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1. Introduction

The Birnbaum-Saunders (BS) distribution has been widely studied and applied;
see the seminal paper by Birnbaum and Saunders [2] and the books by Johnson
et al. [12, pp. 651-663] and Leiva [13]. The BS distribution is skewed positively,
has nice properties and a close relation with the normal distribution. It was de-
rived in terms of shape and scale parameters, but the latter is also its median.
The original parameterization of the BS distribution is useful in several set-
tings, for example, when modeling biological, environmental and fatigue data;
see Owen and Padgett [25], Owen [24], Qu and Xie [28], Villegas et al. [46],
Ferreira et al. [8], Li et al. [20], Saulo et al. [36], Leiva et al. [15, 14, 19], Garcia-
Papani et al. [10] and Marchant et al. [22, 23].

Santos-Neto et al. [34] proposed several parameterizations for the BS distri-
bution by using different arguments. One of them indexes the BS distribution
by its mean and precision, which we name the reparameterized BS (RBS) dis-
tribution. As mentioned, the original BS parameterization is based on its shape
and median and then the associated BS modeling is formulated by its median
instead of its mean. However, in statistics, it is usual to model the mean. Thus,
because the RBS distribution is parameterized by its mean, it can be used as
a competitor of the normal distribution, but also of well-known asymmetrical
distributions, such as gamma and lognormal. Therefore, the RBS distribution
is useful in settings for which the original parameters are limited. For exam-
ple, when modeling economic, financial and management data; see the works
by Jin and Kawczak [11], Bhatti [1], Paula et al. [27], Leiva et al. [16, 18, 17],
Santos-Neto et al. [35], Rojas et al. [32] and Wanke and Leiva [47], applications
that, such as in the original parameterization, were conducted by international,
transdisciplinary groups of researchers.

Note also that the original BS parameterization describes data based on a
logarithmic transformation, inducting to an interpretation problem of the ob-
tained results. Regression models are often concerned on the mean response
and in its original scale, because there the interpretations become simpler. By
using the RBS distribution, one can model the mean with no transformations
similarly as in generalized linear models (GLM), but the BS and RBS distri-
butions do not belong to the exponential family. However, a GLM type mod-
eling based on the RBS distribution can also be carried out; see Leiva et al.
[16]. Thus, the mean response is related to a linear predictor by one of several
possible link functions, encompassing parameters to be estimated. Differently
from all the existing BS regression models studied until now, the approach
proposed by Leiva et al. [16] allows data to be modeled in their natural scale
with a wide flexibility. In addition, the RBS distribution has properties that
its competitor distributions of the exponential family do not have; see Subsec-
tion 2.1.

The RBS distribution has a precision parameter. Variability is often mea-
sured by dispersion parameters, but it can also be described by precision pa-
rameters, which are inversely proportional to the dispersion. Variability mod-
eling has been widely discussed in the literature related to heteroscedasticity;
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see Van Keilegom and Wang [43] and Saumard [37]. For example, Cook and
Weisberg [3] studied heteroscedastic normal models. Taylor and Verbyla [42] de-
scribed jointly the location and dispersion parameters of the Student-t model.
Lin et al. [21] considered tests for heteroscedasticity in Student-t regression
models. Wu et al. [49] proposed a method to select variables describing the
mean and dispersion of lognormal models. In the context of GLM, Smyth [39]
defined sub-models to describe the mean and dispersion, whereas Smyth and
Verbyla [40] proposed an extension of GLM allowing both the mean and disper-
sion to be modeled. Cysneiros et al. [5] considered heteroscedastic symmetric
linear models and their diagnostics. However, there exists few works modeling
heteroscedasticity by precision parameters. Ferrari et al. [7] considered beta re-
gression models for which the precision parameter is not constant across data
and described it as a function of explanatory variables (covariates). Simas et al.
[38] assumed a non-linear regression structure for the precision parameter by
using a beta distribution, whereas Rocha and Simas [31] derived local influence
in this model. Paula [26] modeled simultaneously the mean and precision of the
gamma distribution, and carried out diagnostics in double generalized linear
models.

For BS regressions based on its original parameterization, Rieck and Nedel-
man [30] and Galea et al. [9] assumed that the corresponding shape parameter
is homogeneous across data. Xie and Wei [50] proposed a test for homogeneity
of this shape parameter. Heterogeneous BS log-linear and non-linear regressions
with both shape and scale parameters modeled by covariates were studied by
Qu and Xie [28], Li et al. [20] and Vanegas et al. [44]. For the RBS regression
model proposed by Leiva et al. [16], it is assumed that the precision is constant
across data. Modeling of precision based on the RBS distribution has not been
studied.

The main objective of this paper is to propose an RBS regression model with
precision varying, allowing heteroscedasticity to be described, extending the
work by Leiva et al. [16]. The specific objectives are (i) to estimate the param-
eters with the maximum likelihood (ML) method; (ii) to introduce hypothesis
tests for the precision parameter and evaluate their performance; (iii) to present
four types of residuals for the RBS model and study their distributions by Monte
Carlo (MC) simulations; (iv) to analyze the sensitivity of the ML estimators to
perturbations by using local influence (LI) and generalized leverage (GL) meth-
ods [see 45]; and (v) to apply the obtained results to two real-world case-studies
with the R software; see www.R-project.org and R-Team [29)].

In Section 2, we formulate the RBS regression model with varying precision,
estimate its parameters and discuss gradient (GR), likelihood ratio (LR), score
(SC) and Wald (WA) tests for the precision parameter. In Section 3, we conduct
a diagnostic analysis, including residuals, GL and LI under case-weight, response
and covariate perturbations. In Section 4, we carry out MC simulation studies
to evaluate the performance of the proposed hypothesis tests and the empirical
distribution of the residuals. In Section 5, we illustrate the potential applica-
tions of the proposed methodology by means of two real-world case-studies. In
Section 6, we provide our conclusions and possible future work.
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2. Modeling and inference
2.1. RBS distribution
A random variable T follows a BS distribution with shape (¢ > 0) and scale

(p > 0) parameters, which is denoted by T' ~ BS(¢y, p), if its probability density
function (PDF) is given by

: — L |ty [t+p]
fT(t7§07p)—meXp( 242 |:p+t 2})290\/,0?’ t>0.

The mean and variance of T are E[T] = p[l + »?/2] and Var[T] = p?¢?[1 +
5¢?/4]. Santos-Neto et al. [34] defined the RBS distribution by the parameters
p=p[l+¢*/2] >0and § = 2/¢? > 0. Under this parameterization, we use
the notation Y ~ RBS(u,d), with E[Y] = p and Var[Y] = w(u)<(5)?, where
w(p) = p? acts as a “variance function” and ¢(§) = /[26 + 5]/[§ + 1] is the
coefficient of variation (CV) of Y (0 < CV(Y) < /5), which is function only of
6. In addition, ¢ plays the role of a precision parameter in the sense that, for
fixed p, as ¢ increases, the corresponding variance decreases. If Y ~ RBS(y, ),
then its PDF and log-PDF are given respectively by
exp(6/2)V6+1

fr(y;p,6) = VT [y—i— 5+1] exp( g [y{6+1} =+ y{6+1}D ,y>0(2.1)

O, 2 0O, T 3
Z(y;u,é) 6 + 1 g(5+1) + log (y + 6+1) _ y[il‘l] _ 4yl[t(;5+1] _ 1 g(162 Ly ). (2.2)

In addition, the cumulative distribution function (CDF), quantile function (QF)
and hazard rate of Y ~ RBS(u, d) are defined respectively as

Fy (y: 1.8) = B(v/ (872} [V + Ly 0} — v/(d/ 6 £ 1103, w0,
Qv (a 1,8) = 6/ 46 + 11][Qw (0)/V3 + {Qn(@)/VB)2 +1)%, 0<q<1,

s [uiosi |

exp(-

Hy (y:1,) = SO [y 4 e | o st y>0

b
{6+1}y 5
5{\/ ws TV {Sil}y})

where ® and @ are the N(0, 1) CDF and QF, respectively. The RBS model has
the properties: (i) bY ~ RBS(by,0), with b > 0; (ii) 1/Y ~ RBS(u*,6), with
w* = [6+1]/[0p]; (iii) as its QF has closed form, its median is [§/{d + 1}]p; and
(iv) its hazard rate has increasing, decreasing and upside-down shapes. All of
these properties are shared by few distributions, in particular, several of them
are not shared by exponential family distributions used in GLM. Moreover, note
that, for modeling asymmetric data, the median might be more suitable than the
mean. However, in the case of the RBS distribution, the median is proportional
to its mean. Figure 1 presents the relation between the median and mean of the
RBS distribution. From this figure, observe that, as the parameter ¢ increases,
the two measures tend to be equal. For instance, from § = 4, we have that the
median is 80% of the mean. Generally, in real-world applications, the estimate

4/ 7y
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of § is large, thus providing a good approximation between the median and
mean. In the application of the work by Leiva et al. [16], the estimate of &
is 49.65, which means that the median represents 98.03% of the mean. In the
two data analyses of the present paper, the estimates of ¢ are 82.38 and 35.32,
representing 98.80% and 97.25% of mean, respectively. Thus, in practice, our
model has no relevant loss of information by modeling the mean instead of the
median. In addition, for the RBS regression model, we have the advantage of not
transforming the response. Furthermore, a GLM type method, as that used in
the RBS model [see 16], provides more flexibility in the functional relationship
between the mean response and the linear predictor. More properties of the RBS
distribution can be found in Santos-Neto et al. [35].

ﬁ
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Fic 1. Relation between median and mean of the RBS distribution.

2.2. RBS regression model with varying precision

Let Y = [Y7,...,Y,]" beasample from an RBS population, that is, independent

(IND) random variables but not independent identically distributed, such that,

Y; np RBS(u4,6;), for i = 1,...,n, and y = [y1,...,y,] " its observed value.

The RBS regression model with varying precision can be written supposing
that the corresponding mean and precision parameters satisfy, respectively, the
functional relations

g(w) = n; zsciT,B, h(d;) =7 :ziTa, i1=1,...,n, (2.3)

where p; = g~ 1(z] B), with 8= [B1,...,,] " being a p x 1 vector of unknown
parameters to be estimated, and x; = [1, 29, . . . ,zzcl-p]—r being a p x 1 vector that
contains the values of p covariates, which can be summarized as X = [z;;]. In
addition, 6; = h™1(2 @), with & = [a1,...,,] " being also a ¢ x 1 vector of
unknown parameters to be estimated, and z; = [1, 20, . . ., ziq]T being a ¢ x 1
vector that contains the values of ¢ covariates, which can be summarized as Z =
[zi;]. Note that p+¢ < n. The link functions g: R — Rt and h: R — R* defined
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in (2.3) must be strictly monotone, positive and at least twice differentiable.
Table 1 lists the most common link functions for g and h along with their first
and second derivatives.

TABLE 1
Derivatives for the indicated link function.
Link function g h dp/dn  dé/dr dZp/dn?  d25/dr?
Identity uw=n d=1 1 1 0 0
Logarithm log(p) =n log(d) =7 I § I 6
Squared root VE=1 Vo= 21 2V/6 2 2
2.3. Estimation
The log-likelihood function for the parameter & = [37,a | obtained from

(2.2), related to g = [p1, ..., pn] " and & = [61,...,8,]" for the class of models
with link functions in (2.3), is given by

() = Z&(Mi,éi;yi), (2.4)
i=1

where (ignoring the constant term)

d; log(d; + 1 lo i 3log(y;
O, 033y:) = 5 B B ) _ géu ) _ i(y) + log(dsys + yi + dipti)

Cwildi 1] S
A 4y;[6; +1]°

The [p + g] x 1 score vector with first derivatives is obtained from (2.4) as

w-[40)-[ B ]-[Fa)

see details in Appendix A.1. The [p + q] x [p + ¢] Hessian matrix with second
derivatives also is obtained from (2.4) as
. . 9%¢(0) 5%0(9)
£B) £(Ba) oo 9BIaT | [ XTCX X'MZ ]|
{aB) £(a) 0%(0)  9%¢(6) ZTMX Z'WZ |’
0adBT  OdadaT

io) - |

see details in Appendix A.2. The corresponding expected Fisher information
matrix is given by

0= L) S| = | Zrex zron )

see detail in Appendix A.2. The ML estimates of 8 and « are computed as
the solution of the non-linear system £(6) = O,y qx1, Where O, 451 is [p +
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q] x 1 vector of zeros. In practice, the ML estimates can be obtained through
a numerical maximization of the log-likelihood function. Consider the 2n x 2n
augmented matrix of the form

v_| WB) WEw]|_[V S

W= s wey |=| s o) 29
where the elements of V', S and U are given in Equation (A.2). Also consider
X as being another 2n x [p 4 ¢] augmented matrix of the form

& X 0px1
S E -
Therefore, from (2.6) and (2.5), the Fisher information matrix given in Equa-
tion (A.2) and its inverse can be rewritten as i(#) = X' WX and ()" =
[XTW X] ™!, respectively; see details of the matrix 4(8)~! in Appendix A.2.
By using the Fisher scoring iterative procedure, the corresponding estimation
algorithm for @ = [37, "] " is given by

-1 .
gim+1) 9(m>+{i(9)<m>] é(9)™

XTA(m) (y* _ ‘u'*)(m)
ZTB(m)(y* _ 6*)(m) :| ’

_ [XTW(m)X]—lW(m)g*(m), (27)

o)+ XWX |

where

~ - - AMm 0 (y* — *)(m)
*(m) _ %g(m) (m))—1 px1 Y-
g = X W [0 B<m>H<y*—6*><m>]'

Note that (™1 given in (2.7) has the form of a reweighted least square (LS)
estimate, where §* is the modified response variable. We propose to use the
Cole-Green algorithm to conduct with the iterative procedure defined in (2.7).
This algorithm can be better for distributions with highly correlated parameter
estimators and equivalent to the Fisher scoring algorithm, when we are in the
fully parametric case; see details about the Cole-Green algorithm in [41].

2.4. Inference

Under usual regularity conditions [see 4], the ML estimators of 8 and (), 6

and () say, respectively, are consistent. Suppose that j(0) = lim,,_,o[1/n]i(0)
exists and is non-singular. Then, as n — oo,

~

Vil = 0] B Ny g(0pq, 5(0) ), (2.8)

where 3 denotes convergence in distribution to. Thus, if 6, denotes the kth

element of 6, [0, — 0]/ {ipx }'/2 = N(0, 1), where iy is kth diagonal element of
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the matrix (@)1, for k = 1,...,p+ ¢. Note that an asymptotic 100 x [1 —~]%
confidence region for 6 is [0 — 0] Ti(8) 1[0 — 6] < Xi_(p+q), where 6 € RPH4
and x7_(p + ¢) is the [1 — 7]th quantile of the chi-squared distribution with
p + q degrees of freedom. From the previous asymptotic distributional result
given in (2.8), we have that

ValB = B8] B Ny(0px1,3(8)7Y),  vala — o] B Ny(0gu1,5(a)™).
Then, asymptotic 100[1 — v]% confidence intervals for Ej and @, are Bj +
51_7/2/{1'”»}1/2 and @, + 51_7/2/{iw}1/2, respectively, with 7 = 1,...,p, r =
1,...,qand &, being the yth N(0,1) quantile. We can obtain 100 x [1—~]% con-
fidence bands for the linear predictor u(« ,...) = g~ (x)...0), where z,,., € R?
is an arbitrary vector. Then, an asymptotic 100 x [1 —]% confidence region for
1(T,.eq) is obtained as

o (o8~ el iB) e} ),

(2T B+ O el B ) ).

where i(8) = [X TW5X| ™!, with W3 =V —8Z[ZTUZ]"'Z" §. Analogously,
an asymptotic 100 x [1 — ]% confidence region for §(zy.) = h™1(z ] ) is
given by

1
|:h_1 (z;l;ed a - \/ X%—’y(q){z;ed i(a) zpred} ’ )7
1
h_l (Z;Ced a + \/ X%f’\/(q){zled i(a) Zpred} ’ >:| bl

where z,,.. € R?and i(@) =[ZTW,Z]~!, with W, =U-SX[XTVX]'XT§.

2.5. Hypothesis testing

We want to test if the model precision is constant, that is, our hypotheses
are Ho: aig € Qg versus Hy: ag ¢ Qp, where Qo = {0: o; = 0,4 = 2,...,q},
Q= QU and ap = [ag, - - -, aq]T. For large n, under Hyg and usual regularity
conditions, the GR, LR, SC and WA statistics follow the X3—1 distribution.
Thus, the above hypotheses can be tested with critical values based on this
distribution.

We use 0 for denoting the ML estimator of @ evaluated at Hy (restricted
case), or for any function or element of this vector, and 0 for the ML estimator
of @ under Hy (unrestricted case).

2.5.1. The GR test

Its statistic to test Hy versus Hy is given by

CR = [y* — 6*] " BZ,ay, (2.9)
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where Zj is composed by the elements of the ¢ — 1 last columns of Z and y*, 5
are defined in Appendix A.1.

2.5.2. The LR test

Its statistics to test Hy versus H4 is defined as

LR = 2[sup £(0) — sup 6(0)} = 2[£(§) - Z(é)] =2 ZAi’ (2.10)
0eQ 0 =
where
- :S\’L'*Si Bi /(iy7+y7+§1;7 yi |6+l S\Hrl 1 [ dips /5\7[!7
AZ 2 +10g (:"\1 ) +10g <5iyi+yq‘,+5iﬁq: ) + 4 { i /M\z }+4yi [Si‘H ;5\1,+1:|

2.5.3. The SC test

Its statistic to test Hg versus H4 can be expressed as

o~ X7~ NP~ * Sk > e -1 . * %
SC = #(cu) Var(é)é(&o) = [y* — 6% BZ, {ZJW4ZO] Z] Bly* — 8.

(2.11)
2.5.4. The WA test
Its statistic to test Hy versus Hy4 is obtained as
WA = & Var(ag) @ = 6 Z WiZoa. (2.12)

3. Diagnostic analysis
3.1. Residuals

We introduce residuals for the model with link function defined in (2.3) based
on the standardized Pearson, score and quantile residuals given respectively by

~

P =00 P ly — /[ =y - /0 vt =07 By (v i ),

where w(u;) = p? and ¢; = [§; + 1]?/[26; + 5], with @; = ¢~ (7;) and 5 =
h=1(7;) being the ML estimates of u; and §;, respectively. In addition,
Ui = 0/ + 616+ 11, 8), with 1(3,5) = [ [y -+ {70}/ {5+ 1} -
fy(y; i, :5\) dy. Furthermore, Fy is the RBS CDF; see details about the quan-
tile residual in Dunn and Smyth [6]. For the score residual, see details in Ap-
pendix A.3. Moreover, we propose a deviance component type residual, assuming
that the precision parameter has a structure of regression known, by
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. N o {0+ Ly 027
ré = sign(y; — ;)V2 |log(2) — = + = =
( ) ® 2 Apu; 446; + 1}y,

1 6i{6i+1}yin i
+=log | —= 0+ }yi'il ,
2 {0iyi +yi + difii }?
where the sign function is defined as sign(z) = {—1,0,1}, for z < 0, x = 0 and
x > 0, respectively. Residual are used to verify model adequacy, to test non-

linearity and to detect outliers, autocorrelation and heteroscedasticity, plotting
them versus covariates individually, or versus ji; or 7j;.

3.2. Generalized leverage

GL of an estimator is defined in regression as a measure of the importance of in-
dividual cases, evaluating the influence of the observed response on its own esti-
mated value. GL can be obtained in a general form as 0Jy/dy =
D(0)[—£(0)]"£(0y) o—g» Where D(0) = 0p/00 and £(0y) = 020(0)/000y;
see details of the matrix £(8)~' in Appendix A.2. In the RBS regression model

with varying precision, the GL matrix is given by

GL(9) = AX[-#(B)|XTAE + AX[-¥(B3a)|Z" BL, (3.1)

where £(8) and #(Ba) are detailed in Appendix A.2, E = [déﬁ 6f] and L =
[d'Y) 5], with

yd “ig
v AR Ay 1) [y s+ 0 ]
; i 0; [0; + 2] 1 L
g0 — msilbi+ 1 i , 3.2
v Ay? [0 +112 dpi [0y +yi+ 0 il (32

Considering the results presented in (3.1), the GL given in (3.2) can be rewrit-
ten as GL(6) = GL(3)[[AE] 'MZ[Z"W Z]"'Z" BL — I,,], where GL(B) =
AX [XTﬁ\/l X]*lXTXE is the GL considering only the vector 8 and I, is the
n X n identity matrix.

3.3. Local influence

For the RBS model given in (2.3), let ¢(@|w) be log-likelihood function corre-
sponding to this model perturbed by w. The perturbation vector w belongs
to a subset of R™ and wgy is an n x 1 non-perturbation vector, such that
£(Blwp) = £(0), for all 8. The likelihood displacement (LD) defined as LD(w) =
2[£(§) - E(@w)], where ,, denotes the ML estimate of  upon the perturbed
RBS model, can be used to assess the influence of the perturbation on the ML
estimate. The normal curvature for @ in the direction vector I, with ||l|| = 1,
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is expressed as Cy(0) = 2[ITATE(0) 1 Al|, where A is a [p + ¢] X n matrix
of perturbations with elements Aj; = 02((6|w)/d0;0w; and £(8) is detailed in
(A.1) of Appendix B. Note that A must be evaluated at 8 = 0 and w = wy, for
j=1,...,p+1landi=1,...,n. An LI diagnostic is generally based on index
plots. For instance, the index graph of the eigenvector l,.x corresponding to

the maximum eigenvalue of
F(0)=AT46)7'A, (3.3)

Ci,.... (0) say, evaluated at 8 = 6, can detect those cases that under small pertur-
bations exercise a great influence on LD(w). In addition to the direction vector
of maximum normal curvature, I,y say, another direction of interest is l; = e;,
which corresponds to the direction of the case i, where e;, is an n x 1 vector
of zeros with a value equal to one at the ith position, that is, {e;,,1 < i < n}
is the canonical basis of R™. In this case, the normal curvature is given by
Ci(0) = 2|fil, where f;; is the ith diagonal element of F(0) defined in (3.3),
for i = 1,...,n, evaluated at @ = 6. Those cases when C;(8) > 2C(8), where
6((9\) =>r, C’l(GA) /n, are considered as potentially influential. This procedure
is called the total LI of the case i. For the indicated scheme, Table 2 presents
the respective perturbation matrix given in general by

a- 2B (3.4)
Aa)
which must be evaluated at the non-perturbation vector wgy and at 6.
TABLE 2
Matrices of perturbations for the indicated scheme in the RBS model with varying precision.
Scheme Form Matrices
) n AB)=X"a; dDs™
Case-weight L wili (6 Lo
& iy witi(®) A(a) =27 b, dfhs;;
— X' q:d® n
Response Yi + wiSy; AB) =X aidy, Sy, 6ij

i 4]
- T s ™
@1 + wSx, A(B) = B Sx,; XT Ci(SZ}nJF Sx, 1,5
Covariate ) A(a) = i SX[ Z m; 51‘j
A(B) = ag Sz, X m; o} v
A(a) = axSz, Z T wid}, + 5x,107 df;”bii:;T _
A(B) = Sx,[X {Brei6l + apm6s} + 10 Ta;d(D 67
Ae)
]

Y
Al)=2"b; df]fsy; o

-

(1) .
P dl} @i 5773

zk +wSz,

nxp .
(o) = Sx, [ZT{ozw(z']jZ + Brmiol} + 1) T bidV 67
1

Joint covariate  7;(w)

where 7; (w) = a1 + -+ + aglza + wiSXl + ot agzig 1,5, and lslq aren X pand n X q
matrices, respectively, of zeros except for the kth and lth columns, which only contains ones.

4. Simulation studies

4.1. Hypothesis testing

We report MC simulations of size 5000 to compare the performance of the GR,
LR, SC and WA statistics given in (2.9), (2.10), (2.11) and (2.12), respectively,
by four R functions. We estimate the coefficients of the RBS regression model
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with varying precision defined in (2.3) using the gamlss function, contained in
the R package of the same name. We implement the RBS distribution inside
the distributions of this R package; see Stasinopoulos and Rigby [41]. To use the
gamlss function, we introduce the RBS distribution defined in (2.1) in the same
structure of the distributions defined in the gamlss.dist library. Based on the
proposed methodology, we develop a set of computational routines in R, which
form part of the rbs package; see Santos-Neto et al. [33]. To install this package,
the code devtools: :install github(‘‘santosneto/RBS’’) must be used. We
consider A = max d;/min d;, for i = 1,...,n, to measure the heterogeneity degree
of the data. Note that if A = 1, the precision is constant obtaining the model
proposed by Leiva et al. [16]. The simulations are based on the link functions
log(u;) = Bo + Brxzi and log(d;) = ag + a12i1, for @ = 1,...,n. The values
of the covariates x;; and z;; are generated from the U(0,1) distribution and,
for fixed n, those values are kept constant throughout the MC experiment.
To perform the simulations, we implement an R routine that calculates the
rejection rates of each test (varying the values of ¢) and its empirical power,
considering n € {30,50, 100}, whereas the values of § coefficients are 5y = 2.0
and 8, = —1.7. First, we obtain the empirical sizes of the test and compare them
with the nominal sizes v € {0.01,0.05,0.10}. The null hypothesis is Hy: a7 = 0,
which is tested against a two-sided alternative. Considering g € {1.5,2.0, 3.0},
we have § € {4.5,7.4,20.1}. The results of this study are shown in Table 3, from
where it is possible to note that the GR, LR and WA tests are markedly liberal,
whereas the SC test is, in general, conservative. Note that, when & = 20.1,
n = 100 and v = 0.01, the rejection rates are 0.96% (SC), 1.26% (GR), 1.38%
(LR) and 1.76% (WA). As expected and for all the tests, these rates converge to
the assumed levels as n increases. Note that the GR and SC tests present the best
performances. Figure 2 displays empirical quantiles versus theoretical quantiles
(QQ) plots of these statistics compared to the x?_; distribution. From this
figure, observe that the empirical distributions of the four studied test statistics
agree very well with their asymptotic distributions. Second, we compute the
rejection rates under the alternative hypotheses ay € {—3.0,—2.0, —1.0} against
ap = 1.5, which implies values of A ~ {2.6,6.8,18.4}. Table 4 presents the
empirical power of the tests for different n and \. Note that the GR and SC tests
present smaller power values in relation to the LR and WA tests. For instance,
when A = 18.4, n = 50 and v = 0.05, these powers are 99.20 (GR), 99.20 (LR),
98.62 (SC) and 99.44 (WA). As expected, the powers of the four tests increase
with A. For small to moderate n, the best performance is detected for the GR and
SC tests, which are more powerful than the LR and WA tests. Hence, GR and
SC tests may be recommended to test hypotheses on the precision parameter in
RBS regression models. The GR test has a slight advantage over the SC test,
because the GR statistic is simpler to calculate.

4.2. Residuals

Now, we report the results of MC simulations of size 5000 to study the empirical

distributions of the residuals 77, 5, ¢ and 7} for the RBS regression model with
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TABLE 3
Rejection rate of the indicated n, statistic, 6 and level.

n Statistic 6=45 0="74 0 =20.1
1% 5% 10% 1% 5% 10% 1% 5% 10%
GR 1.24 6.12 11.74 1.22 6.08 11.70 1.20 6.22 11.82
LR 1.52 6.62 12.34 1.42 6.60 12.34 1.44 6.58 12.46

30 SC  0.72 438 9.60 0.72 440 9.74 0.72 4.34 9.82
WA  2.76 8.72 15.34 2.76 8.60 15.38 2.76 8.58 15.24
GR 1.10 5.70 10.40 1.12 5.66 10.40 1.14 5.70 10.40
50 LR 1.28 5.90 10.64 1.30 5.80 10.72 1.26 5.80 10.76
SC  0.78 4.64 9.38 0.78 4.66 9.46 0.76 4.70 9.48
WA 190 7.06 12.40 1.88 7.02 12.38 1.86 6.96 12.42
GR  1.26 5.38 10.62 1.28 5.40 10.58 1.26 5.38 10.62
100 LR  1.36 5.54 10.80 1.36 5.54 10.72 1.38 5.64 10.72

SC 092496 9.62 094 5.02 9.76 0.96 5.02 9.78
WA 1.80 6.34 11.62 1.84 6.36 11.78 1.76 6.30 11.60

TABLE 4
Power of the indicated n, statistic, A and level.

n Statistic A=26 A=6.8 A=184
1% 5% 10% 1% 5% 10% 1% 5% 10%
GR 7.30 20.46 31.84 37.48 62.38 74.72 75.72 91.40 95.42
LR 7.40 20.82 32.26 38.20 63.38 75.00 76.68 91.78 95.48

30 SC  5.80 19.66 30.24 30.24 57.70 70.96 61.82 86.32 92.34
WA 7.36 20.78 31.92 36.50 63.80 75.60 77.44 92.82 96.20
GR  13.48 31.88 45.60 65.94 85.12 92.00 96.34 99.20 99.70
50 LR 13.24 32.36 45.46 65.56 85.24 92.00 96.22 99.20 99.68
SC  11.92 31.66 43.80 60.00 82.38 89.92 92.22 98.62 99.34
WA 14.20 32.72 45.58 68.06 86.18 92.50 97.40 99.44 99.80
GR  28.12 54.80 68.50 92.82 98.20 99.16  99.94 100.00 100.00
100 LR 28.38 54.86 68.58 92.90 98.18 99.18  99.94 100.00 100.00

SC  29.72 54.14 67.00 91.58 97.56 98.98  99.80 100.00 100.00
WA 27.36 54.78 68.80 93.20 98.44 99.30 100.00 100.00 100.00
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Fic 2. QQ-plots for the indicated test statistic with 6 = 4.5 (left), 6 = 7.4 (center) and
=20.1 (right) when n = 50.

varying precision. The link functions adopted are log(u;) = Bo+B1z; and h(d;) =
ag + a2, for i = 1,...,20. The simulations are performed considering: [Case
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1) h(u) = log(u), and [Case I1] h(u) = \/u, where the vectors ® = [z1, ..., 2]
and z = [21,...,29] are obtained from the U(30,60) distribution, with 3 =
[2.14,0.10] T and a = [3.30, —0.01] " as the true values of the model coefficients.
We compute the mean (7), standard deviation (SD) and coefficients of skewness
(CS) and kurtosis (CK), whose results are presented in Tables 5 and 6. Note
that all of the residuals have mean approximately equal to zero and SD close to
one. Observe also that the empirical distribution of 7} has positive asymmetry.
Also, notice that r;, r# and 7 present a CS close to zero. The residuals
and r; presents, generally, CK closer to three for both cases. Observe that r{
and 7} display in general a similar behavior. Figure 3 presents the QQ-plots
with simulated envelopes of empirical quantiles versus theoretical quantiles of
ry, i, v and r7, based on 5000 residuals. From this figure, note that rg, ry
and rj are more distant from the diagonal line. However, r{ presents a behavior
approximately linear.

TABLE 5
Descriptive summary of the indicated residual for Case I.

rg) 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
_ P 0.01 0.01-0.00-0.02 0.02-0.00 0.00-0.01-0.00-0.00 0.02-0.00-0.01 0.00 0.00-0.01 0.02 0.00-0.02 0.00
T 7‘% 0.01 0.03 0.02 0.00 0.00 0.00-0.01 0.01-0.02 0.02 0.02-0.00-0.02-0.01-0.00-0.02-0.00-0.01-0.01 0.00
4 0.00 0.02 0.01-0.01-0.01-0.01-0.02-0.00-0.03 0.01 0.01-0.01-0.03-0.02-0.01-0.03-0.01-0.02-0.02-0.01
7‘? 0.01 0.03 0.02 0.00 0.00 0.00-0.01 0.01-0.02 0.02 0.02-0.00-0.02-0.01-0.01-0.02-0.00-0.01-0.01 0.00
rP 0,98 0.92 0.91 0.93 1.05 0.96 1.05 0.93 1.06 0.91 0.97 0.98 1.00 1.04 1.02 1.01 1.06 1.03 0.96 1.01
SD 7‘% 1.00 0.94 0.93 0.94 1.05 0.98 1.03 0.95 1.03 0.93 0.98 1.00 1.03 1.02 1.03 1.04 1.05 1.03 0.97 1.01
rd 0.99 0.92 0.92 0.93 1.03 0.97 1.04 0.93 1.05 0.92 0.97 0.98 1.01 1.04 1.01 1.01 1.04 1.03 0.96 0.99
7‘? 1.00 0.93 0.93 0.94 1.05 0.98 1.05 0.95 1.06 0.93 0.98 0.99 1.02 1.05 1.02 1.03 1.05 1.04 0.97 1.01
P 0.59 0.60 0.50 0.55 0.86 0.56 0.73 0.61 0.85 0.60 0.57 0.70 0.67 0.75 0.76 0.73 0.84 0.81 0.62 0.76
cs r% -0.03-0.01-0.05-0.00 0.06 0.01 0.00 0.01 0.04-0.01-0.03 0.05-0.05 0.03 0.04-0.04 0.05 0.01 0.04 0.08
rf.i -0.01 0.02-0.02 0.02 0.08 0.04 0.02 0.05 0.07 0.02 0.00 0.07-0.01 0.05 0.06-0.01 0.06 0.04 0.06 0.10
r? -0.03-0.02-0.05-0.00 0.05 0.01 0.00 0.01 0.04-0.02-0.03 0.04-0.04 0.03 0.04-0.03 0.04 0.02 0.04 0.07
rP 2,00 2.87 2.72 2.82 3.75 2.73 3.33 2.80 3.70 2.83 2.84 3.06 3.13 3.31 3.30 3.36 3.75 3.62 2.92 3.26
CK r% 2.52 2.48 2.44 2.44 2.85 2.38 2.73 2.41 2.87 2.45 2.53 2.53 2.67 2.75 2.67 2.80 2.84 2.89 2.48 2.62
rd 2.40 2.35 2.34 2.34 2.66 2.29 2.58 2.29 2.69 2.32 2.42 2.40 2.51 2.60 2.52 2.62 2.65 2.68 2.39 2.48
r? 2.40 2.35 2.34 2.34 2.66 2.28 2.57 2.29 2.68 2.32 2.42 2.40 2.51 2.60 2.51 2.62 2.64 2.68 2.38 2.48

TABLE 6
Descriptive summary of the indicated residual for Case II.

T‘E') 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
_ ~20.00 0.01-0.01-0.02 0.02 0.00 0.01-0.01 0.000.00 0.01 0.00-0.02 0.00 0.00-0.01 0.02 0.01-0.02 0.00
T 7‘% 0.01 0.04 0.03 0.01 0.00 0.01-0.02 0.02-0.030.04 0.02 0.00-0.03-0.02-0.01-0.03-0.01-0.02-0.01 0.00
4 .0.01 0.02 0.01-0.01-0.02-0.01-0.03 0.00-0.040.01 0.00-0.02-0.05-0.04-0.03-0.04-0.03-0.03-0.03-0.02
7‘? 0.01 0.04 0.03 0.01-0.01 0.01-0.02 0.02-0.030.03 0.02 0.00-0.03-0.02-0.01-0.03-0.01-0.02-0.01 0.00
rP0.96 0.90 0.88 0.90 1.07 0.94 1.04 0.91 1.060.88 0.95 0.98 0.99 1.04 1.02 1.01 1.07 1.04 0.93 1.00
SD 7‘% 0.97 0.89 0.89 0.90 1.06 0.94 1.06 0.91 1.070.88 0.96 0.98 1.02 1.05 1.02 1.03 1.07 1.05 0.94 1.00
»d 0.96 0.90 0.89 0.90 1.03 0.94 1.03 0.91 1.040.88 0.95 0.97 1.00 1.03 1.00 1.01 1.04 1.02 0.93 0.98
7‘? 0.99 0.92 0.91 0.93 1.06 0.97 1.06 0.94 1.070.91 0.98 1.00 1.03 1.06 1.03 1.04 1.07 1.05 0.96 1.01
P 0.87 0.84 0.76 0.82 1.20 0.82 1.04 0.84 1.180.82 0.83 0.96 0.96 1.05 1.05 1.04 1.17 1.14 0.89 1.03
cs r% -0.03 0.01-0.04 0.01 0.08 0.03 0.00 0.03 0.050.01-0.03 0.05-0.06 0.03 0.05-0.05 0.07 0.02 0.05 0.08
rfl 0.02 0.06 0.01 0.05 0.11 0.07 0.05 0.09 0.090.07 0.02 0.09 0.01 0.08 0.09 0.02 0.09 0.07 0.09 0.12
r? -0.03-0.01-0.05 0.00 0.06 0.02 0.01 0.02 0.050.00-0.03 0.04-0.04 0.04 0.04-0.03 0.05 0.02 0.04 0.07
23,46 3.33 3.20 3.33 4.71 3.24 4.07 3.22 4.683.24 3.34 3.63 3.80 3.97 3.99 4.10 4.67 4.49 3.48 3.87
CKT% 2.68 2.61 2.60 2.60 3.07 2.52 2.91 2.51 3.092.56 2.68 2.67 2.84 2.90 2.84 3.00 3.05 3.12 2.63 2.77
rd 242 2.36 2.38 2.38 2.66 2.31 2.58 2.30 2.682.32 2.45 2.40 2.51 2.59 2.52 2.62 2.65 2.67 2.41 2.48
r? 2.42 2.35 2.37 2.37 2.64 2.30 2.56 2.28 2.662.31 2.44 2.39 2.50 2.57 2.51 2.61 2.63 2.66 2.39 2.46
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FI1G 3. QQ-plots with simulated envelopes for the residuals %, r5, v¢ and v (from left to right)
in Case I (first panel) and Case II (second panel).

5. Illustrative examples with two real-world data sets
5.1. Data set I
5.1.1. Case-study description

Alfalfa is a high protein crop and appropriate feed for dairy cows. Then, rent for
land planted with alfalfa in relation to rent for other agricultural uses should be
higher in zones with a high density of dairy cows. However, these rents should
be lower in zones where a fertilizer is required, due to further expenses. In this
line, Weisberg [48, Problem 9.10, p. 208] reported a study on the variation in
rent paid for agricultural land planted with alfalfa in Minnesota. One of the
objectives of that study was to investigate how the rent for land planted with
alfalfa crops in relation to rent for other agricultural uses is affected by the
density of dairy cows and by the proportion of farmland used as pasture, when
land requires a fertilizer to increase the productivity of alfalfa or not.

5.1.2. Previous studies on these data

To evaluate the objective of the case-study described in Subsection 5.1, data were
collected for 67 counties of Minnesota in 1977; see Weisberg [48, Problem 9.10, p.
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208]. These data are available from an R package named alr3 by the command
data(landrent). Landrent data were analyzed by Taylor and Verbyla [42], Lin
et al. [21] and Wu et al. [49]. Non-constant variance in a linear regression model
can be diagnosed by residual plots. Taylor and Verbyla [42] discussed the joint
modeling of location and dispersion parameters and derived a methodology to
detect heteroscedasticity, when the response is Student-¢ distributed. Lin et al.
[21] considered tests for heteroscedasticity in Student-¢ linear regression models.
All of these studies and also Wu et al. [49] showed evidence of heteroscedasticity
in landrent data, but this last recent work showed the convenience of modeling
simultaneously the mean and dispersion of the lognormal distribution, which is
an asymmetrical distribution, such as the RBS distribution is.

5.1.3. Variables to be modeled

The considered variables are: (i) the ratio between the average rent per acre
planted with alfalfa and the corresponding average rent for other agricultural
uses (‘ratio’); (ii) the density of dairy cows in number per square mile (‘den-
sity’); (iii) the proportion of farmland used as pasture (‘proportion’); and (iv)
if the fertilizer ‘liming’ is required to increase the productivity of alfalfa or not.
We discard the covariate ‘proportion’ due to it is correlated with the covariate
‘density’ and concentrate on the group ‘liming’. Note that the response variable
‘ratio’ is strongly correlated with ‘density’ indicating a linear relation between
these two variables; see Figure 4 (1st panel left). Then, our study is concen-
trated on the response variable ‘ratio’ (Y') and the covariate ‘density’ for the
group ‘liming’ (X).

5.1.4. Estimation and model cheking

First, we consider the RBS model with fixed precision Y; ~ RBS(u;,d) and
link function p; = By + B1 , for i = 1,...,33; see Figure 4 (1st panel left).
The ML estimates of its parameters, with estimated asymptotic standard errors
(SE) in parenthesis, are 8y = 0.67810(0.0363), 81 = 0.0166(0.0031) and 6 =
82.3752(20.2798). From Figure 4 (1st panel center), observe that the assumption
of the RBS distribution seems to be reasonable. From Figure 4 (1st panel right),
note that the residual plot shows a pattern that indicates an evidence of a
non-constant precision. Observing at Figure 4 (2nd panel left), note that the
precision depends on the value x of the covariate. Then, based on this last figure,
we propose the RBS model with varying precision Y; ~ RBS(u;, d;), where p; =
Bo+p1z and /& = ap+ay z, withi = 1,. .., 33. For the precision parameter, we
choice the square root link function based on usual selection model criteria (AIC,
BIC) and the tests for varying precision proposed in Subsection 2.5. For the RBS
model with varying precision, the ML estimates of its parameters and estimated
asymptotic SEs in parenthesis are shown in Table 7. Model assumptions are
verified using a residual analysis based on landrent data provided in Figure 4
(2nd panel center), because unusual features are not observed. In addition, the
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independence assumption also is verified by the QQ-plot with simulated envelope
and by the plot of residuals displayed in Figure 4 (2nd panel right), from which
an outlying case (#33) is detected.
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F1G 4. Scatter-plot of X vs. Y (1st panel left), QQ-plots with simulated envelope ofrg for fized
precision (1st panel center) and varying precision (2nd panel center), plots of fitted values
vs. v for fized precision (1st panel right) and varying precision (2nd panel right) and X vs.
rf for fized precision (1st panel right) based on landrent data and the RBS regression model.

TABLE 7
ML estimates, estimated SE, t-and-p-values for the coefficients of the model with landrent
data.
Coeflicient Estimate SE t-value p-value
Bo 0.7426 0.0426 17.4496 < 0.001
581 0.0121 0.0019 6.4517 < 0.001
o 4.3483 2.0545 2.1165 0.043
oy 0.5712 0.2398 2.3825 0.024

5.1.5. Influence local

Diagnostics for the RBS regression model with varying precision are in Figure
5. Specifically, this figure displays index plots of C;, from where cases #26 and
#33 are detected as potentially influential. We investigate their impact on the
model inference when they are removed. Then, we again estimate the model after
removing cases #26 and #33. To evaluate the impact of the removed cases, we

define the relative change (RC) by RCy, ., = |[{§J —o?j(i) }/ﬁj] | x100%, where o?j(i)
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denote the ML estimate of 6; obtained after removing the case ¢, for j =1,2,3
and ¢ = 1,...,33. The corresponding RCs are in Table 8. Inferential changes
are not detected when the cases are removed. The case #26 is a county with a
higher average rent per acre planted with alfalfa, even not being the density of
dairy cows the largest one. The case #33 is a county with small average rent per
acre planted with alfalfa, despite possessing a density of dairy cows larger than
25% of the counties. We have that the mean of the ratio between the average
rent per acre planted with alfalfa and the corresponding average rent for other
agricultural uses can be described by fi(xz) = 0.7426 4+ 0.0121 z. In this model,
0.7547 is the estimated mean ratio when the dairy cow density per square mile
is zero, whereas the estimated mean ratio increases in 0.0121 if we increase in
one unit the dairy cow density per square mile.

TABLE 8
RC for the indicated removed case(s) with landrent data.
Removed subset Bo 51 :x\o 81
{26} 6.4069 30.8475 1.7622 8.9307
{33} 0.4237 0.2543 54.5430 12.6125
{26,33} 4.4108 25.9012 58.0622 5.0616
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Fic 5. Index plots of C; for 6 under case-weight (a), response (b), covariate-X (c) and
covariate-Z (d) perturbations in the RBS regression model with varying precision based on
landrent data.
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5.2. Data set 11
5.2.1. Case-study description

Four different light snacks (named B, C, D and E) were compared across 20
weeks with a traditional snack (named A) in an experiment developed in the
School of Public Health of the University of Sdo Paulo, Brazil. For the light
snacks, the hydrogenated vegetable fat (HVF) was replaced by canola oil under
different proportions: B (0% HVF, 22% canola oil), C (17% HVF, 5% canola
oil), D (11% HVF, 11% canola oil), E (5% HVF, 17% canola oil), and A (22%
HVF, 0% canola oil). A random sample of 15 units of each snack type was
analyzed in a laboratory and various variables were measured. Then, a total of
75 units were considered during ten weeks, making 750 units in total during the
experiment; see Paula [26]. One of the objectives of that study was to determine
the ideal storing time.

5.2.2. Previous studies on these data

These data are available from an R package named ssym by the command
data(Snacks). Snack data were analyzed by Paula [26], who discussed diag-
nostic methods in double generalized linear models. The author modeled si-
multaneously the mean and precision of the gamma distribution, which is an
asymmetrical distribution, such as the RBS distribution is.

5.2.3. Variables to be modeled

The considered variables are: texture ('), snack type (S) and quantity of weeks
(W). The variable texture is compared across time among the five snack types.
Paula [26] observed that the means and CVs seem to be different among the
snacks, changing across weeks, with indication of quadratic tendencies for the
means.

5.2.4. Estimation and model cheking

Based on the descriptive analysis carried out by Paula [26], we consider the
RBS regression model with varying precision. Here, Y;;; denotes the texture
corresponding to the unit k£ of the snack type ¢ in the jth week, with ¢ =
1(A4),2(B),3(C),4(D),5(E), j = 2,4,...,18,20, and k = 1,2,...,15. We fit-
ted 54 different models (named Models 1, ...,54) with identity, logarithm and
square root link functions for g and h. Table 9 presents the AIC and BIC val-
ues for each fitted model. The tests for varying precision are significative for
all these models. Note that three models present the smallest AIC and BIC
values (Models 22, 28 and 34). We select Model 28, because it considers a link
function different from the used in the first application. For the RBS regression
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model with varying precision, the ML estimates of its parameters and estimated
asymptotic SEs in parenthesis are shown in Table 10. Model assumptions are
verified using residuals in Figure 6 (right), because unusual features are not de-
tected. In addition, the independence assumption also is verified by the QQ-plot
with simulated envelope and by the residual plot displayed in Figure 6, from

which the case #91 (type A snack) is detected as atypical.

TABLE 9
Summary of the RBS models with varying precision fitted to snack data.
Model g Predictor h Predictor AIC BIC
T S 5067.835 6018.655
2 S+w S+ W 5963205 GO18.736
3 ) ) S+ W+ W2 5964.303 6024.363
4 Identity Identity * S+ 5930.878 5986.319
5 S+ W+ w2 S+ W 5932.753 5992.814
6 S+ W + W2 5934.666 5999.347
7 5 5067.835 6018.655
8 S+w S+ W 5961163 6016.604
9 ) ) S+ W+ W2 5962.058 6022.119
10 Identity Logarithm =+ S+ 5930.878 5986.319
11 S+ W+ w? S+ W  5932.833 5992.894
12 S+ W + 52 5934.689 5999.370
13 S 5067.835 6018.655
14 S+w S+W 5962112 6017.553
15 ) S+ W+ W2 5962.950 6023.011
16 Identity Square root >+ S+ 5930.878 5986.319
17 S+ W+ w? S+ W  5932.801 5992.862
18 S+ W + W2 5934.696 5999.377
19 5 5077.846 6028.666
20 S+w S+W 5972214 6027.655
21 ) ) S+ W+ W2 5972.678 6032.739
22  Losarithm Identity * S+ 5923.985 5979.425
23 S+ W+ w? S+ W 5925954 5986.014
24 S+ W + W2 5927.877 5992.558
25 S 5077.846 6028.666
26 S+ W S+ W 5971337 6026.777
27 ) . S+ W +W? 5972.023 6032.084
28  Losarithm Logarithm s 5923.985 5979.425
29 S+ W+ w? S+ W 5925984 5986.045
30 S+ W + W2 5927.823 5992.504
31 5 5077.846 6028.666
32 S+ W S+ W  597L567 6027.008
s s 5V T (8
35 S+ W+ w? S+ W  5925.980 5986.041
36 S+ W + W2 5927.873 5992.554
37 5 5072.507 6023.328
38 S+ W S+ W 5967308 6022.749
1 o ST Sl 40
41 S+ W+ w? S+ W  5929.116 5989.177
42 S+ W+ W2 5931.038 5995.719
13 S 5072.507 6023.328
44 S+w S+ W 5965608 6021.139
£ o ot 5V T G
47 S+ W+ w? S+ W  5929.184 5989.245
48 S+ W+ W2 5931.036 5995.717
10 5 5072.507 6023.328
50 S+ W S+ W 5966337 6021778
s o S 5V G (T
53 S+ W+ w? S+ W  5929.160 5989.221
54 S+ W +W? 5931.059 5995.740
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TABLE 10
ML estimates, estimated SE, t-and-p-values for the coefficients of the model with
snack data.

Coefficient Estimate SE  t¢-value p-value

(Intercept) 3.842 0.037 103.734 < 0.001
Type B -0.182 0.031 -5.921 < 0.001
Type C -0.078 0.034 -2.295 0.022
Type D -0.265 0.029 -9.184 < 0.001
Type E -0.282 0.029 -9.839 < 0.001

Week 0.061 0.006 10.300 < 0.001
Week? -0.002 0.000 -8.105 < 0.001

(Intercept) 3.104 0.116 26.728 < 0.001
Type B 0.585 0.164  3.575 < 0.001
Type C 0.123 0.164  0.750 0.453
Type D 1.008 0.164  6.154 < 0.001
Type E 1.043 0.166 6.297 < 0.001

~ <t
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3 2 1 0 1 2 3 40 45 50 55 60 65 70

theoretical quantile fitted values

FIG 6. QQ-plot with simulated envelope for r¢ (left) and fitted values vs. ¢ (right) based on
snack data and RBS regression model with varying precision.

5.2.5. Influence local

Diagnostics for the RBS regression model with varying precision for snack data
are presented in Figure 7. This Figure displays C; versus weeks for € under case-
weight, response and covariate-X perturbation, from where cases #76 (type A),
#91 (type A), #136 (type A), #346 (type C), #465 (type D) and #750 (type E)
are detected as potentially influential. We investigate the impact on the model
inference when they are removed, but their elimination does not change the
inference for the mean nor for the precision. Figure 8 presents the predicted
mean and precision values for the texture across weeks, for each snack type.
From Figure 8 (left), note that the types A and C snacks have the largest mean
values across weeks. From Figure 8 (right), note that the types D and E snacks
have the largest precision for the texture. An objective of the case-study is to
determine the ideal storing time, and looking at Figure 8 (left), it seems to be
about 14 weeks.
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6. Concluding remarks

In this paper, we have developed a methodology based on a reparameterized
Birnbaum-Saunders regression model with varying precision, generalizing the
existing works in the literature on the topic. We have dealt with the issues of
estimating the model parameters and of performing hypothesis testing on the
corresponding precision parameter. We have considered three classic statistics,
such as likelihood ratio, score and Wald, and one recently proposed called gra-
dient, to test varying precision in our model. In addition, we have conducted
Monte Carlo simulations to study the finite-sample performance of these tests.
The simulation results have indicated that the gradient and score tests are pre-
ferred, but the former one has an advantage because it is simpler to calculate.
Also, we have presented fours types of residuals when the mean and precision
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are modeled simultaneously. Again using Monte Carlo simulations, we have eval-
uated their performances and determined their distributions empirically, which
have resulted to follow a normal distribution reasonably. Furthermore, we have
developed diagnostic tools for this new class of regression models based on gen-
eralized leverage and local influence methods, considering case-weight, covariate
and response perturbations. These tools have shown to be useful for detecting in-
fluential cases. Moreover, we have carried out applications with two real-world
case-studies, which have shown the potential of using the new methodology
based on a reparameterized Birnbaum-Saunders regression model with varying
precision.

Appendix A: Inference
A.1. Score vector

The elements of the score vector, obtained by differentiation of the log-likelihood

function expressed in (2.4) with respect to 6, are given, for j = 1,...,p and
r=1,...,q, as
n n
5 _oee) _ ; _ ooy _
£(B;) = B Z[Z/: —pilaixig, o) = o, Z[y: — 67] b; zir,
i=1 i=1
where
* 5; yi[di+1] 52 w1 dps 1
Yi = sryitom T e Tyt 1) M = 20 % T Ay T dgQ)/dm
* Yi+ui oy 0il0iA2)ps 5 — — d; b: = ddé; 1
Yi = Sigityitoim  dps  di+12y0 % T 25,410 T dm . dR(3,)/de:

Therefore, we can write the [p+¢]x 1 score vector £(8) in the form [¢(8)T£€(a)T]T,
with £(8) = X T A[y* — p*] and €(a) = Z7 Bly* — §*], where A = [a;0};] and
B = [b;6;5], with 0;; being the Kronecker delta. Thus, A and B are two n x n
diagonal matrices.

A.2. Hessian matriz

The corresponding Hessian matrix is given by

. . 9%¢(0) 9%0(9)
LB) £Ba)| | BopT poaT | [ X'TCX X'MZ
{aB) ba) | | 226 oo | | ZTMX Z'TWZ |-
008" dada "
(A.1)

The elements of the first block of the matrix £(8), £(8) say, are obtained from
the derivative 020(0) /08308, = >, ¢i T;j T;, which may be written in matrix

form as £(8) = X TCX, where C = ¢; 6 and ¢; = dﬁfg (a;)% + dff) a; a;, with

£0) =

yi s

: =~
4@ — oue) _ 8 + yi[dit+1] 52 B
BT Ops T diyityitoip Api? 4y;[0;+1] 2 Y T Has
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ouy T 207 Diyitvitoim]? 207 0 % = T dg(u)/dmlz

a9 = 2o _ 5 vildi+1] 0 d%g(ua)/dp?
o
The elements of the second block of the matrix £(0), #(Ba) say, are obtained
from the derivative 94(0)/93;0c, = Y., m; x;j 2y, where m; = d 5 a; by, with

0%(0) _ Yi v G0+ 2]
Opi08; [y +yi + 0ipa)®  4Ap2  A[6; + 1]2y;

d) =

In matrix form, we have Z(Ba) =X"MZ, with M =m; 67;. Consequently, we
obtain the third block of the matrix £(8), £(3) say, since this is the transpose of
the matrix £(Ba). The elements of the last block of £(8), £(c) say, are obtained
from the derivative 8%4(0)/0c0cs = Y i, wizyzis, where w; = d((;z)(bi)Q +
d\" b, b, with

*

Yi —6&f
40— o) _ Yit i oy SilbiA2us 4,
J 99; 0;Yi+yi+0ifu; 4p; 406, +1]2y; 2[6 +1]
¢l () RS W (7 /17) /P b/- __ dn(5,)/ds?
62 957 T 3017 Biwtyitoun? | 26 H1Py Vi T [ah(6)/ds .12

whereas its matrix form can be expressed as E( )=ZTW2Z, with W = w; 075
The inverse Hessian matrix is given by

-1 — | EB)7 E(Ba)!
607 = | fupr Hop |

where £(8)~' = [XTW, X1 £(Ba) ! = —[XTW1 I 1XTMZ[ZTWZ]
YaB) ' =—[[XTWX|"'XTMZ[ZTWZ]" 1T, and £(a)" ! = [ZTW,Z] !,
with W, =C-MZ[Z"WZ|7'Z" M and W, = W MX[XTCX]"'X"M.
The corresponding Fisher information matrix is given by

o [iB) iBa)] [ XTVX XTSZ

where V' = diag{&.,,...,&.}, S = diag{€m,,-..,Em, }, U = diag{€u,,. ..,
Ew, }, with
5; 82 1 8 i

=t — (0| a3 &, = 2 1(0)] a; by
= [t ) o o= [ @) o
62 +30; + 1 u?

L - L 1(0)| v?
S @)

s =

i

and

V&i+1exp(8;/2 O pti -t i | 10t by St
/ 4wr%zg/2/ ) [?/z + a—il] exp( 4 {{ zxul}y Rt ﬁ}y D dyi.
(A.3)
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Integral defined in (A.3) can be calculated numerically using the integrate
function of the R software. The corresponding inverse expected Fisher informa-
tion matrix is given by

i~1(9) — (XTW,x]! —[X"W3X]"'XTS8Zz[Zz"UZ|!
i(0) = —[X™WsX|"'XTSsz[zTUuz™" [(ZTW.Z] !

where Wy =V — SZ[ZTUZ|'ZTS and W, =U — SX[XVX]"'X'S.

A.3. Score residual

Considering a known regression structure for the precision parameter, we obtain
the Fisher scoring iterative procedure for 3 by

IB(erl) _ I@(m) + [XTV(m)X]leTA(m) [y* . u*(m)L

rewritten as a weighted LS estimate by 3("+1) = [X TV (™) X] ’1XTV(m)zf(m),
where zf(m) =) 4 [V]=1AM) [y* — 1*(M)]. With the convergence of the
iterative procedure, we have 8 = [XT‘A/X]’lXT‘A/?f, for 27 = n+ ‘7*1121\[1;* -
*], which can be interpreted as the LS solution of the linear regression of 2}
on X with weight matrix V. By using this result, we propose a residual based
on the solution of weighted LS of 2} against X, which we call score residual
and define as r = V/2[zr — 7] = V-2 Aly* — i*].

Appendix B: Perturbation matrices
B.1. Case-weight perturbation

Under this scheme, which is the most used to evaluate LI in a model, we wish
to determine if the contributions of the cases with different weights impact
the ML estimate of 6. Here, the perturbed log-likelihood function is ¢(8|w) =
Yo 4i(Blw;) = Yoo wil;(0). Then, considering its derivative with respect
to w', we obtain A as in (3.4), where the elements of A(3) and A(a) are
respectively given by A(B);; = dff) a;zi; and A(a)y; = dgz) b; 2y, for i =
1,...,n,7=1,...,pand r = 1,...,q, which must be evaluated at 6 = 6. In

matrix form, we have to A(B) = X " a; d,(f)églj and A(a) =Z " b; d((;i)éi"j.

B.2. Response perturbation

We additively perturb the response in the RBS model as Y;, = Y; + w;Sy;,,
where Sy, can be the SD of Y. Here, the perturbed log-likelihood function
is {(Blw) = Y i, £i(Blw;), with wy = 0,x1. Then, we obtain A as in (3.4),
where A(8);; = dz(f,z a; i; Sy, and A(a),; = d?(jg) b; zir Sy,, for i = 1,...,n,

j=1,....,pand r = 1,...,q, which must be evaluated at 8 = 6. In matrix
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form, A(8) = X T a; dij) Sy, 67 and A(e) = Z7T b;d\ Sy, 7. Relating GL and
LI under this scheme, which allows us to compare them with Ey = S 5”,
have that (3.3) can be expressed as
F(0)=3%,|[LBZ[[Z"W,Z)'Z BL
—[2"W2Z]'ZTMA'GL(B)] — EGL(9)|%,,.

B.3. Covariate perturbation

Here, we additively perturb a continuous covariate- X replacing x; by x;+wSx,,
where Sx, is the SD of X;. Here, the linear predictor component i is 7;(w) =
B1+ -+ Bilra +wiSx,] + - - + Bpxip and wy = 0,,%1, so that now £(O|lw) =
Sy i(pi(w;), 6;). Then, we obtain A as in (3.4) whose elements are A(a),; =
Brm; zir Sx, and

Blczx1 SX, fOI’]?él7
A(B)ji = ) .
Bicizi Sx, +du a; Sx,, forj=1;
fori =1,...,n, 7 = 1,...,pand r = 1,...,q, which must be evaluated
at @ = 6. In matrix form, A(8) = B Sx, X T ¢;0% + Sx, 15, i a; 67 an

Ala) = 3 Sx, Z" m; 675 Now, we additively perturb a continuous covariate-
Z substituting z, by zi + wSz,, where Sz, is the SD of Zj. Here, the linear
predictor component i is 7;(w) = a1 + -+ + aglzik + wiSz, ] + - + gz and
woy = 0n><17 so that now £(0|w) = E?:l éi(ui,éi(wi)), A(ﬁ)ﬂ = QO My Tij SZk
and

Qg W; Zir Sz, for r # k;

which must be evaluated at 8 = 6. In matrix form, Ala) = ap Sz, ZTwi(SZ”j +
Sx, 100 d0,8% and A(B) = ay Sz, X T m, 67

nxq

g w; zik Sz, + dS) b Sz, forr = k;

B.4. Joint covariate perturbation

A further perturbation scheme that we consider is when some perturbed co-
variate in X is also present in Z. For example, z;; = z;. Then, 7(w) =
a1 + -+ ogleg +wiSx, ]| + -+ agzig and wo = 0y,x1. Thus, now £(0|w) =
Yoy li(pi(wi), 6;(w;)) and A in (3.4) has elements

ﬂlcl-acijSXl—l—akmixijSX“ for j #
Bi ¢ xi Sx, + apm;xy Sx, er;(f) a; Sx,, forj=1,

A(B)ji = {

QWi zir Sx, + Bimy zir Sxys for r # k;
ag w; Ty Sx, + Bimi v Sx, +d((sl)b-SXl, forr = k.

In matrix form, A(8) = Sx,[X {0} + cxmidfy} + 1n><p d(z 7] and
A(a) = Sx,[Z T {arw65+Bimid)s +1 l)de )6”] As mentioned, the matrices

nxq

A(B) and A(a) must be evaluated at 6 = 6.
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