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The most exciting game*?

Julio Backhoff-Veraguas* Mathias Beiglbock®

Abstract

Motivated by a problem posed by Aldous [2, 1] our goal is to find the maximal-entropy
win-martingale:

In a sports game between two teams, the chance the home team wins is initially
zo € (0,1) and finally 0 or 1. As an idealization we take a continuous time interval
[0,1] and let M; be the probability at time ¢ that the home team wins. Mathematically,
M = (Mi)ieo,1) is modelled as a continuous martingale. We consider the problem to
find the most random martingale M of this type, where ‘most random’ is interpreted
as a maximal entropy criterion. In discrete time this is equivalent to the minimization
of relative entropy w.r.t. a Gaussian random walk. The continuous time analogue is
that the max-entropy win-martingale M should minimize specific relative entropy with
respect to Brownian motion in the sense of Gantert [20]. We use this to prove that M
is characterized by the stochastic differential equation

sin(m M)
m/1—1
To derive the form of the optimizer we use a scaling argument together with a new

first order condition for martingale optimal transport, which may be of interest in its
own right.

dM; = dB;.
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1 Introduction

1.1 Main result

We write M7 = for the set of laws of continuous martingales with time-index set
[0, 1] which have absolutely continuous quadratic variation and start in z. The subset
M win Of win-martingales consist of those martingales which terminate in either 0 or 1.
Win-martingales appear naturally as models for prediction markets (cf. [3]).

In our main result we characterize the win-martingale which is closest to Brownian
motion in that it minimizes the specific relative entropy h (in the sense of Gantert [20])
w.r.t. Wiener measure W*° started at zg.
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The most exciting game

Theorem 1.1. Let xy € (0,1). Then the minimization problem
1nf{h(Q|Wmo) : Q € M;O,wjn} (11)
has a unique solution which is given through the SDE

sin(wMy)
dM; = ——=
k m/1—1t

Gantert [20] defines specific relative entropy h as the scaled limit of relative entropies

associated to appropriate time-discretizations of @ and W*°. For sufficiently regular Q,
it is known (cf. [20, 7]) that

dB;, My = xo. (1.2)

WQW™) = LEq [fol{zt “log(Sy) — l}dt] , (1.3)

where ¥; stands for the density of the quadratic variation for the canonical process
under @ at time ¢ (see [20, 18]). For us it is important to directly use the quantity in (1.3).
We discuss this in Section 3 below.

Aldous [2, 1] considers the problem of determining the win martingale which max-
imizes entropy. To make this precise Aldous considers classical Shannon entropy and
win martingales in a discretized setting. He provides heuristics for the existence of a
scaling limit and suggests a PDE that should be satisfied by this limit. In this paper
we observe that discrete time martingales which maximize Shannon entropy minimize
relative entropy w.r.t. discretized Wiener measure as used by Gantert [20], see Section 2.
This observation indicates that (1.1) is an appropriate way to define the max-entropy
win-martingale directly in continuous time. Indeed, we verify that the martingale M
specified in (1.2) solves the PDE suggested by Aldous and we refer to M as Aldous
martingale.
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Figure 1: Two typical paths of the Aldous  Figure 2: Two typical paths of the Bass
martingale for a fair game (My = 0.5). martingale X; := ®(B;/v/1 —t) from 0.5 to
Bernoulli(0.5).

Figure 3: Many simulated paths of the Al- Figure 4: Many simulated paths of the
dous martingale for a fair game. Bass martingale.
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In Figures 1 to 4 we compare simulations of the Aldous and the Bass martingale.
The Bass martingale was introduced in [8, 5, 6] and is the martingale with specified
initial and terminal distribution which minimizes the adapted Wasserstein distance to
Brownian motion.

Note added in revision: briefly after making our note available to the arxiv, and
independently from us, Guo, Possamai and Reisinger presented a different solution
to Aldous’ problem based on PDE-techniques and unrelated to the concept of specific
entropy. Importantly, while the article of Guo, Possamai and Reisinger [21] as well as the
present note yield solutions of the same PDE, the respective solutions satisfy different
boundary conditions.

1.2 Outline of the paper

In Section 2 we will discuss martingale transport problems in discrete time which op-
timize an entropy criterion. In particular, we detail that maximization of Shannon entropy
corresponds precisely to minimization of relative entropy with respect to discretized
Wiener measure.

In Section 3 we discuss specific relative entropy in the sense of Gantert [20]. We also
observe that the Aldous martingale provides a counterexample to a conjecture posed in
[20] about the representation of specific relative entropy.

In Section 4 we derive a new first order condition for martingale transport problems
in continuous time. Together with a scaling argument for optimizers of (1.1) this allows
to identify the Aldous martingale (1.2) as a candidate optimizer.

Finally, in Section 5 we use verification arguments to obtain that (1.2) indeed
solves (1.1). In particular, the optimal value of (1.1) is equal to

zo(1 —;0) 1 o (Sln(;mjo)> |

2 Maximization of entropy and minimization of relative entropy

As noted above, Aldous [2, 1] poses the problem to determine the maximal-entropy
win-martingale. To assign a rigorous meaning to the maximal entropy (in the sense
of Shannon) criterion, his starting point is a formulation in a discrete time, discrete
space setting. It is then argued that a natural scaling limit should exist. The goal of this
section is to explain the connection between maximization of entropy and minimization
of relative entropy w.r.t. the Gaussian random walk / discritized Wiener measure as used
in Gantert’s definition of specific relative entropy. We emphasize that this section is
technically not required for the results in this article. Rather the point we want to make
is that the notion of specific relative entropy allows to pose the problem directly in the
continuous time setup.

We deviate from the setting of [2, 1] in that we consider discrete time (for now)
martingales which are allowed to take values on the real line. We also allow for general
prescribed initial and terminal distributions p, v which are in convex order. For T' € IN we
write (X;)7_, for the canonical process on the path space RT”*!. We denote by Mr(u,v)
the set of all martingale transport plans, that is, martingale measures Q on R”*! such
that Xo(Q) = i, X7(Q) = v. We then consider the maximal entropy transport problem

— [pre a(x)logg(z)de Q=q- Apqy

) (2.1)
—00 else

QeMr(p,v)

max H(Q) where H(Q) = {

where \; denotes Lebesgue measure on R?. Note that (2.1) can be finite only if j, v are
absolutely continuous, which we will tacitly assume. We write

T
Y1 (2o, .-, 27) o fo(zo) exp <%i2 Z(ﬂfz - $i1)2>
i=1
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for the density of the Gaussian random walk with start in fy - A\;. For Q = ¢ - Ap41 €
My (u,v) the relative entropy H(Q|vr) satisfies

H@pr) = | log a0 - [ a@)ogata) o [1ograq -

1711

:—H(Q)+§1og(27r02)—/logf0d,u+/z dQ(zo,...,xT)

=—-H(Q)+ %10g(27r02) — /log fodu + ﬁ (/ o5 dv(zy) — /95(2) du(gco)) .

We thus find that, up to additive constants, maximization of Shannon entropy in (2.1)
corresponds precisely to minimization of relative entropy w.r.t. the Gaussian random
walk. Note that the choice of fj is, up to integrability issues, not important for this
argument.

3 On the specific relative entropy

We write X = (X;):¢[0,1) for the canonical process on Wiener space C = C([0, 1]), and
also consider the discretized process

X" = (Xk/n)k=0,....n-

We further consider a probability  and denote the Wiener measure with start in zy by
W?o, Gantert [20] defines the specific relative entropy of Q w.r.t. W*° as the limit of
scaled relative entropies of the discretization of QQ w.r.t. the Gaussian random walk, i.e.

PQIW™) = lim X QX" (W) Y

whenever this limit exists.

The specific relative entropy is meaningful even in situations where measures singular
to each other are being compared. This is the case of continuous martingale laws, which
typically have infinite relative entropy but may still have a finite specific relative entropy.
Gantert [20, Kapitel I1.4] shows that A is the rate function in a large deviations principle
associated to a randomized Donsker-type approximation of Brownian motion. The specific
relative entropy is also studied by Follmer [18, 17] who uses it to establish Talagrand-type
inequalities on the Wiener space beyond the absolutely continuous case. In particular he
proves that the squared adapted Wasserstein distance between a continuous martingale
and Brownian motion is bounded from above by twice the specific relative entropy.
The quantity (3.1) is also considered independently by Cohen and Dolinsky [15], where
it plays a role in the derivation of the scaling limit of utility indifference prices. On
the other hand, formula (1.3), as well as similar expressions, appeared in the work of
Avellaneda, Friedman, Holmes and Samperi [4] concerning model calibration in finance.

According to [20] (in particular situations) and to [7] (for all sufficiently regular
martingale diffusions), we have the alternative expression

h(QW™) = %EQ [/Ol{zt log(Sy) — l}dt] , 3.2)

where ¥; stands for the density of the quadratic variation at time ¢ for the canonical
process under Q. More generally [20, 18] show that

lim inf 2 (X" (Q)| X" (W) > %EQ [/l{zt ~log(Sh) — l}dt] , (3.3)
0

n—oo N

for all martingales, and conjecture that equality should hold for all martingales (with abso-
lutely continuous quadratic variation). We will see in Section 5 that the Aldous martingale

ECP 29 (2024), paper 6. https://www.imstat.org/ecp
Page 4/12


https://doi.org/10.1214/24-ECP574
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

The most exciting game

has finite specific entropy when using the representation in the r.h.s. of (3.2). However
H(X™(Q)|X™(W*)) = oo for all n € IN for any win martingale, since X;(Q) € {0,1}
Q-a.s. For this reason, the equality in (3.2) fails even in the class of time-inhomogeneous
diffusions, and it is crucial that we use the representation in (1.3), i.e. the right-hand
side of (3.2), as our definition of specific relative entropy.

4 First order conditions for martingale optimal transport

Following [22, 10, 14, 19] martingale versions of the classical transport problem (see
e.g. [25, 26, 24, 16] for recent monographs) are often considered due to applications
in mathematical finance but admit further applications, e.g. to the Skorokhod problem
[9, 12]. In analogy to classical optimal transport, necessary and sufficient conditions for
optimality have been established for martingale transport (MOT) problems in discrete
time ([11, 13]) but not so much is known for the continuous time problem.

We derive here a new first order condition for martingale transport in continuous
time, which we then use to determine the structure of a candidate optimizer for (1.1).
Specifically, we consider the following MOT problem

inf {EQ Ul c(t, X0, %) dt} L Q € M(0,1]), Xo(Q) = 11, X1 (Q) = ,,} , @.1)

0

where M¢([0,1]) denotes the set of martingale measures on C with an absolutely contin-
uous quadratic variation, we denote by X the canonical process and by ¥ the density of
its quadratic variation. As above, we assumes x < v in convex order, so that M*([0, 1]) is
non empty.

Lemma 4.1. [First order condition for MOT] Consider the MOT problem (4.1), and
suppose that c is differentiable in its last variable, that Q is an optimizer, and that

t— Lt = Etagc(t, Xt, Zt) — C(t, Xt, Zt)7
is a continuous Q-semimartingale with an absolutely continuous drift process. Then
(Lt)tejo,1) is a martingale under Q.

Of course if ¢ = ¢(X) is either convex or concave one can write zc(z) —c¢(x) = ¢*oc/(x)
by the definition of the convex/concave conjugate c*.

Proof. Consider now H an absolutely continuous adapted process satisfying
Hy=0=H; and h;:= Hj € (—1,1).
It follows that for all 0 < ¢ < 1 the function
Tf =t+eHy,

defines a time change. Namely, this is a continuous increasing adapted process starting
at 0 and ending at 1. The time-changed martingale w; := X;: has the same starting and
final marginals, and so it must be suboptimal for the MOT problem Since the density of
the quadratic variation of wy is

E‘Ff . (Tts)/a
we compute that the cost associated to wy is
1 1
EQ/ ¢ (v8,05, Sre - (75)) dt:EQ/ (5, X0, Eu - {(5) 0 (7)) 7)1.

0 Ts

Since (7)o (7)™ = 1+ h(r¢)-1, we have
1 1 ds
E Sows, Yo (1)) dt = E X, {1+ h(rey-1}) ———.

Q/O C(Ttthv 5 (Tt)) Q/O C(Sa sy s{ + (7¢) 1})1+h(7'§)*1
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Then a few computations reveal that
d

1 1
7 IEQ/ c (Tf,wf, Yre- (Tf)') dt = ]EQ/ {—c(s, Xs,Xs)+0sc(s, X5, Xs)Xs thsds = 0,
E le=0 0 ’ 0

for all h = H' as above. From this, and integration by parts, we have that Eq fol H.dL;
is equal to zero, for all H as above and with L as in the statement of this lemma. We
conclude that L must be a martingale for ¢ € [0,1). O

Going back to (1.1), that is, ¢(3) = 1[S —log(X) — 1], pt = 64, v = 061 + (1 — 20)d0,
the previous lemma shows that if Q) is optimal then

t — log(%y),

is a martingale under Q. Passing to the notation where ¥ = ¢? denotes the density of
the quadratic variation, we also conclude that

t — log(oy),

is a martingale (we convene that o is the positive square root of ¢2). If the coefficient o
is Markovian, i.e. o; = o(t, X;), then the process log(c;) can only be a martingale if

1
<at + zazaﬁm) logoo = 0, (4.2)
Note that up to elementary manipulations this corresponds to the PDE
1 1
=1 —Czz ) 2 7t = T\
€t 2 Og( € ) a (37 ) ea:x(t7 .’E)

suggested by Aldous [2] for the scaling limit of maximum entropy win martingales.

We will use (4.2) to obtain a candidate optimizer for the problem at hand.

To obtain intuition on the structure of o, note the goal is to find the win martingale as
close as possible to Brownian motion, formalized by an entropy criterion. By the chain
rule of entropy, this suggests that if we start the optimization problem at time ¢ at level
M; = x we face again the problem to be as close as possible to Brownian motion subject
to being a martingale which terminates at time 1 in a Bernoulli distribution. First of all,
this indicates that the optimal ¢ is Markovian/feedback, so

th = O'(t, Mt) dBt,

but we can say even more: At time ¢, we face the very same optimization problem as at
time 0 apart from the fact that the time horizon is now 1 — ¢ rather than 1 in the original
problem. We thus expect the optimizer to be the same as the original optimizer, scaled
by the factor 1 — ¢, that is, run at a speed which is higher by a factor of ﬁ As volatility
is the square root of quadratic variation this amounts to

o(t,z) = o(l,x). (4.3)

1
V91—t
Writing o(z) := o(1, z) and plugging (4.3) into (4.2) yields

(at + 2‘(’12 (_”““)t)agw) (—;log(l —4) —l—log(a(x))) ~0,
11 11 2(2) <a”(a:)a(x) - (a’(x))2>

e Fprink tuerts a7
& —1=0"(2)o(z) — (o' (x))*.

This ODE is solved by o(z) = ésin(ax + B) for real constants «, 8. As the optimizer is
supposed to terminate in 0 or 1, the only reasonable choice here is a = 7,5 = 0. All in
all, our Ansatz for the optimal o is

sin(mx)
a/1—t

a(t,z) =
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5 Optimality of the Ansatz

We denote by M** the martingale which starts from time s < 1 at the position
x € [0,1] and is determined by 7. On [s, 1) it satisfies the SDE

sin(mM;"®)
/1 —t

We remark that for all € small enough the coefficient ¢ is smooth and has bounded
derivatives of all orders for ¢ € (s,1 — ¢). In particular the above SDE admits a unique
strong solution on [s,1). Observe that, for « € {0,1}, if M;”* = 0 then also MS =0
forall t € (£,1). In particular then we have 0 < inf;c[, ) M < supfe[é 1) Mp* < 1a.s.
Hence the martingale is bounded in L? for every p and in particular M;"* := lim;_,; M;"°
exists a.s. and in L?. Thus M;® € [0, 1] and E[(M?**);] < oo, hence also

1 s,z
E{/ sin? (M} )dt

AMF® = dB,

1-1¢
! % dt < co a.s. We conclude that the event {M;"* € (0,1)} is
1 sin? Tr]M

9 at =

and in particular [
negligible since on this event [
We summarise this discussion:

Lemma 5.1. M** is well-defined on the whole interval [s,1], it is a continuous mar-
tingale bounded in every L?, and it satisfies M;"* € {0,1} a.s. (implying that M;"* ~
Bernoulli(x)).

In fact we have a bit more:

Lemma 5.2. Letz € (0,1) =: I. If 7 denotes the first time that M** exits I, then T = 1

a.s.
Proof. Wlog s = 0. We define, for ¢t € R, the martingale M; := Mf wexp( " Hence
1—exp(—t) MO T t .2 M
(M), = / sin (e 7) (ML) gy / aAT) (7; ) gs,
0 (1 — u) 0 T

where we employed the change of variables s = —log(1 — u). Hence M satisfies the SDE
on R,

in(7mM,

dM,; = m dWs,

with My = z € I. Observe that 0%(z) := Sm;# > 0 for z € I, and that 1/0?(z) is upper
bounded on every compact interval contained in I. Hence we can apply Feller’s test for
explosions (see e.g. [23, Theorem 5.29]), according to which M does not leave I in finite
time (a.s.) if and only if the function

v = [ L

1/2 sin®(mz)

satisfies V(0+) = V(1—) = oco. The latter is clearly fulfilled. O

Lemma 5.3. The process L; := log % is a martingale on [0,1).

Proof. Let f(t,z) := log b‘ﬁ so L; = f(t,M,"). Hence 0, f = ”nghf;;) and so

s cos(7rM

°)
dB
. /71 — ts

/ 0. f(t, M) dM; ™ =
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which is a local martingale bounded in L! as long as ¢ € [0,1 — ¢]. Hence it is an actual
martingale on [0,1 — ¢] for 0 < € < 1 arbitrary, and thus also a martingale on [0,1). On
the other hand

sin?(7z)

ang(ta Z) = atf(tv Z) + mafzf(tv Z)

1 sin?(7z) mcos(mz)
21 —t) * 272(1 —t) 0 ( sin(7z) )

1 1 . 9 9
= ST—1 211 {sin*(7z) + cos*(nz)}

a(t,z)
2

atf(t7 Z) =+

=0.
Hence , ~
L= Lot [ S g,
and we conclude. O
Associated to the martingale M we define its cost
L (i 2 17S.T . s,
o(s,x) := %E [/‘; {m—ﬂog%—l} dt]. (5.1)

Lemma 5.4. We have

a(s.a) = 22T TS g (:}%) .

Proof. Clearly

1 ' SinQ(//TMtS’I) 1 “rS,T\2 7S, T\2 1’*$271+8
QE{/S {w?(l—t)l} dt]QE[(Ml )= (M) 4 s — 1] =

On the other hand, owing to Lemma 5.3 we have

1 . — sz 1 ) S .
B[ [ 1og D ] = [ fog M = (1 510 ST

m/1—1 m/1—1 m1—s
where the exchange between expectation and integral is justified by the fact that log(1—t)
is integrable on [s, 1] and log(sin(wM;"")) has a constant sign. We conclude. O

Lemma 5.5. 52(t, r) is the unique minimizer of the function
[0,00) 2 %+ X202, 0(t,2) + ¥ — log X.

Proof. The function in the statement is strictly convex so its unique minimizer can be
found by equating its derivative to zero. This means 92, 9(¢,z) + 1 = 1/3. So we only
have to check that

sin?(7x) 1

~2 I _
b2 = SR oy T Tt e

But from Lemma 5.4 we have

72 (1 —t)

92 b(t,x) =
2 ¥(t7) sin2(7r$c)

— 17
which concludes the proof. O
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Lemma 5.6. On (0,1) x (0,1) we have
0,5(t, ) + % nf {S3,0(t,0) + 5~ log S~ 1} =0.
Proof. By (5.1) we have that
£ B(t, NIOT) 4 /{a ~log 52 (MO") — 1}du
is a martingale. Since M%? does not leave (0, 1) this means that

0v(t, z) + 152(t, 2)0,,0(t, z) + %{62(15, z) —loga?(t,z) — 1} = 0.

2

But then by Lemma 5.5 the Lh.s. above is equal to 9,0(¢, ) + % infs>o {£ 02,0(t,2) + X —
log¥ — 1}. a

Lemma 5.7. Fors € [0,1) and z € (0,1) let

(s, x) := %_14_5 —(1—3s)log (3(11;;)> ,

v(s, ) = inf%IE Ul {0} —log(c?) — 1} dt} ,

where the infimum runs over all martingales M on [s, 1], starting at x, satisfying dM; =
g¢ th and M1 € {0, 1}
Then v(-,-) > ¥(-,-) and there is 6 € (0,00) such that

| — 22 — 14+ s+ (1 — s)log(1 — s)|
2
Proof. Let M and o be admissible in the infimum defining v(s, z). By Jensen’s inequality

E{/ﬁl{af—log(af)—l} dt} EE[/:ofdt} —(1—s)log M —(1—2s).

|20(s, ) — v(s,z)| <

+6-(1—s). (5.2)

1—s

Furthermore M; ~ B(x) and so E U; o} dt} = E[M} — M?] = x — 2? = (1 — z). This
shows that v > 9. On the other hand

221 1—s)log(1l— 1-—
20(s,x) — v(s,x) = i ts+(I-s)logl=s) (1—3s)log 7%%( z)
2 sin(mx)
and we obtain (5.2) by noticing that
_ 1—
0< 77@(1 z) < sup LE( z) < +o00.
z€[0,1] sin(mz) zefo,1] sin(mz)

O

Lemma 5.8. Let M be feasible for our minimization problem (started from x, at time
0), and denote by ¥; the density of its quadratic variation. Suppose that IE‘/[fO1 log X dt]
is finite, that M, does not leave the interval (0,1) until time ¢t = 1, and that the process

t— fot(l — s) cot(mMs)dM; is a martingale on [0, 1]. Then the process
ts RM .= o(t, My) + /{2 —log ¥, — 1}ds

is a submartingale on [0, 1], and it is actually a martingale on [0, 1] for M = MO0 and
Yy = a(t, M)™).
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Proof. By Lemma 5.6 we have
1
oyu(t, My) + Q{Zt(’)izﬂ(t, M)+ % —log %, — 1} >0,
from which, thanks to It6’s formula, the local submartingale property of RM follows.

To check that this process is an actual submartingale, we need to establish that
t —_ . .
Jo 920(s, M)dM, is a martingale. But

t t _
/ 0.9(s, M)dM, = / {122]\45 —7(l—2¢) cot(w]\ls)}dMS7
0 0

which by assumption is indeed a martingale. -
On the other hand, for M = M%%0 and %, = 5(t, M,""°) we have

0,z 1 0,z — 7S, T — 70,z — 270,z
Ot M) + Ao (M 202, 0(t, M) + o (M;"*°)? — log a(M;*")* — 1} = 0,

so by the same token the process RM is alocal martingale. This time around

t t 70,z : | 70,2
_ - 1 —2M%%o _ MOwo

/ 0, 0(s, MO™0)dMO™0 = / { — (1l —s) cot(wMg"”O)} Mws,
0 0 2 m/1—s

which is a martingale. We conclude that RM js a martingale. O
We can now carry on the verification argument, showing the optimality of M:

Proof of Theorem 1.1. If M fulfils the assumptions in Lemma 5.8, then we have

i L
E 6(1,M1)+§/ {Es—logEs—l}ds]
L 0

1_)(0, Io)

1
E [1/ {Es —log Xy — 1}ds]
2.Jo

%

|
=

[ _ 1t o
oL 8P) 4 [ {o90R  toga(ar2#)? - 1}as|

o o
=E 5/ {G (M%) —log&(M2™0)? — 1}ds} )
L2 Jo

showing that M?®° is better than M.

Let now M be feasible and wlog such that EJ fol log ¥; dt] is finite. For ¢ small we
define 7 :=inf{t : M; < e or M; > 1 — ¢}. We then define the martingale }/© as follows:
for t < ¢ := min{1 —¢, 75} we set M§ := M,, whereas for t € (&5, 1] we set Mg := N M.
Hence M?¢ is just the continuous pasting (concatenation) of M and M at time ¢°. One
easily checks that M€ fulfils the assumptions in Lemma 5.8, for all ¢ > 0. If ¥¢ is the
density of the quadratic variation of M€, then

1 B 1
iE /{EflogEfl}dt]
LJo

te 1
1 — € — €
) /0 {2 —log%, — 1} dt| + QE{ t {a%(t, M} M) —loga?(t, M} M) — 1} dt

e
= / {Et — log Zt — l}dt + E['l_)(te, Mts)].
0

For the time being let us assume that
lim sup E[o(t°, My-)] = 0. (5.3)
eN0
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Then, since t° 1 as € \, 0, this would entail
1 ! 1 !
limsup -E {/ {¥f —log X — 1}dt} <-E [/ {Z; —log¥; — 1} dt|,
e—0 2 0 2 0

so that M is sub-optimal compared to A%, Hence to finish the proof we have to
establish (5.3). For this purpose, owing to (5.2), it is enough to check that

limsup E[0(¢°, M=)] <0, (5.4)
eN0

with v defined in Lemma 5.7. Taking v from that same lemma, we find

1 ! 1 a 1 !
0 0 te
1 [
ZiE / {Zf *lOth — 1}dt +E[’U(t€,Mts)]
0
1 [
238 | [ {5 log i - 1) de| + Efo, M),
0
as v > ¥. Since IE[fO1 log ¥; dt] is finite, we can derive (5.4) from this. O

We close this part remarking on the uniqueness of optimizers to Problem (1.1): As
the previous proofs show, the only way for ¥ to be optimal is by making

1
0yo(t, My) + i{zta;@(t, M)+ % —log¥; — 1}
be equal to zero. By Lemma 5.5 this is only achieved by the Aldous martingale.
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