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1. Introduction

Consider observations Y7, ...,Y, such that
Y; :XiUz‘7 1= 1,...,77,. (1.1)

where (X;) are 4.9.d. nonnegative random variables with unknown density f, (U;)
are i.i.d. with B(1,k) density given by fu(u) = pp(u) = k(1 — u)* 1o 1y (u),
with k > 1, k integer, and the sequences (X;), (U;) are independent. For k = 1,
i.e. if U; has uniform density on [0, 1], model (1.1) is referred to as the multi-
plicative censoring model and has been widely investigated in the past decades.
It was first introduced in Vardi (1989) and covers several important statistical
problems, such as estimation under monotonicity constraints or deconvolution
of an exponential variable. Such a model is usually applied in survival analysis
(see e.g. van Es et al. (2000)). Numerous papers deal with the estimation of f
by various nonparametric methods. A nonparametric maximum likelihood ap-
proach is investigated in Vardi (1989), Vardi and Zhang (1992), Asgharian et
al. (2012). However, in the latter papers, authors assume that a m-sample of
direct observations Xj, ..., X,, is available in addition to the Y-sample and the
method does not apply to the case m = 0. Using only the Y-sample, projection
methods have been proposed. In Andersen and Hansen (2001), considering the
estimation of f as an inverse problem, the authors apply singular value decom-
position in different bases. Their procedure is not adaptive. Abbaszadeh et al.
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(2012, 2013) use projection estimators on wavelets bases to estimate the den-
sity f and its derivatives. They provide adaptive estimators, upper bounds of
the LP-risks but no lower bounds. Kernel estimators of f and of the survival
function F(x) = 1 — F(x), where F is the cumulative distribution function,
are studied in Brunel et al. (2016). Extensions of model (1.1) are considered
in Chesneau (2013) who assumes that the U,’s are a product of independent
uniform variables and the sequence (X;) is a-mixing.

In this paper, we consider the extension of the multiplicative censoring model
to the case where U; has (1, k) distribution and propose nonparametric estima-
tors of f built as projection estimators on a Laguerre basis under the assumption
that f € L?(RT). Laguerre bases, which are orthonormal bases of L?(R"), are
well fitted for nonparametric estimation of RT-supported functions. Moreover,
the support of the density under estimation being hidden by the noise, it is an
advantage to have basis functions with non compact support. These bases have
been recently used by several authors, for instance, in Comte et al. (2013), for
Laplace deconvolution of a signal observed with noise, in Comte and Genon-
Catalot (2015), for estimation of the mixing distribution of a Poisson mixture
model, in Mabon (2015), for deconvolution of densities on R*. Laguerre bases
are related to Sobolev-Laguerre spaces which were introduced in Shen (2000)
and with more details in Bongioanni and Torrea (2009). The regularity prop-
erties of a function f belonging to a Sobolev-Laguerre space are characterized
by the rate of decay of the coefficients of the development of f in the Laguerre
basis. The link between projection coefficients and regularity conditions in these
spaces has been described in Comte and Genon-Catalot (2015).

In the present paper, we choose a Laguerre basis and first establish explicit
formulae linking the projection coefficients of fj 3, the density of ¥ in model
(1), in the Laguerre basis, to those of f. This allows to define a collection (fp,)
of estimators of f. We obtain a L2-risk bound for fm Then, we propose a data-
driven choice my of the dimension m leading to an adaptive estimator fmk
Using Sobolev-Laguerre regularity spaces, we determine upper bounds for the
rate of convergence of the L2-risk. Then, we study lower bounds and prove that
upper and lower bounds match up to a logarithmic term. The lower bound on
Sobolev-Laguerre balls is difficult to obtain and follows several technical steps.
We start proving it in the case of direct observations of the X;’s, that is in the
simple density model and then we obtain it for model (1.1) when k& = 1. To
avoid more technical developments, we just indicate how to extend it for all
integer k.

In Section 2, we describe the Laguerre basis, build the projection estimators of
f and provide the upper bound on their L?-risk. This leads to the adaptive pro-
cedure. In Section 3, we introduce the Sobolev-Laguerre regularity spaces and
obtain upper bounds on the rate of convergence of the projection estimators
on Sobolev-Laguerre balls. To prove lower bounds, one can follow the general
scheme described e.g. in Tsybakov (2009). However, in the considered situation
it is more natural to construct alternatives as finite combinations of Laguerre
functions with coefficients taking values in {0,1}. Such a construction makes
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the problem of attributing a hypothesis to Sobolev-Laguerre ball straightfor-
ward. Then the lower bounds are obtained via a modification of the Hamming
distance and a corresponding extension of the Varshamov-Gilbert bound. In
Section 4, we implement the adaptive estimators of f, based on direct obser-
vations X1,..., X, and on multiplicative censored observations Y7,...,Y,, for
k = 1,2 and for various densities f. The method provides very good results for
direct observations and still remains convincing for censored data. Extensions
and concluding remarks are given in Section 5.

2. Projection estimators in the Laguerre basis
2.1. Laguerre basis

Below we denote the scalar product and the L?-norm on L?(R*) by:

+00 Foo
Ws,t € L2(RY), (s, 1) :/0 s(@)t(z)dz, ||t\|2:/0 £(2)dx.

Consider the Laguerre polynomials (L;) and the Laguerre functions (¢,) given

J N
.7 X —x .

L =0 (5 ) = VEL@ae e, i 20
The collection (¢;);>0 constitutes a complete orthonormal system on L?(RT),
and is such that (see Abramowitz and Stegun (1964)):

Vi >1, Yz €eRT, |p;(z)| < V2. (2.1)

We assume that f € L?(R"), so that we can develop f on the Laguerre basis:

F=a;(Ness  a;(f) = (fr95)-

Jj=0

Let S,, be the m-dimensional subspace of L?(R™) spanned by (¢o, ©1,- - -, ©m_1)-
The function

fo = 3 (e (2.2)
=0

is the orthogonal projection of f on Sy,. Below, we define estimators a; of
a;(f) from the observations Y7,...,Y,,. This leads to a collection of projection

estimators (f,, = Z;”:_Ol ajpj,m>1).

2.2. Preliminary properties and formulas

Let fr v denote the density of ¥; given by (1.1). A straightforward computation
leads to
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fk,Y(y):k‘/oo (1 x)k 1f;)dx1y>0 (2.3)

Moreover, another simple computation yields:

1fry | < NIFIE(—=) < +o00. (2.4)

\/_

Thus, fxy belongs to L?(RT). In this paragraph, we prove that the coefficients
(aj(f),j > 0) are linked with the coefficients (a;(fxy) = (fe,v.¢;),7 > 0)
of the density fjy in the Laguerre basis by a linear relation. This requires
preliminary steps.

Let us remark that a density satisfying (2.3) is k-monotone, i.e. that (—1)* ,ggg/
is nonincreasing and convex for £ =0,...,k—2 if £ > 2 and simply nonincreas-
ing if k¥ = 1. This property is proved in Williamson (1956). Therefore, model
(1.1) covers the case of observations with k-monotone densities. Note that -
monotone densities are considered in Balabdaoui and Wellner (2007, 2010) or
Chee and Wang (2014), from the point of view of estimating fi y (not f) under
the k-monotonicity constraint.

In Proposition 2.1 below, we state an inversion formula giving f from fj y
defined by (2.3) proved in Williamson (1956). For convenience of the reader, we
give a proof in the appendix.

Proposition 2.1. Let fk vy and f be linked by formula (2.3) and set F(x) =

fo t)dt (resp. Fyy(y fo fuy(t)dt). Then we have, for any y > 0, for
k> 1
_1)k
fly) = %y’“ ), (2.5)
_1)k—1
F(y)=Fk,y(y)—yfk,y(y)+---+7((k1)my’“—l lgf“;Z)(y)Jr( ) g 150 ().
(2.6)

Note that, setting foy = f, Fo,y = F, these formulae contain the case where
Y; = X; (U; = 1). So, below, we consider the case kK = 0 in our results as the
case of direct observations of the X;’s. With the two following propositions, we
give the links between the coeflicients of f and fj y in the Laguerre basis.

Proposition 2.2. Assume that EX*~' < +00. Then, for all j >0 and k > 1,

wi(f) = i) = il (o) ™) (27)

Proposition 2.2 provides a simple way of defining estimators of a;(f) by
replacing the right-hand side of (2.7) by its empirical counterpart based on the
observed Y-sample. Moreover, the proof relies explicitly on the fact that the
¢;’s are not compactly supported. This is due to the integrations by parts used
to obtain the result.
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Proposition 2.3 hereafter gives another way of expressing the coefficients and
is helpful for studying the rates of estimators. Define the matrices Hr(,f ) with
size m x (m + k) by

HO = 1d,,,
and for k > 1,
[H®; 0 = h)* for £ =sup((j — k), 1),...,7 +k, [H"M]; 0 =0 otherwise,
where

: NY!
mt= b@”’( >', (2.8)
= p) p:
p=[€—j|
and the (bi’p )’s can be recursively computed by
+1

. . . 1 . 0
,0 ; , ; ;
b)” =0, b%p+177_2 b%flf(p+ §)b%p+§b%f1 for p > 0.

Proposition 2.3. By convention, we set p; = 0 if j < —1 and define the column
vectors of coefficients of f on (@o, ..., om—1) and of fry on (@o, ..., Pmtk—1):
am-1(f) == (a;(f)ogjsm-1,  Gmir-1(fr,y) = (a;(fr,y))o<j<m+r-1-

Then,
An-1(f) = HP dmir—1(fey)-

Moreover, the coefficients hﬁyk satisfy

<G+ k)", (2.9)

VO<j+k |h*
where Cj, is a constant depending on k only.

For each k, the coefficients have to be computed. In our simulations (Section

4), we use the two values k& = 1,2 and the coefficients are the following. For
k=1, [HW e =08 £ £ 5= 1,5 +1,
j 1 + 1

[H )1 = 25— (2.10)

j
[H)5-1 = —5 [HD) = 3

For k=2, [H]0=0if€#j,j—1,j+1,j—2,j+2and

_P+i-1
4 b

iG—1) L.
[H]jj—2 = g [H]jj-1 = —5d [HD) =
L. G+DE+2)
[HDjje1 =50+ 1), [HD) 42 = —s
For the study of the risk bounds, we need evaluate two norms of the matrix H. ,(f ).
The first one is the spectral radius p(H,gf )) and the second one is the Frobenius
norm |H,SiC )| r. We recall their definitions. The squared spectral radius of the
matrix A, p?(A) = Anaz(AY A), is equal to the largest eigenvalue of A' A,
where A! denotes the transpose of A. The Frobenius squared norm of A is given
by |A|% = Tr(A* A) where Tr(M) is the trace of matrix M. The following result
is deduced from Proposition 2.3.
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Corollary 2.1. Form > 1 and k > 0, there exist constants c(k), C(k) depending
on k only, such that

c(kym* ! < |HW 3 <mp*(HY) < C(k)ym(m + k)**.

2.3. Projection estimator and upper risk bound

Proposition 2.3 leads us to define a collection of projection estimators of f by:
m—1
Jm = Z a5, am—1 = (45)o<jcm—1 = HF apmyr1(Y), m>1 (2.11)
§=0
where @y p_1(Y) = [(&j(Y))0<j<m+k_1] and a;(Y") is defined by

S (Y. (2.12)

aj = (1/n) Z %(y’“%)(k)(Yi). (2.13)

and for k = 2,

n

. 1

4y = 5 DIV (Vi) + 40 (Y) + 205 (V).
i=1

Hence, for all m, the explicit expression of fm is easily obtained either by directly

using (2.11) as qY is explicit or by using (2.13). This allows its practical use.

The following proposition gives the risk bound for the estimator f,,.

Proposition 2.4. Let fo,, fm be given by (2.11) and (2.2). Then we have, for
all k,m >0,

B — FIP) < I — ol + 21 B N A Qi ol Hor ]

n

where x Ay = inf(x,y). Moreover, it holds

N 2k+1
E(|f — FI2) < 1 = fl® + ¢ BT

with ¢, = 2[(2k + 1)C})? where Cj, is the constant in Proposition 2.3, formula
(2.9).

Let us discuss the two terms in the infimum appearing in the first bound
of Proposition 2.4. In light of Corollary 2.1, we have |H7(,]f)|% < mpz(H,Sf)) but
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| fr,v lloo = fr,v(0) = E(1/X) may be infinite. On the other hand, the two terms
have the same order, given in second inequality of Proposition 2.4.

Remark 2.1. Like all projection estimators, fm is not necessarily nonnegative,
so we replace it in practice by f,; = max(fn,0). We have E(||f,} — fII?) <
E(|| fm — fII?), so the upper risk bound still holds for f,}.

2.4. Adaptive estimation

The risk bound decomposition of Proposition 2.4 classically involves a squared
bias term || f — f > = > ism a?(f) which is decreasing with m and a variance
term of order m2**! /n which is increasing with m. Therefore, to select relevantly
m, we have to perform a compromise. This can be done asymptotically by
evaluating rates of convergence (see below), or, as we do now, on finite sample
by a model section strategy. In view of the discussion on the risk bound, we
define for k£ > 0,

2 H?Sf)
o ()

S (214)

i = arg min (= full® + peng(m)) ,  pen,(m) =

meM,,

where
ME) = Im e N*, mp?(HF) < n}.

Note that the definition of 77, mimicks the squared-bias variance compromise
as —||fm||? is an estimator of —||fm||?> = —||fII* + [|f — fml|* which is, up to
the constant —||f||?, the bias term and pen,(m) is proportional to the variance
term.

Theorem 2.1. Assume that B(1/X) < 40c0. Let fn, be given by (2.11) and 1y,
by (2.14). There exists a constant ko such that for any k > Ko, we have

. C
Bl — FID < Cr int (I = fnl + peny(m) + 2.
meM n

where Cy is a numerical constant (C1 = 4 suits) and Cy depends on k and
E(1/X).

It follows from Theorem 2.1 that the estimator fmk is adaptive in the sense
that its risk automatically realizes the squared bias-variance compromise.

From the theoretical point of view, let us note that the constant xg provided
by the proof is not optimal (too large); finding the optimal theoretical value of
in the penalty is far from being easy (see for instance Birgé and Massart (2007)
in a Gaussian regression model). Therefore, for practical implementation, it is
standard to calibrate the value x in the penalty by preliminary simulations. This
is what we do (see Section 4). Note that another method, the slope heuristics,
has been developed in Baudry et al. (2012).

Let us stress also that the computation of p? (vaiC )) is easily obtained by a
numerical algorithm for all values of k using the explicit expression of Héf )
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(function eigs applied to (H,(,’f ))t (Hgf )) in Matlab). Therefore, concrete imple-
mentation of the adaptive estimator fys, can be carried out with no difficulty.

3. Rates of convergence on Sobolev-Laguerre balls

We now study the problem from an asymptotic point of view and search for the
dimension m,y; which realizes the bias variance compromise of the risk bound
given in Proposition 2.4. We have already identified the rate of the variance term
as m2**1 /n. We now look at the bias term ||f — f,,||?. Classically, the bias rate
is evaluated by choosing a regularity space for the function f. Sobolev-Laguerre
spaces are well fitted to our framework.

3.1. Sobolev-Laguerre spaces

For s > 0, the Sobolev-Laguerre space with index s (see Bongioanni and Torrea
(2009)) is defined by:

W* = {h:(0,+00) = R,h € L*((0,+00)), [nf2 := Y _kaj(h) < +oo}. (3.1)
k>0

where ai(h) = 0+°° h(u)er(u)du. For s integer, the property |h|? < +o00 can be
linked to regularity properties of the function h. We give details in the Appendix.

We define the ball W#(D):

W*(D) = {h e W* |h]2 < D}.

3.2. Upper rates

We can deduce from Proposition 2.4 the rates of convergence of the estimator
on Sobolev-Laguerre balls. For f € W*(D), we have || f — fm||* = dism a3(f) <
Dm™5. This yields:

Corollary 3.1. Assume that f € W*(D). Let f,, be given by (2.11). Then
choosing mep: = [n*+Y2*+1] ([a] denotes the integer part of a) gives

E(|| frm,,. — fI?) < C(D, s, kyn=*/(s+2k+1)

where C(D, s, k) is a constant depending on D, s and k.

The rate may be interpreted as follows: we have an inverse problem, where s
measures the smoothness and k the ill-posedness.

For direct observations of X7, ..., X,, (k = 0), this rate is the same as the one
obtained by Juditsky and Lambert-Lacroix (2004) for estimation of a density
on R, over Holder classes of densities.

Faster rates of convergence may be obtained if the bias is smaller. This oc-
curs when the density belongs to W?# for all s > 0 and we have to use a direct
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computation for assessing the bias rate. Exponential distributions provide ex-
amples of such a case. If X has exponential distribution £(6), 8 > 0, then the
coefficients are given by ax(f) = v2[0/(0 + 1)] (6 —1)/(8 + 1))" and the bias
can be explicitly computed,

= 010 —
17 = fulP = 3" @) =3 |3

2m

k=m
Then the bias is exponentially decreasing and the rate of convergence is of order
[log(n)]?k*1 /n for mep = log(n)/p, p = |log[|(0—1)/(0+1)]]|. The result can be
extended to Gamma and mixed Gamma densities, see Comte and Genon-Catalot
(2015), Mabon (2015). Thus, the Laguerre basis method provides excellent rates
for the class of mixed gamma densities.

Of course, if we know that the unknown density belongs to a parametric
family, it is better to estimate the unknown parameters by maximum likelihood
for instance which yields the parametric rate. Nevertheless, in the nonparametric
framework, we know nothing about the unknown density, and in particular
have no knowledge of its regularity properties. So, we do not know the bias
order, whether polynomial or exponential. This is where lies the interest of the
adaptive procedure which does not require any knowledge on the bias order and
still automatically realizes the finite sample bias-variance compromise and also
automatically reaches the best possible asymptotic rate.

So far, we have used that the ¢;s are bounded. However, Szegd (1975) p.
198 and p. 241. gives the following asymptotic bound: Ya > 0, sup,, |¢;(x)] <
Cj~4. Therefore, for densities with support [a,+oo[ with a > 0, we have
Yio<i<m B(@F(Y1)) < C'm'? and the variance term of f,, has order
O(m?+1/2/n) instead of O(m?**1/n). By choosing mgp; = [n5F26+1/2)] the
upper rate becomes on this restricted class of densities, of order
O(nfs/(”zk*(l/z))). Lower bounds for this class would require a completely
different proof.

3.3. Lower bounds

We prove that the upper rate obtained in Corollary 3.1 is optimal on Sobolev-
Laguerre balls. This reveals unexpectedly difficult. We first treat the case k =
0 (U; = 1, direct observations of X;). Then, we deal with & = 1 and give
indications on how to extend the result to all k¥ > 1. The upper bound matches
the lower bound up to a logarithmic term.

Theorem 3.1. Assume that s is an integer, s > 1 and X1,. .., X,, are observed.
Then for any estimator f,, for any € > 0 and for n large enough,

sup By [[|fo = FIP| 5 tns =0t/ 0D 1ogHO D ),
fEWS(D)

The proof is based on Theorem 2.7 in Tsybakov (2009), and induces sev-
eral steps. The main difficulty of the construction is to ensure that the density
alternative proposal is really a density on RT, and is in particular nonnegative.
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Next we consider the case k = 1. The step from k = 0 (case of direct obser-
vation of X) to k = 1 shows how to get a general result, see Remark 6.1 in the
proof.

Theorem 3.2. Assume that s is an integer, s > 1 and consider the model
Y = XU, for X and U independent, U ~ U([0,1]) with only Y observed.

Then for any estimator fn of f the density of X, for any € > 0 and for n
large enough,

sup Ef [”]En _ f||2] z J}n’ 1Z)n _ nfs/(s+3)(logn)(1+e)/(1+s/3)'
fews(D)

For U ~ JB(1,k), the lower bound is given by 1, =
nfs/(s+2k+1)(logn)(1+5)/(1+s/(2k+1))'

4. Simulation results

In this section, we illustrate the estimation method on simulated data. We con-
sider the three cases, keeping the same X-sample:

e of direct observations Xi,...,X,, (k=0),

e of multiplicative censored observations Y7,...,Y,, Y; = X,;U; with U; ~
u(o,1]) (k =1,

e of multiplicative censored observations Yi,...,Y,, Y; = X,;U; with U; ~
B(1,2) (k=2).

For the densities f, we consider:

(i) a Gamma(3,1/2),
(ii) a Gamma mixture: cX with X ~ 0.4 Gamma(2,1/2)4+0.6 Gamma(16,1/4)
and ¢ =5/8.
(iii) a Lognormal(0.5,0.5) (exponential of a Gaussian with mean 0.5 and vari-
ance 0.52).
(iv) the density of 5X with X ~ Beta(4,5), a beta distribution.

All factors and parameters are chosen to have the true densities with the
same scales. In each case, the adaptive estimators fmk of f are implemented.
We give a Table of L2-risks. In the case of direct observations, the L2-risk of the
kernel estimator obtained via the function ksdensity of Matlab is also given
for comparison: this Matlab function works with a Gaussian kernel and contains
a bandwidth selection method. We also provide plots of our adaptive Laguerre

projection estimators. The computation of ;JQ(Hy(,i€ )) is obtained by a numeri-

cal algorithm using the explicit expression of Hy(,lf ) (function eigs applied to
(HT(,ic ))t (HT(,]LC )) in Matlab). The constants x are calibrated by preliminary simu-
lation experiments. For direct estimation, we chose k1 = 0.75. For U following
a uniform distribution on [0, 1], we took kg = 0.25 and for U following a 5(1,2)
distribution, k3 = 0.025.
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mx = 4.02 (1.44) My = 3.06 (0.31) My = 3.42 (0.76)
osr If‘"//\\\ 1 °°r 4 o5 4
oa | W +4 o4 +4 oaf -
o3 % \\ B 03 -~ 03 B
oz - AN . 4 o2p 4 o2 B
A\
. \‘\ - . .
%o e \""5 % 5 %0 5
mx = 6.68 (0.57) my,1 = 3.44 (0.93) my,2 = 4.10 (1.16)
06 = 06 06
05 - X 4 osk 4 oshk 4
04 - f ) +4 o4 H4 oaf B
\
02 - +4  o2f 4 o2 4
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Fic 1. True density f of Model (i) (Gamma distribution) in bold (blue). 50 estimators of
f, left: from direct observation of X in dotted (red); middle: from observation of Y = XU
with U ~ U([0,1]), in dotted (green); right: from observation of Y = XU with U ~ B(1,2),
in dotted (green). First line: n = 400. Second line: n = 2000. Above each plot, mx (resp.
my,1, resp my,2) is the mean of the selected dimensions from X (resp. from'Y") with standard
deviation in parenthesis.

In Figures 1 and 2, beams of 50 estimators are plotted and illustrate the per-
formance of the estimation method via variability bands. The adaptive Laguerre
projection estimator provides excellent estimation when using direct data. Es-
timation gets more difficult in the presence of censoring and, without surprise,
deteriorates as k increases but still remains reasonably good. Gamma mixtures
are hard to reconstruct in presence of censoring. The selected dimensions My
are given above each plot (with standard deviation in parenthesis). They are
not very large. We notice that some of the estimates show a bend upward near
zero: this is due to the fact fy, (0) is nonzero even if f(0) = 0. We can not
incorporate this constraint as f is unknown.

Table 1 gives the Mean Integrated Squared Error (MISE) for two sample
sizes (n = 400 and n = 2000) and the three cases of observations for the same
X sample; ISE are computed on the interval of observation. For each sample
size, the first two columns concern direct observations: the table gives the L2-
risk for kernel estimator and adaptive Laguerre projection estimator. The third
and fourth columns concern censored observations and give the L2-risk of the
adaptive Laguerre projection estimator, when degree of ill-posedness increases
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F1G 2. True density f of Model (ii) (Mized Gamma) on the first line, Model (iii) (Lognor-
mal) on the second line, and Model (iv) on the third line (Beta distribution) in bold (blue).
Left: 50 estimators of f from direct observation of X in dotted (red). Middle: 50 estimators
of f from observation of Y, in dotted (red) with U ~ U([0,1]). Right: 50 estimators of f from
observation of Y, in dotted (red) with U ~ 3(1,2), n = 2000 in all cases. Above each plot,
mx (Tesp. My,1, Tesp My,2) is the mean of the selected dimensions for X (resp. for' Y ) with
standard deviation in parenthesis.

from k =1 (third column) to k = 2 (fourth column). The projection method is
in general better than the kernel method, with a slight improvement for models
(iii) and (iv), and a much more important one in the Gamma and in the mixed
Gamma cases (models (i) and (ii)). This was expected as theoretical rates are
better for Gamma or mixed Gamma when using Laguerre projection method.
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TABLE 1
MISE x 1000 with std x 1000 in parenthesis for 100 estimations of f. Columns “Kernel”
and columns “Lag.” concern kernel estimators and Laguerre projection estimators
respectively, in the case of direct observation of X. Columns ‘U([0,1])” and columns
“B(1,2)” concern Laguerre projection estimators in case Y = XU is observed and U is
U([0,1]) or B(1,2) respectively.

n = 400 n = 2000

density Kernel ~ Lag.  U([0,1]) B(1,2) | Kernel Lag.  U([0,1]) p(1,2)
~v(3,1/2) 3.66 3.38 6.9 12.55 1.20 0.58 4.05 4.67
(i) (2.19)  (1.35)  (7.77)  (14.95) | (0.47) (0.51)  (1.28)  (3.21)
Mixed 22.25 6.17 51.07 41.54 12.00 1.82 9.47 12.62
Gam. (i) | (2.69) (1.98) (16.84) (19.50) | (1.24) (0.69)  (4.29)  (5.95)
Lognorm. 3.93 2.54 19.54 22.34 1.28 1.13 6.21 7.07
(iii) (2.25)  (1.61)  (8.42)  (19.43) | (0.51) (0.45)  (2.66)  (4.40)
58(4,5) 2.51 2.06 11.87 18.52 0.71 0.67 8.21 8.40
(iv) (1.31)  (1.64)  (8.36)  (14.49) | (0.36)  (0.46)  (2.18)  (4.56)

Clearly, the inverse problem faced in the multiplicative censoring case makes
the problem more difficult and the MISEs higher.

5. Extensions and concluding remarks

In this paper, we propose a nonparametric adaptive estimator of the density f
of X; in the model Y; = X;U; where X; are i.i.d. nonnegative random variables
and the sequences (U;); and (X;); are independent. We develop the case of U; ~
B(L,k) for k € N, where k = 0 corresponds to the direct observation of the X;’s
(i.e. U; = 1). Using a Laguerre basis a collection of projection estimators is built
and a date driven procedure is proposed to select the dimension of the projection
space. The risk bound of the adaptive estimator provides an automatic bias
variance compromise which is non asymptotic. From the asymptotic point of
view, we prove upper rates over Sobolev Laguerre balls. We obtain lower bounds
matching with the previous rates up to a logarithmic factor, the proof of which
requires specific extensions of the classical scheme.

The method can be extended to other noise distributions. As in Chesneau
(2013), we can consider that U; = Ul-(l) .U with Ui(j)’s i.i.d. and uniform.

K2

Then denoting the density of Y; by fy )7 Proposition 2.3 applies and yields

- 1 1 - Y4
dmr(f) = HPHD, . HY @ (1Y),

Propositions 2.4 and 2.1 can be generalized without difficulty.

Another possible extension of the noise distribution is to consider that U;
follows a B(r, k) distribution, » > 1. Indeed, an inversion formula extending
Proposition 2.1 holds. Denoting by f, vy the density of Y; = X;U; with U; ~
B(r, k), we can prove (see Section 6) that if E(1/X" 1) < +o0
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k+r—1 k
Fla) = (-1 d o (22,

r+k-1(r+k—-2)...rdx xr
Therefore, we can obtain an analogous of Proposition 2.3 and develop a complete
study.

It is worth stressing that the model Z; = X,;U; + V; can be treated by our
approach. Indeed Laguerre functions are a convenient tool for deconvolution on
R™, as done in Mabon (2015). Moreover we provide a precise description of the
strategy in the model Z; = X;U; + V; in Belomestny et al. (2016).

Another way of treating the subject could be to take the logarithm of (1.1)
and estimate the density of log(X) by deconvolution (mainly Fourier methods).
This method can work for a large class of noise distributions. On the other hand,
the function which is estimated is fi,g(x), the density of log(X). The relation
Ix(x) = fiog(x)(log(z))/x implies that the estimator is not defined in 0 and the
integrated risk has to be computed on [a, +0o[, with @ > 0. This is a significant
drawback and justifies the use of the Laguerre strategy.

In this paper, k is supposed to be known. If k£ is unknown, we are faced with a
problem of noisy observations where the noise distribution contains an unknown
parameter. The problem of estimating & is worth of interest but requires specific
methods and further developments (see for instance the deconvolution problem
when the noise level is unknown studied in Butucea and Matias (2005)).

(5.1)

6. Proofs
6.1. Proof of Propositions 2.2 and 2.3 for k =1

We first look at the case k = 1 before the general k-monotone case.
Set fi = f1,y. We have

+o00
(1 (wes)) = L (W)ye; W)= ™ +/0 % x yp;(y)dy = (f, ;)

This yields (2.7) for k = 1.

As ypli(y)e? = \/iy[QL}@y) — L;(2y)] is a polynomial with degree j + 1, it
can be decomposed in the Laguerre polynomial basis of degree j+1. There exist
coefficients b)" such that

i+l
v (y) =D by eely)
£=0

and using the specific properties of Laguerre polynomials we can compute the
coefficient b;’l.

Let L§a) be the generalized Laguerre polynomials given by Formula (22.3.9)
in Abramowitz and Stegun (1964)) and L; = L\”. By (22.5.17) for m = 1 in
Abramowitz and Stegun (1964), we have

1
L(z) = LIV, (). (6.1)
Moreover, Formula (22.7.31) in Abramowitz and Stegun (1964) gives
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oL{" (@) = ( + DIL; (@) = Lis (@)
and Formula (22.7.12) therein

xLj(x) = —( + 1)Ly (x) + (25 + 1) Lj(x) — L1 ().

(
We have to compute 2yL(2y) —yL;(2y) or tL;(t) — 5 L;(t). Combining relations

(6.1)-(6.3), we get

t j+1 1 j
tL(t) — ILj(t) = TLj+l(t) - iLJ(f) - §Lj—1(t)~
Thus, b)' =0 for £#j —1,7,5+ 1 and
i1 J i1 1 i1 J+1
==L vt =g il =t

Finally,
J+1

(v3)' = 23(9) + ¥25(0) = ~ i1 (0) + 5050 + Loty ().

This gives the result for £ = 1.

6.2. Proof of Proposition 2.2 for k > 2

Let fx = fx,y. Using (2.5), we write

_1\k +o0o
(frpj) = ( kll) /0 £ () (vF i (y))dy

and by integration by part we have

_1\k ptoo
o = -5 [ A0 )

\k oo
o (—1)’“%/O Iy () Py

provided that all terms appearing in the integration by parts are null,

—+o0

lZf(k W)W ) () ] =0

0
Therefore, we obtain Formula (2.7) after proving that (6.6) holds.

Proof of (6.6). Let

Zf““ 2 (w) o) ()"

= S PG ) D )
p=0

Using the Leibniz formula and interchanging sums yields

3129

(6.2)

(6.3)

1.e.:

(6.6)
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k—1
Sw) =Y ¢ ()5
t=0

with
k—1—t ktp—1
Sily) = > ()RR (y)yp““( . )k x (k—1)...% (p+t+2).
p=0
As <p§-t) (y) is continuous at 0 and tends to 0 at +0o0, we only need to prove that

Y:(y) tends to 0 at 0 and +o00. We look at the coefficient of <p§-o) = p;:

1
(p+ 1)

k—1
So(y) = ()Y g (=1 AP ()
p=0

By (2.6), Xo(y) = (=1)*k!(F(y) — Fr.y (y)). As F and F}, y are continuous c.d.f.
on R*, they are null at 0 and both tend to 1 at +o0o. Therefore, as y tends to
0 and +o0,

For the term ¥ (y), we prove that each term f,gp)(y)yp”,p =0,...,k—2 tends
to 0 at both 0 and +oo. Indeed,

+oo u— k—1—p
s [T
y
) ) +o0 yp+2 +o0
11 )y 5/ v/ (Wdu < y/ f(u)du (6.7)
y y
which tends to 0 as y tends to 0. Also,
) +o00 yp+2 +o0
s [ Snrwdus [ apde 65)
y y

which tends to 0 as y tends to 400 as E(X) < +o0o. We proceed analogously
for all terms X (y),t < k — 1. We prove that f,gp)(y)yp““,p =0,...,k—t—1
tends to 0 at both 0 and +oo. The convergence at 0 is already done. For the
convergence at +00, we use that

FP (g < /
Yy

+oo

fu)du < / u' f (u)du (6.9)

Yy

+oo yp+t+1

up+1

which tends to 0 at +oo by the moment assumption E(X?) < +oco. The proof
of (6.6) is complete. O

6.3. Proof of Proposition 2.3

The function (y*¢;)*) /k! belongs to S, and therefore admits a decomposi-
tion on the basis of the ¢;, for £=0,1,...,j + k:
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Jj+k

1
y SDJ Zhg ey
This decomposition is obtained as follows. The Leibnitz formula yields:
k
1 k\ 1
7 Wre)® = > (p> Y PP, (6.10)
p=0

Next, the development of yP¢; ( )( ) is given in the following lemma.

Lemma 6.1. We have

Jj+p
el ) = Y bey), (6.11)
=0V (j—p)
where bi’o =6, and forp >0,
. l+1 1. l
byt = - WP — (p+ 0"+ 507 (6.12)
Moreover A
Ve <j+p, b7 < Col +p), (6.13)

where C, is a constant depending on p only.

Applying Lemma 6.1, and interchanging sums in (6.10) yields formula (2.8).
Next, we use Formula (6.13) to get

k

, . k\ 1 . .

it Y Gl nr(F) o < maxCG +k+ 1 < G+
p=[£—j|

This gives the bound (2.9).

Proof of Lemma 6.1. Initialization of (6.11) for p = 0 is obvious. Formula (6.4)
shows that the induction formula (6.12) holds for p =0 (p =0 to p = 1).
Next, we differentiate (6.11) and multiply by y, to get

p+Jj

y(yp¢§p+l)(y)+2?yp ! (p) ) Z b]’p yoy(y
{=0Vj—p
Now using (6.4), we get
e (y)
Jj+p
1 +1
Py ‘ng) Z bj’p (‘59013 1(y) — 5906(2/)*" B WH(ZJ))-
{=0Vj—p

Taking into account that —pypgo ) y) = ngv( i P b)Pou(y) gives formula
(6.12). Inequality (6.13) is obtamed by straightforward 1nduct10n. The proof of
Proposition 2.2 is now complete. O
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6.4. Proof of Corollary 2.1

The general inequality [H5|2 < mp?(HY) holds for all m x (m + k) matrices.
For k =0, Hr(,?) = I,, the m x m identity matrix, and the two above terms are
equal to m. First we prove the upper bound for p?( (k)) k>1.

m Jj+k
PHP) = sup @t (W) HPz= sup Y (> [HP] )
T€RMFE ||z[2=1 e€RMHE N2 l1P=1 527y g+
We consider first m > k and use (2.9) to get
m jt+k m j+k
SO HW ) < M2+ (R D af
Jj=1 ¢=(j—k)*Vv1 j=1 l=(j—k)*tV1
j+k
< (CR*(2k 4 1)( m—i—k%z Z z2.
=(-k)*tvi
Next write that
j+k k gtk m  j+k
2
DI DI S) S RED DI S
J=1t=(j—k)*tv1 j=11¢=1 j=k+1l=j—k
Interchanging sums yields
m j+k m+k (L+k)Am mik
2. 2 Ei=), ) a4l o

j=k+1e=j—k (=1 j=(t—k)V
Therefore we get
P2 (HF) < C(k)(m + k)* with C(k) = (C},)*(2k + 1)(3k + 1).

If m < k, the bound obviously holds.
Now we prove the lower bound on |H,(,ic )|§, First

j+k
HPR=Y S PR =Yg
m m m M—i—k
j=1¢=(j—k)*Vv1 j=1

. . k i, ‘
Now, Proposition 2.2 yields [H,(n)]j’j+k = h k = bJ+k/k! and b;'_{fk =((j+
)/2)bjfk 1- Indeed, coefficients b)” are zero if £ > j + p (see formula (6.11)).
Therefore, as hg’H = (j+1)/2, we get, by elementary induction that
LG+ +2)...(+F)

gk _
h]-i—k_ﬁ ok
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We obtain
N (LGHDEH) GRS
(k)2 L 2k
|Hy e > ]; (k! ok > (k12F)2 ];(J +1)
> # /m 22k dy = LM
= (k12F)2 ), (2k + 1)(k12k)2’

which ends the proof.

6.5. Proof of Proposition 2.

The risk bound of the estimator can be written as follows

”fm - f”2 = ||f - fm||2 + ||fm - fm||2

where f,, = Z;”:_Ol a;(f)e; is the projection of f on S,, = span(yg, ..., Pm—1)
and ||f — fn|? is the usual bias of a projection estimate. Next we have, see

(2.11),

m—1

i = fnll* = D~ (a5 = a5(£))* = IHE (@Y )mn—1 — E(

A(Y )mir—1))]%

§=0
So,
E(|fmr = fll®) < AP (HIDE(NEY )mskm1 — E@Y mn-1)]*)
m+k—1 1 m+k—1
< PR D Var(a; (V) = g (HY) D Var(p; (1))
=0 =0
1 ek 2(m + k)p (HY)
< P ; B(¢} (1) < =P,

as Z;.n:'gk_l ©?(r) < 2(m+k), Vo € RT. This gives a first bound. For the second

J
one, we can write, if || fy [|co < 400,

E(”fm - me2) =E (Z {H'r(rl:)(g(y)m+k—l - E(g(y)m+k—l))}j>

14

¢\
= D > HW o HE e jrcov(a;(Y), a5 (V)
TRY

1
= gZZ[Hﬁff)]é,j[Hfff)]z,j/COV(@j(Ylﬁ@j/(Yl))
AT

2

ED> | D HED @ )mrr-1 = E@Y )mrr—1))];
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Thus
B~ ful?) = = 5 Var [ SIHP]ses11)
4 J
2

< SSE | S )

¢ J

2

<

||fY||00 Z/ ZHIC ZJSDJ dy
J
fY e} fY [e'S)
[

which gives the second part of the bound.

Tt follows from Corollary 2.1 that mpz(Hqgf)) and |Hr(,lf) |2 are both of orders
m?2*+1 but the second bound involves || fy||oo. This term is unknown, difficult
to estimate and additional assumption is required to ensure its finiteness, for
instance E(1/X) < 400 for k = 1. O

6.6. Proof of Theorem 2.1

In the proof, we omit the index k in M&’“), pen,(m) and .
Let M = max M, the maximal element of the collection. Let for m < M,
S ={t e RM t = (t1,...,t;n,0,...,0)} and for any £ € RM let

(@) = 18137 — 208 HYy dnrsnr (V)

where ||33H 2, is the Euclidean norm in RM and (-, -) ps the associated scalar prod-
uct. For t € S,,, we denote by %, the vector of R™ with the m first coordinates
of ¢ (those which are not necessarily zero). Thanks to the particular form of the

matrices H) (band), we have, for £ € S,,,

— —

EHE arn1 (V) ar = s B Gkt (V)i = (B o1 )

Therefore the vector f(m) in ]RM with m first coordinates a,_ 1 and following

coordinates null is such that f(m =argming.g 7,(t) and %(f(m)) = —||fml?.
Therefore

m = arg m}an <7n(fgm)) + pen(m)) .

me

Now for m,m’ € M,,, and £ € S,,, § € Sy, we have

—

n(8) = (8) = 1= Farl3r = 5= Farllis — 2= 8 HY darsr—a (V) = fardm



Laguerre estimation in the multiplicative model 3135

= ([t = fallir = 115 = fullis
— 2~ 5 HY (anrsr1(Y) = @rrn1(fy)) ur

where far = (a;(f))o<j<m—1. Let us define

v (1) = (t, HJ(\];)((IZ'M-Q-k—l(Y) — Avyk—1(fy))m,
and note that
1o = FI2 = oy — Pt + 5% 01 0300, (6.14)
[ = FI? = 1o = Frallar + 25200 @3 ()

By definition of m, we have

—
~ —

Y (fmy) + pen(im) < v (fm) + pen(m),
which writes
||J§m) — Fullir < 11fm = Furllir + pen(m) + 2Vn(f(m) — fm) — pen(in). (6.15)

Let
B(i,m) = {F'€ Sy, lfllar = 1}

and note that

2o (fimy = fm) < 20 fomy) — Fullar sup |va (D))

i€ B(,m)
1 = .
< ZHf(m)—me?w*“{ sup  vp(#)
te B(m,m)
1.z 72 L Lie 22 2
< Glfony = farllig + Sl Fm = Farllny +4  sup va (f).

i€ B(h,m)

We get by plugging this in (6.15),

1 ~ — 3 — — N
Sy = Fuellds < S — Farll3s +pen(m) +4  sup v (8) — pen(in)
2 2 te B(m,m)

Let p(m, m’) be such that 4p(m, m’) < pen(m) + pen(m’) and use (6.14), to get

1 3 N
S = FIP < S = FIP +2pen(m) +4 | sup v () — p(m, 1)
2 2 fe B(rh,m)
; +
Now, we have
E| swp w2 —plman))| | <5, (6.16)
e B(1m,m) I

where ¢ depends on k and || fy||cc = E(1/X). The proof of (6.16) follows the
line of the proof of Proposition 7.1 in Mabon (2015) and delivers the value of
kg. Thus, we obtain the result announced in Theorem 2.1.
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6.7. Proof of Theorem 3.1
6.7.1. Main steps
Define fy as the density
Ca,B

fole) = (e 4 2)%log” (e + z) Le+ (@)

where a > 1, and 8 = (14¢€)/2 > 1/2 with € < 1, and ¢, g is such that [ fo = 1.
Note that as Vo > 0, 1 < log(e + ) < e + x, we have, as 8 < 1,

Co Ca,p
— <L < —F 6.17
2K
Next we consider the functions fo(z) = fo(x) + ¢ Z Or—r @r(x) for some
k=K+1

§>0,KeNand = (y,...,0g) € {0,1}E.

Lemma 6.2. Let s integer, s > 1. Then fo and fo belong to W*(D) provided
that o > (s +1)/2(> 1) and §? K1 < D/C for some constant C = C(s) > 0.

Lemma 6.3. Suppose that Zszl O(—1)* = 0 and all partial sums
Py OL(=1)F p=1,..., K, are uniformly bounded by 1, then under the choice
d=0K logfﬁ(K) for small enough constant 6’ > 0 not depending on K, we
have that fg is a probability density on R..

Next we have for any 8,0’ € {0,1}%,
LS K )
/ (fola) = for(@))* de =38 (6, —6;)" = 6°p(6,8)), (6.18)
0 k=1

where p(0,60’) = Ele 14, 20, is the so-called Hamming distance. Now to apply
Theorem 2.7 p.101 in Tsybakov (2009), we need to extend the Varshamov-
Gilbert bound (see Lemma 2.9 p. 104 in Tsybakov (2009)) as follows.

Lemma 6.4. Fiz some even integer K > 0. There exists a subset {0(0), ey O(M)}
of {0,1}% and a constant Ay > 0, such that 0 = (0,...,0), all partial sums
Zgzl 0,(3)(—1)’“, N =1,..., K, are uniformly bounded by 1,

K
S0P =0 and  p(0D,00) > A K,
k=1

for all 0 < j <1 < M. Moreover it holds that, for some constant Ay > 0,
M > 242K, (6.19)

Then we have the following Lemma.
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1 M
2 2 4
Lemma 6.5. + ZX ((Fo0)®™, (£0)®™) S nd2 K+ and
j=1

for 0<j#1< M, ||fo(j> - fe<l>||2 2 K.
Now we are in position to end the proof of Theorem 3.1. Under the choices
5% = (0')?K**(log K)~U" and K < (n/log'**(n))"/

using inequality (6.19), K < log M/(Aslog2), we get

M
% > ((fo) ™ (J)®") < log™ (M)
j=1

and
I for — fow|® 2 (n/log!*(n)) (1 —2e)/2e

for all 0 < j # | < M. Finally, by taking o = (s+1)/2 (recall that o > (s+1)/2)
and arbitrary small € > 0, we derive

1o = fou P Z (n/log"*“(n))~*/+ log™ HD (n)
- n—s/(s+1)[1Og(n)}—(1+e)/(s+1),

This ends the proof of Theorem 3.1. O
Proof of Lemma 6.2. We have

2

+o0 s , s +oo e
ntz= [ o2 ()@ dw<28j_0<jf) [ (@2 w) an

=0

The “worst” term in the above sum is z°/2(e 4+ 2)~“log™”(e + x). Thus, as
a>(s+1)/2and g > 1/2,

215 (@) € L*(RY)
for j =0,...,s and there exists a constant B(s, «) such tat
I foll2 < B(s, ).
It follows that
[fol2 < B(s,a),  B(s,a) = (s + 1)B(s, @) A(s)
where A(s) is defined by (A.33). We take D/4 > B(s, ). Next

2K
> Op-xor

k=K+1

‘f@ls < |f0|s +90

S

Let us define for f,g € W, (f, g)s = (1/2)(|f+9|>—|f|?—|g|?) so that |pk|? = k*
and (pk, pe)s = 0 for k # £. Therefore
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2K 2K
}: w;Kwk = D> K< YK

k=1+K k=1+K k=14+K
2K k+1 s+1 s+1
2K +1 -1+ K
_ [ - U 00
k=1+K 'k 5+
and

|fol? < 2|fol2 + CSK*T /(s +1)

for some constant C = C(s) > 0. Hence |fg|? < D if 62°K**1/(s +1) <
D/(2C). O

Proof of Lemma 6.3. First, noting that [ ¢ (2)dz = V2(=1)*, we have

/Ooofg(m)dm = 1496 Z 0r— K/ or(z) dx

k=1+K

= 1+V25 Z Op—r(—1)F =1,

k=1+K

so that our conditions ensure that [ fo(z)dz = 1.
Next we prove that fg is nonnegative, which is surprisingly difficult. We have

fo(x)/ fo(z) = 1+6(e—|—x)°‘log Z Ok—xpr(z
Ca.p k=K+1

For any fixed a > 0, for any x € [0, a], we have |fo(z)/fo(x) — 1| < SK/2(e +
a)®log’(e+a)/cas S OK = 8 K'~log™?(K) which is small as « > (s+1)/2 >
1. Without loss of generality, we assume that a > 1.
Thus, in order to prove that fg is a nonnegative function, it is enough to
show that

sup |2 log"( Z O k()| < K*ogh(K), K — o0 (6.20)
z>a ol

for any fixed A\ > 0, p > 0 and for sufficiently large a > 0. Then by taking
A=o, p=pfand § = 'K *log ?(K) for small enough constant &' > 0 not
depending on K, we get fg(z) >0, z € Ry.

We proceed in two steps for the proof of (6.20). First we study the supremum
for large values of x, 2z > cv, v = 4K + 2, ¢ > 0 and then for intermediate
values of z (2a < 2z < by with b < 1).

Step 1. Suppose that the sequence 8 = (6y,...,0x) € {0, 1}¥ satisfies
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for all m = 1,..., K, and some constant A > 0. Fix some real numbers A, p
with 0 < A < K, and g > 0, then it holds for any 2z > 4K + 2\ + 1,

2 log" ( Z Or_xor(z)| < AC KM ogh(K), K — o0,  (6.21)
k=K+1

where o (x) = v/2e~® Ly (2x) and the constant C, depends only on A, p.
To prove (6.21), we first study the case p =0 and X integer.

Lemma 6.6. It holds for any integers n and A < n,

A
2 L, (z) = Z c,(:‘iLnJrk(;vL (6.22)
k=—X

where the coefficients cff‘}l can be computed via the relation

cfc’\r)t = c,(c’\n 1)(2(n +Ek)+1)— c,(j 117)1(71 + k) — c,(c’lllgl(n +Ek+1)
for |k| < X with c,c = o,k and

)= -l n+ ), N, == A+ ).

Proof. For A = 0, (6.22) obviously holds. Suppose that it holds for some A = K,
then due to formula (6.3), we have

K
L) = Y o)
K
S B @0+ k) + 1) Losi(z)

x Ly ik (z)
k=—K
k K

—(n+k+ 1)Ltk — (n+k)Lpgr—1(2)]

K K+1
_ Z 2(n + k) + Dngr(@) = > a0+ k) Lot
k=—K+1

Z Ck+1n”+k+ 1) Lnyr(x)
“K—

K+1

=Y A L)

k=—K—1
This ends the proof of Lemma 6.6. o

We deduce by induction from Lemma 6.6 the following Corollary.
Corollary 6.1. FEach coefficient c,(;‘T)L in (6.22) can be represented in the form

A
o = 3 o [T (n+ o) (6.23)
=1

r=(r1,..., ), ’I“1€S/\ /2
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withn > X, Sx 172 = {=A, ..., \JU{=A+1/2,...,A+1/2} and some coefficients
b not dependi
e pending on n.

The following property is given e.g. in Muckenhoupt (1970).

Lemma 6.7. Set v = 4N = 4n + 2, t = x/v, then it holds for all x > dv for
any d >0

B NN+1/6,—N

e 2Ly (z) = (1) nl(—z¢/ (t))1/?

T

Aww%mm+0(ﬂtfﬁﬁﬁﬂ,

where
6(1) = ~[By(0/2, (1) = (2~ )M — Leosh™ (17?)

and Ai(t) is the Airy function (see Abramowitz and Stegun (1964)).

Corollary 6.2. Under conditions of the previous lemma, we have a represen-
tation

e 2L, () = (—1)"an(z), (6.24)
where for any x > cv with ¢ > 1 the sequence a,, is bounded (uniformly in x),
positive and increasing in n for v=4n+ 2 < x.

Proof. The function Ai(—v*3¢(z/v))/(—z¢'(2/v))'/? is monotone increasing

in v for any x > v = 4n+ 2. Moreover, the function NN*+1/6¢=N /n! is monotone
increasing in n. The uniform boundedness of a,, (x) follows from the boundedness

of ’e_w/an(x)|. O

Proof of Step 1. First we prove (6.21) for p = 0 and X\ integer. From (6.22),
(6.23) and (6.24), we have

2K A
» Z 9k7K6_1/2Lk($) _ Z Z (—1)51)87,)21((& T)
k=K+1 r:(rl,-uﬂ“x)ﬂ"iesi,uz ==X
with
2K A
A A
k)= 3 O x(-DFarr@)pM (), oV () = Tk +ro)-
ey} i=1

Note that k +— p,(c’\)(r)aprk(x) is nonnegative and nondecreasing and agy ()
is bounded. Inequality (6.21) for p = 0 and A an integer follows from the next
Lemma.

Lemma 6.8. Let K1 < Ky be two integers and let p,, be an increasing sequence
of nonnegative numbers, then for any x > 4Ks + 2, we have

Kz n
—x/2 < _1\n
E € OnpnLn(z)| < pr,arc, (2) K1+r1n§ar§§K2 E On(—1)
n=Ki+1 n=K;+1
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Proof. Due to the Abel summation theorem, we get

K2 K2
Z e_x/Qenann(x) = Z 9npn<_1)nan(x)
n=K;+1 n=Ki;+1
Ko—1
= SszKzaKz (l‘) + Z Sn(pn+1a'n+1(x) - pnan(x))a
n=Ki;+1

where S, = Z?:K1+1(_1)j9j for n > K;. Since the sequence ppa,(z) is non-
decreasing and non-negative, we get the desired estimate. ([

Now consider the case of A a real number and write that A = [A] + {A\} where
{A} is the fractional part of A and belongs to (0,1). For any 2z > 4K + 2[\] +3,

2K

2K
2 Y Gken@)| = ST 0 k()
k=K+1 k=K+1

< (4K 42X+ 3) M AC KT

and the result follows.
Now we study the case p > 0 and we want to prove that, for 22 > 4K +2[\]+3,

2K
2 logh () Z Or—_rcon(z)| < logh (K) K.

k=K+1
If X\ is an integer, we write
2K
logh' (K
e log @)l S B wgnle)] < 2SI o~ togr
k=K+1

since z — log!(z)/z is decreasing for x large enough (z > e*).
If A is not an integer,

2K
loe" (K
T logh (@) S by ()| < 2B

~ WKWH = IOgH(K)KA
k=K+1

)

since for any w > 0, z +— log"(z)/x* is decreasing for x large enough
(z > el/w). O

Step 2. Now we want to prove (6.21) for z < bv, b < 1, v = 4K + 2. It holds
that (see (Muckenhoupt, 1970, p. 288))

2L () < {2 %} v {Jo(m/;(x/u)) 10 (;l/gio(vzb(f)ﬂ

for x < bv for some b < 1 and v = 4n + 2, where

Y(t) = %(t — )2 4 %arcsm(\/Z),
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Jo is the Bessel function and Jo(u) = 1j9 1 (u) + u™*/21,51. Since

tifa) =2+ gt +O(E?), () =Vi+0 (t3/2) o

it follows from the asymptotic behavior of the Bessel function Jy, that

e ?La(z) = Jo(Vav) (1+o(1))

= %(;131/)*1/4 cos(g — V)
1 1 _ ., _5
1\ 3. (@) Msin( — vav) + O((av) ),

provided zv is large. Suppose that x > 1 and A > 1, then

2K 2K cos | I —/z(4n +2)
a? Z e_$/29nLn(x): Z 0,2 £;(4n+2))1/4 ]—i—Rn(x).

n=K+1 n=K+1
Since
2K 1 2K 1
3 75/  _ds S KV,
S A S fie T

we have |R, (z)| < 2 3/4KY* < K* for < K. So we need to investigate the
series

2K cos [% —Vz(dn + 2)}
T) = na:)‘
Sk () n§+1 0 (x(4n 4 2))1/4

A—3/4 i
It is clear that we can restrict our attention to the case x > K >-1/7, because if
x}\—l/4 S [(A—f}/‘l7 then

2K
_ 1 ~
Si@l s 5, gy ST S K
n=K+1 n

Now, as Sk(x) is a harmonic sum, its asymptotic behaviour can be analysed
using the Mellin transform approach, which yields that |Sx(x)| < K* for z >

A-3/
K317, This yields (6.21) for p = 0 and 2z < 4K + 2. The case p # 0 is here
straightforward. This ends the proof of Step 2. O
Therefore (6.20) is proved so the proof of Lemma 6.3 is complete. U

Proof of Lemma 6.4. Set for any j € Ny = {1,2,...,},

21
0y = {(91,...,92j) {0,137 : ) p(-1)F =0, 1= 1]}
k=1

then it obviously holds
1©2j41)| =2 [©25], |02 =1.
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Indeed
Og¢j41) = {(01,...,025,0,0); (01,...,025,1,1),(01,...,05) € Og;}.
Thus _
|©9,] = 27.
And, for any sequence @ € Ogj, it holds ‘Zﬁc:l Gk(—l)k‘ < 1 for any [ =
1,...,2k. Hence the set
!

> Ou(~1)*

k=1

<1

b

QKi{(Gl,...,GK)e{O,l}K:

K
l=1,...,K, Zek(—n’“:o}

k=1

satisfies [Q| > 25/2 for all even K. Next we follow the proof of the Varshamov-
Gilbert bound (see Tsybakov (2009)) applied to the set Qx and get that for any
even K > 16 there exists a subset {0(0), R O(M)} of Qj such that

p(09 00) > K/16, 0<j<I<M,
and M > 2K/16,

Proof of Lemma 6.5. Equality (6.18) and Lemma 6.4 imply || foi) — few ||* >
A182K, for 0 < j A1 < M.
From (6.17), we have

o fo) = /OOO Wd

o / " fol@) — fo(@))? do

[e%e] 2
+C2/ (fﬂ(a+1)/2f9(=’f) - x(a+1)/2fo(x)) dx
0

for some constants C7,Cs > 0. First

IN

[ o)~ o))t =576 <

k=1
Next, using the relation (6.3), we derive that for (o + 1)/2 integer,

2K +(a41)/2

2O V2 (fo () — fo(a) = 6 Z (k, K, a,0)pr(x)

k=K+1—(a+1)/2

where [¢(k, K, a,0)] < K©@T1/2 Now, with the orthonormality of the system

{on}, we get
X°(fo, fo) SO°K?, K — o0

uniformly in 6 € {0, 1}%.
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If (e +1)/2 is not an integer, splitting the last integral between 0 and 1 and
1 and oo, we get a bound 62 K*°+! where ay is the smallest even integer larger
than « + 1. Therefore,

X*(fo, fo) S O°KH, K — oo
uniformly in @ € {0,1}% and we get Lemma 6.5. O

6.8. Proof of Theorem 3.2

The proof follows the same steps as the proof of Theorem 3.1. First we define
proposals fo and fg for the densities of X1,..., X, and compute the correspond-
ing densities fy,o and fy,g of Y1,...,Y,,. Let us choose f such that

% folu) Ca,p
T) = du = fo(x) = : 1r+(x),
rofe) = [ B = o) = e )
where = (1 +¢€)/2, with 0 < e < 1 and o > 1. By derivation, we get

x
(e 4+ z)o+11log? (e + )

fol@) = —xfio(2) = cays [alog(e + z) + S1g+ (),

Then we can compute by formula (2.3) for k = 1, Next, let

2K

fo(x) = fo(z) + 6 Z Or— kPl (2).

k=K+1

We have, as [ ¢ (z)dz = v2(—1)* that

+o0
[aet@rte = ol - [ aulade = Va1

Therefore ffg(m)dx = 1 under the condition Y 6(—1)* = 0, as previously.

Thanks to formula (6.5), we have
k 1 k+1
zp)(z) = —§<ﬁk—1(3«”) - §<Pk(33) + 5

and we can write fg as follows in the (pg ) basis:

Pr+1(T)

2K+1

fo(z) = fo(x) +6 D m(0)pn(w)
k=K

with for k=K, K +1,...,2K + 1,
k+1 0r_ k
pi(0) = — 5 Op—r11— % + 59;:_1(—1
under initial and final conditions 0_1 = 0y = 011 = 0k 12 = 0.

Computing f:oo fo(u)/u du yields

2K

fyve = fro(z)+0 Z Or_rcon ().

k=K+1
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We stress that by our construction, fyo = fo and fy,e = fo, so that
X2(fy.o, fvo) = X2 (fe, fo) is already computed in the previous section (proof of
Theorem 3.1).

Lemma 6.9. Let s integer, s > 1. Then fo and fg belong to W*(D), provided
that a > (s +1)/2 > 1 and 62K*T3 < D/C for some constant C = C(s) > 0.

Next, we have to see under which condition fg > 0.

Lemma 6.10. Suppose that Zszl 0n(—1)* = 0 and all partial sums
Zi:l Gk(—l)k, p=1,..., K, are uniformly bounded by 1, then under the choice
§ =8 K (otD) log_B(K) for small enough constant &' > 0 not depending on K,
we have that fg s a probability density on Ry.

Next, we have

2K+1

1o = forl* = 6% Y (u(8) — un(6"))? (6.25)

k=K
Write that for k = K, K +1,...,2K + 1, we have

k Op_r + 0p_
e (0) = —5(91@—K+1 —Op_K—1) — %

We notice that for j =0,1,..., K + 1, we have
K+j

lrc5(0) — pr4;(07)] > | = 1] if 0541 =01 #F0)y — 054
since |0; — 0 + 0,41 — 0,1]/2 < 1. Therefore, we get

2K+1

D (1k(8) — 1 (6))* > (K/2 = 1)*p1(6,6'), (6.26)
k=K
where
2K
p(0,0") = D Lo 0 0,0, -
k=K+1

Therefore, we need to check that pi(.,.) is a distance and that the Varshamov-
Gilbert Lemma holds with the Hamming distance replaced by p1(.,.).

Lemma 6.11. Fixz some even integer K > 0. There exists a subset {9(0), e
MY of {0,1}5 and a constant Ay > 0, such that 6©°) = (0,...,0), all partial
sums 2521 t9(-m)(—1)j7 k=1,...,K, are uniformly bounded by 1,

K
Z9l(cm)(—1)k =0 and Pl(e(m)va(l)) = AlK’
k=1

for all0 < m <1 < M. Moreover it holds that, for some constant Ay >0,

M > 24K, (6.27)
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Next we prove

Lemma 6.12. Z X ((fy.00)®"™, (fr0)®") < nd* Kt and

for 0<j #1< M, ||four — foul® 2 °K>.

Now we end the proof of Theorem 3.2. We choose o = (s + 1)/2, 6% =
(82K 20D g~ 1+ (K K = [n/log!™¢(n)]*/2(+D] and we obtain

M
Z ((fr00)®™, (fr0)®") < log™*(M).

and ) ]
o — fow? 2 n™*/ 5T log(n)](1+e)/(O+/3),

Note that 62K°T3 = [log(n)]~1*9) is bounded (constraint from Lemma 6.9).
This ends the proof of Theorem 3.2. O

Proof of Lemma 6.9. For fo we follow the same line as in the proof of Lemma
6.2 and omit the details. Next fg belongs to W#(D) if 62 ZiK;gl u2(0)k* < D/4
i.e. for C = C(s) a constant,

2Kt < D/C. O

Proof of Lemma 6.10. First note that fo(0) = fg(0) = 0 and f}(0) = co (e +
B)/eT! > 0 and

2K 2K
f6(0) = f5(0)+6 D Or-rh(0) =0 —0v2 > (2k+ )b k.
k=K+1 k=K+1

Now fé(()) > 0 if K2 << 1. Under this condition, fg is nonnegative on an
interval [0,a], a > 0.

For x > a, we follow the arguments in the proof of Lemma 6.3 for each of the
three terms involved in the definition of u(0). Thus we must prove that

2K +1
sup |z logh (e + ) Z Or—xker(z)| S K logh (K).
r>a k=K

This is obtained as previously (just change p( )( ) into kp,(j‘) (r), see Step 1 of the
proof of Lemma 6.3). Then by taking A = a, p = g and § = ' K~ 'log™ PK)
for small enough constant 8’ > 0 not depending on K, we get fo(x) > 0,

Proof of Lemma 6.11. Let

@:{(007~~792K+1);00291 :0,0j S {0,1}, fOf]:2,,2K+1}
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We prove that p1(.,.) is a distance on ©. Due to the initial conditions 6y =
6, =0, p1(6,8') = 0 implies that 6 = 6'.

For 6 € O, we separate 8 = (6p,...,02k+1) as gleven) .= (02,0 < j < K)
and (%) accordingly. Let po(w,w’) = ZkK:o Losp 1 —wonsbat then

p1(0, 0/) _ p2((0)(even)7 (0/)(even)) + '02((0)(odcl)7 (01)(odd))'

Now we can check that ps satisfies the triangular inequality on Q = {(wo, . . ., wk),
wo =0,w; €{0,1},j=1,...,K}. For ¢, € {—1,0,1}, we note that

1
Loz = 5 (le = €[+ |le] = |€'[]) = d(e, ')

where d(.,.) satisfies the triangular inequality. Setting e = wgy1 — wi, we get
that pa(w,w’) = ZkK:o d(eg, €},) satisfies the triangular inequality on €.
Thus, it is enough to prove the Lemma for the set Q and the distance ps.
Following the proof of the Varshamov-Gilbert Lemma as given in Tsybakov,
this amounts to proving that for w(® = (0,...,0) € Q, Card({(wx) € Q,
pa(w,w@) =i}) = (If) Let

K
Am,i = Card({w € Q, Z 1wk+1fwk:0 = Z})
k=0
Note that
K
Ag,; = Card({w € Qw1 —wp = O,Z 1oy i —wp=0 =7 —1})
k=1

K
+Card({w € Qwi —wo =1, Luy,, —w,—0 = i})
k=1
K
= Card({w € Qwo=0,w; = OZ 1oy i —wp=0 =0 —1})
k_

=1
K

+Card({w € Q,wp = 0,w; =1, Z Loy —wp=0 = 1})
k=1

= Ag_1i-1+Ax_14

As A1 g = A1 = 1, we deduce Ak ; = (If) by the definition of the binomial
coefficients. O

Proof of Lemma 6.12. The first inequality follows from Lemma 6.5 and fy g =
fo and fy,o = fo. The second inequality follows from (6.25), (6.26) and Lemma
6.11. O

Remark 6.1. For k > 1, we choose fryo(z) = fro and deduce fxo, via
formula (2.5). Similarly we set fryv.o = fro—+ 52?5}(4_1 0;_k;. This leads to

fxeo = fxo+ 52?5K+1_k v;(0)p;, with v;(0) to be computed. The proof can
be completed analogously but with more tedious computations.
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6.9. Proof of Formula (5.1)

We have
fu(u) = B(:, 3 u (1 - u)k_ll[o,l} (u) where
1 (r+k-Dr+k-2) .. .r
B(r,k) (k—1)! ’
and thus ) N )
_ y'l"— oo B y k—1 f v d_U
T (y) = B(r, k) /y (1 v) vl oy’
If we define P ) . fa)
kY \Y _ x
GY (y) - yT,I ) GX (.13) kB(’I’, k) pr—1
we have the analogous of relation (2.3)
too k—1 d
_ _Y a
Oy (y) = k /y (1 U) x (0)=. (6.28)

Noting that E(1/U""1) = 1/(kB(r,k)), under the assumption E(1/X"~!) <
+00, we have f0+°° Oy (y)dy = f0+°° 0x (z)dz. Therefore, relation (6.28) implies
(see formula (2.5) in Proposition 2.1) 0x(z) = ((—1)k/k!)xk9¥€) (x). This gives
Formula (5.1). O

Appendix
A.1. Proof of (2.5) and (2.6)

For simplicity, set fiy = fi. For k=1, fi(y) = f;oo(f(u)/u)dulyzo. Derivat-
ing yields the first equality in (2.5). Integrating between 0 and y gives the second
equality which implies:

limy fi(y) = lim_y fi(y) =0. (4.29)

y—r—+o00

To get (2.5), we proceed by induction and prove that, for any p such that

P hlop o £y
U] = x-S ("7 [ e
(A.30)

The formula is true for p = 0 as (2.3) implies

fuly) = k‘jz:; (k ; 1)(—y)j /eroo 552 du.

Now if we admit the formula for order p, we can deduce that, derivating once
more, dP*!/dyPT1[f1(y)] is equal to
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k—1—p 1 ) ) +oo u
(—DPk...(k=p) g > (k ! p)(—l)J(jy“)/ %du

i=1 J
k—

" (h—1—p 1,5 W)
e () e

J J

The last sum is equal to

f(y) kfp <k - 1 _p> (_1),7' _ f(y) (1— 1)k—1—p =0

Tl T+l
v 3 J yr

and for the first one, we note that
(k—1—p k—2—p
() w1
J J—=1
qprt+1

W[fk(y)]

k—1—p 9 o +oo u
= (Vk(k-pk—p-1) > (k 2 p>(1)ﬂyﬂl/ u{iplldu

j—1

so that we get

j=1

and setting j/ = j — 1 in the sum gives the result at order p + 1. Therefore
Formula (A.30) is proved for all p =0, ...k —1. Taking p = k — 1 and derivating
once more gives Formula (2.5).

To obtain (2.6), we integrate (2.5) between 0 and y. The successive integra-
tions by part give the result provided that, for £ =0, ...k,

ykilf,gkfzfl)(y) —0, as y—0.

For this notice that, as for u >y >0, u —y < w and y/u <1,
k—1—(k—£—1))

ot sy [ g <y [ I Wa

The r.h.s. above is equal to yf1(y) and tends to 0 as y tends to 0 by (A.29). O

u

A.2. Norms in Sobolev-Laguerre spaces

For s > 0, the Sobolev-Laguerre space with index s (see Bongioanni and Torrea
(2009)) is defined in (3.1). The following results have been proved in Section 7
of Comte and Genon-Catalot (2015). For s integer, if h : (0,400) — R belongs
to L2((0, +0)),

h2 =" k*aj(h) < +oc. (A.31)

E>0

is equivalent to the property that h admits derivatives up to order s — 1, with
h(5=1) absolutely continuous and for m =0, ...,s — 1, the functions
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m+1 1
x(m+1)/2(heac)(m+1)e—3f = p(m+1)/2 } : (m "' )h(j)

. J

Jj=0

belong to L2((0, +00)). Moreover, for m =0,1,...,s — 1,

2+ D2(hem) Ve |2 = 3T Kk — 1) (k — m)ad(h).
k>m+1

For h € W* with s integer, we set ||h]|3 = ||h|*> and for s > 1, [[|h]||? =
>0 |5 where

Ihlls = [l2*/2 (j) RO =) k(k—1)...(k—s+1)ai(h)]"/?  (A.32)
=0

k>s
Then the following property holds.

Lemma A.13. When s is integer, the two norms |||h|||s and |h|s are equivalent.

Proof of lemma A.13. Obviously |hlo = [[|h]llo and [|2]|? < |h]3 for all j.
Moreover j + |h|; is increasing. Therefore |||h][|> < (s + 1)|h|?. On the other

hand, let b; ; the coefficients such that X° = Z;zl b s X(X—-1)...(X—j+1).
Then |3 = 375, bjsl|hllf < A(s)[l[R[I]Z, with

A(s) =max(|bjs|,j=1,...,s). (A.33)
O
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