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GENERALIZED A-STATISTICS AND OTHER
SYMMETRIC FUNCTIONS!

By D. S. TracY AND B. C. GuprTA?

University of Windsor

Dwyer’s (1937) h-statistic is extended to the generalized #A-statistic
hp,...p, such that E(hp,...p,) = ttp,  ptp,, similar to the extension of Fisher’s
k-statistic to the generalized k-statistic kp,...p, requiring E(kp,...p,) =
Kp, ++ - £p,. The h-statistics follow simpler multiplication rules than for
k-statistics and involve smaller coefficients. Generalized /-statistics are
studied in terms of symmetric means, unrestricted sums,.and ordered parti-
tions, and their relationships with generalized k-statistics are established.
The statistics are useful in obtaining approximate forms for sampling
distributions when parent population is not completely known.

1. Introduction. Fisher (1928) introduced the k-statistic k, as unbiased
estimate of population cumulant £,. When the population is finite of size N,
Ey(k,) = K,, where E, denotes expectation over the finite population and X, is
the K-parameter of the finite population (being the same function of the elements
in the population as k, is of the sample elements). The k-statistics were later
extended to generalized k-statistics in [11] or polykays in [10], which serve as
unbiased estimates of products of cumulants. Methods expressing their powers
and products as linear combinations of the same were developed in [4], [11] in
order to obtain their sampling moments and product moments. These help in
finding approximate forms for sampling distributions when the parent population
is not completely specified ([8] Chapter 12).

Kendall (1942) surmised that the k-statistics were the only seminvariants
which follow simple multiplication rules allowing the computation of the
numerical coefficient and the pattern function involved. In this paper, we
consider the A-statistic #,, proposed by Dwyer (1937, page 26) as the unbiased
estimate of the population central moment g, p > 1, with E(h) = p/. One
has E,(h,) = H,, the H-parameter of the finite population. We extend the
h-statistic to generalized A-statistics, which provide unbiased estimates of pro-
ducts of moments. Methods for expressing their powers and products as linear
combinations of the same can be similarly developed, and, in some ways, are
easier than for the case of k-statistics, Approximate forms for sampling distri-
butions may then be obtained. The A-statistics, which are also seminvariant,
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838 D. S. TRACY AND B. C. GUPTA

follow even simpler rules and involve fewer terms and smaller coefficients than
the corresponding k-statistics.

2. h-Statistic. One may express the central moment g, in terms of ordinary
moments as
2.1) ty = Ll=o (=1 ()ttp-r " -

The sample symmetric mean {p, - - - p,> ([10]), which is [p, - - - p,]/n"’, where
[p: - -+ p.]is the power product sum or augmented monomial symmetric func-
tion ([2]), has the property that

E<P1 ...pu>=#;l e ﬂ;’u

and
Exdpr+pu) =LP1" " Pun

where (p, - -+ p,>y denotes the finite population symmetric mean. Thus the
statistic #, is expressible as
(2.2) hy = 220 (=1)CGXp — 1 17

and one has Ey(h,) = H,, E(h,) = p, (with E(h) = p,").

Associated with partition P = p;™1 ... p,%, p, > ... > p,, of integer p, we use
the combinatorial coefficient C(P) = p!/(p,!)"1 - - - (p!)%em,! - - - x,! ([4]), and the
number of parts 2 = }; =,. We can then write (2.1) and (2.2) as

(2.3) ty = D (=1 TBCP) s -+ - i
24) hy = L (=17 BCP)Kpy™ - -+ Py
where the summation extends over all partitions P of integer p and
B=p—1, if p=1
=1, if p,>1, p,=1
=0, otherwise.

It may be recalled that
£, = L (=1)*7A = DICP)pfa - - p
ky = Z (=174 = DICPKp -+« pley
For example,
hy =k =1
hy =k, = (2) — (11)
hy = ks = (3) — 3{21) + 2(111)
h, = {4y — 431)+ 6211 — 3K1111)
k, = {4) — 4(31) — 3¢22) + 12{211) — 6(1111).
Expressions for &, and k, are the same linear combinations of symmetric
means as y, and «, are of the products of corresponding ordinary moments.
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Given the expression of k, in terms of symmetric means, that for 4, may be
obtained by omitting terms with more than one non-unit part and dividing the
coefficients of the rest by (4 — 1)!, except the last one (coefficient of (17}),
which is to be divided by (p — 2)!.

The statistic #, above is uniquely defined, since if 4,’ is another statistic for
which E(h,') = p,, then E(h, — k) = 0. By an argument similar to that for
k-statistics ([8], page 278), this would imply a relationship between the mo-
ments, which, in general, is not possible. Also 4,, p > 1, is seminvariant, i.e.,
hy(x) = hy(x — 0), p > 1.

3. Generalized h-statistic. It follows from (2.1) that

(3.1 Poy = v My, = 2 (= 1)Z74(E0) <o (R _ry *** Mppery 1/ ETE

If the generalized A-statistic hpr-' ,1s defined such that

4

) = iy -+ g,
then
(3.2) h?r"ru =2 (_1)2”(3} e (B py =1y ey Py — 1y 1278
and
EN(hplmp,,) = le“'p'v ’

where

(3:3)  Hyp, =N (S1FE) - QP — Ty s Py — 1 1Ty
Alternatively, one can use Tukey’s o-multiplication ([9]),

3.4 {ab) o {cd) = {abcd)

for symmetric means and define, using (2.4),

(3.5) Boperrpy = By 0 o v 0 by = T (= 1)FN IT7, By C(PKPL)
where P, is the specified partition of P = p, - - - p, obtained by partitioning one
or more of the p,’s, and the summation is over all partitions P,.

Like generalized k-statistics, we may also define generalized A-statistics through
ordered partitions ([1]). The expression for ordinary moment gz, in terms of
central moments g, and the mean g’ exhibits only those partitions of p which
have at most one non-unit part, i.e.,

(3.6) 1y = 2imo (Vtp-s

unlike the expression for g, in terms of cumulants

(3.7) 1y = Do Tp CPYEGL -+ K32

which exhibits all possible partitions P = p,"1 ... p,% of p = 3} p,n;. For
multipartite number p = 11 ... 1, the combinatorial coefficients (?) and C(P)

in the above expressions become unity, and whereas all multipartitions of p

3 Should some p; be 1, the corresponding pp, is pn’.
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appear in the expression of p,’ in terms of multivariate cumulants, only those
with at most one non-unit part appear in the expression of " in terms of central
moments. Thus

(3.8) i = fun + (Pl + <+ +) F (Lasoo Zoowo Hoom + ***)
+ H1000 o100 Ho010 Hooon 5

and the multipartitions 3%, 199, % do not show up here, while they do when
M4y is expressed in terms of £’s ([8], page 319).

Taking unbiased estimates, the expression of symmetric means in terms of
h-statistics ignores partitions with more than one non-unit part, whereas sym-
metric means expressed in terms of k-statistics exhibit all possible partitions.
Using the notation of ordered partitions ([1]), and { ), ( ) to denote symmetric
means and A-statistics,

1111y = (1111) + (1112) + (1121) + (1211) + (2111) + (1123)
+ (1213) + (1231) + (2113) + (2131) + (2311) + (1234),
whereas the expression in terms of k-statistics would also exhibit 1122, 1212,

1221 ([1]). Using Tukey’s o-multiplication in [10] for symmetric means and -
statistics, as in (3.4) and (3.5), we see that for ordered partition a of weight m,

(3.9) (@) = 2 (Ba)

where summation is over all ordered subpartitions 8, of @ which do not have
more non-unit parts than «, and (8,) denotes the generalized A-statistic corre-
sponding to the ordered subpartition §,. (In the case of generalized k-statistics,
the summation is over all ordered subpartitions.)

We now proceed to consider vectors of symmetric means, power sums, gener-
alized h-statistics, ordered partitions, etc., of a given weight, with a view to
establishing some general relationships between them.

If @ denotes the vector of all ordered partitions of weight m, with components
a* arranged in descending order, and (&) and (&) denote the vectors of sym-
metric means and of the generalized A-statistics of mth degree, then

(3.10) : (a) = A(a)
where A is a nonsingular upper triangular matrix with elements
0,; =1, if @ does not have more non-unit parts than
at and af < o
=0, otherwise.
Thus
(3.11) () = AXa)

expresses generalized A-statistics in terms of symmetric means. The expressions
are simpler than the corresponding ones for generalized k-statistics.
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If {a} denotes power sum ([3]) or unrestricted sum ([1]) and [«] the augmented
monomial symmetric function, (for a = 1123, {a} = X7, . x2x;x,, [a] =
Dtwiwek Xi'%;X,), then ([1])

(3.12) [a] = A'{a}
where A is a nonsingular upper triangular matrix with elements
(3.13) =1, if af <at

=0, otherwise.

Also in [1], (&) = N-'[a], where N is a diagonal matrix with n,, = n%#", ¢(a’)
being the number of parts in a’. Hence, from (3.11), )

(3.14) (@) = A-'N-A{a}
which expresses generalized A-statistics in terms of unrestricted sums.

4. Generalized k-statistics and generalized k-statistics. If (a)* denotes the
vector of generalized k-statistics of mth degree, then

@.1) (a@y = Aa)*

with A as defined in (3.13). Then, comparing (3.10) and (4.1),
A(a) = A(a)*

and

4.2) (@) = A-*A(a)*,

4.3) (@)* = A~A(a)

express generalized A-statistics and generalized k-statistics in terms of each other.

A table expressing these relationships for weight 12 is provided. The diagonal
terms are all unity 1, and a generalized A-statistic is obtained in terms of gener-
alized k-statistics by reading across the appropriate row up to 1, whereas a
generalized k-statistic is obtained in terms of generalized A-statistics by reading
vertically downwards the corresponding column up to 1. Thus,

h732 = k732 + 21k5322 + 35k4322 + 105k3223 ’
k732 = hm - 21k5322 - 35h432z + 210/13223 .

Results for smaller weights can be obtained by dropping the appropriate sub-
script. Thus,
iy = Koy + 21kygy + 35k,gs + 105k, .

5. Conclusion. Products of generalized A-statistics are obtained as for gener-
alized k-statistics by using ordered partitions ([6]) or by developing a combina-
torial method, paralleling that in [4], [9]. These are then useful in obtaining
their sampling moments. Work with generalized A-statistics, in many ways, is
found to be simpler than with generalized k-statistics.
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