example, a simple linear regression
model and a closed design interval 2". It is straight-
forward to show that the linear D-optimal design,
under a vague prior distribution, is to take half the
observations at one extreme of the interval and the
other half at the other extreme. In contrast, con-
sider a binary regression with a binary response
variable which is “success” or “failure.” Suppose
that the probability of success near one extreme
of the design interval 2" is close to 0 and at the
other extreme it is close to 1. A design that puts
all observations at the two extremes of 2" would be
very inefficient. There would be a good chance that
the experiment will yield no useful information: all
the responses at the high value of x might be suc-
cesses and all the responses at the other value of x
might be failures. In this case, the likelihood has no
well defined mode and the experiment is not very
informative.

It can be shown that the support points of the
Bayesian D-optimal design for a binary regres-
sion are spread throughout the interval 2" and,
as the support of the prior distribution gets wider,
the number of support points of the optimal de-
sign increases. Good designs for binary regression
problems have, therefore, properties quite different
from good designs for linear regression problems.

6.2 Example 2 (Continued)

Recall Example 2 where the University of Min-
nesota laboratory performed many logistic regres-
sion experiments on several different drugs and bi-
ologic material.

For one particular drug under study, 54 similar
experiments were performed. The drug was at one of
several concentrations (120, 121, 122 or 124 mg/ml),
and a similar design was used for each of the 54 ex-
periments. The design was a design of six equally
spaced doses of 2.5, 3.0, 3.5, 4.0, 4.5 and 5.0, with
10 mice exposed to each dose. Sixty animals were
used in each experiment. Sometimes less than 60
animals were available in which case less than 10
animals were exposed to the highest dose. The re-
sponses measured were the number of surviving
mice, usually seven days after being given the dose.
Estimates of the LD50 were calculated for each ex-
periment and these estimates range from 3.2 to 4.2
and the slopes range from about —4.0 to —1.5. The
LD50’s were used to estimate the potency of each
batch of drug.

The design does not correspond to any locally op-
timal design, because a locally optimal design has
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two dose levels only, with half of the animals at each
dose.

Could Bayesian design ideas have been useful in
this example? To examine this question the set of 54
estimates can be used to construct a prior distribu-
tion to design future experiments. The 54 estimates
can be thought of as a sample from a distribution
of possible values that might be encountered in fu-
ture experiments. A prior distribution was therefore
constructed where the LD50 and the slope both have
independent Beta distributions, Beta(4, 4), and the
LD50 lies between 3.2 and 4.2 and the slope lies
between —4.0 and —1.5. This prior distribution rea-
sonably reflects the sample and has, approximately,
the same first two moments as the sample. It re-
flects the actual values obtained in the experiments
performed. Before the experiments were performed
a more realistic prior distribution might be one rep-
resenting more uncertainty and so a second prior
distribution was constructed which is uniform on
the same interval.

For the independent Beta(4, 4) distributions the
Bayesian ¢q-optimal design for minimizing the
posterior variance of the LD50 is easily found us-
ing the software of Chaloner and Larntz (1989) or
Clyde (1993b). It is a four-point design, symmetric
around the prior mean for the LD50 of 3.6, and it
takes observations at 3.07, 3.47, 3.73 and 4.13 with
weights 0.30, 0.20, 0.20 and 0.30, respectively. The
design points are not equally spaced. Under this
prior distribution, the design actually used in the
lab, with an equal number of animals at each of
six equally spaced doses between 2.5 and 5.0, has a
¢q-criterion value 1.52 times that of the ¢,-optimal
design. A five-point design obtained by omitting
the highest dose of 5.0 from the six-point design
and dividing the 60 animals equally between the
remaining five doses has a criterion value of 1.29
times that of the optimal value. If the lowest dose
in the five-point design is also omitted and the an-
imals are equally divided between the remaining
four doses of 3.0, 3.5, 4.0 and 4.5, the criterion value
is 1.13 times that of the optimal value. Thus, if the
Beta(4, 4) distributions reflected the experimenters’
beliefs well, if they were willing to use the opti-
mal Bayesian design, they could have reduced the
variability of their estimates considerably. If they
wanted to use equally spaced doses at convenient
values spaced 0.5 units apart and include integer
values, they could have gotten very close to an op-
timal Bayesian design using a four-point design by
omitting the two extreme design points.

The Beta(4, 4) prior distributions correspond to
quite accurate knowledge of values to expect and
so, for further illustration, consider the prior distri-

bution that is uniform over the same interval. This
prior distribution might have represented beliefs be-
fore the experiments were done. In this case the op-
timal design is a five-point design, again centered
at 3.6 units, taking observations at 2.78, 3.21, 3.6,
3.99 and 4.42 with weights 0.28, 0.15, 0.14, 0.15 and
0.28, respectively. Although the points are almost
equally spaced, there is more mass at the extremes
than at the center points. The equally spaced, equal
weight designs considered earlier are amazingly ef-
ficient for this prior distribution. The six-point de-
sign used by the experimenters with equal weight
at 2.5, 3.0, 3.5, 4.0, 4.5 and 5.0 has a criterion value
1.13 times that of the optimal value; the five-point
design with equal weight at 2.5, 3.0, 3.5, 4.0 and 4.5
has a criterion value 1.02 times that of the optimal
one; and the four-point design with equal weight at
3.0, 3.5, 4.0 and 4.5 has a criterion value 1.08 of the
optimal value.

If the expectations of the experimenters could be
reasonably represented by the uniform distribution,
then the design they used is close to the Bayesian
optimal design. This example has, therefore, not il-
lustrated that Bayesian design could have greatly
improved efficiency of estimation in this laboratory,
but rather that what they were doing may well have
been close to being optimal in a Bayesian sense.

6.3 Nonlinear Regression Models

In a nonlinear regression model, the mean of a

- normally distributed response variable y is related

to explanatory variables x by a nonlinear function
f(x,6). That is, for i = 1,...,n, we have y;, =
f(x;, 0)+e;. The errors e; are independent and nor-
mally distributed with mean zero and variance o?.
The expected Fisher information matrix for these

models depends on the gradient vector g(x, 6) and is
n
ns(6,m) =3 g(x;, 0)g" (x;, 0)-
i=1
Design for nonlinear regression models has recently

‘received considerable attention and Bayesian cri-

teria, such as ¢;- and ¢,-optimality, have been
influential. Pronzato et al. (1989), Huang, Walter
and Pronzato (1991) and Atkinson et al. (1993)
focused on compartmental models and found de-
signs numerically. As did Chaloner and Larntz
(1986, 1989), these authors all noted that as the
prior distribution becomes more dispersed the num-
ber of support points typically increases. Chaloner
(1993), Mukhopadhyay and Haines (1995), He,
Studden and Sun (1996), Dette and Neugebauer
(1996a, b) and Dette and Sperlich (1994) all ex-
amine simple special cases and prove optimality
analytically.
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The important paper by Haines (1995) is quite
different and introduces some novel geometric in-
terpretations of Bayesian optimal designs and
also identifies several parallels between optimal
Bayesian design and other areas. The paper by
Dette and Sperlich (1996) is also noteworthy be-
cause it uses an expansion of the Stieltjes transform
of the design measure. The result provides a dif-
ferent perspective on the numerical optimization
problem and gives valuable examples.

6.4 Example 3 (Continued).

Example 3 is a case of design for nonlinear re-
gression. The design problem is to choose times at
which to take blood samples to measure the level
of a drug. The experimenter used an 18-point de-
sign with the observations approximately equally
spaced in the logarithm of time. The 18-point de-
sign takes one observation at times (in hours) 0.166,
0.333, 0.5, 0.666, 1, 1.5, 2, 2.5, 3, 4, 5, 6, 8, 10, 12,
24, 30 and 48. Atkinson et al. (1993) constructed
Bayesian optimal designs under two prior distribu-
tions suggested by the data. They also constructed
locally optimal designs. Under each prior distribu-
tion separate ¢y-optimal designs were constructed
for estimating each of the three functions of interest
[the area under the expected response curve (AUC),
the time to maximum concentration or ¢,,, and the
maximum concentration c;,.]. One of the two prior
distributions is such that 6; has a uniform distri-
bution on 0.05884 + 0.04 and, independently, 6, has
a uniform distribution on 4.298 + 4.0: the parame-
ter 03 is taken to be point mass at 21.80. For this
prior distribution the 18-point design used by the
experimenter is actually fairly efficient for estimat-
ing these three quantities.

Specifically denote 75 to be the 18-point design
and 7, to be the ¢,-optimal design for estimating
tmax under this prior distribution. The ¢,-optimal
design 7, is a five-point design with masses 0.29,
0.29, 0.15, 0.22 and 0.06 at times 0.25, 0.94, 2.8,
8.8 and 24.7. The ratio ¢4(n13)/d2(n;) is only 1.3,
which means that the 18-point design is fairly effi-

. cient for estimating ¢,,,,, with arr expected posterior
variance of t,,, of only 1.3 times the best possi-
ble value. For estimating c,,,, the optimal design
minimizes an appropriate ¢,-criterion and is de-
noted 7. This is also a five-point design with mass
0.10, 0.36, 0.32, 0.16 and 0.06 at times 0.37, 1.1, 2.4,
6.1 and 24.1. The ratio ¢4(7n15)/P2(n.) is 1.4. Again
the 18-point design is fairly efficient. For AUC the
corresponding ¢,-optimal design is a four-point de-
sign putting mass 0.01, 0.03, 0.26 and 0.70 at times
0.29, 1.7, 13.1 and 39.6 and the corresponding ratio
of criteria is 3.2, and so the 18-point design is not

as efficient for estimating the AUC as it is for ¢,
and cp,- Atkinson et al. (1993) showed that un-
der this prior distribution it is possible to improve
on the 18-point design, but not by much. The AUC
was found to be not well estimated under any de-
sign except one specifically designed to estimate it.
Designs efficient for the AUC are very inefficient
for estimating ¢, and ¢, If there is very precise
prior information, however, or if the area under the
curve is of primary importance, the 18-point design
can be improved upon considerably using Bayesian
design.

So, interestingly, this is a similar situation as
Example 2, in that it may well be that what the
experimenters were doing in practice was close to a
Bayesian optimal design.

6.5 Sample Size for Clinical Trials

Sample size calculations are especially important
in the design and planning of clinical trials to com-
pare two or more different treatments. The primary
non-Bayesian approach is to specify the magnitude
of the effect that the trial should be able to de-
tect and choose the sample size to give a required
power for a hypothesis test at that alternative. It
is usually recommended to make allowances for pa-
tients who do not take their assigned medication
(noncompliance) and patients who take a different
medication than assigned (switchover). This is de-
scribed, for example, in Lakatos (1988), Dupont and
Plummer (1990) and Wu, Fisher and DeMets (1980).
Several computer programs are available to imple-
ment variations on these methods.

A partially Bayesian approach to this problem
is given in Spiegelhalter and Freedman (1986),
who used a prior distribution, as an approxima-
tion to a predictive distribution, to average over the
power. Berry (1991) described a Bayesian approach
for a very simple situation using dynamic pro-
gramming and sequential updating. Achcar (1984)
looked at Bayesian calculations of sample size when
sampling from a single Weibull distribution. A com-
pletely Bayesian approach is advocated in Brooks
(1987), who considered the expected gain in infor-
mation from a two-group experiment with Weibull
lifetimes. He dealt with the sample size, the pro-
portion of observations in each group, the length
of time to accrue patients and how long to follow
them. He obtained some closed form expressions
for the gain in Shannon information under normal
prior distributions for the unknown parameters
and also made some approximations. Some of these
calculations are similar to Brooks (1982), where he
discussed the information lost, for exponential life-
times, when censoring is present. Sylvester (1988)
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examines the sample size for a phase II clinical trial
using Bayesian decision theory when the responses
are Bernoulli.

These Bayesian approaches appear not to have
been used much in practice. Perhaps this is because
they fail to account explicitly for noncompliance
and switchover or perhaps this is because there
are no freely available computer programs to make
these methods accessible. For non-Bayesian solu-
tions, Shih (1995) described a SAS macro computer
program that implements the method of Lakatos
(1988).

6.6 Other Sample Size Problems

Deciding on the sample size n of an experiment
is always part of design. DasGupta and Mukhopad-
hyay (1994) take a Bayesian approach to the choice
of sample size for a sample from a single normal
distribution with a conjugate normal prior distri-
bution. They define criteria which make the sam-
ple size robust to the future data. DasGupta and
Vidakovic (1994) take a Bayesian approach to sam-
ple size choice for hypothesis testing in the one-way
analysis of variance model of Example 1, where hy-
pothesis testing is the purpose of the experiment.
They also give Mathematica code for their method.

There are opportunities for further research in
this area for more general, nonnormal models; see
DasGupta (1995).

6.7 Design Problems in Reliability
and Quality Control

DeGroot and Goel (1979) considered a Bayesian
approach to designing studies of exponential life-
times where experimental units may, or may not,
be subject to an increased stress and where units
may be subject to a high stress, if they do not fail
in a specified period of time under a low stress. De-
Groot and Goel call this tampering. They derived
exact Bayesian optimal designs under particular
loss functions and costs. DeGroot and Goel (1988)
is a review of this work and appeared in a volume
edited by Clarotti and Lindley (1988) devoted to
Bayesian analysis and design in reliability. This
volume also contains other relevant papers; for ex-

" ample, the chapter by Barlow, Mensing and Smiriga
(1988) discusses influence diagrams and their use
in optimal design.

Chaloner and Larntz (1992) took the approach
described in Section 4.2 to derive Bayesian opti-
mal designs for accelerated life testing where the
lifetimes have either Weibull or lognormal distribu-
tions and the length of time available for the experi-
ment is fixed. Their methods are extended in Naylor
(1994). Verdinelli, Polson and Singpurwalla (1993)

discussed Bayesian design for accelerated life test-
ing experiments where prediction is the goal. They
used Shannon information in (9) as utility and con-
sidered the case where the lifetimes have a lognor-
mal distribution. Mitchell and Scott (1987) also de-
signed to maximize Shannon information in a group
testing experiment: they provided free software for
their method.

Verdinelli and Wynn (1988) examined some as-
pects of keeping an expected response on target,
which is an important problem in the Taguchi ap-
proach to design. They proposed, as a Bayesian al-
ternative to non-Bayesian methods, to set the pre-
dictive mean at the target value and to minimize
the predictive variance.

Atkinson and Cook (1995) find Bayesian D-
optimal designs for linear models with het-
eroscedastic variance. A major potential application
is for experimental design for quality control.

6.8 Large Computer Experiments

Some exciting recent developments have occurred
in applying ideas from optimal design to the prob-
lem of choosing the values at which to run a large
deterministic computer model. The situation can
be thought of as having a response surface which
is known to be smooth but its general form is un-
known and the values of the response surface can
be determined without error. Sacks, Welch, Mitchell
and Wynn (1989) review this work. Recent ad-

* vances are described in Welch, Buck, Sacks, Wynn,

Mitchell and Morris (1992), Morris, Mitchell and
Ylvisaker (1993) and Bates, Buck, Riccomagno and
Wynn (1996). Much of this work involves sequen-
tial design, but non-sequential design has also been
found helpful as in Currin, Mitchell, Morris and
Ylvisaker (1991). A Bayesian formulation of the
problem has proved fruitful. Rather than attempt
to review this work here the reader is referred to
the above references. This important problem has
unique aspects.

6.9 Other Nonlinear Design Problems

Ridout (1995) applied Bayesian design ideas to
a seed testing experiment similar to the dilution
assay problem. Parmigiani (1993) and Parmigiani
and Kamlet (1993) used Bayesian decision theory
to study the design problem of when to screen for
disease and applied this to breast and cervical can-
cer screening. They presented a powerful case for
the use of Bayesian methods in these types of de-
signs and decision making.

Parmigiani and Berry (1994) examined several
problems using the exact expected utility, as cal-
culated by (1), for clinical design problems. They
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mainly consider exponential or binomial responses
with conjugate prior distributions. Lad and Deely
(1994) also do exact calculations for a simple deci-
sion problem and elicit prior probabilities and utili-
ties directly.

Apart from Draper and Hunter (1966, 1967b) lit-
tle research has been done in using Bayesian design
for multivariate response models, either linear or
nonlinear. Draper and Hunter developed and used
a criterion similar to (16), where a prior precision
is incorporated into the criterion. In their examples
they either used a prior estimate for the nonlinear
parameters, similar to local optimality, or they used
sequential design. It is a potential area of research
to use criteria which more closely approximate ex-
pected utility in the multivariate response case.

7. NONLINEAR ESTIMATION WITHIN
A LINEAR MODEL

7.1 General Problem

When a nonlinear function of the regression co-
efficients in a linear model is of primary interest,
then the expected utility cannot be calculated ex-
actly and the problem has more in common with
nonlinear design than with linear design. Asymp-
totic approximations similar to those in Section 4.2
can be used to give design criteria.

Assume that the model is as in Section 2 and that
a nonlinear function of the parameters g(0) is of
interest. Define the k-vector ¢(#) to be the gradient
vector of g(6#) as in (17). Approximations similar
to those in Section 4.2 give a squared error loss of
either

a2e(0)T(nM)e(0)
or
o2e(0)T(nM + R) e(h),

where R is either the prior precision matrix or the
matrix of second derivatives of the prior distribu-
tion. As in Section 4.2, the criteria

by = /(rZC(())T(nM)‘lc(H) p(0, 0)dodo
and
bop = /0’2(5(6))T(R +nM)le(9) p(0. 0)dodo

can be expressed as a form of A-optimality.
That is, the design 7 should be chosen to min-
imize either tr AM~! or trA(R + nM) ! with
A = E[c?c(8)c(8)T], the expectation being over
the prior distribution of 6. If more than one non-
linear function of 6 is of interest, say g;(¢) for
i = 1,...,m, then the matrix A is the sum, or

possibly the weighted sum, of individual matrices
E[o%¢c;(0)c;(0)T]. Note, however, that unlike the
case for the usual linear A-optimality it should
be possible to get a better design by choosing the
design points sequentially.

One such design problem is that of estimating the
turning point in a quadratic regression. This prob-
lem is discussed in Mandal (1978), Buonaccorsi and
Iyer (1984, 1986), Buonaccorsi (1985) and Chaloner
(1989). Buonaccorsi and Iyer (1986) also examined
several other problems involving design for the ra-
tio of the coefficients in the linear model. A special
case of estimating such a ratio is the calibration
problem where n independent observations y; are
taken from a simple linear regression model. That
is,

Y =0+ 01x; + ey,

where e;,i = 1, ..., n, are normally distributed with
mean zero and variance o2. There are n observa-
tions y and an (n + 1)st observation y,_; for which
it is required to estimate the corresponding value
of x,,1. One solution is to estimate the nonlinear
function g(0) = (¥,.1 — 6y)/6;. Buonaccorsi and
Iyer (1986) discussed design for this problem using
both local optimality and Bayesian A-optimality. A
different but related Bayesian approach was taken
in Barlow, Mensing and Smiriga (1991), who put a
prior distribution on x,, ;.

7.2 Turning Point Example

As in other nonlinear design problems the usual
non-Bayesian approach to these problems is to use
the local optimality approach of Chernoff (1953).
The problem of estimating the turning point in a
quadratic regression will be used to illustrate an
important limitation of local optimality. This exam-
ple is used to illustrate non-Bayesian nonlinear de-
sign in Ford and Silvey (1980) and Ford, Tittering-
ton and Wu (1985) and Bayesian nonlinear design
in Chaloner (1989).

Suppose that the expectation of the response y
at x is 6, + 0,x + 0,x%. Then the turning point is
g(0) = —6,/(26,). Define ¢(6) to be the gradient
vector (0, 1/(26,), 0,/(262))”. The asymptotic vari-
ance of the maximum likelihood estimator of g(6)
is then

(27) no?c(0)T M~ 1e(0)

withnM =n Zle 7n,%;x! defined in Section 1. Local
optimality requires a best guess for 0, say 6,. The
value of 6, is substituted into (27) and the design
7 is chosen to minimize (27). Suppose now that ob-
servations x; can be taken anywhere in the interval
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[-1, 1] and that g(6,) = 1/2 is the best guess value
to be used for local optimality. It is straightforward
to show that the locally optimal design takes half
the observations at x = 1 and half at x = 0, giving
nM as a singular 3 x 3 matrix of rank 2. The two
design points x = 1 and x = 0 are two points where
the expected value of y is equal and the turning
point x = g(0) is halfway between these two points.
If this experiment were to be carried out, using no
prior information in the estimation process, then it
is clearly impossible to fit a quadratic regression to
two data points and estimate the turning point. The
locally optimal design is therefore useless for prac-
tical purposes.

The above illustrates the general point that the
locally optimal design for cases of nonlinear esti-
mation within a linear model can lead to a ma-
trix nM which minimizes (27) but is singular, and
in this case the quantity of interest g(8) may not
be estimable. This is different from the linear c-
optimality case where, although the optimal design
may give a singular matrix nM, the contrast of in-
terest ¢7 0 is always estimable.

8. OTHER DESIGN PROBLEMS
8.1 Variance Components Models

Designs for the estimation of variances are impor-
tant in quality control research. Anderson (1975),
for example, reviewed this topic. More recently
Mukerjee and Huda (1988) examined optimality
and Giovagnoli and Sebastiani (1989) considered
the design problem when both the variance com-
ponents and the fixed effects are of interest. The
approach has always been to use local optimality
until the recent paper of Lohr (1995), who looked at
a Bayesian approach to design. She used Bayesian
D- and A-optimality for the estimation of the vari-
ance components or the sum or their ratio. She
gave conditions under which a balanced design is
optimal and showed the optimality of a balanced
design under a large class of prior distributions. In
the context of hierarchical models with unknown
, variance components for multicenter clinical tri-
als, Stangl and Mukhopadhyay (1993) also used
Bayesian methods for design.

8.2 Mixtures of Linear Models

Léuter (1974, 1976) proposed a design criterion
that is an average of design criteria, the average
being over a number m of models. She used a cri-
terion ¢(n) = X°; w;¢;(n), where, for example,
¢i(n) is the D-optimality criterion under the ith of
m candidate models. The weight w; on the ith model
is the prior probability on that model. Cook and

Nachtsheim (1982) applied such a criterion to de-
sign for polynomial regression when the degree of
the polynomial is unknown. The criterion ¢(n) that
they used was based on A-optimality for predict-
ing the response over the design interval. For the
ith model and a design n the variance of the pre-
dicted mean response over the design interval is
proportional to tr A;M~!, where A, is a specified
matrix. This criterion is sometimes referred to as Q-
or L-optimality. However, rather than average the
A-optimality criteria directly, Cook and Nachtsheim
averaged efficiency criteria. Specifically, let n; be the
A-optimal design for the ith model, i = 1, ..., m, for
minimizing the variance of prediction over the de-
sign region, and let M; be the information matrix
for the ith model. Then they maximized

o trA;Mi(n)7!
Y= L G My
They gave a number of numerical examples using
this criterion to predict the uranium content of a
log.

These ideas are similar to those of Bayesian
nonlinear design although the motivation of Cook
and Nachtsheim is not Bayesian. This is apparent
through their use of average efficiency: it is unclear
how this corresponds to maximizing expected util-
ity. A Bayesian approach, with squared error loss,
would argue for an averaging of the A-optimality
criteria directly rather than their efficiencies. In
other words, a Bayesian approach would use the
criterion

B(m) = — 3. witr A, M (m),

i=1

Similarly in using D-optimality averaged over
a collection of models, it is unclear, unless util-
ity is considered, whether to average ¢,(n) =
logdet(M;) or ¢;(n) = det(M;), or ¢;(n) =
Jdet(M;) or perhaps an efficiency measure,
like that of Cook and Nachtsheim, such as
$(n) = det[ M,(n)]/ det[M;(n,)], where n; is the D-
optimal design for the ith model. From a Bayesian
perspective of maximizing expected utility, how-
ever, the answer is clear: expected utility should be
maximized, not expected efficiency.

An excellent summary of the mathematics of such
criteria and how the general equivalence theorem
can be applied is in Pukelsheim (1993, pages 286—
296). Dette (1990) gave some general results for D-
optimality and polynomial regression. Dette (1991,
1993, 1996) used mixtures of Bayesian linear model
criteria involving the prior precision matrix. He also
derived a version of Elfving’s (1952) theorem for this
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case. Dette and Studden (1995) provided further re-
sults characterizing the optimal design in terms of
its canonical moments. Haines (1995) gave further
geometric insight into such criteria.

8.3 Design for Model Discrimination

In an experiment where several models are com-
pared, in order to select one of them, a number
of non-Bayesian approaches to design have been
suggested. Usually a method for discriminating be-
tween models and a method for estimating the pa-
rameters within each model are combined. These
procedures are reviewed in Pukelsheim and Rosen-
berger (1993), who also provide valuable insight into
the mixture criteria of the previous section and sug-
gest a number of ways to design for a number of si-
multaneous objectives; see also Ponce De Leon and
Atkinson (1991).

Spezzaferri (1988) presented a Bayesian approach
to design for choosing between two linear models
and to design with the dual goal of model selec-
tion and parameter estimation. He used the utility
function in (5) of Section 2.2 for both problems. For
discriminating between two models, the design cri-
terion he derived leads to minimizing the expecta-
tion of the posterior probability of one model when
the other is assumed to be true. In the case of mul-
tivariate normal nested models, when using diffuse
prior information, this criterion is the same as non-
Bayesian D-optimality for testing the hypothesis
6, = 0, where 6, is the subvector of extra param-
eters in the larger model (see, e.g., Atkinson, 1972).

For the dual purpose of model discrimination and
parameter estimation for two nested normal linear
models, Spezzaferri showed that the optimality cri-
terion using utility (5) is given by the product of
two factors. One is the determinant of the infor-
mation matrix of the smaller model. The other fac-
tor is the expectation of the posterior probability of
the smaller model, when it is assumed to be true.

The optimal design for discrimination and estima-

tion maximizes the product of these factors.
8.4 Constrained or Weighted Criteria

. When several criteria are thought to be relevant,
a weighted average of several criteria might be
used. A linear combination of utility functions is a
utility function, so this approach falls within the
general approach of maximizing expected utility. An
alternative approach is to optimize a primary crite-
rion subject to having at least a specified efficiency
under each of several secondary criteria. For the
special case of linear regression models with only
two criteria, Cook and Wong (1994) showed that
for every weighted problem there is a constrained

problem with the same solution and, conversely,
for every constrained problem there is a weighted
problem with the same solution. Clyde (1993a) and
Clyde and Chaloner (1995) extend these results
to Bayesian and nonlinear design problems and to
problems with any number of secondary criteria.
This is a promising way of dealing with multiple ob-
jectives and introducing robustness under several
models and criteria.

8.5 Robustness to the Prior Distribution

It is important to check the sensitivity of the
design to the prior distribution. DasGupta and
Studden (1991) constructed a framework for robust
Bayesian experimental design for linear models.
They found designs that maximize expected utility
for a fixed prior distribution subject to being ro-
bust for a class of prior distributions. DasGupta,
Mukhopadhyay and Studden (1992) gave a detailed
approach to design in a linear model when the
variance of the response is proportional to an ex-
ponential or power function of the mean response.
They developed examples of “compromise designs,”
where the experimenter wants to find a design
that is highly efficient for several design problems.
They considered both Bayesian and non-Bayesian
formulations of the design criteria.

Seo and Larntz (1992) suggested some criteria
for nonlinear design that make the design robust
to specification of the prior distribution. They used
the design problem of estimating the turning point
in a quadratic regression as their motivating exam-
ple. They suggested a criterion of designing for a
“major” prior distribution subject to a constraint of
attaining a certain efficiency over a class of closely
related prior distributions.

Toman (1992a, b) and Toman and Gastwirth
(1993, 1994) also considered robustness of Bayesian
design in the normal linear model with respect to
the prior distribution. These papers dealt mainly
with the one-way analysis of variance model. To al-
low for possible misspecification of prior variances,
Toman (1992a, b) proposed using a class of normal
prior distributions where the variances take values
in specified intervals. The criteria she suggested
for choosing designs are maximizing the average,
over the class of posterior distributions, of either
the determinant or the trace of the posterior preci-
sion matrix. Averages are taken with respect to a
distribution on the prior precision parameters.

Toman and Gastwirth (1993) examined both ro-
bust estimation and robust design for analysis of
variance models when the prior distribution is in
a class of finite mixtures of normals. They used a
squared loss function and considered an average of
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the posterior risk over the class of corresponding
posterior distributions.

Toman and Gastwirth (1994) suggested specify-
ing the prior distribution on treatment means us-
ing results from a pilot study. They assumed that
the error variances of the pilot and of the follow-
up studies were unknown, but that the intervals in
which they vary can be specified. They adopted a
squared loss function and proposed to use, for the
design and the estimator, a minimax criterion over
the class of posterior distributions.

8.6 Model Unknown

A major criticism of traditional optimal design for
linear models is that the number of support points
in an optimal design is often the same as the num-
ber of parameters, in which case no model checking
can be done. In addition, under the assumption that
the model is known, the design points are usually
at the boundary of the design region, but if the lin-
ear response surface is, as is quite usual, a linear
approximation to some smooth but unknown sur-
face, then it is at the boundary of this region that
the approximation is most inaccurate. These criti-
cisms are not new (see, e.g., Box and Draper, 1959,
and Sacks and Ylvisaker, 1984, 1985) and apply to
both Bayesian and non-Bayesian optimal design for
linear models.

As discussed in Section 5.2 these criticisms some-
times do not apply to Bayesian optimal designs for
nonlinear problems. In these cases there is no bound
on the number of support points in an optimal de-
sign and the support points may be spread through-
out the experimental region. It is unclear, however,
under what circumstances this is so.

Among attempts at incorporating model un-
certainty into the design problem is the mixture
approach as described in Section 8.2. More recent
work by DuMouchel and Jones (1994) introduced
a modified Bayesian D-optimal approach for the
special case of factorial models. They constructed
a prior distribution with a structure recognizing
“primary” and “potential” terms. The resulting
Bayesian D-optimal designs have very desirable
properties. Indeed they provided a Bayesian justi-
fication for resolution IV designs. DuMouchel and
Jones showed several compelling examples of the
use of their methods. This work recognizes model
uncertainty, which is almost always present in a
practical setting. It specifically accounts for the be-
lief, that has long been held by practitioners, that
when certain interactions or effects are assumed
to be zero to derive a fractional design, the experi-
menter does not believe that such effects are exactly
zero but rather that they are small compared to

other effects. DuMouchel and Jones have succeeded
in formalizing the otherwise heuristic justification
for resolution IV designs over other designs which
have the same value of the D-optimality criterion.

Steinberg (1985) considered two-level factorial ex-
periments to represent a response surface problem
and also used a Bayesian formulation to introduce
uncertainty about the adequacy of the proposed
model. He derived a method for choosing the scale
of the two-factor experiment; that is, he chose the
“high” and the “low” levels for each factor condi-
tional on a particular fractional factorial design
being used. In this way the tradeoff is recognized
between choosing design points on the boundary
of the design regions to maximize information and
choosing them toward the center of the region,
where the model is believed to hold a better ap-
proximation. Steinberg’s approach is reminiscent
of earlier work by O’'Hagan (1978). O’Hagan con-
sidered a Bayesian approach to design for curve
fitting where the curve to be fitted is a smooth
function and design points are chosen based on the
predictive distribution.

These approaches all use Bayesian ideas to solve
the very practical aspect of real design problems.
In real problems the model is almost never known
exactly. There is clearly a need for further research
here.

9. CONCLUDING REMARKS

Bayesian design is an exciting and fast-developing
area of research. The Bayesian methodology has
much to offer in experimental design, where prior
information has always been used for the choice of
experiment, explanatory factors, sample size and
model. A Bayesian approach to design gives a mech-
anism for formally incorporating such information
into the design process. The decision-theoretic for-
mulation presented in this paper shows that utility
functions can clarify the approach to design.

The examples presented, especially Examples 2
and 3 of nonlinear problems, illustrate that some
experimenters may already be actually using de-
signs that can be justified as approximately optimal
under a Bayesian formulation. A formal Bayesian
approach to experimental design may well lead to
substantial improvements. It does remain regret-
table, however, that so few real case studies appear
in the statistical literature of Bayesian optimal de-
sign. The same can be said of non-Bayesian nonlin-
ear design where there is considerable theoretical
research but few real case studies.

There are many specific design problems that re-
main to be investigated by a Bayesian approach. In
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particular, within the linear model context, there is
a need for methods incorporating hierarchical lin-
ear models and hierarchical prior distributions and
unknown variance components. The simple exam-
ples presented in Section 3 illustrate that more sen-
sible designs can be obtained when the prior dis-
tribution is specified within the hierarchical linear
model. However, as remarked by Goldstein (1992),
there is also the need for these ideas to be applied
to actual experiments.

In both linear and nonlinear problems there is
the need for methods that reflect the reality that
the model for analysis is almost never known with
certainty before the experiment is done. The experi-
mental design process should incorporate model un-
certainty into the design process.

There is also a parallel need for methods to be
developed for the specification and quantification of
prior beliefs. Prior beliefs may be entirely subjec-
tive, based on personal experience, or may be based
on previous experiments and past data. Whatever
the source of prior information, very little guidance
is available on how to collect and quantify such in-
formation. A notable exception to this is the impor-
tant work of Garthwaite and Dickey (e.g., Garth-
waite and Dickey, 1988), who have developed use-
ful methods for elicitation for the linear model. It
remains a challenge to develop methods for prior
elicitation for distributions to be used in design for
nonlinear models. A welcome beginning is the study
of Flournoy (1993), who gives a nice example of the
entire design process, including expert elicitation.

Bayesian design also requires a specification of a
utility function. It is clearly helpful in the design
process to consider carefully the reason the exper-
iment is being done and to consider what utility
should be used. Although Shannon information and
squared error have been widely used in the sta-
tistical literature, it would also be interesting to
see alternatives constructed and explored in future
research.

Because most Bayesian methods for design re-

quire numerical optimization and integration, there
is a need for software to find such designs, both
exact and continuous. Without available and user
friendly software, these methods will not be used
in real problems. The software of Clyde (1993b) has
the potential to make Bayesian designs accessible
to the scientist.
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