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1. Summary. In this paper an asymptotic formula for the cumulative distribu-
tion function (c.d.f.) of Hotelling’s generalized T statistic is derived for general
values of the number of dimensions in the non-null case. This result includes as a
special case the previous result of the author for the null distribution of T§
[5], and shows certain properties of 7' which help determine the power of the
test based on the statistic for moderately large samples. Both of the author’s
results provide an approximate complete analysis of the T§ test, although the
exact null and non-null distributions of T§ are not available at present.

2. Introduction. Consider
2.1) Hy: #p X m) =0(p X m) against H: £ 0
under the probability law

{1/(2W)§P(m+n)| 5 I%(m+n)} exp [_% t'r 2;—1
(2.2)
(X1 — £)(X1 — &) + XoX}]dX1 dXo,

where X; and X, are p X m and p X n matrices, respectively, in which p = m
or >m, but p = n, and 2 is an unknown p X p symmetric, positive definite
matrix. To test (2.1) Hotelling [3] proposed the statistic T5 = m tr $1.S7", where
81 = X X1/m, So = X,Xo/n, the prime denoting transposition of a matrix. The
exact distribution of this statistic is known only when p = 2 and ¢ = 0 ([3],
p. 35), but for general values of p it is not available even in the null case. The
author [5] gave asymptotic formulae for percentage points and for the c.d.f. of
T5 for general values of p when ¢ = 0, and Siotani [9] independently obtained
similar results. In the following sections we shall derive an asymptotic expansion
for the c.d.f. of T} for general values of p when ¢ 5 0, which covers the author’s
previous result for £ = 0 as a special case.

Let the non-zero characteristic roots of /=" be denoted by A, -+, Ag,
where ¢ is the rank of ¢£/, ¢ < p, ¢ < m, and

_2: (= tr &g’=™).

(2.3) A

It is easily seen that A = 0, with equality attained if and only if H, of (2.1)
is true, and also that the distribution of T when H, is not true involves no
parameters other than p, m, n and the A;’s. Let the non-null c.d.f. of T% be de-
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noted by
(24) Pr{T(z’ =26 I D, m, n; A, e, )‘q} = FP,m.n(za l A, e, >‘q)'
Now, generalizing (4.2) of [5], we have

Pr {m tr 8187 < 20| p, m, n; A1, -+, A}

(2.5) » :
= f Pr{m tr i8S = 20| 8o; p, m, n; M, - -+, A} Pr{dSe},
R

where the first expression on the right denotes the conditional probability of the
relation indicated for fixed values of the elements of Sy, and the second denotes
the probability elements of Sy which have a Wishart distribution with n degrees
of freedom. The domain of integration R is over all possible values of the ele-
ments of S, such that Sy is positive semi-definite. Expansion of the former
about the elements of = in a Taylor series and integration term by term yields

(2.6) Fpmn(20| N\, +++,A) = O Pr{mtr $;=7" < 20| mp; N},

where O is the asymptotic series with respect to n of the derivative operators
given by (3.12) of [5], and the second expression on the right denotes the prob-
ability of the relation indicated, where m tr $;= is distributed as a non-central
x° with mp degrees of freedom and deviation parameter A of (2.3), which is
known to be a function of 26, mp and N only, free of » [8]. (2.6) is one of what
are conveniently known as “Studentization Formulae” [10]. When A = 0, (2.6)
reduces to

2.7 Fpma(20]0,-++,0) =0 Primtr $,=7" < 260 | mp; 0},

and the author made use of James’ method ([6], [7]) to express the right hand
side of (2.7) in an asymptotic series, (4.3) of [5].

If we pursue the same approach when A > 0, however, the algebraic labor
involved will be prohibitive for obtaining an actual expression of the asymptotic
series on the right of (2.6). Such being the case, we shall first obtain an asymp-
totic series of the characteristic function of the non-null T distribution for large
values of n, which will then be inverted to derive an asymptotic expansion of the
non-null ¢.d.f. of To.

3. Characteristic function of the non-null T: distribution. Let the charac-
teristic function of the non-null T} distribution be denoted by

(3.1) Gpmmlt [N, -+, Ng) = fo exp (#T2) dFym (T2 |, -+ ) Ng).

Hsu ([4], p. 232) gave an expression for the Laplace transform of a function of
non-null T5, by means of which (3.1) can be expressed in the form of a mul-
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tiple integral as follows:
¢p,m,n(t l x1 y "%y >\q)

= ) [I T+ 1+ m = ))/TlEn + 1= )

A-'é(m-I-n) ? Wm
X fD‘I += exp{zt (tr A) + /2t Z\/_xu}HlHldxm

(3.2)

where I is the p X p unit matrix and A(p X p) = X(p X m)X'(m X p),
the (r, s)-element of X being 2, . The domain of integration D is such that
—0 K Lpp < Fwo,r=1---, p; s=1, -, m. Now making use of the
generalized Stirling formula ([2], p. 130):

(3.3) I'(y) = o) 1+ (1/12y) + O(y™)} exp (—y) fory > 0,
it is easily seen that
nrE(n 4+ 1+ m = n)}/TE(n 4+ 1 — 1)}

=271 + (3w’ — dmr)/n + O(n™2)}.

‘Hence the constant in front of the integral in (3.2) becomes

(3.4)

() [ T3 + 1+ m — /Tl (n + 1 = )

(3.5)
= (2m)7"(1 + mp(m — p — 1)/4n + O(n™*)}.
On the other hand,
—3(m-+n)
36) ‘I + =14+ {(trnd)’ —2tn A — 2mtr; A}/4n + 0(n7%)]

X exp (=3 tr1 4),

where tr; @ stands for the sum of all ¥ X £ minors formed by the intersection
of any k rows of @ with & columns bearing the same number, @ being a square
matrix. tr;Q, which is the sum of all principal diagonal elements of @, is tr Q.
Hence (3.2) becomes

d’p,m.n(tl}‘l) M) )‘q) = (27")_%"‘?{1 + mP(m - D - 1)/4n + O(n—z)}

an X fDu + {(br 4)* = 2 tr, A — 2m tr A}/4n + O(n™)]

Xexp{ (1 —2it) tr A + \/thz \/_x,,}f];flldx,s.

Now, after some transformations ([4], p. 227), the probability law of
Xi(p X m)
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given in (2.2) becomes

(3.8) (214')_%""" exp (—3\) exp ( 1trd + E \/_xu> fI ImI dz,,,

r=1 s=1

where A and A;’s are given in (2.3), and z,,’s and A are the same as used in (3.2).
With respect to this probability law it is easily shown that

E(1) =1,
Efexp g(@n’s, 9, M1, +» -, Ag) }
= (1 —2i)" exp {—1 N+ [EN/(1 — 23t)]},
E{(tr A)exp g(@.’s, it, M1, + - ,A)} = (1 — 24)~Hmet®
- {mp + [26 M/ (1 — 2it)]} exp {—3 A + [t \/(1 — 2iD)]},
E{(tr A)®exp g(x;,’s, it; M, e, A} = (1 — 24p)Hmetd

. 2
(39) {mp(mp +4) + (mp + 2) 1 4”)‘ -+ (12 ‘tz".) 1
—2it) |
DN
X exp ( B + 2zt>
E{ (tl‘2 A) exp g(x"’s, it, )\1’ cee, }\q)} = (1 _2it)—}(mp+4)
it A
Ao on =D -1+ -1 -1 22

24\ & ) it
+ (1 - 2it) 22, M"} X ex"( R g 2it>,

where E stands for the expectation with respect to (3.8), and
q  —
g(@r'S, By My <0y Ag) = dt(tr A) + (/24 — 1)322, V.
Substitution of (3.9) in (3.7) to carry out integration term by term yields

Spmn(E[ A1, o+, Ag) = (1 — 24t) "tme [1 + {mp (m—=—p-1)

—2m(mp+ 2éA ) (1 —2i0) + [mp<m+p+ 1)

. 44N 2t o\ —2
o+ 1) A (22 St]a -2 /e

j=1
— DN
+ O(n )] €xp <T——-ﬁ>’

which is an asymptotic expansion of the characteristic function of the non-null
T5 distribution for large values of n.

(3.10)
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4. Asymptotic expansion of the non-null c.d.f. of T5 . Let F(z) be the c.d.f. of a
statistic, and ¢(¢) be its characteristic function. Then it is well known (e.g.,
see [10], p. 638) that if F and all its derivatives vanish at the extremes of the
range of x and exist for all x in that range, then, by integration by parts,

(—t)'s(2)

is the characteristic function of the réh derivative of F(z), or F” (), i.e.,

(41) [ " exp (itz) dFY (z) = (—it)" & ().

—

Now if we denote the c.d.f. of a non-central 5* with 2p degrees of freedom and
deviation parameter A by Fp,(26|\), its rth derivative by F;(26|)), and
their characteristic functions by ¢2,(¢ | A) and (—1t)"¢2,(t | A), respectively, then
these functions satisfy the above conditions, and hence (3.10) can be written as

(4'2) ¢?.mm<t I Ay oo, Aq) = ¢7np(t l >‘) + {mp(m 2 l)d’nm(t I >‘)

— 20 pmpra(t | N) + mp(m + p + L)émpra(t|\)
+ 4mN( =) bmpsa(t | N) — 4(m + p + L)A(—3t)bmpss(t | \)

+ 44; N (=) %bmprs(t | N} /A0 + O(n™2).

Inversion of (4.2) gives

(43) Fpmn(20| M, ++0,Ng) = Fup(20|N) + {mp(m — p — 1)Fp(20|N)
— 2mpF pp12(20 | N) + mp(m + p + 1)Fppya(20 | N)
+ 4mNFE14(20 | N) — 4(m + p + 1AL .6(260] \)

q
+ 4 2 NIF4s(20 | )} /An + O(n7).

Hence we have proved
TuroreM: The non-null c.d.f. of the statistic Ty = m tr 8iS;", where S) and

So are subject to the probability law (2.2), has an asymptotic expansion (4.3) for

large values of n.
When A = 0, (4.3) becomes an asymptotic expansion of the null c.d.f. of

T;, ie.,

(44) Fpmn(20]0,:--,0) = F,p(20]0)
+ mp{(m — p — 1)Fnp(26 | 0) — 2mF pp12(26 | 0)
+ (m + p + 1)Fpsa(20]0)} /4n + O(n7),

which is equivalent to (4.3) of [5]. In order to obtain several more terms in the
above expansion, more systematic algebraic work would be necessary.
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5. Remarks. To test (2.1) under (2.2) there have been proposed for use many
test statistics which are functions of the characteristic roots of 7SSy 1 and
Hotelling’s T} statistic is one of them, being the sum of the characteristic roots.
Unfortunately there is no theory at present to tell how to choose among different
test statistics when we want power against certain kinds of alternatives ([1],
p. 224), because far too little is known about the relative merits of these test
statistics. In this situation the formulae (4.3) and (4.4) together with (3.33)
of [5], which gives an asymptotic formula for the percentage point of the null
To distribution, prov1de an approximate complete analysis of the test of signifi-
cance based on Tj for large values of n. (4.3) shows that the non-null c.d.f. of
Ts is related exclusively to D8 and D% ek M\ for large values of n, but
it is conjectured that for small values of # the exact non-null c.d.f. of T2 involves
all the symmetric functions of the \;s. If results similar to (4.3) are obtained
for other test statistics, they may throw some light to the question of choosing
one to be used consistently in carrying out the actual tests of significance.

The author wishes to express his indebtedness to Prof. W. Kruskal and the
referee for their comments and suggestions which led to this revision of the
original work.
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