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Abstract: In large-scale modern data analysis, first-order optimization
methods are usually favored to obtain sparse estimators in high dimensions.
This paper performs theoretical analysis of a class of iterative thresholding
based estimators defined in this way. Oracle inequalities are built to show
the nearly minimax rate optimality of such estimators under a new type of
regularity conditions. Moreover, the sequence of iterates is found to be able
to approach the statistical truth within the best statistical accuracy geo-
metrically fast. Our results also reveal different benefits brought by convex
and nonconvex types of shrinkage.
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1. Introduction

Big data naturally arising in machine learning, biology, signal processing, and
many other areas, call for the need of scalable optimization in computation.
Although for low-dimensional problems, Newton or quasi-Newton methods con-
verge fast and have efficient implementations, they typically do not scale well
to high dimensional data. In contrast, first-order optimization methods have re-
cently attracted a great deal of attention from researchers in statistics, computer
science and engineering. They iterate based on the gradient (or a subgradient) of
the objective function, and have each iteration step being cost-effective. In high
dimensional statistics, a first-order algorithm typically proceeds in the following
manner

B =Po (B —avi(8")), =

where P is an operator that is easy to compute, VI denotes the gradient of the
loss function [, and « gives the stepsize. Such a simple iterative procedure is suit-
able for large-scale optimization, and converges in arbitrarily high dimensions
provided « is properly small.

‘P can be motivated from the perspective of statistical shrinkage or regular-
ization and is necessary to achieve good accuracy when the dimensionality is

1874


http://projecteuclid.org/ejs
http://dx.doi.org/10.1214/15-EJS1100
mailto:yshe@stat.fsu.edu

On the finite-sample analysis of ©-estimators 1875

moderate or high. For example, a proximity operator [11] is associated with
a convex penalty function. But the problems of interest may not always be
convex. Quite often, P is taken as a certain thresholding rule © in statisti-
cal learning, such as SCAD [5]. The resulting computation-driven estimators,
which we call ©-estimators, are fixed points of 3 = ©(8 — VI(8); A). To study
the non-asymptotic behavior of O-estimators (regardless of the sample size and
dimensionality), we will establish some oracle inequalities.

During the last decade, people have performed rigorous finite-sample anal-
ysis of many high-dimensional estimators defined as globally optimal solutions
to some convex or nonconvex problems—see [3], [19], [2], [9], [20], [14], among
many others. ©-estimators pose some new questions. First, although nicely, an
associated optimization criterion can be constructed for any given ©-estimator,
the objective may not be convex, and the estimator may not correspond to
any functional local (or global) minimum. Second, there are various types of
O-estimators due to the abundant choices of ©, but a comparative study re-
garding their statistical performance in high dimensions is lacking in the lit-
erature. Third, O-estimators are usually computed in an inexact way on big
datasets. Indeed, most practitioners (have to) terminate (1) before full com-
putational convergence. These disconnects between theory and practice when
using iterative thresholdings motivate our work.

The rest of the paper is organized as follows. Section 2 introduces the ©-
estimators, the associated iterative algorithm—TISP, and some necessary nota-
tion. Section 3 presents the main results, including some oracle inequalities, and
sequential analysis of the iterates generated by TISP. Section 4 provides proof
details.

2. Background and notation
2.1. Thresholding functions

Definition 1 (Thresholding function). A thresholding function is a real val-
ued function O(t; ) defined for —oo < t < oo and 0 < A\ < oo such that (i)
O(—t; N) = —O(t; A); (i) O(t; N) < O A) fort < t'; (i) limy_y o0 O(t; A) = 00;
(iv) 0 < O(t;A) <t for 0 <t < oo.

A vector version of O (still denoted by ) is defined componentwise if either
t or A is replaced by a vector. From the definition,

O (u; \) == sup{t: O(t;\) < u},Yu >0 (2)
must be monotonically non-decreasing and so its derivative is defined almost
everywhere on (0,00). Given O, a critical number Lg < 1 can be introduced

such that dO~!(u;\)/du > 1 — Lg for almost every u > 0, or

Lo :=1—-essinf{dO (u;\)/du : u > 0}, (3)
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where essinf is the essential infimum. For the perhaps most popular soft-
thresholding and hard-thresholding functions

Os(t;A) =sgn(t)([t| = Ny, Ou(t;A) =tly>a,

Lo equals 0 and 1, respectively.
For any arbitrarily given ©, we construct a penalty function Pg(t; A) as fol-
lows

|t] [t]
Po(t;\) = /0 (O Yu; A) —u)du = /0 (sup{s: O(s;A) <wu}—u)du (4)

for any t € R. This penalty will be used to make a proper objective function for
O-estimators.

The threshold 7(A\) := ©71(0; \) may not equal X in general. For ease in
notation, in writing ©(+; A), we always assume that A is the threshold parameter,
i.e., A = 7()\), unless otherwise specified. Then an important fact is that given
A, any thresholding rule © satisfies ©(¢; \) < O (t; ), Vt > 0, due to property
(iv), from which it follows that

Po(t; \) > Pu(t; \), (5)

where
[t]
Py (t; \) = /O (O (u; A) = w)du = (=£2/2 + At 1y <x + (A*/2)1jy=a. (6)

In particular, Py (t; ) < Py(t; M) := )‘721#0 and Py (t; ) < Pi(t; ) := Alt].

When © has discontinuities, such as ¢ = +X in Og(¢; \), ambiguity may
arise in definition. To avoid the issue, we assume the quantity to be thresholded
never corresponds to any discontinuity of ©. This assumption is mild because
practically used thresholding rules have few discontinuity points and such dis-
continuities rarely occur in real applications.

2.2. O-estimators

We assume a model
y=XB" +e¢ (7)

where X is an n x p design matrix, y is a response vector in R", 8" is the
unknown coefficient vector, and € is a sub-Gaussian random vector with mean
zero and scale bounded by o, cf. Definition 2 in Section 4 for more detail. Then
a O-estimator ,3, driven by the computational procedure (1), is defined as a
solution to the ©-equation

pB=0pB+X"y/p— X"XB/p; ), (8)

where p, the scaling parameter, does not depend on 3. Having p appropriately
large is crucial to guarantee the convergence of the computational procedure.
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All popularly used penalty functions are associated with thresholdings, such
as the £, (0 < r < 1), £, SCAD [5], MCP [18], capped ¢; [21], £y, clastic net
[22], Berhu [10, 6], ¢o+¥¢2 [12], to name a few. Table 1 lists some examples. From
a shrinkage perspective, thresholding rules usually suffice in statistical learning.

Equation (8) can be re-written in terms of the scaled deign X = X /p and
the corresponding coefficient vector 3 = p3

B=0B+X y—X XB\). 9)

We will show that the A in the scaled form does not have to adjust for the
sample size, which is advantageous in regularization parameter tuning.
A simple iterative procedure can be defined based on (8) or (9):

~ (t41

B /p; (10)

which is called the Thresholding-based Iterative Selection Procedure (TISP)
[12]. From Theorem 2.1 of [13], given an arbitrary ©, TISP ensures the following

) ~(t) =T =T = ~(t) ~(t+1)
—0(B +X y—-X XB 5\, =5

function-value descent property when p > %

FBN) < F(BY: ). (11)
Here, the energy function (objective function) is constructed as
1 P
FB:N) = 5IXB = l3+>_ Plolf;l: V), (12)

j=1
where the penalty P can be Pg as defined in (4), or more generally,
P(t; ) = Po(t; A) + q(t; A), (13)

with ¢ an arbitrary function satisfying ¢(t,A\) > 0, vt € R and ¢(t;\) = 0
if ¢ = O(s;A) for some s € R. Furthermore, we can show that when p >
1X|]2/(2 — Lo), any limit point of B is necessarily a fixed point of (8), and
thus a ©-estimator. See [13] for more detail. Therefore, f is not necessarily
unique when © has discontinuities—for example, penalties like the capped {1,
Py(t; N) = ’\721#0 and Py are all associated with the same ©y. Because of the
many-to-one mapping from penalty functions to thresholding functions, iterat-
ing (1) with a well-designed thresholding rule is perhaps more convenient than
solving a nonconvex penalized optimization problem. Indeed, some penalties
(like SCAD) are designed from the thresholding viewpoint.

The following theorem shows that the set of ©-estimators include all locally
optimal solutions of 3| X8 —yl|3 + X0_; Pe(|8;;A) =: fe(B).

Theorem 1. Let ﬁ be a local minimum point (or a coordinate-wise minimum
point) of fo(-). If © is continuous at B+ X Ty — X' X3, B must satisfy 3 =
0B+ XTy—XTXB;)N).



TABLE 1
Some examples of thresholding functions and their associated quantities
soft ridge hard
© (t — Asgn(t))1j¢>x e 114>
Lo 0 —-n 1
1,2 :
Po At 242 {%jff Al ﬁ :::;;\
P min(\|¢], >‘2—2) (‘capped ¢1’), %zlt;,,go
elastic net (n > 0) berhu (n > 0) hard-ridge (n > 0)
0 if [t] < A
e S THESN t—Asgn(t) fA< [t <A+ N/ S [N
e if [t] > X+ X/n
Lo —n 0 1
- 1,2 : X
P Gl e oo P T
 + 5, it > A/n. s+ 3, At > 3
P %%h#o + 2% (4o + £2)
scad (a > 2) mcp (v > 1)
0, if [¢] < A )
o {amOn, macism Lm0 <o
e Di—al 58N i 2 < |¢] < ad -1y > 0=
t, if [t] > aX i if [t] > yA
Lo 1/(a—1) 1/y
Asgn(t), if [t < A 2 R
Po ap _ akgsagl(i(l)t)—t7 if|/\|< It < a {:é + Alt], Tf [t <~x _ L Py (t)
0, if |t] > aX = i 2] 2 A
I, 0<r<1,¢>0)
{o, if |t) < ¢V/C (2 = r)(2 — 27) (" D/ (1)
sgn(t) max{¢/ = r(1 — )]/ <0 < |t] : 64 ¢ro7" ! = |t|}, otherwise.(The set is a singleton.)
Lo 1
P clel”
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The converse is not necessarily true. Namely, ©-estimators may not guarantee
functional local optimality, let alone global optimality. This raises difficulties in
statistical analysis. We will give a novel and unified treatment which can yield
nearly optimal error rate for various thresholdings.

3. Main results

To address the problems in arbitrary dimensions (with possibly large p and/or
n), we aim to establish non-asymptotic oracle inequalities [4]. For any 8 =

[B1,..., 8,7, define
TB =18 #0%  JB)=178)= 8l m

Recall Pi(t;\) = M|, Po(t;A) = )‘721#0, Py(t;\) = (—t2/2 + AL <n +
(A2/2)1)4>. For convenience, we use Pi(8;\) to denote A||B||; when there is
no ambiguity. Py(8;\) and Py (3;A) are used similarly. We denote by < an
inequality that holds up to a multiplicative constant.

Unless otherwise specified, we study scaled ©-estimators satisfying equation
(9), where 3 = pB8, X = X/p, and p > | X2 (and so | X ]2 < 1). By abuse
of notation, we still write 3 for 8, and X for X. As mentioned previously, we
always assume that © is continuous at ,3—|—X Ty - XTX[ ﬁ in Sections 3.1 & 3.2;
similarly, Section 3.3 assumes that © is continuous at ,@(t + XTy — XTXﬂ t).

The past works on the lasso show that a certain incoherence requirement
must be assumed to obtain sharp error rates. In most theorems, we also need to
make similar assumptions to prevent the design matrix from being too collinear.
We will state a new type of regularity conditions, which are called comparison
regularity conditions, under which oracle inequalities and sequential statistical
error bounds can be obtained for any ©.

3.1. Pg-type oracle inequalities under Rq

In this subsection, we use Pg to make a bound of the prediction error of ©-
estimators. Our regularity condition is stated as follows.

ASSUMPTION Rg(6,9, K, 3,\) Given X, ©, B, A, there exist 6 > 0, ¢ > 0,
K > 0 such that the following inequality holds for any 3’ € R?

Pu(B - ﬂA)+—||ﬂ AlI3

o

. (15)
< 22X (8 — B)3+ Po(B': ) + KPo(B; V).

Roughly, (15) means that 2| X (8" — 3)||3 can dominate Lg||3 — B3 with
the help from Pg(8';\) and K Pg(3; ) for some K > 0.
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Theorem 2. Let 3 be any O-estimator satisfying 8 = OB+XTy—XTXpB; )
with A = Ao+/log(ep) and A a constant. Then for any sufficiently large A, the
following oracle inequality holds for B € RP

E[| X3 - X831 S| XB8 — XB|3 + Po(B; \) + 02, (16)

provided Ro (6,9, K, 3, \) is satisfied for some constants § > 0,9 >0, K > 0.

Theorem 2 is applicable to any ©. Let’s examine two specific cases. First,
consider Lg < 0, which indicates that Pg is convex. Because Py < Pg and
Py is sub-additive: Py (t + s) < Pg(t) + Pg(s) due to its concavity [20],
Ro(6,9, K, B3, \) is always satisfied (for any 6 <2,0< 9 <1, K >9).

Corollary 1. Suppose O satisfies Lo < 0. Then, (16) holds for all correspond-
ing ©-estimators, without requiring any regularity condition.

In the case of hard-thresholding or SCAD thresholding, Po(8;\) does not
depend on the magnitude of 3, and we can get a finite complexity rate in the
oracle inequality. Also, R can be slightly relaxed, by replacing K Pg(3; \) with
KPy(B;\) in (15). We denote the modified version by R{ (6,9, K, 3, A).

Corollary 2. Suppose that © corresponds to a bounded nonconvex penalty sat-
isfying Po(t;\) < CN2, Vt € R, for some constant C > 0. Then in the setting
of Theorem 2,

E[|XB - XB*|3] S |1 X8 — XB*|5 + 0*J(B) log(ep) + o7, (17)

provided R{ (6,9, K, B, \) is satisfied for some constants § > 0,9 >0, K > 0.

Remark 1. The right-hand side of the oracle inequalities involves a bias term
| X B—XB*||3 and a complerity term Pg(B;\). Letting B = B” in, say, (16), the
bias vanishes, and we obtain a prediction error bound of the order o2J* log(ep)
(omitting constant factors), where J* denotes the number of nonzero compo-
nents in B*. On the other hand, the existence of the bias term ensures the
applicability of our results to approximately sparse signals. For example, when
(3" has many small but nonzero components, we can use a reference 8 with a
much smaller support than J(3") to get a lower error bound, as a benefit from
the bias-variance tradeoff.

Remark 2. When R holds with § > 1, the proof of Theorem 2 shows that the
multiplicative constant for || X 3 — X 3*||3 can be as small as 1. The correspond-
ing oracle inequalities are called ‘sharp’ in some works [7]. This also applies to
Theorem 3. Our proof scheme can also deliver high-probability form results,
without requiring an upper bound of || X||2.

Remark 3. Corollary 2 applies to all “hard-thresholding like” ©, because when
O(t;\) =t for [t| > ¢\, Po(t;\) < A2, It is worth mentioning that the er-
ror rate of o2.J* log(ep) cannot be significantly improved in a minimax sense.
In fact, under the Gaussian noise contamination and some regularity condi-
tions, there exist constants C, ¢ > 0 such that infg supg-, ;g-)<; E[| X (8 —
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B)13)/(CP,(J))] > ¢ > 0, where 3 denotes an arbitrary estimator of 8* and
P,(J) = 0%{J + Jlog(ep/J)}. See, e.g., [9] for a proof. The bound in (17)
achieves the minimax optimal rate up to a mild logarithm factor for any n and
p.

3.2. Py-type oracle inequalities under R,

This part uses P, instead of Pg to make an oracle bound. We will show that
under another type of comparison regularity conditions, all thresholdings can
attain the essentially optimal error rate given in Corollary 2. We will also show
that in the case of soft-thresholding, our condition is more relaxed than many
other assumptions in the literature.

ASSUMPTION R1(0,7, K,8,\) Given X, ©, 8, A, there exist 6 > 0, 9 > 0,
K > 0 such that the following inequality holds for any 3’ € R?

L
P (B = B:A) + 718" = Bl + Po(8: )

2 —

5 (18)
< THX(ﬁ/ = B3+ Po (B N) + KX2J(B).

Theorem 3. Let 3 be a O-estimator and A = Ao +/log(ep) with A a sufficiently
large constant. Then E[| X8 — X8*||12] < || X8 — X B2 + A\2J(8) + o2 holds
for any B € RP if R1(4,9, K, B, \) is satisfied for some constants § > 0,9 > 0,
K >0.

Remark 4. Some fusion thresholdings, like those associated with elastic net,
Berhu and Hard-Ridge (cf. Table 1), involve an additional ¢s shrinkage. In the
situation, the complexity term in the oracle inequality should involve both J(3)
and ||3/3. We can modify our regularity conditions to obtain such £y +#£3 bounds
using the same proof scheme. The details are however not reported in this
paper. In addition, our results can be extended to O-estimators with a step-
size parameter. Given A > 0 and 0 < a < 1, suppose A, is introduced such
that aPe(t;\) = Po(t; A\s) for any t. Then, for any 3 as a fixed point of
B=0(8-aXTX3+aXTy;)\,), an analogous result can be obtained (the
only change is that Lg is replaced by Lg/a).

To give some more intuitive regularity conditions, we suppose Pg is concave
on [0, 00). Examples include ¢, (0 < r < 1), MCP, SCAD, and so on. The con-
cavity implies Po(t + s) < Po(t) + Po(s), and so Po(8'7;\) — Po(B;A) <
Po((B" — B)7;A) and Po(B'7¢;A) = Po((B" — B)g¢; \), where J¢ is the com-
plement of J and B3 is the subvector of 3 indexed by J. Then R; is implied
by R} below for given J = J(3).

ASSUMPTION R (4,9, K, J,\) Given X, O, J, A, there exist § > 0, ¢ > 0,
K > 0 such that for any A € RP,
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L
Po(Ag:\) +9Pu(Ag:N) + || All3

2 (19)
< THXAH% + KNJ + Po(Age;N) —9Pg(Age; N),
or
Lo 9 2-4 9 9
(1+9)Po(Az;A) + THAHQ < T||XA||2 + KX J + (1 =9)Po(Age; N).
(20)

When O is the soft-thresholding, it is easy to verify that a sufficient condition
for (20) is

1+ ) Az]h < KVIIXA|z + [Age|1, (21)

for some ¥ > 0 and K > 0. (21) has a simper form than R;. In the following, we
give the definitions of the RE and the compatibility condition [2, 16] to make a
comparison to (21).

ASSUMPTION RE(kgg,OrE,J). Given J C [p], we say that X € R™*P satisfies
RE(KRE,’lgRE,j), if for positive numbers krg, Yrg > 0,

JI XA > rrsllAgll, (22)
or more restrictively,
IXA|3 > rsrelAgl3, (23)
for all A € RP satisfying
(1+9re)|AglL = [[Agell. (24)

Assume RE(kpp,Yre,J) holds. When (1 + 9rp)||As|l1 < [|Age]1, (21)
holds trivially with ¢ = Ogp; otherwise, (22) indicates (1 + 9)||As|1 <

KVI| XA, with K = (14 9zg)/\/Fre. So intuitively, we have the following
relationship:

(23) + (24) = (22) + (24) = (21) = (20) = (19) = (18).
In particular, R, is less demanding than RE.

Next, let’s compare the regularity conditions required by ©g and ©p to
achieve the nearly optimal error rate. Recall Ry(d,9, K, 3, ) and R{ (4,7, K,
3, A) in Theorem 3 and Corollary 2, respectively

/ 2-9 / /
IP(B = B 0) + Bl < == I1X (8" = B3 + B[l + KA,
/ / 2-9 / /
OP(B — BN + 518 — B3 < ZIOX (B = BB+ Pa(8N) + KN,
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R1 (8,9, K, B, ) implies R1 (5,9, K + 1,8, \). Indeed, for A = 8 — 3,
MBI = AlIB N < MAglh = MB el
1 1
< 5/\2J + §||AJ||§ — Py (B¢ 0)

1 1
< SN+ S AIE — P (B 0) + Pr (Bl )
1 1
< SN+ SlIAFIE — P (B A) + Po(Blr: \)
1
<NT+SlAglE - Pa(B ).

On the other hand, Corollary 2 studies when all O g-estimators have the
optimal performance guarantee, while practically, one may initialize (10) with
a carefully chosen starting point.

Theorem 4. Given any ©, there exists a O-estimator (which minimizes (12))
such that (16) holds without requiring any reqularity condition. In particular, if
© corresponds to a bounded nonconvex penalty as described in Corollary 2, then
there exists a ©-estimator such that (17) holds free of regularity conditions.

Theorem 4 does not place any requirement on X. So it seems that applying
Oy may have some further advantages in practice. (How to efficiently pick a
O y-estimator to completely remove all regularity conditions is however beyond
the the scope of the current paper. For a possible idea of relaxing the conditions,
see Remark 6.)

Finally, we make a discussion of the scaling parameter p. Our results so far
are obtained after performing X <+ X /p with p > || X||2. The prediction error
is invariant to the transformation. But it affects the regularity conditions.

Seen from (8), 1/p? is related to the stepsize a appearing in (1), also known
as the learning rate in the machine learning literature. From the computational
results in Section 2.2, p must be large enough to guarantee TISP is convergent.
The larger the value of p is, the smaller the stepsize is (and so the slower the
convergence is). Based on the machine learning literature, slow learning rates are
always recommended when training a nonconvex learner (e.g., artificial neural
networks). Perhaps interestingly, in addition to computational efficiency reasons,
all our statistical analyses caution against using an extremely large scaling when
Lo > 0. For example, R)(5,9, K,3,)) for an unscaled X reads 9Py (p(8" —
B): ) + 2?18 — BI3/2 < (2 - O)IX (B — B)I3/2 + Pu(pB'; A) + KA\, which
becomes difficult to hold when p is very large. This makes the statistical error
bound break down easily. Therefore, a good idea is to have p just appropriately
large (mildly greater than || X ||2). The sequential analysis of the iterates in the
next part also supports the point.

3.3. Sequential algorithmic analysis

We perform statistical error analysis of the sequence of iterates defined by TISP:
,B(H'l) = G(ﬁ(t) +XTy — XTXﬁ(t); A), where || X||2 <1 and 6(0) is the start-
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ing point. The study is motivated from the fact that in large-scale applications,
O-estimators are seldom computed exactly. Indeed, why bother to run TISP
till computational convergence? How does the statistical accuracy improve (or
deteriorate) at t increases? Lately, there are some key advances on the topic. For
example, [1] showed that for convex problems (not necessarily strongly convex),
proximal gradient algorithms can be geometrically fast to approach a globally
optimal solution ,@ within the desired statistical precision, under a set of condi-
tions. We however care about the statistical error between ,B(t) and the genuine
B in this work.

We will introduce two comparison regularity conditions (analogous to Ry
and R1) to present both Pg-type and Py-type error bounds. Hereinafter, denote
(BT AB)'/2 by ||B]|a, where A is a positive semi-definite matrix.

ASSUMPTION Sy(8,9, K, 3,8, )\) Given X, ©, 3, B, ), there exist § > 0,9 > 0,
K > 0 such that the following inequality holds

9Pa(d — B:3) + 0 g2

< |X(B -85+ Pe(ﬂ ;) + K Po(B; ).

AssumPTION S; (6,9, K, 3,8',)\) Given X, ©, 3, B, ), there exist § > 0,9 > 0,
K > 0 such that the following inequality holds

(25)

0P(@ — B0 + F2 8 B3 + Po(8: )

< |IX(B -8+ P@(,@ ;) + KX J(B).

(26)

(25) and (26) require a bit more than (15) and (18), respectively, due to
X |2 < 1. The theorem and the corollary below perform sequential analysis of
the iterates and reveal the explicit roles of §,9, K (which can often be treated
as constants).

Theorem 5. Suppose Sy(6,9, K, ﬁ*,ﬁ(t), A) is satisfied for some § > 0,9 > 0,
K > 0, then for A\ = Ac/log(ep)/\/(6 A9)Y with A sufficiently large, the
—cA?,

following error bound holds with probability at least 1 — Cp

146 . . .
1B = B 1F_xrx) < 2||,6 =Bt xrx) + (K +1)Pe(B":N),
(27)

where C, ¢ are universal positive constants.

Similarly, under the same choice of regularity parameter, if S1(9,9, K, 3",
,C')'(t),)\) 18 satisﬁed2f0r some 6 > 0,9 >0, K > 0, (28) is true with probability
at least 1 — Cp=cA

—— 18" = Bt _xrx) < 2||6 — B P xrx) + KN (28)
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Corollary 3. In the setting of Theorem 5, for any initial point ,8(0) € RP, we
have

K *
”ﬁ(t) ﬁ ”(1 XTX) <"5tHB(O) 5 ”(I XTX) +mKIP@(ﬁ 5/\)a (29)

* t * R *

18 = BNt —xrx) < B 1IB” = BNt _xrx) + 7= K A", (30)
under So(6,9, K, 3*,8°),\) and Sl(é,ﬂ,K,ﬁ*,ﬁ(s),)\),O < s <t—1, respec-
tively, with probability at least 1 — C’p_CAz. Here, k =1/(149), K' = 2(K +1),
K" =2K.

Remark 5. We can get some sufficient conditions for Sy and &1, similar to the
discussions made in Section 3.2. When || X2 is strictly less than 1, (25) can be
relaxed to Py (8" = B; A) + (Lo +9)[I8" — BII3/2 < 2+ )| X (8 - B)[3/2 +
Po(B';\) + KPo(B;\) for some § > 0. The proof in Section 4.4 also gives
expectation-form results, with an additional additive term Cco?/(§ A ) in the
upper bounds. Similar to Remark 4, we can also study ©-iterates with stepsize
@, in which case the weighting matrix in (27)-(30) changes from I — X7 X
to I/a — X7 X, and the factor (Lo +6)/2 in (25) and (26) is replaced by
(Lo +6)/(20).

Remark 6. Theorem 5 still applies when 6,1, K and A are dependent on ¢. For
example, if we use a varying threshold sequence, i.e., B(tH) = @(ﬁ(t) +XTy
XT X3 A\®) then (30) becomes

t—1
18 = Bty xrx) < s 1B = B7IErxerx) + K" DTN
s=0
This allows for much larger values of A\ to be used in earlier iterations to attain

the same accuracy. It relaxes the regularity condition required by applying a
fixed threshold level.

At the end, we re-state some results under p > || X||2, to get more intuition
and implications. For a general X (unscaled), (30) reads

* * R *
||/6(t) - /6 H%p2I—XTX) S K/t”,B(O) - ,8 H?pzl—XTX) + EK”O—2>\2J .

Set p to be a number slightly larger than || X ||z, i.e., p = (1 + €)|| X||2, € > 0.
Then, we know that the prediction error || X B — x3* |2 decays geometrically
fast to O(o2J* log(ep)) with high probability, when ¢, §, ¥, K are viewed as
constants; a similar conclusion is true for the estimation error. This is simply
due to

p*—1IX13

Wllﬂ(” —Bxrx < (=1 XIDIBY =815 < 18 =B"[IF 21— x7x)-

Accordingly, there is no need to run TISP till convergence—one can terminate
the algorithm earlier, at, say, tmax = log{p2[|8" —B%(|2/ (K2 2J*)} /log(1/k),
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without sacrificing much statistical accuracy. The formula also reflects that the
quality of the initial point affects the required iteration number.

There are some related results in the literature. (i) As mentioned previously,
in a broad convex setting [1] proved the geometric decay of the optimization
error ||3) — B]| to the desired statistical precision, where 3 is the convergent
point. [8] extended the conclusion to a family of nononvex optimization prob-
lems, and they showed that when some regularity conditions hold, every local
minimum point is close to the authentic 3. In comparison, our results are de-
rived toward the statistical error between ,Ci'(t) and B directly, without requiring
all local minimum points to be statistically accurate. (ii) [21] showed a similar
fast-converging statistical error bound for an elegant multi-stage capped-¢; reg-
ularization procedure. However, the procedure carries out an expensive £; op-
timization at each step. Instead, (10) involves a simple and cheap thresholding,
and our analysis covers any O.

4. Proofs

Throughout the proofs, we use C, ¢, L to denote universal non-negative con-
stants. They are not necessarily the same at each occurrence. Given any matrix
A, we use R(A) to denote its column space. Denote by P4 the orthogonal
projection matrix onto R(A), i.e., P4 = A(AT A)* AT where * stands for the
Moore-Penrose pseudoinverse. Let [p] := {1,--- ,p}. Given J C [p], we use X 7
to denote a column submatrix of X indexed by J.

Definition 2. ¢ is called a sub-Gaussian random wvariable if there exist con-
stants C,c > 0 such that P{|¢| > t} < Ce=°" Yt > 0. The scale (Yo-norm)
for & is defined as o(§) = inf{oc > 0 : Eexp(£?/0?) < 2}. € € R? is called
a sub-Gaussian random vector with scale bounded by o if all one-dimensional
marginals (€, o) are sub-Gaussian satisfying ||(€, o)||y, < ollall2, Vo € RP.

Examples include Gaussian random variables and bounded random variables
such as Bernoulli. Note that the assumption that vec (€) is sub-Gaussian does
not imply that the components of € must be i.i.d.

We begin with two basic facts. Because they are special cases of Lemma 1
and Lemma 2 in [13], respectively, we state them without proofs.

Lemma 1. Given an arbitrary thresholding rule ©, let P be any function sat-
isfying P(0; \) — P(0;\) = Po(0;\) + q(0; \) where Po(0;)\) £ Ole‘(sup{s :
O(s; \) < u}y —u)du, q(0; N) is nonnegative and q(©(t; A)) = 0 for all t. Then,
B =O(y; \) is always a globally optimal solution to ming slly = B3 + P(I8]; A).
It is the unique optimal solution provided ©(-; \) is continuous at |y|.

Lemma 2. Let Qo(3) = |ly — Bl2/2 + Po(|B];A). Denote by B the unique

minimizer of Qo(B). Then for any §, Qo(B + ) — Qo(B) > (1 — Le)]|0]|3/2.
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4.1. Proof of Theorem 1

Let s(u; A) := ©~Y(u; \) —u for u > 0. Assume @ is a local minimum point (the
proof for a coordinate-wise minimum point follows the same lines). We write fo
as f for simplicity. Let 0 f(3; h) denote the Gateaux differential of f at B with
increment h: 0 f(3; h) = lim._,o4 w By the definition of Pg, 6 f(3, h)
exists for any h € RP. Let I(B) = 2||X B — yl|3. We consider the following
directional vectors: d; = [dy,- -+ ,d,|T with d; = +1 and dj» = 0,Vj’ # j. Then
for any j,

51(B;d;) = djm (XB —y), (31)
o _ ) s(Bsl)sen(By)d;, if B #0,
dPe(B;d;) {S(Wj)a if 8, — 0. (32)

Due to the local optimality of ,8, (Sf(ﬂ, i) >0, Vj. When 51 # 0, we obtain
2T (XB—y)+s(B: Nsg(Br) = 0. When 41 = 0, aT (XB—y) +s(|1]: A) > 0
and —z{ (XB—y) +s(|B1;A) = 0, ie., [2] (XB—y)| < s(|B1]; A) = O71(0; ).
To summarize, when f achieves a local minimum or a coordinate-wise minimum
(or more generally, a local coordinate-wise minimum) at 3, we have

B # 0= 071 (|B;: Nsgn(By) = B; — =] (XB ~ ) (33)
B =0=0(x](XB - y);\) =0 (34)
When © is continuous at 51 —x; T(X3 —y), (33) implies that Bj = @(Bj —

x; T(X3—y);\). Hence 8 must be a O-estimator satisfying 8 = O(8+ Xy —
XTX3:\).

4.2. Proofs of Theorem 2 and Theorem 3

Given O, let ﬁ be any ©-estimator, 3 be any p-dimensional vector (non random)
and A = 3 — 8. The first result constructs a useful criterion for 3 on basis of
Lemma 1 and Lemma 2.

Lemma 3. Any O-estimator 3 satisfies the following inequality for any B € RP
1 . N 1
SIXB -85+ 5;AT(XTX — LeD)A
: 2 ) (35)
< SIXB =B+ Po(B;A) — Po(B;A) + (€, X A),
where A = B - B.

To handle (e, X A), we introduce another lemma.
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Lemma 4. Suppose || X||2 < 1 and let \°> = o+/log(ep). Then there exist
universal constants Ay, C,c > 0 such that for any constants a > 2b > 0, the
following event

sup {2(e, X8) — L1X 812 — LPu(B: VabA N} = a0®  (36)
BERP a b

occurs with probability at most Cexp(—ct)p_CAZf, where t > 0.

The lemma plays an important role in bounding the last stochastic term in
(35). Its proof is based on the following results.

Lemma 5. Suppose || X||2 < 1. There exists a globally optimal solution 3° to
ming 3|y — X 8|13 + Pu(8; \) such that for any j : 1 < j < p, either 3 =0 or
1821 > X

Lemma 6. Given X e R"*? and J : 1 < J <p, definel’; = {a e R? : ||a]z <
La € R(Xz) for some J : |T| = J}. Let P(J) = o*{J +log (%)}. Then for
anyt >0,

P ( sup (€,a) > to + \/LPé(J)> < Cexp(—ct?), (37)

acl’;

where L, C,c > 0 are universal constants.

Let R = sup;< <, Supacr,{(e, XA) — £Py(A;VabA1\?) — & X A3},
with A%, A; given in Lemma 4. (The starting value of J is 1 because when
J(A) =0, (¢, XA) = 0.) Substituting it into (35) gives

1 . y 1
SIXB=BI5+54T2XTX — LoT)A
1 . 5 1 Y
<SIX (8= BIIE + Po(B:A) = Po(B;\) + o5 Pu(A; VabAiX)
1 2 1 2
5 IXAS+ SIXA[Z + R

<SIX(8 = B3 + Po(B53) — Pol(BiA) + 5y Pu(As Vab AL\
1

1
“(14+ DI XA? .
+50+ DIXAR+ R

Because P(R > ao?t) < Cexp(—ct), we know E[R] < ac?.
Let A = AN with A = A;v/ab and set b > 1/(209). The regularity condition
Ro(6,9, K, 3, \) implies that

1 L 2-946 -
Sy P ) + ZIA[S < S| XA|5 + Po(B: ) + KPo(B: ). (38)

Choose a to satisfy a > 1/4, a > 2b. Combining the last two inequalities gives

E[|X (B - 87)II3)
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<X (8= B2+ 2(K + 1)Po(B: A) + E[(1 + 2 —§)|XA2] + 2E[R]
SIX(8 =895 + Po(B; ) + 0, (39)

with the last inequality due to | X A3 < (1+1/¢)]| X (8—8")|3+(1+¢)|| X (8-
B*)||3 for any ¢ > 0.

The proof of Theorem 3 follows the lines of the proof of Theorem 2, with (38)
replaced by

1 L 2—-90 .
Sy DA + Z2 A3 + Po(B:) < =S| XAJ3 + Po(B: \) + KN*J(8).

and (39) replaced by
E[|X (8 - 87)lI3]
<[X (8~ B3+ 2K\ J(8) + E[(1 + é —0)|X A3 + 2E[R]
SIX(B =893+ N J(B) + o>

The details are omitted.

4.3. Proof of Theorem

From the proof of Lemma 5, there exists a O-estimator B which minimizes
f(B) = U(B) + Po(B; \). This means that the term JA" (X" X — LoI)A can
be dropped from (35). Following the lines of Section 4.2, (17) holds under a
modified version of Ry (4,9, K, B, A), which replaces (15) with

1-9

S IX (8 = B3+ Po(B'X) + KPo(B:N).  (10)

IPu (B —B;\) <

Using the sub-additivity of Py, we know that any design matrix satisfies (40)
forany 0 <9 <1,0 <1, K >9.

4.4. Proof of Theorem 5 and Corollary 3

Let f(B8) = U(B) + Po(B; A) where I(8) = 5[1X 8 — ylI3.

Lemma 7. Let ,B(H'l) = @(,B(t) + XTy — XTXﬁ(t);/\). Then the following
‘triangle inequality’ holds for any 3 € RP

1-Le 1
—5 B =Bl + 518" = BT xrx

< 318 = BI3_xrx + F(8) - F(8V).
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Letting 8 = 8 in the lemma, we have
SIBD — B Ber 1 cayr + 518~ BO_xrx + Po(8C:)
<5189 — 8713 _erx (e, X(BE — 5)) + Po(B"; ).

Moreover, under Sy(d,9, K, 3%, 3, \) with 3’ = Ig(t-ﬁ-l)’
1+6
2

1 ‘ 1 .
<GB = B lr x 1oy + Po(BYTVN) + 1B — 875 x

Combining the last two inequalities gives

9Py (BT — BN + 1B — B%||3 — KPo(B7; )

1+6 . 1
— 1B = B _xrx + 518 = BUNT_xrx
5 * *
+ 518 = B 5 x +0PH (BT - 8%
1 * * *
<318 = Bl 7_xrx + (K + DPe(B":N) + (e X (8 - Y)).

Let Ty = {B € RP: J(B) = J}, \° = 0y/log(ep). We define an event & with
its complement given by

£ £ (sup{2(e. XB) — IXBIE —  [Pu(B: Vabdi )]} > 0).

By Lemma 4, there exists a universal constant L such that for any A2 > L,
a>2b>0, P& < Cp_CAf. Clearly, £ implies

(6, X (BT = 57) < 518U = B erx + o5 Pu(BH) = 75 Vab A1),
(41)

Take b= 1/(20), a = 1/(6§ AY), Ay > VL, and A = A;v/ab\°. Then, on & we
get the desired statistical accuracy bound

1+0 x 1 x *
18 = B xrx < 518~ BUIIT_xrx + (K + 1) Pe(87:).

The bound under S; can be similarly proved. Noticing that (41) holds for
any t, Corollary 3 is immediately true.

4.5. Proofs of Lemmas
4.5.1. Proof of Lemma 3
Let f(B) = 1(B) + Po(B: A) with I(8) = [|X 8 — yl|3. Define

9(8.7) = 1(8) + (VI(B),y ~ B) + 5y~ BB+ Polyih).  (42)
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Given 3, g(8,7) can be expressed as

Sl = (8= VUB)I+ Po(: ) + <(B),

where ¢(3) depends on 3 only.
Let 3 be a O-estimator satisfying 3 = @(ﬁ - XTXB+ XTy; A). Based on
Lemma 1 and Lemma 2, we have

1-Lo
2

9B.B+A)—g(B.B) > a3,

from which it follows that
P - 1
FB+A)=f(B)> ;AT (XX — LoI)A.

This holds for any A € RP. O

4.5.2. Proof of Lemma 4.

Let

1 1
lg(B) = 2(e, XB) — EHXﬁHg 3

Io(8) = 2{e, XB) — ~ | XBI3 — S [Fo(8: Vabido ),

[Py (B; VabAg\°)]

and Eg = {supgeps (r(B) > ato?}, and & = {supgep» lo(B) > ato?}. Because
Py > Py, & C Ex. We prove that £ = &y. The occurrence of £ implies that
Ig(B°) > ato? for any B° defined by

B € argmin | XBI3 - 2(e, XB) + 1 [Pu(8; Vab Ao\,

With a > 2b > 0, Lemma 5 states that there exists at least one global minimizer
B°° satisfying Py (8°°;vVabA1\°) = Po(B°°;VabA1)\°) and thus 1(B8°°) =
1o(B8°°). This means that suplo(8) > Io(8°°) = Ix(B°°) > ata®. So £y C &,
and it suffices to prove £§ occurs with high probability, or more specifically,
P(£9) < Cexp(—ct)p~eAi.

Given 1 < J < p, define I'y = {8 € R? : J({B) = J}. Let R =
SUP; < 7<), SUPger, { (€, X B) — 57 Po(B; VabAi\°) — = || X B||3}. We will use Lem-
ma 6 to bound its tail probability.

Let P,(J) = 02{J +log ()}. We claim that

P[sup {(e, XB) — ——|| X} — aLPl(J)} > ato?] < Cexp(—ct).  (43)
Bel; 2a
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Indeed,
1
2(e, XB) — allXﬁllg —2aLP,(J)
1
<2(e, X B/[| X Bll2)[| X Bll2 — 2[| X B2/ LF;(J) — %HX/@H%
1
=2 X2 ((e. XB/I1XBl2) - VIP(D) — 51X B3 (44)
1
<2| X2 ((e. XB/IXBIl2) = VIP(D) - 5-IXBI3
+ a
2
<2a (. XB/|XBl2) - VIF(T)) .
where the last inequality is due to Cauchy-Schwarz inequality. (43) now follows
from Lemma 6.
Set Ay > 4V/L. We write Py(B;)\°) with 8 € T'; as Py(J;\°). Noticing
some basic facts that (i) P)(J) < CJlog(ep) < CPy(J;A°) due to Stirling’s

approximation, (i) \/(A3/2)Py(J;\°) > /LP,(J) + \/cA3Py(J; \°) for some
¢ >0, and (iii) Jlog(ep) > logp + J for any J > 1, we get

P(R > ac?t)

IN
M- =

P <a sup <<6,Xﬁ/|lXﬁII2> —\/(A1/2) Ro(J; /\")) > a02t>

BeT +

P(sup (€, @) —/(43/2)Po(J;A°) > oV/1)

acl’;

<
Il

1

I
NE

<
Il
—

P(sup (€, @) — \/LPy(J) > Vio +1/cATPy(J; 1))

acl’;

NE

<
Il
_

M=

C exp(—ct) exp{—cA7(J + log(p))}
J

Il
_

P
<C'exp(—ct) Z exp(—cA? logp) exp(—cA3J)
J=1

<Cexp(—ct)p~*A1,
where the last inequality due to the sum of geometric series. O
4.5.8. Proof of Lemma 5.
Similar to the proof of Lemma 3, we set fr(8) = I(8) + Pu(B;\) with I[(8) =
)

3l XB — y3 and construct gy (8,7) = fu(y) + 3llv — Bl — (l(y) - UB) —
(VI(B),y = B)). Under [ X|[2 < 1, for any (8,7),

9ir(8.7) — ) = 5y~ B)"(I = X" X)(v— §) 0.
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Let 8° be a globally optimal solution to ming fr(8). Then v° := Oy (8° —
XTXB°+ XTy; \) gives

fu(v°) < gu(B°7°) < gu(B°,8°) = fu(B°),
with the second inequality due to Lemma 1. Therefore, v° must also be a global

minimizer of fz, and by definition, v° demonstrates a threshold gap as desired.
|

4.5.4. Proof of Lemma 6.

By definition, {(¢,a) : a € I';} is a stochastic process with sub-Gaussian
increments. The induced metric on I'; is Euclidean: d(a, a2) = 0|1 — aalf2.

To bound the metric entropy log NV (g, I}, d), where N (g, I}, d) is the smallest
cardinality of an e-net that covers I, under d, we notice that a is in a J-
dimensional ball in RP. The number of such balls {Px_, N B,(0,1) : J C [p]} is
at most (5), where B,,(0,1) denotes the unit ball in RP. By a standard volume
argument (see, e.g., [17]),

log (&, d) < log (§> (C7)7 = 1og (?) + Jlog(Ca/e),  (45)

where C is a universal constant. The conclusion follows from Dudley’s integral
bound [15]. O

4.5.5. Proof of Lemma 7

We use the notation in the proof of Lemma 3 with g defined in (42). By Lemma
1 and Lemma 2, we obtain g(ﬁ(t),ﬁ) - g(ﬂ(t),ﬁ(tﬂ)) > %H,@(Hl) - ﬂ”%a
namely,

(VIEY), 3~ B0) + Po(B) ~ Po(8"D) + 116 - 813
180 — B > T EO g0 g2

To cancel the first-order term, we give two other inequalities based on second-
order lower /upper bounds:

1B) ~ UBY) ~ (VI(BY), 8~ BY) > 118Y) ~ By
1)+ (VUA), B — BO) — U(BD) 2 ~ 28 — B0 .

Adding the three inequalities together gives the triangle inequality. O



1894 Y. She

Acknowledgement

The author would like to thank the editor, the associated editor and two anony-
mous referees for their careful comments and useful suggestions that improve
the quality of the paper. The author also appreciates Florentina Bunea for the
encouragement. This work was supported in part by NSF grant DMS-1352259.

References

[1] AGARWAL, A., NEGAHBAN, S., and WAINWRIGHT, M. J. (2012). Fast
global convergence of gradient methods for high-dimensional statistical re-
covery. Ann. Statist., 40(5):2452-2482. MR3097609

[2] BIickEL, P. J., RiTov, Y., and TsyBAKOV, A. B. (2009). Simultaneous
analysis of lasso and dantzig selector. The Annals of Statistics, pages 1705—
1732. MR2533469

[3] BuNEA, F., TsyBakov, A. B., and WEGKAMP, M. (2007). Sparsity or-
acle inequalities for the lasso. FElectronic Journal of Statistics, 1:169-194.
MR2312149

[4] DoNnoHO, D. and JOHNSTONE, I. (1994). Ideal spatial adaptation via
wavelet shrinkages. Biometrika, 81:425-455. MR1311089

[5] FaN, J. and L1, R. (2001). Variable selection via nonconcave penalized
likelihood and its oracle properties. Journal of the American Statistical
Association, 96:1348-1360. MR 1946581

[6] HE, Y., SHE, Y., and Wu, D. (2013). Stationary sparse causality network
learning. J. Mach. Learn. Res., 14:3073-3104. MR3138910

[7] KorrcHINsKI, V., Lounict, K., and TsyBakov, A. B. (2011). Nuclear-
norm penalization and optimal rates for noisy low-rank matrix completion.
Ann. Statist., 39(5):2302-2329. MR2906869

[8] LoH, P.-L. and WAINWRIGHT, M. J. (2015). Regularized m-estimators
with nonconvexity: Statistical and algorithmic theory for local optima. J.
Mach. Learn. Res., 16(1):559-616. MR3335800

[9] Lounict, K., PoNTIiL, M., TsyBakov, A. B., and VAN DE GEER, S.
(2011). Oracle inequalities and optimal inference under group sparsity. An-
nals of Statistics, 39:2164-2204. MR2893865

[10] OWEN, A. B. (2007). A robust hybrid of lasso and ridge regression. Predic-
tion and Discovery (Contemporary Mathematics), 443:59-71. MR2433285

[11] PARIKH, N. and BoyD, S. (2014). Proximal algorithms. Foundations and
Trends in Optimization, 1(3):127-239.

[12] SHE, Y. (2009). Thresholding-based iterative selection procedures for
model selection and shrinkage. Electronic Journal of Statistics, 3:384-415.
MR2501318

[13] SHE, Y. (2012). An iterative algorithm for fitting nonconvex penalized
generalized linear models with grouped predictors. Computational Statistics
and Data Analysis, 9:2976-2990. MR2929353

[14] SHE, Y. (2014). Selective factor extraction in high dimensions. arXiv
preprint arXiw:1403.6212.


http://www.ams.org/mathscinet-getitem?mr=3097609
http://www.ams.org/mathscinet-getitem?mr=2533469
http://www.ams.org/mathscinet-getitem?mr=2312149
http://www.ams.org/mathscinet-getitem?mr=1311089
http://www.ams.org/mathscinet-getitem?mr=1946581
http://www.ams.org/mathscinet-getitem?mr=3138910
http://www.ams.org/mathscinet-getitem?mr=2906869
http://www.ams.org/mathscinet-getitem?mr=3335800
http://www.ams.org/mathscinet-getitem?mr=2893865
http://www.ams.org/mathscinet-getitem?mr=2433285
http://www.ams.org/mathscinet-getitem?mr=2501318
http://www.ams.org/mathscinet-getitem?mr=2929353
http://www.arxiv.org/abs/1403.6212

[15]

[16]

[17]
[18]

[19]

On the finite-sample analysis of ©-estimators 1895

TALAGRAND, M. (2005). The Generic Chaining: Upper and Lower Bounds
of Stochastic Processes. Springer Monographs in Mathematics. Springer.
MR2133757

VAN DE GEER, S. A. and BUHLMANN, P. (2009). On the conditions used
to prove oracle results for the lasso. Electronic Journal of Statistics, 3:1360—
1392. MR2576316

VERSHYNIN, R. (2012). Introduction to the non-asymptotic analysis of
random matrices. Compressed Sensing. MR2963170

ZHANG, C.-H. (2010a). Nearly unbiased variable selection under minimax
concave penalty. Ann. Statist., 38(2):894-942. MR2604701

ZHANG, C.-H. and HuaNG, J. (2008). The sparsity and bias of the Lasso
selection in high-dimensional linear regression. Ann. Statist, 36:1567—1594.
MR2435448

ZHANG, C.-H. and ZHANG, T. (2012). A general theory of concave reg-
ularization for high dimensional sparse estimation problems. Statist. Sci.,
27(4):576-593. MR3025135

ZHANG, T. (2010b). Analysis of multi-stage convex relaxation for sparse
regularization. J. Mach. Learn. Res., 11:1081-1107. MR2629825

Zou, H. and HasTIE, T. (2005). Regularization and variable selection via
the elastic net. JRSSB, 67(2):301-320. MR2137327


http://www.ams.org/mathscinet-getitem?mr=2133757
http://www.ams.org/mathscinet-getitem?mr=2576316
http://www.ams.org/mathscinet-getitem?mr=2963170
http://www.ams.org/mathscinet-getitem?mr=2604701
http://www.ams.org/mathscinet-getitem?mr=2435448
http://www.ams.org/mathscinet-getitem?mr=3025135
http://www.ams.org/mathscinet-getitem?mr=2629825
http://www.ams.org/mathscinet-getitem?mr=2137327

	Introduction
	Background and notation
	Thresholding functions
	-estimators

	Main results
	P-type oracle inequalities under R0
	P0-type oracle inequalities under R1
	Sequential algorithmic analysis

	Proofs
	Proof of Theorem 1
	Proofs of Theorem 2 and Theorem 3
	Proof of Theorem 4
	Proof of Theorem 5 and Corollary 3
	Proofs of Lemmas
	Proof of Lemma 3
	Proof of Lemma 4.
	Proof of Lemma 5.
	Proof of Lemma 6.
	Proof of Lemma 7


	Acknowledgement
	References

