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Abstract: We address the task of estimating multiple trajectories from
unlabeled data. This problem arises in many settings, one could think of
the construction of maps of transport networks from passive observation of
travellers, or the reconstruction of the behaviour of uncooperative vehicles
from external observations, for example. There are two coupled problems.
The first is a data association problem: how to map data points onto indi-
vidual trajectories. The second is, given a solution to the data association
problem, to estimate those trajectories. We construct estimators as a solu-
tion to a regularized variational problem (to which approximate solutions
can be obtained via the simple, efficient and widespread k-means method)
and show that, as the number of data points, n, increases, these estimators
exhibit stable behaviour. More precisely, we show that they converge in an
appropriate Sobolev space in probability and with rate n—1/2,
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F1c 1. Unlabeled data is generated from three targets and using minimizers of (2) we can
find a partitioning of the data set and nonparametrically estimate each trajectory using the
k-means algorithm.

1. Introduction

Given observations from multiple moving targets we face two (coupled) prob-
lems. The first is associating observations to targets: the data association prob-
lem. The second is estimating the trajectory of each target given the appropriate
set of observations. When there is exactly one target the data association prob-
lem is trivial. However, when the number of targets is greater than one (even
when the number of targets is known) the set of data association hypotheses
grows combinatorially with the number of data points. Very quickly it becomes
infeasible to check every possibility. Hence fast approximate solutions are needed
in practice.

In this paper we interpret the problem of estimating multiple trajectories
with unknown data association (see Figure 1) in such a way that the k-means
method [32] may be applied to find a solution. As in [42], this is a non-standard
application of the k-means method in which we generalize the notion of a ‘cluster
center’ to partition finite dimensional data using infinite dimensional cluster
centers. In this paper the cluster centers are trajectories in some function space
and the data are space-time observations.

Let © C (H*)* where H® is the Sobolev space of degree s (where we consider
the case s > 1, see Section 2.1 for a precise definition). We have a data set
{(ts,y:)}; C [0,1] x R? and a model for the observation process

yi = Ul(i)(ti) + € (1)

where puf = (,u{, . ,,u,t) is some unknown function, ¢; S ¢ and t; S o7 for
densities ¢¢ and ¢ on [0,1] and R? respectively. We assume that the index
of the cluster responsible for any given observation is an independent random
variable with a categorical distribution of parameter vector p = (p1,...,pk),
writing ¢(i) ~ Cat(p) to mean P(¢(i) = j) = p;. This assumptions allow us
to write the density of y given ¢ (and, implicitly, the cluster centres), which we
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denote by ¢y (y|t), as

y(ylt) = Zpﬂboy G

j=1

We can summarize the stylized data generating process as follows. A cluster is
selected at random: P(¢ = j) = p;, the time and observation error are drawn
independently from their respective distributions, ¢t ~ ¢7, and € ~ ¢g; and we
observe (t,y = Mso( )+ ¢€).

The aim is to estimate u = (,ul, e ,,uL) € O from observed data {(¢;, ;) }7,
In particular the data association

v:{1,2,...,n} = {1,2,...,k}

is unknown. With a single trajectory (k = 1) the problem is precisely the spline
smoothing problem, see for example [46]. For k > 1 trajectories there is an ad-
ditional data association problem coupled to the spline smoothing problem. We
call this the smoothing-data association (SDA) problem. Although the estima-
tor p™ we propose is not necessarily a consistent estimator for uf (we do not
show p™ — u') we do consider our estimator a natural choice. We believe it is
possible to bound the asymptotic error lim, o 1™ — pf||(z2)r < C where C
depends on the distribution of the data points, however it is beyond the scope
of this work to show such a bound. We refer to [28, Section 4.5] for a bound
of the type [|u™ — u'|| < C, where p>° = lim,,_,o, p", for k-means in Hilbert
spaces.

We assume k is fixed and known. The aim of this paper is to construct
a sequence of estimators p™ of u! based upon increasing sets of observations
{(t;, )}, and to study their asymptotic behavior as n — oo. For each n our
estimate is given as a minimizer of f,, : © — R defined by

1 n k k
0= 30 A= @ £ 2 I 2
=1 = ] 1
where | - | is the Euclidean norm on RY, /\f:1 zj = min{z,...,2,} and A is a

positive constant. Penalizing the s** derivative ensures that the problem is well
posed. Optimizing this function can be interpreted as seeking a hard data asso-
ciation: given pu € © each observation (¢;,y;) is associated with the trajectory
closest to it so the corresponding data association solution is given by

©"(i) = argmin |u;(t;) — yil.
J=1,2,...k

As with many ill-posed inverse problems with a data association component re-

covering the ‘true’ values of the (infinite-dimensional) parameters is in general

infeasible. Two approaches are possible: to impose strong parametric assump-

tions, reducing the problem to that of inferring a (finite-dimensional) collection
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of parameters (which will perform poorly when those assumptions are inap-
propriate) or to proceed nonparametrically, optimising a cost function which
balances the trade-off between a good fit to the data and regularity of the so-
lution (which requires the precise specification of the notion of regularity). In
this paper we pursue the second route, showing that in the large data limit
the proposed estimators behave well. The main contribution of this paper is to
establish the stability of k-means like estimators to the SDA problem.

Although exact solution of the underlying optimization problem is NP com-
plete even in benign Euclidean settings [17], the computational cost of iterative
numerical approximation has been shown to have a polynomial (smoothed) cost
in certain Euclidean settings, e.g. [3], and in practice the performance is often
much better than these bounds would suggest: it is accepted to be a numerically
efficient method for obtaining approximate solutions (i.e. local minimizers). Our
empirical experience is that this property holds also within the context consid-
ered by this paper. Our focus is upon the asymptotic properties of the ideal
estimator and it is beyond the scope of this paper to upper bound the com-
putational complexity of the numerical iteration scheme. We do however point
out that a key advantage of the k-means method is that it reduces the problem
of solving the multiple target problem (k > 1) to the problem of repeatedly
solving the single target problem (k = 1) which can be done efficiently with, for
example, splines.

There are of course several variations of the k-means method, e.g. fuzzy
C-means clustering [6] (a soft version of k-means closely-related to the EM
algorithm [19]), k-medians clustering [8] (an L! version of k-means), Minkowski
metric weighted k-means [18] for which the analysis, particularly the convergence
result in Theorem 3.1, could be easily adapted. Indeed, for bounded noise, the
weak convergence k-medians clustering is a special case of [42] and to extend
the result to unbounded noise one can follow the strategy given in the proof
of Theorem 3.4. The strong convergence and rate of convergence will require a
different approach as one loses differentiability when going from L2 to L!.

The choice of regularization scheme and, in particular, of A is not straightfor-
ward. For k = 1 there are many results in the spline literature on the selection
of A = )\, and the resulting asymptotic behavior as n — oo, see for exam-
ple [1, 11, 12, 13, 29, 33, 37, 38, 39, 40, 43, 44, 45, 47]. In this case one has
An — 0 and can expect " to converge to uf. Convergence is either with respect
to a Hilbert scale, e.g. L2, or in the dual space, i.e. weak convergence. Using a
Hilbert scale in effect measures the convergence in a norm weaker than H?®. We
remark that when £ > 1 and A\, — 0 sufficiently slowly we would expect that
minimizers p™ converge to a minimizer p* of

1 k
/ / N 1y = 13 ()¢ (ylt)or (¢) dy dt.
0 JRE

In particular we do not expect that pu* = u', indeed even the k-means in Eu-
clidean spaces is known to be asymptotically biased. In this paper we do not
take A, — 0 which adds a further bias.
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The approach we take, as is common in settings in which smooth solutions
are expected, is to penalize the s derivative. By Taylor’s Theorem we can write
H? =Hy & Hy where

ti
Hozspan{Ci(t):f:i:O,l,...,s—l},

1!
Hl:{QEHs1Vig(O):OfOYalli:O,l,,,,vs_l}.

We use || - ||1 = ||V? - ||2 as the norm on H; and denote the Ho norm by || - ||o,
and therefore we use the norm ||+ ||gs = || |lo+ |- |[1 on H*® (which is equivalent
to the usual Sobolev norm). Since H, is finite dimensional we are free to use any
norm we choose without changing the topology. We can view H® = Hy & H;
as a multiscale decomposition of H®. The polynomial component represents a
coarse approximation. The regularization penalizes oscillations on the fine scale,
i.e. in Hl.

In the case k = 1, f,, is quadratic and one can find an explicit representation
of u™, i.e. there exists a random function G, » such that with probability one
pu" = Gy av" for some function ™ which depends on the data. When k£ > 1 the
problem is no longer convex and the methodology used in the k =1 case fails.

The first result of this paper (Theorem 3.1) is a weak convergence result, we
show that there exists u>° € © such that (up to subsequences) p™ — p*> a.s. in
H? and 4 is a minimizer of f., defined by

1 k k

fei)= [ [ Nlo=mOF o loor) dyat+ 33 19 . )
j=1 j=1

One should note that if p* = (ug°,...,ug°) is a minimizer of fo, then so is

A% = (piyys - -5 Hioyy) for any permutation p : {1,...,k} — {1,...,k} and
therefore we do not expect uniqueness of the minimizer. Considering the law of
large numbers the limit f., is natural. The functional f., can be seen as a limit
of f,,, the nature of which will be made rigorous in Section 3. The second result
is to go from almost sure weak convergence to strong convergence in probability.
In other words, we obtain convergence of the minimizing sequence in a stronger
topology at the expense of considering a weaker mode of stochastic convergence.

We recall that one motivation for considering the minimization problem (2)
is to embed the problem into a framework that allows the application of the k-
means method. Large data limits for the k-means have been studied extensively
in finite dimensions, see for example [2, 5, 10, 25, 31, 34, 36, 35]. There are
fewer results for the infinite dimensional case, with [4, 14, 15, 22, 26, 28, 27,
30, 41, 42, 7] the only results known to the authors. Of these, only [42] can be
applied to finite dimensional data and infinite dimensional cluster centers but
required bounded noise and furthermore the conclusion were limited to weak
convergence. The first contribution of this paper is to extend this convergence
result to unbounded noise for the SDA problem (Section 3). We point out that
[4, 7, 26, 28] give results for the convergence and rates of convergence of the
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minimum min f,, (in infinite dimensional settings) and [27] gives results for the
convergence of the minimizers.

The result of Theorem 4.1 is that, upto subsequences, the convergence is
strong in H?®. The final result is to show that the rate of convergence is of order

% in probability. Le.

n o0 1
1" — >\ (meye = Op (%) .

This is closely related to the central limit theorem first proved for the k-means
method by Pollard [36] for Euclidean data. We extend his methodology to clus-
ter centers in H® to prove our rate of convergence result and in doing so provide
a theoretical justification for using this method in the more complex scenario
which we consider and, in particular, for using such approaches to address post
hoc tracking of multiple targets using k-means type algorithms. As with Pol-
lard’s finite dimensional result we require an assumption on the positive defi-
niteness of the second derivative of the limiting function f...

In the next section we remind the reader of some preliminary material which
underpins our main results. Section 3 contains the weak convergence result. In
Section 4 we go from weak convergence to strong convergence with rates.

2. Preliminaries
2.1. Notation

The Borel o-algebra on [0, 1] x R? is denoted B([0, 1] x R¢) and the set of proba-
bility measures on ([0, 1] x R%, B([0, 1] x R?)) by P([0, 1] x R%). Our main results
concern sequences of data {(t;,v;)}2; sampled independently with common
law P € P([0,1] x RY) which is assumed to have a Lebesgue density, ¢((t,y)) =
oy (y|t)or(t). We work throughout on a probability space (€2, F,P) rich enough
to support a countably infinite sequence of such observations, (t;,v;) : Q@ —
[0,1] x R?. All random elements are defined upon this common probability space
and all stochastic quantifiers are to be understood as acting with respect to P un-
less otherwise stated. With a small abuse of notation we say (t;,v;) € [0, 1] x RY.

We will define the space © C (H*)* in Section 3. The Sobolev space H* is
given by
H® = {u :[0,1] = R% s.t. Vip is abs. cts. Vi = 0,1,...,s — 1 and V¥pu € LZ}.
Note that data is of the form {(t;,v;)}", C [0,1] x R

We denote weak convergence by —: if v", v € H® satisfies F(v") — F(v) for

all F € (H®)* then v™ — v. A sequence of probability measures P, is said to
weakly converge to P if for all bounded and continuous functions h we have

P,h — Ph.

Where we write Ph = [ h(z) P(dz). If P, weakly converges to P then we write
P, = P.
We use the following standard definitions for rates of convergence.
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Definition 2.1. We define the following.

(i) For deterministic sequences a, and r,, where r, are positive and real
valued, we write a, = O(ry) if $ is bounded. If $= — 0 as n — oo we
write a, = o(ry).

(ii) For random sequences a, and 1y, where r, are positive and real valued,
we write a, = Op(ry) if ‘i—" 1s bounded in probability: for all € > O there
exist deterministic constants M., N¢ such that

Tn

P<M2M€>§e Vn > N..

If f—: — 0 in probability: for all e > 0

T’IL

P<M>e>—>0 as n — 0o

we write a, = 0p(y).

When a = a(r) can be written as a function of r we will often write a = O(r)
or a = o(r) to mean for any sequence r, — 0 that a, := a(r,) satisfies a,, =
O(ry) or ap = o(ry) respectively.

2.2. T'-convergence

Our proof of convergence will use a variational approach. In particular the nat-
ural convergence for a sequence of minimization problems is I'-convergence. The
I-limit can be understood as the ‘limiting lower semi-continuous envelope’. It
is particular useful when studying highly oscillatory functionals when there will
often be no strong limit and the weak limit (if it exists) will average out os-
cillations and therefore change the behavior of the minimum and minimizers.
See [9, 16] for an introduction to I-convergence and [23, 24, 42] for applications
of I'-convergence to problems in statistical inference. We will apply the following
definition and theorem to H = © C (H®)¥.

Definition 2.2 (T'-convergence [9, Definition 1.5]). Let H be a Banach space
and © C H be a weakly closed set. A sequence f, : © — R U {£o0} is said to
I-converge on © to foo : © — R U {do0} with respect to weak convergence on
H, and we write foo = I'-lim, f,, if for all v € © we have

(i) (lim inf inequality) for every sequence (V™) C © weakly converging to v
foo(v) < liminf f, (v");

(i) (recovery sequence) there exists a sequence (V™) weakly converging to v
such that

foo(v) > limsup f,(v").
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When it exists the I-limit is always weakly lower semi-continuous [9, Propo-
sition 1.31] and therefore achieves its minimum on any weakly compact set.
An important property of I'-convergence is that it implies the convergence of
minimizers. In particular, we will make use of the following result which can be
found in [9, Theorem 1.21].

Theorem 2.3 (Convergence of Minimizers). Let H be a Banach space, © C H
be a weakly closed set and f, : © — R U {£oo} be a sequence of functionals.
Assume there exists a weakly compact subset K C © with

irel)ffn = i?(ffn Vn € N.
If foo =T-lim, f,, and fo is not identically £oo then
i = liminf f,.
min foo = lim in In

Furthermore if p™* € K minimizes f,, then any weak limit point is a minimizer

of foo-

2.3. The Gateaux derivative

As in Section 2.2 we will apply the following to H = © C (H*)¥.

Definition 2.4. We say that f : H — R is Gateaux differentiable at p € H in
direction v € H if the limit

Of(u:v) = lim flu+rv)— f(p)

r—0+ r

exists. We may define second order derivatives by

O f(u;v,w) = lim Of (p+ rw;v) — 0f (i v)

r—0+ r

for n,v,w € H. In cases where the second derivative does not necessarily exist
we will define 0% f by

02 f(u; v, w) = lim inf Of(p+rwiv) = 9f(wv)

r—0+ r

To simplify notation, we write:

0% f(w;v) = 02 f (s v,v).

Theorem 2.5. Let p,v € H. If f : H — R is continuously Gateaux differen-
tiable on the set {tp+ (1 —t)v : t € [0,1]} then

fW) > f(p) +0f(pusv —p) + %Bif((l —t)p+tviv —p)

for some t* € [0, 1].
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Proof. The theorem is only a slight generalisation of Taylor’s theorem. Indeed,
if there exists ¢ € [0,1] such that 92 f((1 — t)u + tv; v — p) = —oo then we have
nothing to prove. So we assume 9% f((1—t)u+tv;v —p) > —oo for all t € [0, 1],
define g(t) = f((1 — t)pu + tv) then we can show that g(1) = f(v), g(0) = f(u),
g'(0) = 0f (u;v — p) and g” (t) = 0% f((1 — t)p + tv;v — pu) where we define

g” (t) = liminf M

r—0t T

(4)

Hence we can equivalently show that g(1) > g(0) + ¢/(0) + 3g¢”(t*) for some

t* € 10, 1]. Define J = 2(g(1) — g(0) — ¢’(0)) and we are left to show J > g” (t*).
Let

Flty =gt + g0 -6+ L2 g

and note that, by definition of J, F/(0) = F(1) = 0. Since F’ (t) = (1—-t)(¢” (t)—
J) (where F’ is defined analogously to (4)), then if we can show there exists
t* € (0,1) such that F’ (t*) < 0 we are done. One can easily show that if
F’ (t) > 0 for all ¢ then F is strictly increasing, which contradicts F'(1) = F(0),
and so there must exist such a ¢*. O

3. Weak convergence

To show weak convergence we apply Theorem 2.3. The following two subsections
prove that the conditions required to apply this theorem, i.e. that fo, is the
[-limit of f,, and that the minimizers u™ are uniformly bounded, hold with
probability one.

For a fixed § > 0 we define the set © to be the set of functions in (H*)*
which have minimum separation distance of §:

O = {pe (H*)": |p(t) — ()] > 6 vt € [0,1] and j # 1} . (5)

For d = 1 this is a strong assumption as we restrict ourselves to trajectories
that do not intersect. When considering the tracking of real objects in 2 or more
dimensions, the assumption is typically physically reasonable. For example if 1;
are to represent trajectories of extended objects by modelling the location of
the centroid, it is natural to require a minimum separation of those centroids
on a scale corresponding to the extent of the objects in question.

In practical implementations the constraint could be difficult to implement,
but it is straightforward to check whether it is satisfied post hoc. For a wide
range of distributions on the data it is reasonable to expect that any two cluster
centers obtained by numerical procedures will not intersect and therefore have a
minimum separation distance. Of course, this separation distance is only known
with posterior knowledge and not prior knowledge as we assume here. We expect
that one could improve this reasoning to state explicitly that with high proba-
bility any two cluster centers are at least §* apart for some §* that depends upon
the distribution of the data. We do not attempt to prove any such statement
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here. Such a statement would imply that one could carry out the classification
using a k-means method without directly imposing the constraint.

We use the assumption in order to infer that the spatial partitioning induced
by any set of cluster centers p € © is such that every element of the partition
is non-empty, at every time ¢, i.e. the sets

X;(0) = {z € R : [o— py(0)] < |e — a(t)] for i # 5}

for j =1,...,k are all non-empty.

First let us show that © is weakly closed in (H*®)*. Take any sequence u" € ©
such that u™ — pu € (H®)*. We have to show pu € ©. Pick t € [0,1], j # [ and
define F: © — R by F : v — v;(t) — v4(t), note that F is in the dual space of
(H*)* (since s > 1). Hence

6 < |p (8) — it ()] = [F (™) = [F ()] = lp;(8) — pu(t)]-

Therefore 1 € ©. Furthermore we can show that f,,, foo are weakly lower semi-
continuous [42, Propositions 4.8 and 4.9] hence they obtain their minimizers over
weakly compact subsets of ©. We will show that minimizers are contained in a
bounded, and hence weakly compact set, and therefore there exists minimizers
of f, and f, on O.

We now state our assumptions.

Assumptions. 1. The data sequence (t;,y;) is independent and identically
distributed in accordance with the model (1), with ut € (L=)*, p(i) ~
Cat(p), € ~ do, t; ~ dr: (i), € and t; are mutually independent, and
(p(i),€,ti), (p(J4),€5,t;) are independent for i # j. We assume ¢o and
¢ are continuous densities with respect to the Lebesque measure on R?
and [0, 1] respectively and use the same symbols to refer to these densities
and to their associated measures.

2. The density ¢q is centered and has finite second moments.
3. For all e € RY, ¢y(e) > 0.
4. There exists a < —d — 3 and c1 such that supco 1) ¢y (y[t) < erly|®.

Observe that

n k k
1 S
Fulih) = 257 A bt — 4 A S IVl 2

i=1j=1 j=1
n k
1 s
< ot — P+ A IR
i=1 7j=1

1 n k
LS 2> vl
i=1 j=1

k
— Var(e;) + )\Z ||V5u;||%2 = <00

j=1
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where the convergence is almost surely by the strong law of large numbers. Hence
Assumption 2 implies that there exists N such that min,ce fn(1t) < oo+ 1 for
n > N and N < oo with probability one (although N could depend on the
sequence {t;,y;}1_, and so we could have sup,cq N = 00).

To simplify our proofs we use Assumption 3 although the results of this paper
can be proved without it. The assumption is used in bounding the minimizers
of f,. Clearly if ¢¢ has bounded support then each y; is uniformly bounded
(a.s.) and one can show that |u™(t)| is bounded uniformly in n and t (a.s.).
Assumption 3 can be relaxed at the expense of some trivial but notationally
messy modifications.

Assumption 4 is used the next section to uniformly control the decay in
the density ¢y . In particular the assumption allows us bound the error due to
restricting to bounded sets. Although Assumption 4 implies that ¢g has at least
two moments we include the second moment condition in Assumption 2 as the
decay in density is not needed until later sections.

Note the second moment condition implies that ¢ decays as |e] — oo and
therefore, by continuity, ¢¢ is bounded in L.

We now state the main result for this section. The proof is an application
of Theorem 2.3 once we have shown that fs is the I-limit (Theorem 3.2) and
established the uniform bound on the set of minimizers Theorem 3.4 (which by
reflexivity of the space (H*)* implies weak compactness).

Theorem 3.1. Define f,, fo : © — R by (2) and (3) respectively, where
O C (H*)* for s > 1 is given by (5). Under Assumptions 1-3 any sequence of
minimizers pu" of fy, is, with probability one, weakly compact and any weak limit
1 is a minimizer of fso.

3.1. The I'-limit

We claim the I-limit of (f,,) is given by (3).

Theorem 3.2. Define fi, foo : © = R by (2) and (3) respectively where © C
(H*)F for s > 1 is given by (5). Under Assumptions 1-2

foo =T-lim f,

for almost every sequence of observations (t1,y1), (t2,y2),- - - -

Proof. We are required to show that the two inequalities in Definition 2.2 hold
with probability 1. In order to do this we follow [42] and consider a subset of
of full measure, ', and show that both statements hold for every data sequence
obtained from that set.

For clarity let P(d(t,y)) = ¢y (dy|t)dr(dt). Let P be the associated em-
pirical measure arising from the particular elementary event w, which we define
via it’s action on any continuous bounded function A : [0, 1] x RY — R: Ph =

LS h (tl(vw), yl@) where (t(-w) yl(w)> emphasizes that these are the observa-

7 b

tions associated with elementary event w. Define g,(t,y) = /\le(y — ()%



3704 M. Thorpe and A. M. Johansen

To highlight the dependence of f,, on w we write fff). We can write

k k
) = PYg, + XY IIVeusll7: and  foo = Pgu+ A [Voull7e

j=1 j=1
We define

o = {w €Q: P = P} N {w € Q: P)(B(0,q)°) — P(B(0,q)°) Vg € N}

m{weﬂ: / 2 P (d(t,y)) - / w2 P(d(t,y)) quN}
(B(0,q))° (B(0,q))°

then P(2) = 1 by the almost sure weak convergence of the empirical mea-
sure [20] and the strong law of large numbers.

Fix w € ' and we start with the lim inf inequality. Let u™ — . By Theo-
rem 1.1 in [21] we have

/[0 liminf g, ((t',y")) P(d(t,y))

1] xRd =00, (¥,y") = (t,y)

< lim inf gun (t,y) P (d(t, ).

n=o0 J10,1] x R4

By the same argument as in Proposition 4.8.ii in [42] we have

liminf (y' — uf(#))" > (y — (1)

n—o00,(t',y")—=(t,y)

Taking the minimum over j we have

liminf g (t,9) > gu(t,y).
n—o0,(t',y’)—(t,y)

And, as norms in Banach spaces are weak lower semi-continuous,
liminf | V5u?||72 > |V u,3
HjllLz = HjliLz-
n—oo

Therefore
lim inf £ (1) > foo(p)

n—oo
as required.

We now establish the existence of a recovery sequence for every w € ' and
every p € ©. Let u™ = p € ©. Let ¢, be a C>®(RT1) sequence of functions such
that 0 < ¢,(¢,y) <1 for all (t,y) € R¥L (,(t,y) =1 for (t,y) € B(0,q—1) and
Cq(t,y) = 0 for (t,y) & B(0,q). Then the function (,(¢,y)g,(t,y) is continuous
for all g. We also have, for any (t,y) € [0,1] x R9,

Gt y)gu(t,y) < Gt y)ly — p ()
< 2G(ty) ([yf? + 1 (®)[?)
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< 2,(6,) (9 + I 1)

< 2|g* + 2/l g |7 0,17y < o0

5o (q9u is a continuous and bounded function, hence by the weak convergence
of PT(L“’) to P we have
Py(Lw)ng/L — P9,

as n — oo for all ¢ € N. For all ¢ € N we have

limsup |P{*)g,, — Pg,| <limsup [P g, — P{*)¢yg,]

n—oo n—oo
+ lim sup |P7g“)(qgu — P(yg,| + limsup |P{y9, — Py,
n—oo n—oo

= lim sup |P£“’)gﬂ - P’V(Lw)ngU‘ + [PCgu — Pgul.

n— oo

Therefore,

lim sup \Pr(bw)gu — Pg,| < limsup limsup \Pr(b“’)gu — P,g‘*’)(qgu|
q— 00

n—oo n—oo

by the dominated convergence theorem. We now show that the right hand side
of the above expression is equal to zero. We have

|P“)g, — P ¢, < Pygw)H(B(O,q—l))Cg/L
< / L0 1y (6 9)|y — (D2 P(A(1, y))
[0,1] xR¢
<9 / L5 0.1 (. 9)]yl? P(A(t y))
[0,1] x R4
+ 2||M1Hioo([o,1])/

[0,1] xR
nreo / T5(0.q—1- (6 9)y2 P(d(t, )
[0,1] xR¢

iso.g-1)e(ty) P (A(Ly))

2l [ Unoa-o(ts) PAGY)
[0,1] x R4

:
q—0
—

0

where the last limit follows by the monotone convergence theorem and Assump-
tion 2. We have shown

lim |P7(zw)gu — Pg,| = 0.

n—oo

Hence
FE (1) = foopr)

as required. O
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3.2. Boundedness

The aim of this subsection is to show that the minimizers of f,, are uniformly
bounded in n for almost every sequence of observations. We divide this into two
parts; bounding each of the Ho and H; norms. The H; bound follows easily
from the regularization. For the Hy bound we exploit the equivalence of norms
on finite-dimensional vector spaces to choose a convenient norm on H.

By the argument which followed the assumptions we have, for n sufficiently
large and with probability one, min,ce fn(1) < a4+ 1 < co. Now we let " be
a sequence of minimizers. Then there exists Q C Q such that P(Q) = 1 and for
all w € Q we have

k k
Fu(uh) = P g0 + XD Vo ullF2 = Pgur + XD IVEul]F: = o

j=1 j=1

Therefore for all w € ) there exists N = N such that for n > N we have

k
A I < ™) < fulph) <a+1.

j=1

Therefore [|u}||1 is bounded almost surely for each j. We are left to show the
corresponding result for [|u?[o.

The following lemma will be used to establish the main result of this subsec-
tion, Theorem 3.4. It shows that, if for some sequence v € H® with ||V5v™||p2 <
va and ||[v"|lg — oo, then we have that, up to a subsequence, [v"(¢)| — oo with
the exception of at most finitely many ¢ € [0, 1]. When applied to p this will be
used to show that in the limit, if any center is unbounded, then the minimization
can be achieved over k — 1 clusters — and hence to provide a contradiction.

Lemma 3.3. Let v € H® satisfy ||[Vv™| L2 < Vo and |[v"||g — co. Then there
exists a subsequence such that, with the exception of at most finitely many t €
[0,1], we have |[v"™™(t)| — oo. Furthermore for each t € (0,1) with [v"(t)| — oo
and any t, — t we have [V"(t,)| — oco.

Proof. Let the norm on Hy be given by

oo = 3 A0l )
i=0 ’

By Taylor’s theorem and the bound on ||V*v" (|2 we have

s—1

v (t) — Z Wﬂ' < V.

4!

Now let Q,(t) = Zf;& VO 4i and Qn(t) = Q"—n(t) In particular [|Qn|lo =

1. Take any subsequence n,, then since d 4+ are uniformly bounded equi-
continuous for alli = 0,1,...,s—1 so by the Arzela-Ascoli theorem there exists
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a further subsequence (which we relabel) for which d;?,-" converges uniformly to
Cgt? for some Q and all i = 0,1,...s — 1. In particular ‘i;t:—i? is a constant and
therefore Q is a polynomial of degree at most s — 1. It follows that ||Q|lo = 1
and therefore Q is not identically zero, hence Q has at most s — 1 roots. For
any ¢ that is not a root of Q we have |Qn. (£)] = |Qn. ()| @Qn,. [lo = oo. This
implies that [v"(t)] — oo.

Now pick ¢ € [0,1] with |[v™(t)] — oo and assume ¢, — t. We assume that
there exists a subsequence n,, such that |@Qy,, (t.,, )| is bounded. By going to
a further subsequence (which we relabel) we assume that Qnm — @ uniformly.
Choose 6 > 0 sufficiently small then there exists € > 0 and N < oo such that
for all s with |s — ¢| < € and n,, > N then

)

Q)| =6,  [|Qn, — QllL= < 3

and [tn,, —t| <e.
It follows that

1@, (tn,)] 2 |Q(tn,,)

~1Q0tn) =~ Qu (b, 2 5.

In particular |Qn,, (tn,)] = [Qnllo|@n,, (tn,.)] > M — 00. This contra-
dicts the assumption that |@Q,,, (¢, )| is bounded. Hence |[v™(t,,)| — oo. O

We proceed to the main result of this subsection.

Theorem 3.4. Define fn, foo : © — R, where © C (H*)* for s > 1 is given
by (5), by (2) and (3) respectively. Let p™ be a minimizer of f, then, under As-
sumptions 1-3, for almost every sequence of observations there exists a constant
M < oo such that ||u™||(gsyx < M for all n.

Proof. As in the proof of Theorem 3.2 we let w € Q" where
1 n
Q" = Q=N &V
{w € "2 €5 ar(ey)

(e (o () (o))

where €' is defined in the proof of Theorem 3.2. We have P(Q2”) = 1. For the
remainder of the proof we assume w € . Then there exists N“) < oo such

that f,(lw)(,u") < a+1 for all n > N®)_ Hence, for sufficiently large n,

k
A Il < 2" < e+ 1.

j=1

It remains to show the Hy bound. The structure of the proof is similar to [27,
Lemma 2.1]. We will argue by contradiction. In particular we argue that if a
cluster center is unbounded then in the limit the minimum is achieved over the
remaining k — 1 cluster centers.
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Step 1: The minimization is achieved over k — 1 cluster centers. We assume
sup; [|u7 llo is unbounded, then there exists j* and a subsequence (which we
relabel) such that [|u}.
(again relabelled) such that [u7.(t)| — oo for all but finitely many ¢. For any
such t, by Lemma 3.3, we have

lim  |uf. ()] = oo

n—oo,t’ —t

This easily implies

noN o2
e (hm)ﬁ(t ” |u»* ) -y =00
for any y € R%. Therefore
2 ny _ o2 —
n_ﬂ)@hmn;f_}(t » /_\1 ’uj ‘ jé}* ‘,uj it —y ’ 0.

Note that the above expression holds for P-almost every (¢,y) € [0,1] x R? (as
by Lemma 3.3 the collection of ¢ for which |u}. (¢)| / oo has Lebesgue measure
zero). By Fatou’s lemma for weakly converging measures [21, Theorem 1.1] and
the above we have

k
lim inf 2 n(t) —y|> P (dt,dy) | > 0.
im in /Ol]de/:\ —ulP = A\ @)~y P(dLdy) | >

A5
Hence
3:) 20

timinf (£ (") = J5 () g40) = NIV 1

n—0o0

where we interpret fr(bw)((u?) j5+) accordingly. So,

timinf (£ (u") = £ (45)35-) ) = 0.

n— oo

Step 2: The contradiction. If we can show that there exists € > 0 such that

timinf (£ (") = J5 () g0) ) < =
(i.e. we can do strictly better by fitting k centers than fitting k — 1 centers) then
we can conclude the theorem.

Now,

L () < f

n k
Z/\ ) —yilP+ XD IVoag7e,

J#5*

SIP—‘

where

v [ ) Tor £ g
(t) = C
Cn for j =3
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for a constant ¢,. By definition, the 4} must have a minimum separation dis-
tance of §. For now we assume that we can choose ¢,, such that this criterion is
fulfilled. So if [y; — ¢,,| < & then

5 n
lyi — cnl + 1S |15 (i) — wil

for all j # j*. And therefore |y; — c,|? + 25 < |u?(t;) — yi|> which implies

w n 1 . n S
B i) = =30 N ) =il A 7 1907

=1 j#5* i#5*
1 . )
~n Z /\ |1 (8) = il Tt oy v
i=1j#j"
1 n
+ =30 N ) = 9P T +A D 190513
i=1j#5* i#5"

1 — . .
=30 N ) = il Tgmnss + A Y IV

i=1 j#j* i

1 & 2 5
e T + 357 (0,153 ()

— 1+ 3P (028 (.5) )

Where (t;,y;) ~n j means coordinate (¢;,y;) is associated to center i in the
sense that (t,y) ~n j < j = argmin,_; _ |y—/7 (t)| (and if the minimum is not
uniquely achieved then we take the smallest j such that j € argmin,_; [y —
G (t)]). If we can show that P (10,1] x B (¢n, $)) is bounded away from zero,
then the result follows.

Since we assumed e; has unbounded support on R? if we can show that
len| < M for a constant M and n sufficiently large (a.s.) then we can infer the
existence of a subsequence such that

5 5
imi (w) bl I R (w) hd
hnmman ([O, 1] x B <cn, 4)) = 'rr}g)rcl)o Py ([0, 1] x B (Cnm, 4))

and ¢, converges to some c. This implies (after applying Fatou’s lemma for
weakly converging measures [21, Theorem 1.1])

lim inf P{“) ([o, 1]x B (cn, é)) > lim P ([o, 1] x B <cn, ,é))
n—00 4 m—oo ™ ™4

- p (0 5(=.))

1
:/ / Ly _cj<20y (ylt)or(t) dydt.
0 Jra
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By Assumption 3 and the continuity in Assumption 1, there exists € > 0 such
that ¢y (y[t) > € for all y € [-M, M]¢ and t € [0,1]. Hence we may bound the
final expression above by

. ! §
it esovloon) dude > o <B (o, 1)) |

We are left to show such an M exists. Assume there exists My_1 such that
for all j # j* we have ||u} | g < Mg_1. By the Sobolev embedding of H* into
L there exists a constant C’ such that ||u| g < C'||u|| g for all p € H*. And
therefore [u7 (t)] < C'Mj_y for all j # j* and t € [0,1]. Let C' = C"My_1 + 6
then it follows that there exists ¢, € [0,C]* such that 4% (t) = ¢, and 4" € ©.

Now if no such Mj_; exists then there exists a second cluster such that

||N§L** Hs — oo where j** # j*. By the same argument
lim nf (ff(LW)(“n) - fy(ﬁ’)((u?)#j*,j**)) >0
and

F (™) = £ (1) 52505 )<_ﬁp(w) B 9 _J_QP(W) Bl J
n (M n g )i#5*,5%) = 16" ™ C"’4 16 " Cn74

for a constant ¢,. By induction it is clear that we can find Mj_; such that k —
cluster centers are bounded. The result then follows. O

Remark 3.5. Note that in the above theorem we did not need to assume a
correct choice of k. If the true number of cluster centers is k' and we incorrectly
use k # k', then the resulting cluster centers are still bounded. In fact for all
the results of this paper the correct choice of k is not necessary: although the
minimizers of foo may no longer make physical sense, the problem is still robust
in that the conclusions of Theorems 3.1 and 4.1 and Corollary 4.2 hold.

4. Weak to strong convergence

We now strengthen the result of the previous section and show that in fact
(upto subsequences) convergence of minimizers is strong in H*. Our proof is
based on the methodology Pollard used for proving the central limit theorem
for the k-means method in Euclidean spaces [36]. In Pollard’s proof he assumed
a positive definiteness condition on the second derivative of, what we call in
this paper, f.. Under an analogous condition we are also able to give a rate
of convergence on convergent sequences of minimizers. Whether this condition
holds will depend on the interplay between the integral over the boundaries of
each partition and the size of each partition.

We state the main results of this section now but leave the proofs to the end.
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Theorem 4.1. Define f,, foo : © = R, where O is given by (5), by (2) and (3),
respectively. Let {u™}nen C © where u™ minimizes f,. Let u™™ be any subse-
quence that weakly converges almost surely to some p®° then under Assump-
tions 1—4 we have that, after passing to a further subsequence, u"™™ converges
to u° strongly in H® and in probability.

Corollary 4.2. If in addition to the conditions in Theorem 4.1 and where u>
s a minimizer of foo we assume that there exists p > 0 and k > 0 such that

02 foo () Z KV geye

for all p with || — p>||(gsyx < p. Then any sequence p™ of minimizers with
u" — p in H® obeys the rate of convergence

1
™ = > \E ey = Op (5> :

For clarity, we will assume that the entire sequence u™ weakly converges in
the remainder of this paper to avoid reference to subsequences. Relaxing this
assumption is trivial, but notationally cumbersome.

We let Y, (1) = vn(fn(i) — foo(p)) and then, by Taylor expanding around
1>, we have

Yo (") = Yo (™) + 0Yy (u™5 p" — p>) + hoo.t.

In Lemma 4.6, using Chebyshev’s inequality, we bound the Géteaux derivative
of Y,, in probability. Similarly one can Taylor expand f., around p®°. After some
manipulation of the Taylor expansion, where we leave the details until the proof
of Theorem 4.1, one has

1
02 foo (1225 " = 1) < fu(1™) = fu (1) + Op { —= " = 1 [lz2yx | -
N
We note that f,(u™) — frn () < 0. We also show that
INIT* gy — 2l < 02 o430,

Therefore

S n o0 1 n o0 n o0
AT (" = 1) oy < Oy (=l = gy + i = i gy )

The above expression allows us to convert weak convergence into strong conver-
gence. Lemmata 4.3 and 4.5 provide the first Gateaux derivative and a lower
bound on the second Gateaux derivatives of f.,, respectively.

Lemma 4.3. Define fo by (3) and © C (H*)* for s > 1 by (5). Then, under
Assumptions 1, 2 and 4, for p € © N (L)%, v € (H*)* we have that f is
Gateauz differentiable at p in the direction v with

Oti) =2 [ [ (w5(®) =) vy (v (1) 1) dyet
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k
+20) (Vo Vo)
j=1

where j(t,y) is chosen arbitrarily from the set argmin; |y — u;(t)[, so that

j(t,y) € argjmin ly — ;)] (7)

Remark 4.4. Since p; are continuous the boundary between each element of
the resulting partition is itself continuous and has Lebesgue measure zero. The
set on which j(t,y) is not uniquely defined therefore has measure zero. Hence
we will treat j(t,y) as though it was uniquely defined.

Proof of Lemma 4.3:. Fix u € ©, v € (H*)* and r > 0. We will assume d > 2.
The case when d = 1 simplifies as the boundaries between partitions are points

and so we exclude the argument. Let § = fai;ri 5 Where € > 0 is chosen
sufficiently small so that 1 — 3 = % > 0 (true for any € < —(a+ d + 3)).
Then
1 (&)
L wreeinay< [ preay
" Jylzr-s " Jly|zr=s
c o0
= 7/ t2+retd=lqs  for some ¢ > 0
T )-8
c
_ € Blat2td) -1 3
at2+d ®)

Since a +2+d < 0 and —3(a+2+d) — 1 = € > 0 the above converges to zero
as r — 0. Analogously, one can show % ﬁylZT_ﬁ o(ylt)dy — 0 as r — 0.

Define j,(t,y) by
Jr(ty) = argmin |y — p1;(t) — rv;(t)].
J

Then for (¢,y) in the interior of the partition associated with p; we have
Jr(ty) = j(t,y) for r sufficiently small.

More precisely consider two points y1,ys € R, with |y; —ya| > and let By, ,,
be the boundary defined by

Byye = {y € BOM) : [y 1 = Iy - 1l }

for a constant M > 0. Let 1 € B(y1,Cr) and gz € B(y2, Cr). We will denote
by dz the Hausdorff distance between sets in R?, in particular we wish to bound
dr(By, ys> By, .5,). Elementary geometry implies that this can be bounded by
the Euclidean distance between points on the boundary of each set, in particular

dH(ByhyQ ) B?}L?Jz) < dH(aByhyw 83@1,7]2)
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where
OBy, o ={y R : [yl =M and |y — y1| = |y — v2|} -

Without loss of generality assume that By, ,, C { : 1 = 0}. (All assumptions
other than 4 are rotation and translation invariant, whilst 4 is rotation invariant
it is not translation invariant as the constant ¢; could increase with the size of the
translation. However the cluster centers are bounded in L°°, so in particular the
size of the translation can be bounded. Therefore, up to redefining the constant
c1, all the assumptions hold in the rotated and translated coordinate system.
For d > 3 we consider a cross section at xs.q = a € R%2, then there exists
constants v1,72 € R (depending on a) such that 1 = 129 + 72 parametrizes
the set {z € By, 5, : T3.0 = a} (for a > M the set is empty and we have nothing
to prove). Let 8, = |tan™! y1| € [0, 5] be the angle between the lines z; = 0 and
1 = Y122 + 2. When d = 2 the set By, g, is already a straight line in R? and it
is unnecessary to take a cross section (i.e. 3.4 is null and 6, is independent of
a). We will find 0* such that sin * = O(r) and sup,, 0, < 0* then we can bound
the Hausdorff distance by

A (0By, y,, 0By, 5,) < rC +2M sin6* = O(r),

the above bound holding as it is the maximum distance that can arise from
rotation plus the maximum possible translation of the set 0By, 4, .

Let ¢ be the ray through y; and ys and 7 be the ray through 7; and g,. Let
P Dbe the point of intersection between ¢ and (. The point P exists if and only
if the lines ¢ and ¢ are not parallel. The lines ¢ and ? are parallel if and only if
0 = 0, trivially any choice of 8* > 0 will bound this case. Therefore we assume

that # > 0 and therefore the point P exists.

One can easily show that g, Py; = 0 (the angle between the lines g§; P and
Py, is 0). There are two possibilities, either (1) P is between y; and ys or (2)
it isn’t.

In the second case we assume that |y» — P| < |y; — P| and therefore [y; — P| >
0. Let @ be the closest point on £ to y; (see Figure 2). So, P,y;,Q form a
trianglelgvithl PQy1 = 5, QPy1 = 6 and |Q — y1] < [y1 — 71| < Cr. Hence

g Q- c
sinf = ‘yﬁyﬁ < &

The first case is similar. Assume that [y; —P| > |y2— P| then [y; —P| > . Let
Q be the closest point on £ to y; then |Q —y1| < |y1 — 31| < Cr and @ =40,

T OP—T : g 1Q=w| o 20r
y1QP = 3. In particular sclnﬁ = =P < =5
2Cr

In both cases sin 8 < 5 which implies

A4MCr
dH(Byl,yz’B.ﬂl,ﬂz) < dH(aByl,yz’aBﬂhﬂz) <rC+ i

Let
B(t) = {y e R? : j(t,y) is not uniquely deﬁned}

and X(r,t) = {y € B(0,rP) : dist(y, B(t) < |||z <r + %)} By the
previous calculation with C' = ||v||(feyx and M = =P if §,(t,y) # j(t,y) then
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VA ‘ ¢
A ' I
\ Y1 \ I
yQQ/,‘ 71 | _
1t \v/.‘yl T1 =722 + 72
\: /m/$1=71$2+’72 /
\n z1 =0 /GJ/ T
T /ﬁ?/ I
B
y2+.\y2
I
Zo

dist(y, B(t)) < rC +

M2 = ) ey (r +
then j,.(t,y) = j(t,y).

4Mr

F1G 2. The geometry considered in the proof of Lemma 4.8 admits two cases: in the first (left)
the intersection of I and I lies between y1 and y2; in the second (right) it does not.

4ri=F
4

). And therefore if y & X (r,t)
We now partition X (r,t) into [2r~%71] subsets (where [t] is the smallest
integer greater than or equal to t) by defining

Y1+ Y2
BZZ,.W = {y € Byu@/z : 'y - 9
and

e [(m—1)r, mr]}

Xm(T, t) = {y € ‘XV(’I“7 t) : Hl7j s.t. diSt(y7B:Z(t),uj(t)) =~

2T||V||(Loo)k((5+27ﬂ7ﬂ)
)

and dist(y, B,," ) ., 1)) < dist(y, B:Z/(t)’ﬂj(t)) for all m’ # m}.
So X(r,t) C Ulfgﬁilem(r, t) (assuming |[v||(goeyr < r~#). This implies

|/y|<rﬁ (29 = 1) () = 1500 (1))~ (156,00 () = M) (1) Dy (ylt) dy

/X( ) (29 — Hj(t,y) (t) = K (t,y) (t)) : (Mj(t,y) (t) - :ujr(t,y)(t)) ¢Y(y|t) dy
]—27“7571]

418
<2 Z (mr+|V(Loo)k (r—l— 7“5 ))
m=1

[ Tian® = e @l 010 d
X (r,t)

Now if y € X,,(r,t) then |y — M > (m — 1)r for some 4,j and
therefore |y| > (m — 1)r — A where ||u||(po)» < A. In particular

by (Wlt) < { cafm—1—A)“

Im>A+1
oy || Lo else.
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Note that
Vol(X,, (r, 1)) < k(k — 1) [Volg—1(B(0,mr)) — Volg_1(B(0, (m — 1)r)]
47" 1-p
X [Vl poeye | 7
< md=1pd=h,
Therefore
1
= /l s (2y = 1) (V) = 15,010 (D) (50,0 () = 1500 (1) D (y]t) dy
y|<r-
|’2r’571'| _
2| pll (o) ( Ap1i=h
< et mr+ W oo 7+ [ oveinay
r Tnzz:l (L ) 6 X77L(T;t)
2) - - A+1 4 1-8
< D IO 57 b e (7 + 25 ) ) VoICEn )
m=1
]’27”571] B
2c o)k 4r1—8
+—1||MH(L " Z (mT+||V||(LOO)k (T-l- ?“5 >)
m=A+2
x (m—1—A)*Vol(X,,(r,t))
A+1
< pd—p-1 Z(rm —|—rlfﬁ)md*1
m=1
]—27”7571]
+ pd=B-1 Z (rm + rl_ﬁ)(m -1- A)amd_1
m=A+2
< pd=26 | pd=2p Z md+
m=1
= O(r?=%)

with the above following as r?~# is dominated by 74~ as r — 0. Since d—23 >
2(1 — ) > 0 then the above is o(1).
Hence

1
/!y iy @ = v = 0 O] ¢y(y|t)dy‘

r

+0o(1) by (8)

<

1 2 2
<= / [y — i) D] = ¥ = ey D] oy (ylt) dy
ly|<r—#
1
= (20 = 1500 (8) = 15,00 () - (it (8) = 5.0 (B))
y|<r=#

oy (ylt) dy| + o(1)
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which converges (uniformly in ¢) to zero. Therefore

Joo(p+1v) = foo (1)

0 foo (s v) = limy
im X

-
1

_ . 2 o, 2

= gn{ I <y b0y OF = 19 = 1150, ()

+ 2105, () (O = 20 (Y = 15,000 (D) - V)i () (U) oy (ylt)pr(t) dydt
k
+ )\Z (2r(Vou;, Vo) + r?||Vou|72) }
j=1
1
= 72/0 /Rd (¥ = 1ty (1) Vi) 0Dy (ylt) o () dydt
k
+ 2A Z(stj‘, Vsuj)
j=1
by the dominated convergence theorem. O
Lemma 4.5. Under the same conditions as Lemma 4.3 we have
02 foo (1131, 1) 2 2MIVo0|[E2ye = 2[[V[[E ey

Proof. The proof is similar to that of Lemma 4.3 so we only sketch the details.
The key step is in showing the following limit converges to zero

r—0

) 1t
timsup - [ [ { (5,000 =) 23000~ (1in® =) 3000}
T 0 R4

) 1/t

by (Y1) b (£) dy dt < 2l zoeye [Vl poeys lim sup ~ / oy (ylt) () dy di
r=0 T Jo Jj.#j

1 1
4 20| ey limsup - / / yldy (y1H)or(t) dy dt.
r—=0 T Jo Jj.#j

As in the proof of Lemma 4.3 we divide R? = B(0,7=%) U (R?\ B(0,7~#)) and
recall that X (r,t) contains the set where j,.(t,y) # j(t,y) in the ball B(0,r~#)

and X (r,t) € U271 X, (r, t) with VOl(Xyn (r, t)) = O(m®1745). The limit

m=1

! / Iyl + 1) éy (4 () dy dt — 0
ly|>r—~8

r

as in the proof of Lemma 4.3. Now,

/ (11-+ v (vl dy
Fr#dilyl<r=F
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< / (9] + Dby (u]t) dy
X(rt)

A+1 [2r=F=1]

<Z/ (ol + Doy dy+ e S / (lyl + DIyl dy

mrf m=A+2 mrf
A+1

< ¢y llzee (A + mr + 1)Vol (X, (1, 1))

m=1

r2r— 71

e Y, (m—A)(m—1—A)" Vol(X(r,1)

m=A+2
= 0(ri=").
Since d — 8 > 2 — 8 > 1 then the above limit is o(r). O
We now cousider Y,,. In particular we want to bound 9Y,, (u; u™ — u®).

Lemma 4.6. Define f,, fxo : © = R by (2) and (3) respectively where © is
given by (5). Take Assumptions 1, 2 and 4 and define

Y,:0 =R, Yo () = Vi (fu(p) = foolp)) -

Then for i € ©, v € (H*)F we have that Y,, is Gdteaur differentiable at p in
the direction v with

1
Yo v) = 2V ( / / (W = 1560 (0)) V0 (O by (WD) br(t) dydt

__Z yz ;u’j(t“yz )) Vj(tuyz)(t )>

where j(t,y) is defined by (7). Furthermore, for a sequence v™ with
[ L2y = 0p(1)  and ™| (goyx = Op(1)
we have Yy, (p;v™) = Op([[V" || (£2yx)-

Proof. Calculating the Gateaux derivative is similar to Lemma 4.3 and is omit-
ted. By linearity and continuity of 9Y,, we can write

Y, (u; L) = Z Mayn(ﬂ; em)

Il (L2yk —

where e,, is the Fourier basis for (L?)* (we assume e,, = (ém,, - - ,ém, ) Where
ém is the Fourier basis for L?). Let V,, = E (9Y,(y; em))2 and Z; = (y; —
iu‘j(ti,yi)(ti)) : émj(tiay'i)7 then

Vi = %]E (i(zi - }EZi)>

i=1
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= 4R (Z, — EZ,)?
k k
2
4 3wl = pilles +Ela* | = C.
j=11=1

By Assumptions 1 and 2 and since p € (L>)* (by the embedding of (H*)* into
(L>)*)) C is finite. Therefore,

(o) )< )
”VnH(LZ)‘C Hl/n||(L2)k

(v em)| 1 .
|l/n|| L2 B M (|8Yn(/~bv m)|)

1" em)|
Il 2%
1" em)| VVim
— v llp2ye M

SN M SM il

IA

where the first inequality is by Markov’s inequality and the third inequality is

by Hoélder’s inequality. This implies 0Y, (,u, 0 = 0p(1). O

V"ll

We now have the necessary pieces in place to prove Theorem 4.1 and Corol-
lary 4.2.

Proof of Theorem 4.1. By Theorem 3.1 we have that (up to subsequences) ||u"—

1 z2yr = 0p(1), ([0 — p>[(Loeyr = 0p(1) and [[u"][(gsyx = Op(1).
By Theorem 2.5, for some ¢ € [0, 1], we have

foo (1) Z foo(1™) 4 Of oo (7% 1" — 1)
1
+ 502 foo (L= )™ + tu"s " — 1)
> foo (1) + 2A V(1™ = ™) [T 290 — 201" = pI7 e yx

after applying Lemma 4.5 and since p°° minimizes f,, the first derivative must
be zero.
Similarly, and using Lemma 4.6,

V(1) = Y (™) 40, (0¥, (4™ 1" = 5%)) = Yo (1) 0, (0" = 1 12¢)

From the definition of Y,, we also have

fu(W™) = foo(u™) + Yo (™).

Bl

Substituting into the above we obtain

1 n s (,mn o n 0o
Yo (™) + 2XIV2 (" = p%) ey — 208" = p> I e
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1 " — > 2\k
— Jel) + ) + 0, (Ll

2V (1" = 1) e peye = 201" = 1% Epoey
0o ||:U’n - uoo” L2)k n 3]

= pulp) + 0y (VIO g
+2M VP (1™ = 1) [IEp2ye-

Rearranging and using f,,(u™) < fn(u>) we have

NIV 1 = %) gy < O (B R = s ) + Sl
= [n(p™)
" = >l L2y n 00|12
<0, (M o)
We have shown, via Theorem 3.1, that [[V*® (u™ — 1>) || z2yx — 0 and therefore
u™ — p strongly in H® and in probability. O

Proof of Corollary 4.2. The proof is similar to the proof of Theorem 4.1 since
Joo (") 2 foo(p™) 4+ Ofoo (025 1" = 1)
+ /01(1 —1)0? foo (1 — )™ +tp"; " — p)
> foo (1) + w1 = 1y

One can then show

foo (") = foo (™) = fu(p™) = %Yn(u”) — foe(1™)
= full") — foo(i™) - %ymw) Lo, <%)
= fu(p™) = fu(u™) + Op (W)
<0, <w> .

Hence,

Al =i N aeye 0" = p> oy < Bllu" = p[Egepn < Op (M\/;W> .

Dividing by ||u"™ — p>°||(z2yx completes the proof. |
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