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Extended Lévy’s theorem for a two-sided reflection*
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Abstract

We aim to set forth an extension of the result found in paper [6], which finds an explicit
realisation of a reflecting Brownian motion with drift —u, started at z, reflecting above
zero, and its local time at zero. In this paper we find a corresponding realisation for a
reflecting Brownian motion with drift —u, started at z, reflected both above zero and
below one, along with a corresponding expression in terms of associated local times,
namely as the difference between the local time at zero and the local time at one.
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1 Introduction

Lévy’s classic theorem gives an explicit realisation for a standard Brownian motion
reflected above zero and its local time at zero, for the full result see (1) in paper [3]. This
was subsequently extended to a reflecting Brownian motion with drift in [3] and then
to a reflecting Brownian motion with a non-zero initial point in [6]. We wish to extend
this further to a two-sided reflecting Brownian motion and therefore we search for the
explicit realisation of a process with this double reflection required. The first such result
appears as the two-sided reflection of the sum of an It6 integral and an integral with
respect to time, see Lemma 2 in [2]. Subsequently similar more general results begin
to appear, and the result which we utilise in this paper arises in (1.8) of paper [4]. For
a comprehensive history of the progression of these results for a two-sided reflection
see [4, p. 171]. Result (1.8) in paper [4] (see also [5]) tells us that for the space of
right-continuous functions with left limits taking values in R, the double Skorokhod map
Ty, on [0, a] has the explicit realisation

Toa()(t) = 9(t) = [(£(0) —a)" A inf +(u)] v sup [(¥(s) —a) A inf +(u)] (1.1)

u€[0,t] s€[0,1] u€E[s,t]

fort > 0 and @ > 0. From (1.1), one finds an explicit realisation for a reflecting Brownian
motion R, 4" with drift —u, started at x, reflected both above zero and below one. We
shall denote this realisation as Z% = (Z7);>o.

When finding an explicit realisation Z* = (Z7),> for the reflecting Brownian motion
Ry """, for continuity and to allow us to draw similarities between the behaviour of the
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two processes, we wish for our Z* to be of a similar form to the Z* in Theorem 3.1 of
[6]. From (1.1), let ¢)(t) = « — B}’ where B}’ = B, + ut and B = (B;):>0 is a standard
Brownian motion started at zero, p € R is a given and fixed constant, and take a = 1.
Explicitly

Z} =x—B'—[(x—1)T A inf (z—B)|V sup [(z—B¥—1)A inf (z— B)| (1.2)

u€[0,t] s€[0,1] u€[s,t]
=-B'—(|[OA inf (z—B")|V sup [(zx—B¥—1)A inf (z—B")| -z
¢ ([ u€[0,t]( )] s€[0,t] [( ) ue[s,t]( )] )
=-B'—[—xzA— sup BE|V sup [—(BY+1)A— sup BY]
w€[0,t] s€[0,t] u€ls,t]
=-B'—[—(zV sup BY)]v— inf [(BY+1)V sup Bl
uel0,t] s€[0,t] w€ls,t]

=B VvV SH ) A inf
t+ (zvSy,) ot

[(1+BY)v Sy,

where SI'; = sup,<,<; Bl for 0 < s <t.

Remark 1.1. Notice the correspondence between the realisation of the Brownian motion
reflecting above zero, given by

Y7 =-B'+(zV S&t) (1.3)
and the realisation of the Brownian motion reflecting between zero and one, given by

Zp = =Bl'+ (zV 5§,) A i%ft] [(1+ BY)v Sy, (1.4)
s€|0,

It is also interesting to note that we can find a different expression for a reflecting
Brownian motion with drift —u, started at z, reflecting both above zero and below one.
This expression can be found either directly from (1.1) or via (1.2). We choose the latter
method as it is easier to immediately see that the new expression does indeed satisfy
our requirements. In order to find this new expression, take (1.2), multiply by —1, add 1,
substitute the underlying Brownian motion process B* with —B* in order to account for
the change in drift caused by multiplying by —1, and then denote the initial point of this
new expression as x. This gives the following

ZF = —Bf + (x A (I}, +1))V sup [BEA (I, +1)] (1.5)

s€[0,t]

where [ ;‘t = inf,<,<¢ BY. Here we notice the correspondence with the realisation of the
Brownian motion reflecting below one, given by

VP =B+ (x NI}, +1)). (1.6)

Remark 1.2. In the case when our two-sided reflecting Brownian motion starts at the
point z = 0, we have from (1.2) that

Z) =Bl + 8K, A i?f][(l—s-Bg‘)\/SfjJ (1.7)
’ s€(0,t ’
We thus know, as can also be seen in Remark 2.2 in [4], that
Z0=_-BI'+ ir[lf } [(L+BYYASE) v SE,] (1.8)
s€[0,t ’ ’

due to the fact that Ss’: : < S& . for all 0 < s < ¢. Furthermore we may also note by
Theorem 6.2 in [1] that
Z) = sup [(—=B!'+B*)A inf (1—B!'+ BY)]. (1.9)
s€(0,t] u€[s,t]
This final realisation may be particularly useful in the case of the two-sided reflecting
Brownian motion starting at z = 0 as it is the simplest form of realisation we have seen
thus far.
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Figure 1: The blue line shows B*, whilst the orange line depicts (x Vv S*) for = 0.5.

2 Extended Lévy’s theorem for a two-sided reflection

Theorem 3.1 from [6] states that we have the following explicit realisation for a
reflecting Brownian motion Rz fr“” with drift —u, started at x > 0, and reflected above
Zero

Y*=(zVSH)—B*=((xVS))— B}')i>o0- (2.1)

Furthermore, we have the following identity in law
((xV S*) = B, (z Vv S*) — z) "2 (R (O(Ry!"")) (2.2)

where (°(R,{"") is the local time of R, {"" at 0. We now take a closer look at what is
going on here in order to allow us to carry out the same insight in the case of the double
reflection.

Obviously, Y* = (¢ vV S#*) — B* > 0 and (z V S*) > B* with equality when Y* = 0,
thus we have that the process (z vV S*) increases only when Y?, the reflecting Brownian
motion, “spends time at zero”, as can be seen in Figure 1. Thus it is intuitive that there
may be a correspondence between (z vV S*) and the local time of Y* at zero, as was
indeed shown in the aforementioned paper [6].

Now we consider similarly the case of what we will shortly show is a two-sided
reflecting Brownian motion Z”. Obviously,

0<Zf = (zVvSh,) A ir[}]f] [(1+B*)vsSt,]-Bl<1 (2.3)
’ s€[0,t ’
and
Bl' <Qf = (zVSh,) A n[})fﬂ [(1+B*)vst,] <1+ B! (2.4)
) N :

with equality at the lower bound when ZF = 0 and at the upper bound when Z7 = 1. This
can be visualised well with Figure 2.

Thus, Figure 2 suggests that the process ((z V Sf,) Ainf,cpo [(1+ BY) V S, ] )0
increases only when Z% “spends time at zero”, and decreases only when Z* “spends time
at one”. Thus it is intuitive that there may be a correspondence between ((z V Sh A
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Figure 2: The blue line show the Brownian motion B*, the orange line shows 1 + B#,
whilst the green line depicts QF = (z V S¢,) Ainfejoy [(1+ BY) v S%,] for 2 = 0.5.

infeo,q [(1+ BY) V S,])i>0 and the local time of Z* at zero minus the local time of Z*
at one. This is indeed the case and is the first result that we shall prove.
We continue to use the notation as in the introduction.
Theorem 2.1 (Extended Lévy’s theorem for a two-sided reflection). The following identity
in law holds
((zVvSE,)A ir[})f | [(1+B%) v S4,] = B, (v SE,) A n[g ] [(1+B*)vsSt,]—z) (2.5)
’ s€(0,t ? ’ s€[0,t )
law —u.x — —p,x
= (Ro,lf’ 76?(R0’T ) — g% (Ro,ib )
where 8“(R&’1"m) is the local time ofR(;’l"w at a as defined in (2.18) below.

Proof of Theorem 2.1. First we show that R, {"* '“% 7Z@  That is, we show that Z% =
(Z7)i>0 is a realisation for a Brownian motion with drift —u reflecting between 0 and 1.
First recall that a Brownian motion starting at « with drift v reflecting between 0 and 1
is a continuous strong Markov process with infinitesimal generator I.” defined by

1
Lf=vf'+5f" (2.6)
which acts on the domain D(IL”) given by

D(LY) = {f € C3((0,1)) [ f'(0+) = 0, f'(1-) = 0} (2.7)

where C?((0,1)) denotes the space of functions f such that f, f/, f € Cy((0,1)) for
Cy((0,1)) the space of continuous, bounded functions on (0,1), and g(a+) and g(a—)
denote the limits of g(y) as y tends to a from above and below, respectively. We know
that (L¥, D(I”)) uniquely generates a family of measures {P, |z € (0,1)} which define
the law of our reflecting Brownian motion process.

Note that as in [6, p. 3-4], in order to show that Z7 is a reflecting Brownian motion of
the type we want it is sufficient to show that for all f € D(IL™#)

1(25) — £(28) - / (L4 f)(22)ds 2.8)
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is a martingale under P,, all z € (0,1).
Take f € D(IL"*) and apply It6’s lemma to Z7

t t
fz) =o+ [ aaz:+g | i azz, 2.9

t
o [ PV A nf (4B v Sk
0 ? s€[0,r ’

t 1 t
- [ i [ rrzna
0 2 Jo
t t 1 t
—o— [ pEznas - [ arEnae [ e
0 0 0
t 1 t
ot [Cuf' s 5@ - [ £z,
0 0
where in the third equality we use, as was suggested earlier on, that

QF = (z Vv SE,) /\seir[%)fﬂ [(1+BY)v St ] (2.10)
can only change in value when Q% = BY or Qf = 1+ B}, something which can be seen
by inspecting the function Q*. Note also that inf,¢(o ) S%, = B}. Thus d((z V S{)"T) A
infyeo,[(1+BE)V SE,]) = 0 when Z,. # 0 or 1, while f'(Z;) = 0 when Z, = 0 or 1. Finally
since f’ is bounded this means fg 1/ (Z%)dB, is a martingale and we have our result.

In order to proceed with the second identity in law and find a realisation for local
time we recall Tanaka’s formula (cf. [7, p. 222]). Given a continuous semimartigale X,
for any real number a, there exists an increasing continuous process £** called the right
hand local time of X at a such that

t
1
(X, —a)t = (Xo—a)++/0 Ly, >0 dX, + 507 (X) (2.11)

t
1
(X;—a)” = (Xo—a)~ +/ ~Lx,za dX + 567 (X), (2.12)
0

Using (2.11) and (2.12) respectively with our reflecting Brownian motion process Z*
in order to return expressions containing the local time of Z* at both zero and one, we
find

¢ 1
VA :x—!—/ ]1Z§>0dZ§+§£?+(ZI) (2.13)

0

t
1 )
1—228:1—‘%—/ ﬂzgg dZ::—l—iftlJr(ZL) (2.14)
0

It is important to note that the convention used in [7] is that the integrand on the
right-hand side of the above formulation of Tanaka’s formula is the left-hand derivative
of the left-hand side of the formula. This convention results in the local time in Tanaka’s
formula being the right-hand local time, defined as

1 t
G Z% =lim- | 1 . d(Z*, Z%),. 2.15
t (Z%) Elfgg . {a<Zz<a+e)} (z*, > ( )
Notice that due to our process Z” being a reflected Brownian motion between zero
and one, using the above definition of the right-hand local time would result in ¢} " (Z%)
being identically zero, a fact which can be immediately verified from (2.14). We must
therefore find an expression for 1 — Z7 in terms of the left-hand local time. This can be
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done easily by taking the integrand on the right-hand side of Tanaka’s formula to be the

right-hand derivative of the left-hand side of the formula. Thus we get
¢ 1
0

where ;

1
a= z == 1. - ]1 x x z .
Et (Z ) ;}B e Jo {a—e<Zz<a} d<Z Z >s

(2.16)

(2.17)

Recall, again from [7], the symmetric local time ¢ of our process Z* at fixed, real q,

defined as .
g?(ZZL’) = hm ?/ ]l{a—ang”ga—i-a} d(Z ,Z >5.
0
Notice that due to the fact that 0 < Z* < 1, we have
1 1
SAT(27) = (z7) and S07(27) = 1(2°).
Thus we may now rewrite (2.13) and (2.16) as
t
77—z — / 12050 dZ7 + 00(27)
0
and
t
0=2 —x— / lze<1dZ3 +01(Z7)
0
t t
_ / 1dz7 — / 10 dZ2 + 04(2%)
0 0 '
respectively, where in the last equality we have used that
t
/ 1dZY =ZF — x.
0
Subtracting (2.21) from (2.20), we find
t t t
75—z = / 1050dZ% + / 10 dZ7 — / 1dZ7 + 09(27) — (M(27)
0 0 0
t
= / (Mzeso+ Lzz <1 — 1) dZE +6)(2%) — €;(Z7)
0
t
:/ Lowze<r dZ7 + (9(Z%) — £1(27).
0
We now take a closer inspection of the expression
t
/ lo<zz <1 dZg
0

from the last line above. Recalling our definition of Z*, we have

t t
/]10<fo<1de:/ 10<Z:<1d{(x\/56‘m)/\ inf [(1+ BY)v S ] —B,‘f}
0 0

s€l0,r]

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

t t
:/ Loczp<rd|(zV SE,) A inf [(1+ BV SL,]] 7/ Tow 721 dBY
0 0

s€l0,r]

t t
:/ ]lO<Z,%'<1 de _/ ]10<ng<1 dBﬁ
0 0
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where we have recalled the definition of )” from (2.4). We now focus on the rather
messy expression appearing above, that is

t t
/ 10<Z}3<1 de = / ]lO<Z$<1 d{(x\/Sgr) A inf [(1 —&-Bé") \/SQLTH. (2.26)
0 0 ’ s€0,r] ’

We consider three distinct cases for values that Z* can take. Firstly, the case when
Z7% =0, secondly, the case when Z7 = 1, and thirdly, the case when 0 < Z¥ < 1. In the
first two cases, we have that

lo<czz<1 =0 (2.27)

and therefore the integral in (2.26) is equal to zero in these cases. For the third case,
we again recall, as was suggested in the introduction, and as can be seen by inspecting
the function Q*, that

QF = (zvS§,) A inf [(1+BY)vSE] (2.28)

" s€[0,r]

can only change in value when Q7 = BY or Q7 = 1+ By. Thus, since 0 < Z” < 1 implies
that

B <Qf = (zVvSy,)A ir[})f | [(1+B*)vsSt,] <1+ By (2.29)
)N :

we have that Q)7 is constant in this case, yielding d@Q¥ = 0, and we have shown that the
integral in (2.26) is identically equal to zero in the third case as well.
Using this information, we see that equation (2.25) simplifies to

t t
/ To<czzc1dZi = —/ To<zs<1dBY (2.30)
0 0

and further, equation (2.23) becomes
t
7 —x = _/ Loczz<1 dBY + 0)(Z7) — ;(Z7). (2.31)
0

Now, if we can show that
t
/ lo<zz<1dBY = BY (2.32)
0

then we have our result. In order to do this we first note that

t t t t
/ ]10<Z§<1 dBf: + / ]].st:() ng + / ]lZle ng = / ]IOSZ;“Sl dBf: (2.33)
0 0 0 0

t
_ / 1dBY = B,
0

We therefore require that
t t
/ lz:—0dBY = / lz:=1dBY =0. (2.34)
0 0

Now considering fot 1z:—0 dBY we see that

t t t t
/ ]lz.;c:() ng = / ILZ;”:O d(Bs —|—/.LS) = / ]le?:O dBS +M/ ]lzéczo ds (235)
0 0 0 0 ~

ECP 29 (2024), paper 15. https://www.imstat.org/ecp
Page 7/12


https://doi.org/10.1214/24-ECP576
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Extended Lévy’s theorem for a two-sided reflection

where B = (B;);>0 is a standard Brownian motion. Squaring the right-hand side of (2.35)
and taking expectation, we find that

t
o[ 1m0
0

where in the first equality we have used the It6 isometry and in the second equality
we have used Fubini’s theorem and the fact that the square of the indicator function
is itself. Recall, since ([ 1z:—9dB;)> > 0 then E[(f] 17:-9dB;)?] = 0 if and only if
fot Tzz=0 dBs; = 0. We therefore have that fot Tz:=0 dBs; = 0, and the same argument can
be used to show fot lzz21 dBg = 0, thus we have our result. O

2

t t
- E/ (120-0)% ds :/ E[lz:—|ds =0 (2.36)
0 0

Remark 2.2. Consider the following two versions of Tanaka’s formula

t
(X —a)t =(Xg—a)" —|—/ Ix >qdX,+ %é?_(X) (2.37)
?
1
(Xy—a)” = (Xo—a)~ +/0 ~1x,<adXs+ §€§+(X). (2.38)

Take X; = Z¥ and a = 0 in (2.38)

t
1
(th — O)_ = (.]3 — 0)_ - / ]lzfgo dZ;c + §€?+(Zx) (239)
0

Using (2.19) and the fact that 0 < ZF <1, we see that
t
0(z%) = / Lge_odZ? (2.40)
0
t t
= / Lz:20dQ7 — / Lz:—0dBY
0 0

¢
:/ 1z:—0dQ%
0

where in the final equality we have used (2.35) and (2.36). Similar arguments applied
to (2.37) yield

t
VA :—/O 17021 dQ7. (2.41)

Note that by taking the difference between (2.40) and (2.41) one can again prove
Theorem 3 by applying arguments similar to those of the original proof.

3 A coupled pair of local time realisations

We have an explicit realisation for the difference between the local times at 0 and
1, and also a realisation for each local time in integral form. However we wish to go
further. We present a result for which gives a realisation of each local time in terms of
the other. Recall that R, }"* is a Brownian motion with drift —x € R reflected between 0
and 1 started at =z € (0,1).

Theorem 3.1 (A coupled pair of local time realisations). The following identities in law
hold

ORFE™) 'Y 2 v sup (BI +(4(27)) — o (3.1)
i s€[0,t]
R A inf (BY +1- 0(2")) - =. (3.2)
’ s€[0,t

where (“(R, ") is the local time of R;}"* at a.
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Note that this result is similar to one found in [7, p. 245], however a couple of key
differences can be seen, namely that here our reflecting Brownian motion is able to have
non-zero drift, and also that the Brownian motion B* seen here is exactly the Brownian
motion used to generate our Z% process.

Proof of Theorem 3.1. We know from Theorem 2.1 that there is no loss of generality to
identify Ra’l’m with Z%. We take (2.20) as follows

t
0
and we then apply Skorokhod’s lemma [7, p. 239]. That is we note that from (3.3) we get
t
% ::x+/ 1ze50dZ7 (3.4)
0

with £ > 0 is a continuous process for which
Vi=22>0 (3.5)

ZF =VE+09(7%). (3.6)
We then see that the processes Z¢ and 2 (Z%) satisfy

75 >0 3.7)
¢9(Z") is increasing and £3(Z*) = 0 (3.8)
t t
/ Lzesodly(Z7) = / Lzes0lzr—0dZ? =0 (3.9
0 0

for t > 0, where for the first equality in (3.9) we have used the differential form of (2.40).
Thus Skorokhod’s Lemma tells us that we have an explicit expression for /9(Z?) given by

0(Z") = sup (=VZV0) (3.10)
s€0,t]

sup ((—x—/ 1z250dZ;) vV 0)

s€[0,t] 0
= sup (7/ lzes0dZ) V) —x
s€0,t] 0
=z V sup (—/ 1ze50dZ)) — .
s€[0,t] 0

Now we take a closer look at f(f 1z2-0dZ} and see that it can be written as
/ l1zz50 az; = / Toczzc1 +1zz21 dz; (3.11)
0 0

— [(Moczardzi+ [ 1zaz:
0 0

due to the fact that Z% is between 0 and 1. Recall that in (2.25)-(2.36) we proved that

/ lo<zz<1dZ; = —BY (3.12)
0
and from (2.41) we have
/ Lge_y dZF = —L3(Z7) (3.13)
0
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thus .
/ Lyes0dZf = —BY —(L(Z7) (3.14)
0
and we can now rewrite (3.10) as
0(Z%) =z Vv sup (B* +(X(Z%) -z (3.15)
s€0,t]

giving us the first of our two coupled equations in which we have written the local time
at 0 of our two-sided reflecting Brownian motion process Z” in terms of the underlying
Brownian motion which can be used to generate Z%, and the local time at 1 of Z*. For the
second of the two coupled equations we want to be able to write the local time at 1 of our
two-sided reflecting Brownian motion process Z” in terms of the underlying Brownian
motion, and the local time at 0 of Z”. It is possible to do this directly from (3.15) by
exploiting the symmetries of Z” but for a more concrete proof we will look at a similar
method to the one above. We again begin with Tanaka’s formula from (2.16) and (2.19),
that is

t
1—ZZ”=1—9:—/ Lyecy dZE + 0;(Z7) (3.16)
0

and as before we see that the conditions to apply Skorokhod’s Lemma are met and thus
we can state that we have an explicit expression for ¢} (Z®) given by

(H(Z%) = sup ((x—1+/ 1z:<1dZ)) V0) (3.17)
s€0,t] 0
s€[0,t] 0

=—xV sup (71+/ lzec1dZ)) +
s€0,t] 0

=—xV — inf (1—/ ]121‘<1de>+$
s€[0,t] 0 "

= —(x A inf (1—/ 1zec1dZ))) + .
s€0,t] 0 !

In an analogous manner to before we take a closer look at [; 121 dZ? and we see

/ lz:<1dZ) :/ ]lzg:ode—F/ lo<zs<1dZ; (3.18)
0 0 0

= (%) - BY
where in the final equality we have used (2.40) and (3.12). This yields the expression for

(+(Z*) given by

(HZ%) = —(x A ir[lof }(1 —0%(Z")+B")) +x (3.19)
s€|0,t

and so we have our coupled pair of equations for the local times written in terms of the
other local time and the underlying Brownian motion

0(Z%) =z Vv sup (BY+05(Z%)) —x (3.20)
s€[0,t]
—0(Z%) =z A n[})f](Bngeg(Zz))fx. (3.21)
s€|0,t
O
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Remark 3.2. Although we have only shown equality in law between our expressions
on the right-hand side of (3.20) and (3.21) and the local times of the general reflecting
Brownian motion R, "*, we have actually shown pathwise equality between these
expressions and the local times of the realisation Z7 of the reflecting Brownian motion.

In Section 3, we saw that when starting with a realisation in law for a Brownian
motion reflecting between 0 and 1, one can construct an expression which is equivalent
in law to the difference between the local times at 0 and 1 of the reflecting Brownian
motion. In this section we have started by finding realisations for each of these two
local times, so now we ask, from this starting point is it possible to do the reverse and
construct a new expression which is equivalent in law to the reflecting Brownian motion.

Taking inspiration from Theorem 2.1 in Section 3 we will take the difference between
our two realisations of the local times of the reflecting Brownian motion process, add
x € [0,1], the starting point of our reflecting Brownian motion, and then subtract
B}’ = B, + ut a Brownian motion process starting at 0 with drift 4 € R, with (B;);>0 a
standard Brownian motion. We see in the above remark why we are able to do this.

This then yields the expression

7 =0NZ") — i (Z") + = — BY (3.22)
=V sup (B +(5(Z%) +x A inf (B*+1—02(Z%)) — 2 — B
5€[0,t] s€[0,t]

which can be used as an alternative realisation of the two-sided Brownian motion with
drift —u reflecting between 0 and 1 started at z.

Remark 3.3. Note that from (3.20) and (3.21) it is now obviously possible to find implicit
expressions for ¢9(Z%) and —¢}(Z®) by simply combining the two. Namely

(Z%)y =2V sup (B —a A inf (BY+1—-0%Z"))+2z)—=x (3.23)
s€[0,t] r€[0,s]
=0V sup (BY —x A inf (BY+1—109Z%)))
s€[0,t] r€(0,s]
—0(Z*)=x A inf (B*4+1—2V sup (B* +L5(Z%) +x) —x (3.24)
s€[0,t] r€(0,s]
=0A inf (B¥+1—2aV sup (B*+(L(Z7))).
s€[0,¢] relo0,s]

However is also interesting to note that we can obtain a much simpler implicit expression
by applying Skorokhod’s Lemma either in the way we did in the proof of Theorem 5, or
by applying it to a case that trivially satisfies the conditions. In particular we see that
ZF = ZF —0)(Z%) + ¢9(Z*), and Skorokhod’s Lemma then tells us

0(Z%) =0V sup ({%(Z") - Z%). (3.25)
s€[0,t]
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