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1. Introduction

Nonlinear autoregressive (AR) processes have been extensively studied in the
literature; see Priestley [25], Tong [31], Tjgstheim [30], Fan and Yao [12] and Wu
and Shao [35], among others. To study such processes, one needs to deal with
two fundamental issues: stability and asymptotic theory. For the former, one
should develop sufficient conditions on the mechanism of the underlying process
so that it can have a stationary solution. The asymptotic theory is useful for
the related statistical inference. In this paper we shall consider both issues for
a general class of nonlinear AR(o0) models.

To fix the idea, we adopt the following setting. Let €;,t € Z, be independent
and identically distributed (i.i.d.) random elements on the probability space
(Q, F,P). Consider

Xt :Fet(thluXt727Xt737"')7 te Z» (1)

where F,(z1,x2,...) = F(x1,22,...;€) is a real-valued function and can be
viewed as the data generating mechanism of the process (X;). We can view (1)
as an AR(oo) process. By Wu and Shao [35], for the special AR(1) process

Xy = Fe,(Xi-1), (2)

assuming that there exists z, such that E|F, (x,)[? < co,p > 1, and the con-
traction condition

[Feo () = Feo ()|
L:= 5;15/ - = :cc\) P <1, (3)

where || Z||, = (E|Z|P)}/P, then there exists a stationary solution of the form

Xt:g(etaet—17"') :g(ft), (4)

where g is a measurable function and & = (€, €;—1,...) is the shift process. See
Diaconis and Freedman [7] and Jarner and Tweedie [18] for related contribu-
tions. If condition (3) fails with L = 1, then (X;) may not have a stationary
solution. A prominent example is the random walk X; = X;_1 + ¢; which has
L = 1. Shao and Wu [29] considered the AR(d) processes with finite lag d:

.th:.F‘E (thlw"athd)v tEZ, (5)

t

and obtained a similar result: (5) has a stationary solution if

d
Zai <1, (6)
=1

where a; > 0 are Lipschitz constants: for all sq,...,sq; w1, ..., wy:

d
[ Fe, (51,5 8a) = Fe,(wi, .. ,wa)[lp < ails; — wl.
i=1
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For the AR(o00) process (1), it turns out that, interestingly, contraction condition
like (3) may not be needed for stationarity. For example, consider the fractional
integration model

(1-B)X,=¢, 0<d<1/2, (7)

where BX; = X;_ is the backshift operator. We can rewrite (7) in the form of
(1) with

T(k — d)

X; = X, h, ___w-4
t Zak t—k + €, where ag F(k—i—l)l"(—d)

k>1

Then the Lipschitz constants (ay) for the corresponding linear function F have
sum » -, ar = 1, while (7) does have a stationary solution since 0 < d <
1/2. In Section 2 we shall study the stability problem for AR(c0) long memory
processes. Hence differently from (2), AR(oc0) models can allow both short- and
long-range dependence.

For extension to spatial processes, we consider the simultaneous autoregres-
sive scheme

Xt = Gét({Xt+v7 v 7& O})» t,’l_) € Zda (8)

where G, (-) = G(-;¢) is a real-valued function. Let n; = (¢;_,,v € Z%). We say
that

Xy = g({et*vﬂ CAS Zd}) = g(nt)7 (9)

where ¢(-) is a measurable function, is a stationary solution if it satisfies the
relation (8). When d = 1, then (8) reduces to the two-sided AR(o0) process

Xt = Get(~'~7Xt727Xt717Xt+17Xt+27~~~)~ (10)

Differently from (1), the autoregressive scheme (10) allows non-causality. Prop-
erties for spatial processes are studied by Whittle [33] and Besag [3] among
others. Gaussian and linear spatial processes have been widely studied in the
literature. For linear processes Whittle [33] proposed ways to transform bilat-
eral models to unilateral ones so that results in time series can be applied. The
case with nonlinear processes is more challenging. Here, we will study stationary
distributions for bilateral models directly using an idea which is similar to loopy
propagation under a short-range dependence condition.

To perform statistical inference for the process (X;) such as hypothesis test-
ing and construction of confidence intervals, we need to establish an asymptotic
theory. In particular we will present a central limit theorem and a Gaussian
approximation result. To this end, we need to measure the decay speed of
dependence. In this paper we adopt the framework of functional dependence
measures introduced by Wu [34] which is easy to work with for a broad class
of functions and enables us to obtain sharp approximation rate. The main task
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lies in building a convolution relationship between Lipschitz coefficients of F, (+)
and functional dependence measures of the underlying processes. See Section 3.1
for details.

Using the functional dependence decay results we can derive a CLT and a
quenched CLT for the stationary process, and a Gaussian approximation which
can be used in various applications such as change-point analysis. For the aug-
mented GARCH(1,1) model, Aue, Berkes and Horvath [1] obtained a Gaussian
approximation rate 0(n5/12+6), € > 0. Using our result, we can derive a sharper
Gaussian approximation for both Model (1) and augmented GARCH(c0), and
our rate is optimal in view of the classical Gaussian approximation for i.i.d.
random variables by Komlés, Major and Tusnddy [22].

The paper is organized as follows. In Section 2 we present sufficient condi-
tions for the existence of stationary distributions for both temporal and spatial
models. It turns out that, interestingly, our result can also be applied to random
coefficient models which are not in the form of (1); see Section 2.2 where the
augmented GARCH (o) processes are discussed. In Section 3, we introduce func-
tional dependence measure and apply it to our models. Based on that we derive
the relationship of decay rate between coefficients and functional dependence
measure, and develop various asymptotic results. Proofs are given in Section 4.

2. Stationary distribution

In Section 2.1 we shall present sufficient conditions for the existence of sta-
tionary distributions of model (1) with short-range dependence. The theorem
is also applicable to random coefficient models; see Section 2.2. Section 2.3
(resp. 2.4) concerns long-range dependent processes (resp. simultaneous autore-
gressive schemes), while Section 2.5 deals with extensions to non-stationary
processes.

2.1. Short-range dependent AR (oc) processes

To state our main stability result for the process (1), we shall introduce a Lip-
schitz type condition. For a random variable Z, we say Z € LP, if ||Z]|, =
[E|Z|P]Y/P < .

CONDITION 1. (Stochastic Lipschitz Continuity). Assume that there exist con-
stants ar, > 0 k € N, such that for all w = (w1, ws,...) and s = (s1,82,...),
F,(w)e LP, p>1 and

1Fe(w) = Feg(8)lp < D arlwy, — sil. (11)
k=1
DEFINITION 1. On a filtered probability space (0, F, (Ft)tez, P), a process (Xy)

1s said to be adapted, if for each t, X; is F; measurable.

From now on, always let F; be the o-field generated by & = (e, €1—1, ...).
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THEOREM 1. For (1), assume Condition 1 holds with p > 1 and (ax)r>1 satisfy

Z(Ik < 1. (12)
k=1

Then there exists a unique strictly stationary solution in LP adapted to (Fi)iez.

To incorporate the case with 0 < p < 1, we need to slightly modify Condi-
tion 1.

COROLLARY 1. Let 0 < p < 1. Assume Condition 1 with (11) replaced by

E|Fey(wy,wa,...) = Fey(s1,82,.. )" <> ag|wy, — si|”. (13)
k=1

Further assume (12). Then (1) has a unique strictly stationary distribution in
LP adapted to (Fi)icz-

EXAMPLE 1. Let Fi,(s1,S2,...) be Lipschitz continuous with constants hy(€g),
namely,

|Fey (51,52, ..) = Fog(wi,wa, ... )| <D hy(eo)lwi — sl (14)
k=1

If hy(eo) € LP, then we have (11) and (13) with ax = [|hx(eo)||E, where
p’ = min(p,1). For example, consider the infinite order bilinear process with
F.o(s1,82,...) = €0 + > ooy (u; + vi€0)s;, where u;, v; are real parameters, then
hi(eo) = |u; + vi€o|. Finite order bilinear processes are considered in Granger
and Andersen [16] and Rao and Gabr [27]. O

To study the existence of stationary solutions, we use the idea of backward
iteration, enlightened by the “coupling from the past” algorithm in Propp and
Wilson [26]. Traditionally forward iterations are considered. For the simple
Markov chain example (2), for convenience assume that 0 is in the state space,
one checks whether the forward iteration

Xo=0, X, =F,0...0F, (Xo)=F.,(X;_1), t=1,2,...,

converges weakly as ¢ — oo. If it converges weakly to a distribution = (say),
then 7 is a stationary distribution. For the backward iteration, we let

Xt g oo oF XY n=12...: XY =0, tez
t t t—1 t

€t—n+1

(0) = Fe

t

Under suitable conditions on Fg, (+), Xt(t_”) converges almost surely as n — oo
and the limit, denoted by X, satisfies (2). For the AR(00) process (1), we follow
a similar idea to generate the sequence. Let

x =0, x"W=F, (x5, . x"™00,.), n=12..  (15)
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Note that X ™ has the same distribution as X f::;:k)

the sum » 7, |Xt(t7n+1) - X£t7")| exists and thus Xt(tfn) converges almost
surely to X; (say) as n — oo. In the proof of Theorem 1 we shall make the
latter idea rigorous.

. Under suitable conditions,

2.2. Random coefficient models

Interestingly, our stationarity theory also applies to the following process
oo
Xi = foler-1, e, )+ Y frlet1, € 6)Xip, tELZ, (16)
k=1

where ¢, are 1.i.d. and {fx}r>0 are real-valued functions.

Let A : R™ — R be an invertible function. Based on (16), we can define the
augmented GARCH process Y; by restricting fi(ei—1, ..., €1—x) to fr(e—i) and
letting

ol = AYXy), V=o€, (17)

provided that A(z) is invertible; see Duan [10]. Augmented GARCH contains
many commonly used ARCH models.

EXAMPLE 2. [28] considered the general form ARCH(oo) process: let &, t € Z,
be i.i.d. nonnegative random variables and

pt = Bo + Z Br&t—kpi—ks  Yi = pi&s, (18)
k=1
where the parameters 8, > 0,k > 0. O

ExXAMPLE 3. Motivated by a Box-Cox transformation of the conditional vari-
ances, the power GARCH has the form Y; = o0;¢; with

of = ao + Z@if’f—i + ZBi|Xt—i|6 =ap + Z(ai + Biler—i|")op_;.

i>1 i>1 i>1

The lag one version was considered by Carrasco and Chen [5] and they studied

its moment and mixing properties. O
EXAMPLE 4. [23] studied the Exponential GARCH Y; = oe; with
logof =w+ Y Br(Ber—k + Aer—k| —Eler—x]) + D _ arlogof . 0
E>1 E>1

EXAMPLE 5. Ding, Granger and Engle [8] introduced the asymmetric power
ARCH (PARCH) Y; = o€e; with

o) = ag+ Z%‘(\Xt—ﬂ —7iY2i)’ + Zﬂjaf—i
i>1 i>1

=ap + Z[ai(|€t4| —iee—i)’ + Biloy_;. u

i>1
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See [10] and Aue, Berkes and Horvéth [1] for other GARCH models. Aue,
Berkes and Horvéth [1] derived Gaussian approximation for partial sum pro-
cesses. [17] used blocking technique to derive various asymptotic properties.
The stability and asymptotic properties for infinite lag Augmented GARCH
have not been discussed in the literature. Here we can tackle the latter problem
by using the similar method as for process (1).

COROLLARY 2. Assume that fo(eo,€—1,-..), fr(€1,...,€k), k> 1, are in LP with
p=1,

> il felers o en)llp < 1. (19)

E>1

Then process (16) has a unique LP strictly stationary solution with form X; =
h(et—1,€t—2,...) where h is a measurable function. Moreover, the expectation

EX, = (1= Y Efiers oo ek))_lE(fo(eo, €1,

k>1

REMARK 1. Inequalities (12) and (19) can be viewed as contracting conditions.
In situations that they equal 1, extra assumptions are needed to guarantee a sta-
tionary solution; see Section 2.3. Such a process can be long-memory. O

For 0 < p < 1, we need a slight modification of condition (19) and consider
an approach similar to Corollary 1. Douc, Roueff and Soulier [9] used Volterra
expansion to establish the stationary distribution. Here we can deal with a more
general situation.

COROLLARY 3. IfE|fo(€o,€—1,...)|P < oo and >, E|fe(er,...,ex)? < 1,0 <
p < 1, then there exists a stationary solution for (16) which has a finite pth
norm.

REMARK 2. Notice that in Model (16), if all coefficients f; > 0 for k > 0, then
the stationary distribution for (16) is nonnegative. This is useful in checking
the existence of A~1(X}), for example if A(z) = x, then for 02 = A~1(X}), we
require X; to be nonnegative. O
EXAMPLE 6. For the ARCH(c0) model (18), we let in (17) X; = py, € = & and
fx(x) = Brx. Corollary 2 gives the sufficient condition for stationarity of (Y;):

(Z /a'k) Eéy < 1.
k=1

The above condition is also proposed in Giraitis, Kokoszka and Leipus [13].
With the special structure (18), they apply the Volterra series expansion, which
is also used in subsequent works; see Kazakevicius and Leipus [21], Giraitis,
Leipus and Surgailis [14, 15] among others. In comparison, our treatment does
not rely on this special structure. Instead we use a convolution relation and
backward generation which can be applied to a broader class of nonlinear
models. (]
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2.3. Long-range dependent AR (oc) processes

If condition (12) in Theorem 1 is violated and Y .-, ax = 1, as the fractional
integration process (7) shows, a stationary solution can still possibly exist. For
convenience we still assume that 0 is in the state space. For process (1) define

X

¢4 recursively:

x® o xWo,.), k=1 (20

t t
xP =0, xU =F, xY_..

t+k
CONDITION 2. There exists some p > 0 such that

STIEXS G k1) — XVl < 00, where Gy = (e, €rs1, - .-
k=0

We can view G; as a backward shift process. This condition can be interpreted
as that the cumulative influence of the initial state is finite. It holds for many
processes. Below we shall consider the example of random coefficient AR models.

EXAMPLE 7. Let fi, k > 0, be real valued functions with E fo(e;) = 0. Consider
the process
Xo =Y frle) Xeok + foler). (21)
k>1

A special case of (21) is the bilinear model with fi(e:) = ug + vi€er, where uy, vy
are real parameters. Construct sequence (Xt(t*n)) by (20) based on (21):

xP =0, X" =3 fule) X0+ foler)
k=1

Thus the difference follows

QXY Gine) = X = 3 e (B 1Gmni) - X(5).
k=1

(22)
Notice the initial value for above iteration is
EX NG 1) = X5 = Efoles—n) = 0.
Consequently by induction and (22) we get E(Xt(t_"_l)|gt_n+1) - Xt(t_") =0,
hence Condition 2 naturally holds. g

For a sequence | = (I1, s, ...), denote the generating function Q;(s) =>_>° | 1,s™

THEOREM 2. For process (1), let (11) in Condition 1 hold with coefficients
a = (a1,az2,...), p > 2. Assume F,(0,0,...) € LP and Condition 2. Assume
Q.(1)=1 and

2m 1
/0 7|1 — Qa(€i9)|2d0 < 0. (23)

Then (1) exists a stationary LP solution.
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We now apply Theorem 2 to (21). Assume that ar = || fx (o), < 00, p > 2
and (23) holds, then there exists a stationary £P solution.

REMARK 3. Note that Q,(1) = 1. If 1 - Qq(s) = (1—5)?G(s) where 0 < d < 1/2
and |G(s)| is bounded from below by a constant ¢ > 0, then (23) holds. Also we
can replace (23) by some corresponding conditions on the tail sum,

27 1
/O I 1>|2d9 <oo, A =1, (24)

where A = (A1, A2, ...), A, =Y op as and Qa(s) = Y4~ Ars”, then we obtain
(23) since B B

Qa(s) =D (Ap — App1)s" =D Ap(sF =¥ 1) + A = Qu(s)(1—s71) + 1.

k>1 k>1
O

In the following example we shall apply Tauberian’s Theorem to verify (24).
For sequenceses (a,,) and (b,,), denote a,, ~ b, if a, /b, — 1 as n — co.

EXAMPLE 8. Assume Ap ~ cok™® with ¢g > 0, 0 < @ < 1/2 and Ay = 1,
then Ag + ...+ A, ~ co(1 — ) tnt= If Q4(s) has no zero root for |s| < 1,
by Tauberian’s Theorem, Q(s) ~ ¢1(1 — )71, s — 1— where ¢; = ¢oI'(2 —
a)(1 — )=t Thus

Qas)(s™' =1) ~ersH1 —5)Y, s —1—. (25)

Since 2a < 1, |1 — €|~2% is integrable for § around a neighbor of 0 and 27.
By (25) we have (24). If o > 1/2, then the integral in (24) is oo and 7, are
no longer square summable. For example, if ar ~ c1k~17% with a > 1/2 and
ZZ’;l ar = 1, the stationary solution does not exist. O

An analagous result can be derived for process (16). For t € Z, n € N define
recursively

n

Xt(t) =0, Xt(tin) = E(fO(Gt—h €t—2,- - -)\gt—n) + Z fk(ﬁt—l, ---,€t—k)Xt(:3n)-
k=1
(26)

Let 1, = fo(€j,€j—1,...). As in (32) let functional dependence measure d;, =
15 = nj.0llp, 3= 0.

COROLLARY 4. For process (16), assume that fo(eg,€—1,--.), fx(€o), k> 1 are
in L7 with p > 2 and E(fo(e1,€2,...)) = 0. Denote ay = ||fx(e1,....ex)||lp, and
b = Op. Assume Y o ap = 1, > o, b2 < 00 and (53). Then (16) ewists a
stationary LP solution.
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REMARK 4. When E fy(eg, €1, ...) = 0, we have

oo
—k—1 —k
S IECSFVGo0) - X5 < oo, (27)
k=0
which is an analogue of Condition 2 for process (16) and it also implies the
cumulative influence of initial state is finite. From the recursive equation

X BTG =Y felermt e i) (X0 B TV1G-0),
k=1

and that the initial value Xt(t) — E(Xt(t_l)|gt) = —Efo(eo, €1,...) = 0, we have
x' =X 7Y|G,_,.). Thus (27) directly follows. 0

2.4. Simultaneous autoregressive schemes

In this section we shall consider stationary distribution for spatial models. Linear
spatial processes were studied in Whittle [33] and Besag [3] among others. For
the form (10), which can be viewed as a bilateral version of Model (1), we adopt
an idea which is similar to the loopy propagation commonly used in machine
learning. First set the initial values to be zero, and then update them based on
previous results:

x—o, xFMoq (.o xM xH ) tez k=01,.... (28)

Similarly, we can set the initial value and update them for the general form (8).
Under suitable conditions on G (cf Condition 3), Xt{k} has a limit as & — oo;
cf Theorem 3.

CONDITION 3. There exist constants a, >0, v € Z%, and p > 1, such that

|G60({wva v # 0}) - Geo({svv v# 0})‘ < Zav|wv - Svl (29)
v#0

holds for all w,,s, € R, and ||Ge,(0)|l, < 00, where o = {o0,, v # 0} with all
0, = 0.
THEOREM 3. Assume Condition 3 with some p > 1 and the contraction condi-

tion 3y .o ar < 1. Then there exists a unique LP stationary solution for (8).

EXAMPLE 9. Let hy, ky,v € Z%, be real coefficients. Consider the spatial thresh-
old AR model

Xi =Y (hymax(Xg_y,0) + ky min(Xy_y,0)) + €5, k€ Z°,
v#0
with €, € LP, p > 1. Then Condition 3 holds with a, = max(|hy|,|ks])-

This example is a spatial generalization of threshold AR processes of
Tong [31]. O
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2.5. Extension to non-stationary processes

Though stationary models work well in many cases, they may be unsuitable
for more complicated situations: when the location domain has boundary or
is non-lattice, due to different configuration of neighborhood, there is hardly a
geometric or physical base to assume stationarity. For those irregular cases, the
function G (8) can be location dependent. Paulik, Das and Loh [24], Brunsdon,
Fotheringham and Charlton [4] studied linear cases and Jenish and Prucha [19,
20] derived LLN and CLT for nonlinear situations under mixing or near-epoch
dependence. Here we consider the model:

Xt =Guy({Xv, v€B}er), teo, (30)

where O is a set with countably many points, ©; C © which may change with ¢
and the data generating mechanism G4 is a real-valued measurable function.

The above setting may appear in practice, for instance if the lattice exists
boundary, or if we are not dealing with regular lattice but just certain undirected
graphs etc, then the relative configuration for each point will be different and
it is no longer appropriate to assume same function G for every point.

For this more general situation, under certain uniform bounded conditions
on G, there exists measurable function H; such that X; = H;() satisfies the
system (30) where & = (€)ico-

CONDITION 4. Assume there ezists coefficients a;,s > 0, p < 1, M < oo and
p > 1 such that the data generating mechanism G satisfies

|G(t)({w573 € @t}§€t) - G(t)({vsvs € 6t}§6t)‘ < Z at,s|ws - vs'a
SEO

with  sup Z ags <p and sup||Gyy(...,0,...5€)|p, < M.
t€® 5, te®

COROLLARY 5. If (G))ico satisfy Condition 4, then there exists a measurable
function Hy such that Xy = H(€§) € LP and (30) holds.

3. Functional dependence measures and asymptotic results
3.1. Functional dependence measures

In this section, we shall compute functional dependence measure introduced by
Wu [34] for the processes (1) and (8). In view of (4) and (9), we consider the
form

Xi = g(Gi_j,j S E), 7 S @, (31)

where data generating mechanism ¢ is a real-valued measurable function such
that X; is properly defined, and €;,7 € O, are i.i.d. random variables. For model
(1) with representation (4), 2= {0,1,2,...} and © = Z. For spatial process on
lattice in Z?, both Z and © are Z9.
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Assume that X; € LP, p > 0. Let €}, ¢;, i,j € O, be i.i.d. random variables.
In view of (31), X} is a random variable constructed on the underlying random
sequence (¢;, i € O). Therefore instead of directly describing the relationship
between X, and X;, we use functional dependence measure to capture the extent
to which X; depends on the underlying random variables (e;). Change €;—; to
€;_; and keep other ¢; unchanged, we get a copy of X; which is denoted by
Xt,+—i. By stationarity, the functional dependence measure

Sip = 1 Xt = Xee—illp = 1 Xi — Xiollp- (32)

To deal with functional dependence measures, we need the following Theo-
rem 4 which concerns magnitudes of the convolved sequences. The result is of
independent interest. Case (v) provides an explicit decay speed of the functional
dependence measure and it implies that the bound in case (ii) is sharp.

THEOREM 4. Let (up)p>1 and (vk)k>1 be nonnegative sequences with A =
Yopequg <1 and B:= 37", vp < o0o. Define (1;)i>0 recursively by 7o = ¢ > 0
and forn > 1,

T, = Z UpTn—k + Un- (33)
k=1

Let 6 =1—A. Then (i) Y po 7 = (B+¢)/8. For 6 > 1 we have the following:
(ii) if wn + v, = O(n=?), then 7, = O(n=?); (iii) if ¢ > 0, up +v, < 0%, then
T =X 70 () if Sop (ug +vg) = O(n=O7Y) then 300 i = O(n~(0=Y);
and (v) if v, =0 and u, ~ Cn=? for some C >0, then 7, ~ (Cc/6*)n=9.

In the following two sections, we will apply this dependence measure into
our models and derive relationship of decay rate between the functional depen-
dence measure and Lipschitz coefficients. The functional dependence measure
of the underlying procedures can be quite useful for further deriving asymptotic
properties; cf Section 3.2-3.4.

3.1.1. AR(o0) and random coefficient processes

In this subsection we shall apply Theorem 4 to relate Lipchitz coefficients in
(11) or (29) with functional dependence measures; cf. Corollary 6, Corollary 7.
In view of Example 10 below, the bounds in these corollaries are sharp.

COROLLARY 6. Let (X;)iez be a nonlinear AR(o0) process (1). Assume condi-
tions in Theorem 1 are satisfied with p > 1 and coefficients (a;);en. Recall the
functional dependence measure 6;, = || Xi — X;ollp. Then (i) 32,50 0ip < o0.

For 0 > 1 we have the following: (i) if a, = O(n=?), then 6, , = O(n=%); (iii)
if ZmZn am = O(n176)7 then ZmZn Om,p = O(nlia)'

ExAMPLE 10. For the special linear AR(oc0) process:

Xy = Z apXi—k + €,
E>1
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where a > 0 and (¢;) are i.i.d random variables. The corresponding MA (c0)
process is

X = Zkat—kv (34)
k>0

where 7, satisfies the recursion
n
Ty = g ApTn—k, To= 1. (35)
i=1

This is a special case of (33) with w, = an, v, = 0. By Theorem 4(v), if
an ~ cn~? holds for some constant ¢ > 0, then 7, ~ en=%(1 — 3,5, ax) 2
- >

Before stating the proof of Corollary 6, we need some notation. Let ¢;, 6;-, i,] €

Z,beii.d. random variables, & = (€r, €—1,...), &0 = (€t - .-, €1,€0,6-1, .. .) and

the coupled process X; o = g(&.,0). Denote & = (&, €11, ..., €;), @ < j.

Proof of Corollary 6. By Theorem 1, (1) has a stationary solution of form (4).
Observe that the process (X o) satisfy the recursion

qu() = Fet (Xt—l,OaXt—Q,O’ .. ) when ¢ 7é O, and X070 = F€6 (X_l,X_Q, . )

Since ¢; is independent of &;_;, Condition 1 implies that, for ¢ > 1,

[} t
(E(|X¢0 — Xt\p|§t—1))1/p < Z ag| Xi—r0 — Xkl = Zak|Xt—k,O — Xt gl
k=1 k=1

By Minkowski’s inequality,

t
(smp S Zak&g,k’p. (36)
k=1

Let w, = apn, v, = 0, n > 1, 79 = dgp. Clearly by (36), d;p, < Tid0,p,i > 0.
Result follows from Theorem 4 (i) (ii) and (iv). O

We can similarly have a corresponding result for the process (16).

COROLLARY 7. Let (X;)iez be the random coefficient AR(co) process defined
n (16). Assume that conditions in Corollary 2 are satisfied with p > 1 and

coefficients fo(&o), fr(&F), k> 1. Denote Oy, = || fo(Ex—1) — fo(€r—1,0)llp and

ax = 1feE) s e = Oy + D IFR(ETD) = ful& 1 o)l Xoll (37)
i>k
Assume by, < 0o. Then (i) 3,54 6i,p < 00. For > 1 we have the following: (ii)
if @y, + by = O(n=P), then 8,, = O(n=P); (iii) if ZmZn(a’m +by) = O(n'=5),
then ZmZn Om,p = O(n*=5).
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REMARK 5. For the PGARCH and asymmetric PGARCH, 6;, = 0 for
any t. g

Proof of Corollary 7. Change €y to €, and we can similarly obtain a new se-
quence X; o which satisfies

t—1

HXt - Xt,OHP < gt,p + Z ”fk(ff)”p”thk - thk,OHp

k=1
+ 3 (&) = FeEZE o] I Xollp-

k>t

Let u,, = a,, and v,, = b, asin (37). Then the result follows from Theorem 4. O

8.1.2. Functional dependence measure for simultaneous autoregressive schemes

Consider the process (8). Recall the generating mechanism of (Xt{k})tezd in
(28) and let (5§k})tezd be the functional dependence measure, that is 6t{k} =
X — X6, Write X € 7, if || X, < oc.

CONDITION 5. Letp > 1. For the data generating mechanism G, in (8), assume
that

9(60766) ‘= Sup |G€o({wv> v e Zd}) - Ge(’]({wva (S Zd})| € LP.

Wy ,WEZL

Condition 5 holds, for instance, when G, ({w,, v € Z%}) = F({w,, v €
Z%) + f(eo) with f(eg) € LP. Without loss of generality, set ||g(€o,€p)|l, = 1.

Define (Tt{k})tezd7 k=0,1,..., recursively through

Tt{o} =0, Tt{k+1} — Z a,th{fl}; + 1{t:0}- (38)
v#0

Then the functional dependence measure 6t{k} < Tt{k}. Under certain conditions

we can develop results similar as Theorem 4 for Tt{k} and therefore also bound

5t{k}. Since Xt{k} converges to X; as k — oo, 5fk} goes to d¢, results are thus
established for (;)¢cze, where J; is the functional dependence measure of the
stationary LP process (8).

PROPOSITION 1. Assume that function G satisfies Conditions 3 and 5 withp > 1
and sequence (av)yeza satisfy 3,000 < 1, then 37, 746, < oo. If moreover
assume a,, = O(|v|=41=8) for some B > 1, then 6, = O(|v|~7?).

For the line transect model (10) with d = 1, we have 4,,, = O(|v|7?), 8 > 1,
provided that a, = O(|v|~?), which is the same as Theorem 4. For higher
dimension Z?, we require an extra factor |v|'~%.
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ExaMPLE 11. If the process only contains finite order, then we can have geo-
metric moment contraction ([35]) under milder conditions. To be specific, for
X; =G, (Xs, s €0), t €Z% assuming that the index set © has only finitely
many vectors in Z4-{0}, then r = max{|v|, v € ©} is finite and functional de-
pendence measure of X; decays geometrically, provided that Condition 3 holds
with p =3 cgay < 1. Let K = [|t|/r]. Then

1X: = Xeollpy < Y a1 Xepi, — Xevin ol
11 €O
< D0 a4 1 X yi i, — Xetiyvinollp
i1,i2€0
< )Y an s (20 Xollp) = 20" Xollp
11,..,i K EO

Hence we can have geometric moment contraction d; = O(p!!l/™). In the nonlin-
ear time series setting; (cf (5) and (6)), Shao and Wu [29] obtained a similar
result. O

3.1.8. Functional dependence measure for non-stationary simultaneous
autoregressive schemes

Let (©,d) be a metric space containing countably many indices. By Corollary 5,
we can construct (Xi)ico satisfying (30). Interestingly, we can obtain similar
results as Proposition 1 for such a system. To account for non-stationarity, we
define the functional dependence measure

0g0 = |1 Xs — Xs,v”pv and 6; = sup 050 (39)
’ {(s,0)€02|d(s,v)=t}

CONDITION 6. Let p > 1. For G4 in (30), assume that for allt € ©,
gi(er, €)== sup |Gy({we, v € Or}ser) — Goy({wo, v € O1}s ;)| € LT,

Woy,vEBO
and Mo := sup;cg |9t (€0, €0) [l < o0.

COROLLARY 8. Assume that G satisfies Conditions  and 6 with coefficients
ast- Let oy = sup{as ¢ @ d(s,t) =1} and assume supycg ), co, Yd(t,s) = Po < L.
Then we have

sup Y 67, < Mo/(1— po). (40)
t€® SEO

If moreover assume the cardinal number sup, e t{s € ©| d(s,w) = t} < ¢;t¢
and oy < col= @B for some constants ¢1,ca, d >0 and 8 > 1, then

5F =0 "). (41)

If additionally v := sup,cg Sup,eg, d(s,t) < 0o, then o7 = O( (t)/r), where ¢g =
SUPteo X sco, Gts < 1.
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3.2. Central limit theorem

Theorem 1 in El Machkouri, Volny and Wu [11] asserts that, if the functional
dependence measure d; 5 for the process (9) is summable, namely ZiEZd di2 <
oo, then for Sr, =3 p (X, —E(X,)), where I'), C 7% satisfies |T',,| — oo and
o7 =E(SE, ) — oo, the Levy distance

L(Spn/\/|Fn|, J\/(O,ai/|Fn\)) — 00 as n — 0o.

Notice that the above CLT holds without specifying any other requirement on
I';,. The summability of (J;,2) follows from Theorem 4. If additionally |0, |/|T',,|
goes to zero, then

St /\/ITul 5 N(0,0%), where 0% = 3 Cov(Xo, X,). (42)
veZ4

For the process (8), by Proposition 1, if Condition 5 holds with p = 2 and
2 w0 <1, then 37,74 6; 2 < 0o and the above CLT holds.

3.3. Quenched central limit theorem

In certain applications such as MCMC, the process starts at values that do not
follow the stationary distribution. This leads to the idea of quenched CLT; see
Volny and Woodroofe [32]. For process (1) due to its infinite order, we cannot
generate it directly. However we can generate sequence (Xy)y>1 through

Xy =G, (0,0,...), Xp=0G (X7 4,--.,X;,0,...), k> 1.
Theorem 5 provides a CLT for such sequences.

THEOREM 5. For process (1), assume Condition 1 withp > 2 and ), <, ar < 1.
Then B

% D (X7 —E(X7)) = N(0,0%), where o® =Y Cov(Xo,X,). (43)
i=1 VEZ

Similar assumptions can be applied to the process (16).

COROLLARY 9. If there exists some p > 2 such that fo(&o), fi(€1),4 > 1 are in
LP and (19) holds, then for process (16) we have (43).

Proof of Theorem 5. By Theorem 1, there exists a stationary solution in LP.
Let ¢o = max (]| Xo|lp, [|X§]lp). Condition 1 leads to recursive inequality of func-
tional dependence || X, — Xp n—klp < Ele a;l| Xn—i — Xn—in—kllp. Similar
recursion holds for X2. Therefore functional dependence || Xo — Xo,—xl/, and
(I1X5 — X5 . _&llp)n>0 are all bounded by 75 with

n
Ty = g AQiTn—i, To = 2Cg-
i=1
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By Theorem 4, >, 7 < 00. Let D; = X; — X? — E(X;) + E(X?) and d;, =
sup;y, | Dil|, then for any k € N we have

1 oo n
B{p o
§=0" i=k

min{27;, dy} + %dl. (44)

IN

M o

<
I
o

1 n 1k71
HIS0 HIED
\/ﬁH; m?

<

Since dy, — 0, (44) goes to 0 as n — oo. Thus it remains to show the CLT
for summation of (X;). From Theorem 4 (i), Condition 1 leads to the summa-
bility of functional dependence measure (|| Xo — Xo,—|lp)k>0. Then by (42) in
Subsection 3.2, the CLT holds. The proof for Corollary 9 is similar. d

3.4. An invariance principle

Section 2 provides sufficient conditions for the existence of stationary distribu-
tions for process (1) and (16). Based on the functional dependence measures in
Section 3.1, we can further derive Gaussian approximation results.

THEOREM 6. Let (ay) be either (i) the constants in Condition 1 for process (1)
or (it) ar, = ur+vy defined in (37) for process (16), p > 2. Assume >~ ar <1
and -

if2<p<4

ifp >4

) 2
Z am = O(k' ™), where B > {1 N p—4+(p—2)\/p>+20p+4
m=k 8p
(45)

Then there exists a probability space (Qe, Ac, Pe) on which we can define a pro-
cess X¢ with S& = > (X§ — EXY), and a standard Wiener process We(.),
such that (X§)iez £ (Xi)iez for (1) (resp. (X§)icz 4 (Y;)iez for process (16))
and

5¢ — oWe(n) = 0q4.5.(n'/P), where 0* = ZCOV(X(),XZ'). (46)

i€z

Proof of Theorem 6. We shall only prove case (i) since (ii) is similar. By The-
orem 1, (1) has an £P stationary solution (4). Following steps in Section 3, we
can get (36). Since Y o_, am, = O(k'=F), by Theorem 4, we have Yoo, &, , =
O(k'=#). Thus (46) follows from Corollary 2.1 in Berkes, Liu and Wu [2]. O

Aue, Berkes and Horvath [1] obtained an invariance principle for the process
Yi = g(er—1)Yi—1 + c(er—1),

which is a special case of our (16) and (17). Assuming that |1/A' (A7 (z))| < Cx?
and A(c2) > w hold for some constants C,v,w > 0 and Y, has a finite v >
4(1+ v) moment, they obtained a strong invariance principle for S, = > | Y;
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with rate o,..(n%), where § > 5/12. Our Theorem 6 provides a much sharper
rate. Let p = v/(1 + ). Then

Orp = A1 (¥2) = ATH (YY) ol
< (Ve + Wi Ve = Y7ol lleoll
< O™ + Yk Mops 1Ye = Y llolleollp-
Based on the recursion |Y; — Y/, ;llv = pl|Yi-1 — Y/ |, ;llv, where p =

[e(eo)llo < 1, we get [|Y: — Y/, yllo = O(p"). Therefore Theorem 6 leads to

a Gaussian approximation with error rate o, (n'/?), which is much sharper
than their rate o, . (n’) with § > 5/12 since p > 4. Aue, Berkes and Horvéth
[1] applied their invariance principle to a change point detection problem with
weighted CUSUM statistics ([6]). It is expected that our sharper strong invari-
ance principle can lead to an improved convergence rate.

4. Proofs

In this section we shall provide proofs of results stated in the previous sections.
LEMMA 1. Under settings in Theorem 4, 7, < ¢+ B for any n € N.

Proof. We shall show by induction that 7, < ¢+ Zle b;. Tt trivially holds
when k£ = 0. Suppose it holds for any k& < n. Then for k = n + 1, by (33) and
> k>1 @k < 1, we have

n+1 n+1—k n+1

Tn-l—lSZak(C_" Z bi>+bn+lgc+zbi~ O
k=1 i=1 1=1

Proof of Theorem 1. Recall (15) for X(t ™) Thus X(t)m & € Fiym—k is inde-
pendent of €;,, for any k > 1. Condition 1 implies

1 l/p
( (‘Xt(j-m Xt(-tl—m “Ft—&-m—l))
< xO L -xien xY 47
Zakl t4m—k +m— gl + am] 1l (47)

Since Xt(_?l — Xt(t) =F,,,(0,0,...) isin £P and } ;- ax < 1, by induction we
know for any m > 1, Xt(ﬁm — Xt(jmi) is in L£P with

t t t—1
nxﬁ&n—4n+m|u<:§jakw&gm e XDy < 1 Fe (0,0, )] (48)

Notice for any k € Z and t > m, Xt(m) X(m n2 Xff,:rk) Xff,:rk Y. Thus
(48) leads to

t—m t—m—1 t—m—+k t—m-+k—1
XS = XTI, < S a x Y - X Np- (49)
k=1
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Let C' = [[F¢,(0,0,..)[[p(1 = X451 ar) ™" By (49) and Theorem 4 (i),

STIxSY - x Y, < 0 < . (50)
k=0

Consequently Xft_m) converges to some random variable Z;(say) almost surely
and in £P. It remains to verify that Z; satisfies (1). If C = 0, then 0 is a
stationary solution. Assume C' > 0 from now on. For any € > 0, there exists
M € N such that ), ,,ar < €¢/(6C). For this fixed M, there exists N € N

such that for any n > N, and | < M, HXt(t:l "z, lp < €/3. By (50), | Z¢l,

and ||Xt(m)||p are bounded by C. Consequently for any n > N, observe

HZt Fo(Zy1,Zs—a,... Hp< ||Zt ( n)”p
+||Xt(t n) —Fet(Zt—laZt—27"')||P

M
<e/3+ Y allZew = X5+ D ar2C <e,
k=1 k>M

which proves the existence part. For uniqueness, we shall show by contradic-
tion. If there exists another solution X, satisfying (12), then || X; — X/||, <
ey akl| Xi—k — X]_4llp- Since Y, ar < 1, the latter leads to a contradic-
tion. B O

Proof of Corollary 1. Define sequence X(Jr)k as in (15). Apply (13) and since
p < 1 we have

p
E|Xt(t—n) . Xt(t—n—1)|p < E[E<|Xt(t_n) . X)f(t—n—l)|’ft71) }

<ZakIE\X(t n o x T,

Similar argument as in Theorem 1 yields that Xt(t_n) converges as n — o0 to

some random variable which is the unique adapted LP stationary solution. [J

Proof of Corollary 2. For any t € Z, define (X,gt))kzt as the sequence generated
through

X =0, X' = folerierma . )+ D frlerots e emn) XL (51)

Since Xt(t) - Xt(t*l) = fo(€t—1,€t—2,...) is in LP and Xt(t:km) is independent of
€+ ks for any ¢ > 0, by (51) we derive

—m —m—1 m —m—1
XS = XTI < ST I r(ers e ) I 1X ™ = XV (52)
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Notice Xt(t__kn) -x! W Y has the same distribution as X/~ — x{f=nth=L),

t—
By the argument in Theorem 1, Xt( -m) converges as m — oo almost surely

and in £P to some random variable which is the unique predictive stationary
distribution. O

Proof of Corollary 3. Define sequence X;_Qk recursively as (51). Thus Xt(t_”) is
independent of €, k > t. Using the elementary inequality (a + b)P < aP + 0P, we

have

EX T = X VP <SR il e PEIXCY - XETUP

Then the result follows from the similar argument as in the proof of

Theorem 1. O
LEMMA 2. For nonnegative sequences (ag)ip>1, (bk)k>1, assume Y oo ap = 1
and
2 29 0
/0 %’ df < 0o, where Qq(s) = EZ: (53)

Then for (i)k>0 generated through

To =Y akTnk+bn, T0>0, (54)
k=1

we have the square summability Y, <, T2 < 00.

Proof of Lemma 2. By (54), Qr(s) = 70 + Qu(s)Q+ (s) + Qu(s). Hence
Qr(s) = (0 + Qu(5))(1 — Qa(s)) " (55)
Since fo% Q- (e")]?d0 = 21 Y~ ¢, we finish the proof. O

Proof of Theorem 2. We shall show that (Xt(t_n))nzo is a Cauchy sequence.
Write

n+m—1
X _ xltmnmm) Z (Xt(t’k) - E(Xft7k71)|9t7k+1))

k=n
n+m—1

+ > (BTG ) = XY = Lm, ) + Ta(m, ).
By Condition 2, as n — oo,

sup L3 (m, )|, < ST — BTG )l — 0.
k>n
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For Io(m,n), write Hy(er, ..., €1-ns1) = X\ ™, where H,(-) is a measurable
function, and let Yt(t_") =H,(e,...,€—nt2,€_p41). Then

IE(Xt(t—k—l)|gt_k+1) _ Xt(t—lc—l) _ E(}/t(t_k_l) _ Xt(t_k_l)‘gt—k)-

By Condition 1, since HXt(t:k") - }Q(_t;n) I, = HXt(tﬂHk) - Yt(tﬂﬁk) lp, forn >1
we have

t—m—1 t—n—1
X —y ey,

IN

Zakux“ S A

t+k—m—1 t+k—m—1
= Zakuxi L A

Since ||X (t-n—1) ﬁg;n71)||p < 2||F,(0,0,...)||, finite and (23) and Lemma 2
yield

—k —k
STIXY -y )2 < oo, (56)
k>1

Since Dy = ]E(Xt(t_k_l)|gt_k+1) — Xt(t_k_l), k € Z, are martingale differences,
by Burkholder inequality, || >=,~, Dill2 < (p — 1) > 45, |Dkl2. Thus by (56)
and Jensen’s inequality, - B

< lim (p—1) > I - xR =0

lim sup||Iz(m,n)
n—0o0 m >

I

Hence as k — oo, Xt(tfk) converges to a limit Z; € £P (say). Similar argument

as in proof of Theorem 1 shows that Z, satisfies (1). O

Proof of Corollary 4. Generate Xt(t_n) by (26). Decompose

n+m—1 A A
Xft—n) _ Xt(t—n—m) _ Z (Xt(t— ) _E(Xt(t— _1)|gt—k))
k=n
n+m—1
+ 3 (®(XTFVIG) - X)) = Li(m,n) + T (m, ).

By (27) in Remark 4, sup,,~¢ |[I1(m,n)||, = 0 as n — oco. For Iy(m, n) we have
recursion

IEXE ™G 1) — X,

SZ”fk(et*l»“ €t—k) ”PHE (t n)|gt nt1) — (t n)H + Onp-
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By (53), Lemma 2 leads to the square summability

—k k) (|2
S IECE 16 x41) = X5V < o0 (57)
E>1
Based on (57) and apply Burkholder inequality we get
. 2 . (t—k—1) (t—k—1)12 _
Jim_ sup|ly(m, n)ll; < lim (p—1) >R 1Gi—1) — X, I, =0.

k>n

Thus Xt(t_") converges to some limit Z; (say). Since ), 5,3}1, < o0, apply
Burkholder inequality and similar argument as in Theorem 1, we can verify
that Z; satisfy (16). O

Proof of Theorem 3 and Corollary 5. We only deal with d = 1 since the case
d > 2 can be similarly handled. Define the sequence (Xt{k}) k>0 recursively as

X =0and X = a, (. XL X X x ) k=01,

t+1> -
(58)
By Condition 3, denote p =37, ax and Co = [|G¢,(0,0,...)[|», we have
||X:(l~c+1} _ Xt{k}”p < H Z ail\Xt{fgl — X’;{fz_ll}w’
1170 p
k-1 k—2
< H Z gy Z ai2|X1:[+i1in2 - X;L+i1+}i2| <...
HA0 i 3
k
< (Y a) swplx - X[, = . (59)
70 tez

Since p < 1, Xt{kH} converges almost surely and in £P to some random variable
denoted as Z; and || Z; — Xt{k}Hp < pFCo/(1 — p). Clearly Z; satisfies (10) by
letting k£ — oo in

1Zs = Ge (.o Zt—2, Zt—1, Zey1, Zeya - )lp
k+1 k k
<12 = X 4 G (o XL XY ) = Gl Zes Zes )
k k
<12 = XFF N+ 3 aisup 12— X, < 204 Co/ (1 p).
izo  i€L
To show the uniqueness, if there exists another process Y; € LP also satisfies
(10), then

1X0 = Yollp < aill Xi = Yill, = pll Xo — Yol
i#£0

Since p < 1, Xy = Y; almost surely. The non-stationary case can be similarly
dealt with. O
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Proof of Theorem /(i). For any N € N, by (33), we get

N N
Zm—fwzzum HZ%_ (c+B)+ (3w} m)-
k=1 n=0

n=1 k=1

Thus Zg:o 7w < (¢ + B)/6 and therefore T := Y7 7 is finite. Applying (33)
again and letting N — oo, we have T = 79 + B + AT, implying T = (¢ + B)/0.

Proof of (ii). Let A =1 — (14 6/4)~ /%, Write

|An] n—|An|—1 n
Z Uk Tn—k + Z Uk Tn—k + Z UpTp—k + Un | =t ﬂn"h@n'i_(gn
k=|An]+1 k=n—|An]

(60)
where [2] means biggest integer that is no larger than x. Let Co = sup,,>1 (u, +
v, )n?. Take Ny big enough such that C52%(8 — 1)~ 1(NoA)~ (1) < §/4 and let
M = max{4Cy(c + B)/8?, (c + B)N§,4Cy/5}. Next we shall apply induction
and show that

7 < Mn~? holds for all n € N. (61)

By Lemma 1 we have 7,, < ¢+ B, and thus 7, < Mk~ for any k& < Ny. Suppose
for any k < n — 1, 7, satisfies (61). Then for k& = n we have by the induction
hypothesis that

| An)
Ay < M(n = [An])™ Y " up < Mn~0(1 - A)(1-9).
k=1

For the second part, applying Jensen’s inequality we derive

n—|An|—1 n—|[An|—-1
B <CM Y kK n—k) T =CoMn® Y (Uk+1/(n— k)’
k=|An|+1 k=|An]+1
<CoMn=?2° N k' < MnT0Co2°(0 - 1) [ An) 07D,
k=|An]|+1

For the last part, according to part(i), . pe, 7 = (¢ + B)/d we get

[An]
B 1
< — 9< -0 L — ).
6n < Co(n— [An])~ kEOTk—i—Cn Mn CO((I— 175 '+.7”)

Then the induction step is completed in view of
Ay A B+ C < M1 =) (1+6/4) +6/4+35/4(1 +6/4) +6/4] < Mn~?.

Proof of (iii). By (ii), the upper bound follows. By (33), we get 7,, > w, 70+ vy, >
min{1, c}(u, + v, ), implying the lower bound.
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Proof of (iv). Let ¢o = max{(B+c)/(1—A),1} and I', = >_2° 7%. By (33) we
have

k [e'S)
ZU'Tk_,’ + Z’Uk

ni=

E'qg

k

=

oo

U”(ZT’“ 1) —|—Zuz(§:m) —&-ka

1 i>n k=0 k=n

n 1+COZ ’UJ1+1)1

Choose A > 0 such that (1 — A)=0=1 =1+4§/4. Let C; = sup,,»1 > >, (us +
v)n?~1. Take Ny big enough such that C’lA’Q(e’l)No_(e_l) < §/4 and let
M = max{coNéefl),élco(l — A)~0=1 /5 4C ¢y /6}. Similarly as in the proof of
(ii) we show by induction that for any n € N, T',, < Mn~(~1. By part(i) we
have T, < ¢o, and thus Ty, < ME~=D for any k < Ny. If for any k < n — 1,
'}, satisfies I'y < Mk~ Then for k = n we have

|An] n—|An|—1

Z u Ly + Z u L'y + Z ul'n—s +co Z(Uz +v;)

i=1 i=|An|+1 i=n—|An| i>n
<1 =8)M1 —A)y~O=Dp=0=D 4 proA—20-1p=200-1)

+ (1= A" Dp=0=D e + Cegn= 0~V
<Mn~C=D[(1 —8)(1+6/4) +6/4+ /4 +6/4 < Mn~ 0D,

M:

%

M:

S

.
I

completing the induction step.

Proof of (v). Let U = limsup,,_, . 7,n’ and L = liminf,,, 7,n. Without loss
of generality set ¢ = 1. In I) and II) below, we shall show that, respectively
U<(C/§?and L>C/6% Hence U = L = C/§? and 7, ~ (C/5%)n=9.

I). We shall show U < C/§2 by contradiction. If not, set n = U — C/§% > 0
and Ag = min{1,7d/10}. Part (ii) leads to 7, = O(n~?), thus U is finite.
Consequently for A, = min{1l,A¢C/(Ud)}, there exists Ng € N, s.t. for all
n > Ny, Tan? <U + Ag and u,n? < C + A,.

Choose A > 0 such that (1 —A)~% = min{1+Ag/(1+U),1+5A¢/(1+C)}.
Let Ny € N be such that N, ™" < Ag(6 — 1)279(U + 1)~1(C + 1)~L. Write

|An]  n—|An]-1

= >+ Y+ Z UpTp—n’ =t Ay + B + Cp.
k=1 k=|An|+1 k=n—|An]

Set N = max{|No/A|, [N1/A]}. When n > N, 7n? = mk%(n/k)? < (U +
Ap)(1 — A)~? for any k > (1 — A)n,
[An]

oy < ( 3 uk)(U—l—AO)(l—A)_(’ < (1=8)(U+A0)(1—A)" < (1-8)U+2A,.
k=1
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For the second part, using ug, < (C+ Aq)k™% and 7, < (U + Ag)k~?, we derive

n—|An]—1
B < (U+D80)(CH+A) > kn—k)'n’
k=|An|+1
n—|An]—1
=(U+20)(C+A) DY (1/k+1/(n—k)" < A,.
k=|An|+1

For the last part, by part(i) that > oo 7 = 1/6 and wn? = upk®(n/k)? <
(C+ A1 —A)7% for any k > n — [An], we get

LAn)
o < (CHA)L—A) Y 7 < (CH AL —A)/6 < (C+Au)/5+ Ao
k=0

Recall that n = U — C'/§?. Hence
G < (C+ AL)SCTHU =)+ Ag SUS — 16 + 2.
Since nd > 104y, combining above results together we conclude
Tan’ =y + B+ €, < (1= U + UGS — 16 + 500 < U —1nd/2.

Since this holds for all n > N, U = limsup,,_,. 7,n’ < U —nd/2 < U. The
latter leads to a contradiction.

II) Similarly, we need to prove L > C/§2. If not, let n = C /6% — L > 0. Take
Ag = dn/8 and A, = Agé. Since 1,,n? > a,n’m9 ~ C1y > 0, thus L is strictly
larger than 0.

Since L = liminf, o 7n? and wu, ~ C’n"g, there exists Ng € N, s.t. for
all n > Ny, Ton? > L — Ay and a,n? > C — A,. Since Y k>0 =1 —0 and
k>0 Tk = 1/6 < 0o, there exists Ny € N, such that >, _qup >1—30— Ag/L
and > 7_ 7k > 1/ — Ag/C for all n > Nj. Take some 0 < A < 0.5(say
A = 0.1) and decompose 7,1’ as in case I). Let N = max{|No/A], |N1/A|}.
Since Tyn? = 7,k (n/k)? > L — Ag when k > (1 — A)n, for any n > N we have

| An]
oz (3 w) (L= Ag) = (1= §)L - 20,
k=1

For the second part, notice that every term is nonnegative, therefore we have
B, > 0.

For the last part, since upn’ = upk?(n/k)? > C — A,, for k > (1 — A)n, we
know

> (C— D) Y 7> (C— Ag)(1/6 = Ag/C) > 5(L +n) — 2A,.
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Together we have

Ly + By +Cn > (1—8)L+06(L+n)—4A¢ > L+ 6n/2 > L.
Since this holds for all n > N, L = liminf,_, o man? > L + on/2 > L. Contra-
diction. 0
LEMMA 3. Let§ = 1—3% a4 a, and ag = 0. Recall that T s defined in (38).

Under conditions in Proposition 1, we have

St =3" 7k <1/s. (62)

veZd
If we further assume a, = O(|v|™P~4+1) for some B > 1, then

{k} — O(|v|~#
max 75" = O([v| ™). (63)

Proof of Lemma 3. Summing (38) over ¢ € Z?, we have (62) by induction in
view of

S <143 S arl <14+Y a1+ (105%™ (64)
vEZ s#£0 570

and S1% = 0. To show (63), choose € such that (1 — €)™ = 1+ §/4. Let
C = sup, a,(1V |v])? and M = max{2C/82,CS /§}, where Cy = (4Cy /6)Y/ (B=D)

and
0225—1(1 _ e)d_lﬂ'd/2d

T P2+ 1)(B—1)
We will show by induction with respect to k that

Cy

Tt{k} < M|t|™?, for any t € Z9. (65)

When k = 0, (65) trivially holds since Tt{o} = 0. Suppose it holds for any k < m,
m € N. By induction it suffices to verify it for K = m + 1. Note that for any
[t|] < Cy and any k € N, Tt{k} < M|t|=", since Tt{k} < S1F} < 1/6. We now deal
with ¢ with [t| > Cy. By (38), we have

i — S+ Y o+ 3 a,m " = T4 10+ 11
4o ZA=a)lt]  [t4vl<elt] el <|t+vl<(1-o)]t]

Since ), a, =1 — 4, we have

I<MA-oft)™" > ay<(1—e)P(1—05)Mt| "
|t+o|>elt]

In part IT we have |v| > (1 — €)|t|. Hence

m<co(a-of)" S <o -0ty

[t+v]|<elt]
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Since 3 > 1, using ((z +y)/2)? < (2% + y#)/2, we have

I < MC > | "B )P
elt|<[t+v| < (1€l

1 1 8
< MC t)~ @D =8 +
= > (eft]) i (|t—|—v| (It — |t—|—v|))

elt|<[t+v[<(1-€)t|

1-d
€ _ MC1
< MC2B—|t‘d_1+6 S [t +v] 7P < P
elt|<|t+v|<(1-o)l

Combining all three parts, we derive for [t| > Cj that
{m+1} . -8 -8
7 <((1=8)(1+6/4)+ (1 +6/4)6/246/4) M|t|=" < M|t|~F,

which completes the proof. O

Proof of Proposition 1. Note that Tt{k} > §fk}. Hence by Lemma 3,
maxyen 5fk} = O(|t|="). Since limy_ ||X,;{k} — Xt{fé}llp = || Xt — Xiollp, we
have §; < limsupy,_, oo 5fk}, implying that d; = O(|t|=?). O

Proof of Corollary 8. Let Xt{o} = 0 for all £ € © and generate the processes
(X)seo by

X 2 G (X v e 0 ), k=01,

Then for any v € © we have 6:720} =0 and

«{k
6*{k+1} < Zse(—)t ad(t,s)és,{’v } . t # v
t,v = %
My + Zse@t ad(t,s)(ss,{v } t=w.

Since Y .cg, Qd(t,s) < po < 1, similarly as (64) we have by induction that

> ico 5k < Mo/(1 — po), for any k € N, v € ©. Thus (40) follows. Similar

t,v
argument as in the proof of Theorem 3 implies that for any & € N, (5::;{)]“} <

Md(t,v)~?, where M does not depend on t,v, which proves (41). The last
statement can be derived similarly as Remark 11. O
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