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1. Introduction

The celebrated Bernstein-von Mises (BvM) theorem [24, 3, 30, 25, 28] justifies
Bayesian methods from a frequentist point of view. It bridges the gap between
Bayesians and frequentists. Consider a parametric model (P : € ©), and a
prior distribution € ~ II. Suppose we have i.i.d. observations X" = (X1,...,X,,)
from the product measure Pj.. Under some weak assumptions, Bernstein-von
Mises theorem shows that the conditional distribution of

V(6 - 0)|x"

is asymptotically N(0,V?) under the distribution Pj. with some centering 6
and covariance V2 when n — co. In a local asymptotic normal (LAN) family,
the centering f can be taken as the maximum likelihood estimator (MLE) and
V2 as the inverse of the Fisher information matrix. An immediate consequence
of the Bernstein-von Mises theorem is that the distributions

V(0 —0)|X™ and /n(0—0)|0 = 6"

are asymptotically the same under the sampling distribution Pg.. Note that the
first one, known as the posterior, is of interest to Bayesians, and the second one is
of interest to frequentists in the large sample theory. Applications of Bernstein-
von Mises theorem include constructing confidence sets from Bayesian methods
with frequentist coverage guarantees.

Besides the classical parametric setting where the parameter has a fixed di-
mension, BvM results can also be established when the unknown parameter is
of increasing dimensions. For example, [19, 4, 11] established BvM results in
high-dimensional linear models, and [18, 20, 5, 15] established BvM results in
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high-dimensional exponential models, given certain conditions on the growth
rate of the dimension. In this paper, we consider the question whether it is
possible to have BvM results for matrix functionals, such as matrix entries
and eigenvalues, when the dimension of the matrix p grows with the sample
size n.

This paper provides some positive answers to this question. To be specific, we
consider a multivariate Gaussian likelihood and put a prior on the covariance
matrix. We prove that the posterior distribution has a BvM behavior for various
matrix functionals including entries of the covariance matrix, entries of the pre-
cision matrix, quadratic forms, log-determinant, and eigenvalues. All of these
conclusions are obtained from a general theoretical framework we provide in
Section 2, where we propose explicit easy-to-check conditions on both function-
als and priors. We illustrate the theory by both conjugate and non-conjugate
priors. A slight extension of the general framework leads to BvM results for
discriminant analysis. Both linear discriminant analysis (LDA) and quadratic
discriminant analysis (QDA) are considered.

This work is inspired by a growing interest in studying the BvM phenomena
on a low-dimensional functional of the whole parameter. That is, the asymptotic
distribution of

Va(fo) = fixm,

with f being a map from © to R? where d does not grow with n. A special
case is the semiparametric setting, where § = (u,7) contains both a paramet-
ric part g and a nonparametric part 7. The functional f takes the form of
f(u,m) = p. To the best of our knowledge, the first general framework for
semiparametric BvM with conditions cleanly stated and easy to check is the
beautiful work by [9], in which the recent advancement in Bayes nonparamet-
rics such as [21] is nicely absorbed. [27] proves BvM for linear functionals for
which the distribution of \/n(f(0) — f)|X™ converges to a mixture of normal
instead of a normal. At the point when this paper is drafted, the most up-
dated theory is due to [10], which provides conditions for BvM to hold for
general functionals. The general framework we provide for matrix functional
BvM is greatly inspired by the framework developed in [10] for functionals
in nonparametrics. However, the theory in this paper is different from theirs
since we can take advantage of the structure in the Gaussian likelihood and
avoid unnecessary expansion and approximation. Hence, in the covariance ma-
trix functional case, our assumptions can be significantly weaker. A related
line of development is the semiparametric BvM results using profile likelihood
[12, 13, 14].

The paper is organized as follows. In Section 2, we state the general theo-
retical framework of our results. It is illustrated with two priors, one conjugate
prior and one non-conjugate prior. Section 3 considers specific examples of ma-
trix functionals and the associated BvM results. The extension to discriminant
analysis is developed in Section 4. Finally, we devote Section 5 to some discus-
sions on the assumptions and possible generalizations. Most of the proofs are
gathered in Section 6.
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1.1. Notation

Given a matrix A, we use [|A|| to denote its spectral norm, and || A||r to denote
its Frobenius norm. The norm || - ||, when applied to a vector, is understood to
be the usual vector norm. Let SP~! be the unit sphere in R?. For any a,b € R,
we use notation a V b = max(a,b) and a A b = min(a,b). The probability P
stands for N (0, %) and P, q) is for N (u, Q7). In most cases, we use 3 to denote
the covariance matrix, and Q to denote the precision matrix (including those
with superscripts or subscripts). The notation P is for a generic probability,
whenever the distribution is clear in the context. We use Op(-) and op(-) to
denote stochastic orders under the sampling distribution of the data. We use C'
to indicate constants throughout the paper. They may be different from line to
line.

2. A general framework

Consider i.i.d. samples X" = (X1, ..., X,) drawn from N(0,%X*), where £* is a
p X p covariance matrix with inverse Q*. A Bayes method puts a prior II on the
precision matrix €2, and the posterior distribution is defined as

_ Jzexp (ln(Q))dH(Q)
[ exp (ln(Q))dH(Q) ’

where 1,,(€2) is the log-likelihood of N(0,Q~1) defined as

I(B|X™)

. L1 &
1.(Q) = glog det(Q) — gtr(QE), where £ = = 3" X X7

i=1

We deliberately omit the logarithmic normalizing constant in [,,(2) for sim-
plicity and it will not affect the definition of the posterior distribution. Note
that specifying a prior on the precision matrix €2 is equivalent to specifying a
prior on the covariance matrix Q1. The goal of this work is to show that the
asymptotic distribution of the functional f(£2) under the posterior distribution
is approximately normal, i.e.,

I(vVav=i(f() - f) <HX") = B(Z <),

where Z ~ N(0,1), as (n,p) — oo jointly with some appropriate centering f
and variance V2. In this paper, we choose the centering f to be the sample
version of f(Q) = f(£~1), where ¥ is replaced by the sample covariance 3, and
compare the BvM results with the classical asymptotical normality for f in the
frequentist sense. Other centering f, including bias correction on the sample
version, will be considered in the future work. The paper focuses on Gaussian
distribution, though the idea of the general framework is possible to be extended
to other distributions.
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We first provide a framework for approximately linear functionals, and then
use the general theory to derive results for specific examples of priors and func-
tionals. For clarity of presentation, we consider the cases of functionals of ¥ and
functionals of 2 separately. Though a functional of ¥ is also a functional of €2,
we treat them separately, since some functional may be “more linear” in ¥ than
in Q, or the other way around.

2.1. Functional of the covariance matrix

Let us first consider a functional of ¥, f = ¢(X). The functional is approximately
linear in a neighborhood of the truth. We assume there is a set A,, satisfying

An CHlIZ =2 < 0n}, (2.1)

for any sequence d,, = 0(1), on which ¢(X) is approximately linear in the sense
that there exists a symmetric matrix @ such that

sup Vi Hz*l/%z*l/?H: ‘qb(Z) —6() - tr((Z - i)@)‘ =op(1). (22)

When ¢(X) is exactly linear in the sense that ¢(X) — ¢(2) = tr((X —)®), (2.2)
automatically holds. The main result is stated in the following theorem.

Theorem 2.1. Under the assumptions of (2.2) and ||X*|| V ||Q*]| = O(1), if
for a given prior I1, the following two conditions are satisfied:

1. I(An|X™) =1 —op(1),
2. For any fized t € R, S a,, exp(ln(§2:))dII(Q)

[ a,, exp(ln (22))dIL(Q)
precision matrix

= 1+ op(1) for the perturbed

Vot

Q=0+ \/ﬁ ||2*1/2(I)E*1/2”F@a
then A
Vi(¢(E) - ¢(2))
1 <tx") ~P(Z <t)| = op(1),
teR <\/§]|Z*1/2c1>2*1/2”F = (Z <t)| = op(1)

where Z ~ N(0,1).

The theorem gives explicit conditions on both prior and functional. The first
condition says that the posterior distribution concentrates on a neighborhood of
the truth under the spectral norm, on which the functional is approximately lin-
ear. The second condition says that the bias caused by the shifted parameter can
be absorbed by the posterior distribution. Under both conditions, Theorem 2.1
shows that the asymptotic posterior distribution of ¢(X) is

~ 2
N (¢(E),2n—1 Hz*l/Qqaz*WH ) .
F
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2.2. Functional of the precision matriz

We state a corresponding theorem for functionals of precision matrix in this
section. The condition for linear approximation is slightly different. Consider
the functional f = (Q). Let A, be a set satisfying

Ap C{Vrpl[E =27 < on}, (2.3)

for some integer r > 0 and any sequence d,, = o(1). We assume the functional
¥(Q) is approximately linear on A,, in the sense that there exists a symmetric
matrix ¥ satisfying rank(¥) < r, such that

s:f)\/ﬁ HQ*l/Q\I/Q*l/QH: ’111(9) (S - tr((Q — z*l)w)‘ —op(1). (24)

The main result is stated in the following theorem.

Theorem 2.2. Under the assumptions of (2.4), rp*/n = o(1) and ||X*|| V
[|2%]] = O(1), if for a given prior I, the following conditions are satisfied:

1. (A, X™) =1 —op(1),

2. For any fixed t € R, S a,, exp(ln(2:))dII(Q)

Ta,, exp(ln(Q))dII(Q)
precision matrix

= 1+ op(1) for the perturbed

V2t

F

Q=0 \/ﬁHQ*l/Q\IJQ*Uz”FQ wO*
then
V(@) = (=)
II <tHX"| -P(Z <t)| =o0p(1
ig]g ( \/§HQ*1/2\1/Q*1/2H = ‘ ( = ) op(1),

where Z ~ N(0,1).

Remark 2.1. The extra condition rp?/n = o(1) does not appear in Theo-
rem 2.1. We show that this condition is indeed sharp for Theorem 2.2 in Sec-
tion 5.3 in comparison with the asymptotics of MLE.

2.3. Priors

In this section, we provide examples of priors. In particular, we consider both
a conjugate prior and a non-conjugate prior. A covariance matrix prior can
be viewed as a vector prior with an additional constraint of positive semidef-
initeness. Note that the result of a conjugate prior can be derived by directly
exploring the posterior form without applying our general theory. However, the
general framework provided in this paper can handle both conjugate and non-
conjugate priors in a unified way.
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2.8.1. Wishart prior

Consider the Wishart prior W,(I,p+ b — 1) on Q with density function

———= X exp 5

dIi(Q) b—
o

2 1
log det(€2) — 5tr(Q)>, (2.5)
supported on the set of symmetric positive semi-definite matrices.

Lemma 2.1. Assume ||Z*|| V [|Q*]| = O(1) and p/n = o(1). Then, for any
integer b= O(1), the prior Il = W,(I,p + b — 1) satisfies the two conditions in
Theorem 2.1 for some A,. If the extra assumption rp?/n = o(1) is made, the
two conditions in Theorem 2.2 are also satisfied for some A,.

Remark 2.2. In the proof of Lemma 2.1 (Section 6.2), we set

4, = {||22*| < Mf}
n

for some M > 0.

2.8.2. Gaussian prior

Consider Gaussian prior on {2 with density function

B s exp (— 2110113). (2.6

supported on the following set
(=" = 0,]|Q]l < 24,][S]| < 24},

for some constant A > 0.

Lemma 2.2. Assume [[S*|| V ||Q°]] < A = O(1) and 181 — o(1). The
Gaussian prior 11 defined above satisfies the two conditions in Theorem 2.1 for

some appropriate A,,. If the extra assumption rp’logn _ o(1) is made, the two

conditions in Theorem 2.2 are also satisfied for some appropriate A,,.

Remark 2.3. In the proof of Lemma 2.2 (Section 6.3), we set
21
An = {|z —¥lr < M p—g”}
n

for some constant M > 0.
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3. Examples of matrix functionals

We consider various examples of functionals in this section. The two conditions
of Theorem 2.1 and Theorem 2.2 are satisfied by Wishart prior and Gaussian
prior, as is shown in Lemma 2.1 and Lemma 2.2 respectively. Hence, it is suffi-
cient to check the approximate linearity of the functional with respect to X or
Q for the BvM result to hold. Among the four examples we consider, the first
two are exactly linear and the last two are approximately linear. In the below
examples, Z is always a random variable distributed as N (0, 1).

3.1. Entry-wise functional

We consider the elementwise functional o;; = ¢;;(X) and w;; = ¥;;(£2). Note
that these two functionals are linear with respect to ¥ and 2 respectively. For
045, We write
Uij = tI’(E(}EZ] —+ 1.E]l)>,
2 2
where the matrix E;; is the (4, j)-th basis in R?*? with 1 on its (4, j)-the element
and 0 elsewhere. For w;;, we write

%Eﬁ)).

Note that rank(3E;; + 5Ej;) < 2. Hence, the corresponding matrices  and ¥
in the linear expansion of qS and 1 are % sFEij+ 35 Eﬂ In view of Theorem 2.1 and
Theorem 2.2, the asymptotic variance for \/ﬁ(gb(E) - cb(f])) is

1
wij = tr(Q(iEU —+

2 Hz*1/2<1>2*1/2H = 0}, + 07

The asymptotic variance for /n(¢(€) — 1/}(5]_1)) is

2 HQ*I/Q\PQ*l/QH = wjwi; + w*2

Plugging these quantities in Theorem 2.1, Theorem 2.2, Lemma 2.1, and
Lemma 2.2, we have the following Bernstein-von Mises results.

Corollary 3.1. Consider the Wishart prior Il =W,(I,p+b—1) in (2.5) with
integer b= 0(1). Assume ||X*|| V ||*]| = O(1) and p/n = o(1), then we have

PZ. sup H(W < t‘X") ~P(Z <t)| -0,
teR \/ 050755 + 07?2

where G;; is the (i,7)-th element of the sample covariance 3. If we additionally
assume p*/n = o(1), then

PZ. sup n(m < t’X") —P(Z <t)| =0,

teR
wiwr; +w

where @;; is the (i,j)-th element of St
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Corollary 3.2. Consider the Gaussian prior 1L in (2.6). Assume ||S*||V]|Q*|| <
2
A=0(1) and pl% = o(1), then we have

PZ. sup H(M < t‘X”) ~P(Z <t)|—0.

tER * % *2
05055 + 03

If we additionally assume 1’31% = o(1), then

Py, sup [ Y0 = @) t‘X” ~P(Z<t)| =0,
teR w;‘iw;’-‘j + w;‘jz

where 635 and @;; are defined in Corollary 3.1.

3.2. Quadratic form

Consider the functional ¢,(X) = vTXv = tr(Zvv?) and ¥, (Q) = vTQv =
tr(QuoT) for some v € RP. Therefore, the corresponding matrices ® and ¥ are
vol. Tt is easy to see that rank(vv”) = 1. The asymptotic variances are

2 2
2“2*1/2(1)2*1/2” = 2o TS|, 2HQ*1/2\I,Q*1/2H = 2T Q0|2
F F

Plugging these representations in Theorem 2.1, Theorem 2.2, Lemma 2.1 and
Lemma 2.2, we have the following Bernstein-von Mises results.

Corollary 3.3. Consider the Wishart prior Il = W,(I,p+b—1) in (2.5) with
integer b= 0(1). Assume ||Z*|| V [|Q2*|] = O(1) and p/n = o(1), then we have

Ty — Tf:
Py, sup i YR Z0 v R0) txm) ~p(z <) 0.
teRr V2T *v|
If we additionally assume p*/n = o(1), then
TQp — Tifl
Py, sup 1 YR Qv v X T0) <tlx"| Bz <) 0.
teR V2|uT Qx|

Corollary 3.4. Consider the Gaussian priorIL in (2.6). Assume ||Z*||V]|Q*|| <
A=0(1) and pzl% = o(1), then we have

¥y — TS
Py, sup | VL Zv = v 2) <tx") - P(z<1)| —o0.
teR V2T S|
If we additionally assume ”31% =o(1), then
TQp — Tifl
Py, sup [ YR Qv v X T0) <tlx"| -p(z <) 0.
teR V2| uT Qx|
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Remark 3.1. The entry-wise functional and the quadratic form are both special
cases of the functional u” Xv for some u,v € RP. It is direct to apply the general
framework to this functional and obtain the result

H(\/ VTS — uTSw) <tXn>_P(Z<t)

[uTE*0|? 4+ [uTZ*ul[oTE*v] —

— 0.

Py sup
teR

Similarly, for the functional u” Qu for some u,v € RP, we have

H( V(uTQu — qu]flv) < t’)('ﬂ) _ P(Z < t)

— 0,
VIuT Q02 + [uT Qrul|[vT Q| —

Py, sup
teR

Both results can be derived under the same conditions of Corollary 3.3 and
Corollary 3.4.

3.3. Log determinant

In this section, we consider the log-determinant functional. That is ¢(X) =
log det(X). Different from entry-wise functional and quadratic form, we do not
need to consider log det(§2) because of the simple observation

log det(Q2) = —log det(X).

The following lemma establishes the approximate linearity of log det(X).

Lemma 3.1. Assume ||Z*|| V [|Q*]| = O(1) and p3/n = o(1), then for any
0n = o(1), we have

{ mi;qiy% } \/; ‘log det(X) — logdet(X) — tr((E - E)Q*)

V/PIIE=E"||p<6n

By Lemma 3.1, the corresponding matrix ® is 2*. The asymptotic variance

of V(6(3) — B(5)) is
9 HE*1/2¢E*1/2H1 — .

Corollary 3.5. Consider the Wishart prior Il = W,(I,p+b—1) in (2.5) with
integer b= O(1). Assume ||S*|| V ||Q*|| = O(1) and p?/n = o(1), then we have

H(&(logdet(E) —logdet(%)) < t‘X”> —]P’(Z < t)

where ¥ is the sample covariance matrix.

Pg. sup — 0,

teR
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Proof. By Theorem 2.1 and Lemma 2.1, we only need to check the approximate

linearity of the functional. According to the proof of Lemma 2.1, the choice of
A,, such that II(A,|X™) =1 —op(1) is

A = {||z—z*| < M\/E}
n

for some M > 0. This implies ||X — X*||p < M4/ %. Therefore,

An C{Vn/plIS = X5 V VRIS - XF[|F < 6},

for some d,, = o(1). By Lemma 3.1, we have

sup \/ﬁ ‘log det(X) — log det () — tr((Z - f])Q*) =op(1),
A, p
and the approximate linearity holds. O

Corollary 3.6. Consider the Gaussian prior IL in (2.6). Assume ||Z*||V]|Q*]| <
3 2
A=0(1) and % = o(1), then we have

H<\/%(log det(3) — log det(5)) < t‘X”) - IP’(Z < t)

where ¥ is the sample covariance matrix.

Pg. sup — 0,

teR

Proof. The proof of this corollary is the same as the proof of the last one using
Wishart prior. The only difference is that the choice of A,, according to the
proof of Lemma 2.2, is

2]
A, = {|2—2*||F <M piog”},
n

for some M > 0. Therefore,

An C{Vn/plIS = Z 5V VBIIE - ZF[F < 00},

for some d,, = o(1) under the assumption, and the approximate linearity holds.
|

One immediate consequence of the result is the Bernstein-von Mises result
for the entropy functional, defined as
_Pr

plog(27)  logdet(X
H(D) =5+ 2( + 2().

Then it is direct that

2?" (H(z) _ H(f})) ’X” ~ N(0,1).
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3.4. Figenvalues

In this section, we consider the eigenvalue functional. In particular, let
{Am (X))} _, be eigenvalues of the matrix ¥ with decreasing order. We inves-
tigate the posterior distribution of A,,(X) for each m = 1,...,p. Define the

eigen-gap

[AL(E7) = A2 (27))] m=1,
§ = ¢ min{| A (Z%) = Aot (Z9)], A (Z5) = A1 (B[} m=2,3,...,p—1,
[Am—1(57) = Am (57| m=p.

The asymptotic order of § plays an important role in the theory. The following
lemma characterizes the approximate linearity of A, (X).

Lemma 3.2. Assume ||Z*]| V ||Q*]| = O(1) and ﬁ = o(1), then for any

0n = 0(1), we have

\/ﬁ’ Am (B)=Am (i) 7tr((27i})ufnuff)

Sup{ 5 ymlIE - 2 } o (2] =or(l),
VE T HHVRIIE-E|<6n

where u, is the m-th eigenvector of ¥*.

Lemma 3.2 implies that the corresponding ® in the linear expansion of ¢(X)
is u* u*T, and the asymptotic variance is

2

We also consider eigenvalues of the precision matrix. With slight abuse of
notation, we define the eigengap of A, (€2*) to be

[AL(Q27) = A2 ()] m=1,
§ = ¢ min{| A (%) = Aot ()], A () = A1 ()]} m=12,3,...,p—1,
[Am—1(27) = Am (27| m=p.

The approximate linearity of \,,(Q2) is established in the following lemma.

Lemma 3.3. Assume |[|Z*|| V [|Q*|| = O(1), then for any 5, = o(1), we have

Vn )\m(Q)_Am(i:71)_tr<(9_271)u;1u:njﬂ)

S“p{ 51yl m—x |2 ) P CR] = o(1),
VBB <6,

where uy, is the m-th eigenvector of (0*.
Similarly, Lemma 3.3 implies that the corresponding ¥ in the linear expansion

of ¥(Q) is u},uzl, and the asymptotic variance is

2
9 HQ*l/z\I,Qﬂ/QHF = 2| A ()2
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Plugging the above lemmas into our general framework, we get the following
corollaries.

Corollary 3.7. Consider the Wishart prior Il = W,(I,p+b—1) in (2.5) with
integer b= 0O(1). Assume ||Z*|| V ||Q*]| = O(1) and 6% = o(1), then we have

H( VA ()

Py sup
teR

— 0,

A (Z) = Am(2)) < t|X”> - ]P’(Z < t)

where ¥ is the sample covariance matriz. If we instead assume % = o(1) with
d being the eigengap of Ay, (Q*), then

H( /m(xm(m A3 < t\X") - IP(Z < t)’ - 0.

Proof. We only need to check the approximate linearity. According to Lemma 2.1,

the choice of A,, is
an={lm - < any /21,
n

for some M > 0. The assumption % = o(1) implies

Py sup
teR

GVl = PV (6T + DI = B = (D),

on the set A,. By Lemma 3.2 and Lemma 3.3, we have
sup v/n A ()] 71 (Am(Z) () - tr((E - i:)u;;u;;?)‘ = op(1),
An

and

sup v/ A (2F)| 71 ‘)\m(Q) (S - tr((Q - fl_l)u;‘nu:;f)‘ —op(1). O
An

Corollary 3.8. Consider the Gaussian prior IL in (2.6). Assume ||Z*||V]|Q*]|| <

A=0(1) and ”261% = o(1), then we have

H( m(Am(Z) - An(®)) < t|X"> —]P’(Z < t)

Py sup
teR

— 0,

A 2 .
where X is the sample covariance matriz. If we instead assume péij%" = o(1)

with § being the eigengap of A\, (Q*), then

H( /m(xm(m —Am(37Y) < t\X") - P(z < t)’ 0.

Py, sup
teR
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Proof. We only need to check the approximate linearity. According to Lemma 2.2,
the choice of A4,, is

2]
An={||z—z*|FSM w}
n

p%logn

ov/n

§TIVlIE = PV (6 + vp)IIS = 7] = (D),

for some M > 0. The assumption = o(1) implies

on the set A,. By Lemma 3.2 and Lemma 3.3, we have
sup v/ A ()] 71 ]Am(Z) () - tr((Z - 2)u;u:§)‘ = op(1),
An

and

SUp /71| A (24)] ’/\m(Q) (5T = tr((Q - E_l)u:nufnT)‘ —op(1). O
An

4. Discriminant analysis

In this section, we generalize the theory in Section 2 to handle the BvM theorem
in discriminant analysis. Let X" = (X1,...,X,) and Y™ = (Y1,...,Y,) be n
i.i.d. training samples, where

Xi~ Nk, %), Yi~ N, Q57h).

The discriminant analysis problem is to predict whether an independent new
sample z is from the X-class or Y-class. For a given (ux, uy,Qx, Qy), Fisher’s
QDA rule can be written as

Alpx, iy, Qx, Q) = — (2 — ux)"Qx (2 — px)
det(Qx)

— 0 — log ——=~.
+(z—py) Qy(z—py)+ Ogdet(ﬂy)

In this section, we are going to find the asymptotic posterior distribution
\/ﬁV_l(A(MX,M%QX,QY) - A) ‘X"7Y",Z7

with some appropriate variance V2 and some prior distribution. Since the result
is conditional on the new observation z, we treat it as a fixed (non-random)
vector in this section without loss of generality.

Note that when Qx = Qy is assumed, the QDA rule can be reduced to the
LDA rule. We give general results for Bernstein-von Mises theorem to hold in
both cases respectively.
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4.1. Linear discriminant analysis

Assume Q% = Q3. For a given prior II, the posterior distribution for LDA is
defined as

fB exp (ln(,uXu Hy , Q)) dH(,U/)(u 1y, Q)
f exp <ln (NX? K1Y s Q)) dH(MX? Y s Q)

i

I(B| X", Y") =

where 1, (ux, py, Q) is the log-likelihood function decomposed as

In(px, py, ) = Ix (ux, Q) + ly (ny, ),

where " n
Ix(pux,Q) = B log det(€2) — §tr(QEX),

with By = LS (X —px)(Xi—px)T, and Iy (py, Q) is defined in the similar
way.
Consider the LDA functional

Apx, py, Q) = —(2 = px)"Qz — px) + (2 — py) Q2 — py).

Define the following quantities
1 * * * * * *
@ = (= = i) (= = w5)T = (2 = 1) (2 — 1)),
Ex =2(z — k), & =2(uy —2),

2t
Q=0+ —=90
t +\/ﬁ7

t t
pxt = px + %gx, Byt = By + ﬁfy’

SEEY S SIS S ST S LY o (A 10 C —Y)T) ,

S|

(

Assume A, is a set satisfying

| =

2
V2—4 Hz*1/2c1>§:*1/2HF + L0 ey + ELQ ¢y (4.1)

A < {Va(llx = Bl + Dy = |2+ 115 = 27|

VIl = il + oy = gl + I = 711) <0}, for some 6, = o(1),

The main result for LDA is the following theorem.
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Theorem 4.1. Assume that ||S*]| V ||Q*]| = O(1), p?/n = o(1), and V! =
O(1). If for a given prior I, the following two conditions are satisfied:
1. TI(AL | X™,Y™) =1 —o0p(1),

Ja,, exp(ln(px,epmy,e,Q))dI(px 1y )
2. For any fized t € R, N R D) ST

=1+op(1),
then

igﬂ}g H(\/ﬁVfl(A(uwa,Q) -A) < t\X",Y") —IP’(Z < t)‘ =op(1),

where Z ~ N(0,1) and the centering is A = A(X,Y, 5.

A curious condition in the above theorem is V~! = O(1). The following
proposition shows it is implied by the separation of the two classes.

Proposition 4.1. Under the setting of Theorem 4.1, if ||p% — p¥-|| > ¢ for
some constant ¢ > 0, then we have V=1 = O(1).

Proof. By the definition of V2, we have

Vi o> R0t + €807 > O (|l + llev 1)
= 40(llz = ikl + 11z = )
> 20wk — wyll?,
which is greater than a constant under the separation assumption. O

Now we give examples of priors for LDA. Let us use independent priors. That
is
A~ 1Ilg, px ~1lx, py ~l1y,
independently. The prior for the whole parameter (2, px, 1y ) is a product mea-

sure defined as
II = HQ X HX X Hy.

Let I be the Gaussian prior defined in (2.6). Let both ITx and IIy be N (0, Ipxp).
Theorem 4.2. Assume ||X*|| V [|Q*]]| < A = O(1), V7! = O(1), and p* =
o( Vi ). The prior defined above satisfies the two conditions in Theorem 4.1 for

logn
some appropriate A,. Thus, the Bernstein-von Mises result holds.

4.2. Quadratic discriminant analysis

For the general case that Q% = 2}, may not be true, the posterior distribution
for QDA is defined as

Jpexp (ln(ux,ma Qx, QY)>dH(MX, py, Qx, Qy)

J exp (ln(,u/Xa py, §lx, QY))dH(MXa ty, Qx, Qy)

(B|X") =
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where 1, (ux, px,Qx,Qy) has decomposition

In(px, px, Qx, Qy) = Ix(px, Qx) + Iy (py, Qy).

We define the following quantities,
Dx =~ (Bx = (2 — wi) (= — 13)" ) %,

Dy = O (Ty — (2 — i)z — 13)7) O,

Ex =2(z —pX), &y =2(uy — 2),
2t 2t

Qx: =0 —d Qy,: =0 — 0
Xt x + X Yt Y‘|‘\/ﬁ Y

t
pxt = px + ﬁfx, Byt = By + ﬁfy’

2}&—Xx&—xﬁ,zyz%ipmdmn—m?
=1 =1

A 1
Sx ==
n
2 2
v2:2Hz§”¢xz§”HF+2Hz$”¢yz$”HF+g§Q%X+f$9%y.(4@
Assume A, is a set satisfying
A < {Va(llx = kI + ey = w2+ 115 - =72)

Vb (Il = el + oy = il + 112 = 5°11)

vv/n/p(IIZx - Skl + ISy - Sy I?)

VWB(IIZx = Sxllr + 12y = Zyllr) <0},

with some §,, = 0(1). The main result for QDA is the following theorem.

Theorem 4.3. Assume ||S*|| V||Q*| = O(1), V=1 = O(1), and p*/n = o(1). If
for a given prior I1, the following two conditions are satisfied:

1. (A, | X™Y™) =1 —o0p(1),
fAn exp(ln(px,t,10y,6,2x,¢,Q2v,¢))dll(px 1y ,Qx ,Qy)
2. For any fired t € R, o v B Oy DA oy S2x 00y
op(1),

then

sup H(\/HV‘l(A(MX,py,QX,Qy) ~A) < t|X",Y") _ P(Z < t)‘ — op(1),

terR

where Z ~ N(0,1) and the centering is A = A(X,Y, EA];, f];l)
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Remark 4.1. With the new definition of V in QDA, the assumption V! =
O(1) is also implied by the separation condition ||ux — py|| > ¢ by applying
the same argument in Proposition 4.1.

Remark 4.2. For independent prior in the sense that

dl(px, py, Qx, Qy) = dll(px, Qx) < d(py, Qy),

the posterior is also independent because of the decomposition of the likelihood.
In this case, we have

H(An‘Xn,Yn) = Hx(AX7n|Xn) X Hy(Ay’n|Yn>,

with Ay , and Ay, being versions of A,, involving only (1x,Qx) and (uy, Qy).
In the same way, we also have

Ja, exp (ln(ﬂX,ta fy.e, Qx 1, QY,t))dH(um fry s Sx, Sy)
Ja, exp (ln(/JX, py QX»QY>)dH(MX”UY7 Qx,Qy)
L, 5 (1@ px) ) dlLx (x, 2x)
Sy, exD (ln(QX, MX))dHX (x, x)

Jay., exp (ln(QY,t7 MY,t))dHY(NY7 Qy)
) Jay, exp (ln(Qy, MY))dHY(/W, Qy)

Hence, for the two conditions in Theorem 4.3, it is sufficient to check
1. H(Ax,n‘Xn) =1- 01:)(1)7

fAX n
2. For any fixed t € R, fo,n exp(ln (Qx,p1x))dlx (kx,2x)

exp(ln (¢, ,¢))dllx (nx ,2x)

=14+ 01:1(1)7

and the corresponding conditions for Y, when the prior has an independent
structure.

The example of prior we specify for QDA is similar to the one for LDA. Let
us use independent priors. That is

Qx ~1lg,, Qv ~Iq,, px ~1lx, py ~ Iy,

independently. The prior for the whole parameter (Qx, Qy, px, 1y ) is a product
measure defined as
II=1Iqg, xIg, xIIx xIy.

Let Il and Ilg, be the Gaussian prior defined in Section 2.3.2. Let both IIx
and Iy be N(0, Lxp).

Theorem 4.4. Assume ||[S%|| V|IQ%I VIIZ3] V|Q4]] < A=0Q), VI =
O(1) and p? = of v/ ). The prior defined above satisfies the two conditions in

logn
Theorem 4.1 for some appropriate A,. Thus, the Bernstein-von Mises result

holds.
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5. Discussion
5.1. Comparison: Asymptotic normality of ¢() and p(X~1)

In this section, we present the classical results for asymptotic normality of the
estimators ¢(3) and ¢(3~1). Note that in many cases, they coincide with MLE.
The purpose is to compare them with the BvM results obtained in this paper. We
first review and define some notation. Remember 4;; is the (i, j)-th element of 5
and @y is the (i, 7)-th element of ¥~ We let Ay, and Ag be the LDA and QDA
functionals respectively. The corresponding asymptotic variances are denoted
by V7 and Vé, defined in (4.1) and (4.2) respectively. As p,n — oo jointly,
the asymptotic normality of czb(fl) or 1/1(2*1) holds under different asymptotic
regimes for different functionals. For comparison, we assume that Vi, Vo and
the eigengap § are at constant levels.

Theorem 5.1. Let p,n — oo jointly, then for any asymptotic regime of (p,n),

Vn(Gij — O';kj) —

N(0,1),
VoI il
T, Ty
Vo Xo — vl X*) - N(0,1).
V2|uT S|
Assume p?/n = o(1), we have
n(wi; — wys
V@i — @) N(0,1), (5.1)
wij Wi
Ti:—l — T
VR X v = B) v ), (5.2)

V2|uT Qx|

V(A (E) = Am(59)
V2 (5%)

\/ﬁ(/\m(i_l) - )‘m(Q*)) —
\/5/\m(9*)

Ve (ALK Y, 87 — Ap (s 16, Q*)) ~ N(0,1). (5.5)

N(0,1), (5.3)

N(0,1), (5-4)

Assume p®/n = o(1), we have

\/g(log det(32) — log det(z*)) ~ N(0,1), (5.6)

VIVE (Bo(X, V530570 = Agluk 1, U, 03)) ~ N(0,1). (5.7)
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Since the above results are more or less scattered in the literature, we do not
present their proofs in this paper. Readers who are interested can derive these
results using delta method.

We remark that the condition p?/n = o(1) is sharp for (5.1)-(5.5). For (5.1)
and (5.2), a common example is wy; = ef Qe;, where e = (1,0,...,0). By
distributional facts of inverse Wishart, \/n(&11 — wiy) is not asymptotically
normal if p?/n = o(1) does not hold. Since the functional Ay is harder than
vTQu (the latter is a special case of the former if u% and p} are known),
p?/n = o(1) is also sharp for (5.5). For (5.3) and (5.4), we have the following
proposition to show that p?/n = o(1) is necessary.

Proposition 5.1. Consider a diagonal ¥*. Let the eigengap oi; — 039 be at
constant level when p,n — oo jointly. Assume ||X*|| V ||Q*|| = O(1), n'/? =
o(p) and p = o(n?3). Then M\ () is not \/n-consistent. As a consequence,
(271 = AT () is not \/n-consistent.

The condition p3/n = o(1) is sharp for (5.6) and (5.7). If p? /n = o(1) does not
hold, a bias correction is necessary for (5.6) to hold (see [6]). That the condition
p3/n = o(1) is necessary for (5.7) is because the functional Ag contains the
part log det(X).

In the next section, we are going to discuss the asymptotic regime of (p,n)
for BvM and compare them with the frequentist results listed in this section.

5.2. The asymptotic regime of (p,n)

For all the BvM results we obtain in this paper, they assume different asymptotic
regime of the sample size n and the dimension p. Ignoring the logn factor and
assume constant eigengap § and asymptotic variances for LDA and QDA, the
asymptotic regime for (p,n) is summarized in the following table.

functional | ¢(X) or ¥/(X71) | conjugate | non-conjugate
0ij ork p<n pP<n
Wi pP<n pP<n pP<n
v Y ok p<n p?<n
T Qo p?<n p*<n p’<Ln
logdet(X) | p® < n P> <Ln PP <n
A (Z) P> L n P> L n pt < n
Am(Q) P> Ln P> Ln pt < n
LDA P> L n p?> < n pt < n
QDA Pt < n p® < n pr<n

The table has three columns for the asymptotic normality of qﬁ(f)) and 1/1(2_1)
and for BvM with conjugate and non-conjugate priors respectively. The purpose
is to compare our BvM result with the classical frequentist asymptotic normality.
The priors are the Wishart prior and Gaussian prior we consider in this paper.
For discriminant analysis, we did not consider conjugate prior because of limit of
space. The conjugate prior in the LDA and QDA settings is the normal-Wishart
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prior. Its posterior distribution can be decomposed as a marginal Wishart times
a conditional normal. The analysis of the BvM result for this case is direct, and
we claim the asymptotic regimes for LDA and QDA are p?> < n and p® < n
respectively without giving a formal proof.

Comparing the first and the second columns, the condition for p and n we
need for the BvM results with conjugate prior matches the conditions for the
frequentist results. The two exceptions are o;; and vTYv, where for the fre-
quentist asymptotic normality to hold, there is no assumption on p,n. Our
technique of proof requires p < n. This is because our theory requires a set
A, CH|IZ = Z*|] < 6,} for some 6, = o(1) to satisfy II(A,|X™) =1 —op(1).
The best rate of convergence for ||¥ —X*|| is y/p/n, which leads to p < n. Such
assumption may be weaken if a different theory than ours can be developed (or
through direct calculation by taking advantage of the conjugacy).

The comparison of the second and the third columns suggests that using of
non-conjugate prior requires stronger assumptions. We believe these stronger
assumptions can all be weakened. The current stronger assumptions on p and
n are caused the technique we use in this paper to prove posterior contraction,
which is Condition 1 in Theorem 2.1 and Theorem 2.2. The current way of
proving posterior contraction in nonparametric Bayes theory only allows loss
functions which are at the same order of the Kullback-Leibler divergence. In the
covariance matrix estimation setting, we can only deal with Frobenius loss. We

choose 2
A, = {||2_2*|% < Mp_og”}.
n

For functionals of covariance such as 0;; and v Xv, we need A,, C {||E—X*|| <
0y} for some d,,. We have to bound [|X — X*|| as

2 ]
IS — =% < IS - %lp < | ME2ET
n

and require /M pﬂ% < &, = o(1). This leads to p? < n. For functionals of
precision matrix, we need A, C {,/p||2 — £*|| < d,}. Again, we have bound

. . p3logn
VPIE =X < VplIE = E[p </ M —

and require \/Mpgl% = o(1). This leads to p® < n. It would be great if we

can prove a posterior contraction on {||3 — ¥*|| < M+/p/n} directly without
referring to the Frobenius loss. However, under the current technique of Bayes
nonparemtrics [21], this is impossible. See a lower bound argument in [22].

5.3. Sharpness of the condition rp?/n = o(1) in Theorem 2.2

It is curious whether the condition 7p?/n = o(1) is sharp in Theorem 2.2. Let
us consider the funcitonal () = logdet(2). In this case, the corresponding
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matrix U in the linear expansion of ¢(2) is ¥ = ¥* and r = rank(X*) = p. Then,
the condition 7p? = o(1) becomes p®/n = o(1). Since logdet(Q2) = — log det (%)
and p?/n = o(1) is sharp for BvM to hold for log det(X), it is also sharp for
log det(£2).

5.4. Covariance priors

The general framework in Section 2 only considers prior defined on precision
matrix Q. However, sometimes it is more natural to use prior defined on covari-
ance matrix Y, for example, Gaussian prior on Y. Then, the first conditions in
Theorem 2.1 and Theorem 2.2 are hard to check. We propose a slight variation
of this condition, so that our theory can also be user-friendly for covariance
priors.

We first consider approximate linear functionals of ¥ satisfying (2.2). Then,
the first condition of Theorem 2.1 can be replaced by

Ja, exp (La(571)) dI(®)
L, exp (In(271))dII(2)

=14o0p(1), for each fixed ¢t € R,

where ¥; = ¥ — \/ﬁ“z*l/gfbx*l/zllp‘ >*®X¥*. Then we consider approximate linear
functionals of Q satisfying (2.4). The first condition of Theorem 2.2 can be
replaced by

Ly, exp (In(E71)d1I(®)

| ( ) =1+o0p(1), foreach fixed t € R,
A, €xp (1n(X71) ) dII(E)

where ¥; = ¥ + \/EHQ*l/gfI’Q*l/zHF v,

With the new conditions, it is direct to check them for covariance priors by
change of variable, as is done in the proof of Lemma 2.1 and Lemma 2.2. In
particular, for the Gaussian prior on covariance matrix, we claim the conclusion
of Lemma 2.2 holds. We avoid expanding the technical details for the covariance
priors in this paper due to the limit of space.

5.5. Relation to matrixz estimation under Non-Frobenius loss

As we have mentioned in the end of Section 5.2, the current Bayes nonparametric
technique for proving posterior contraction rate only covers losses which are
at the same order of Kullback-Leiber divergence. It cannot handle other non-
intrinsic loss [22]. In the Bayes matrix estimation setting, whether we can show
the following conclusion

H(HZ—Z*H SM\/g‘X") —1—op(1), (5.8)
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for a general non-conjugate prior still remains open. This explains why there is
so little literature in this field compared to the growing research using frequentist
methods. See, for example, [7] and [8].

However, we observe that for the spectral norm loss,

1% - 2| < 2 sup [o7(S - 5*)al,
veEN

where N is a subset of SP~! with cardinality bound log [NV < ¢p for some ¢ > 0.
The BvM result we establish for the functional v”3v indicates that for each v,
the posterior distribution of o7 (X — £*)v| is at the order of n~/2. Therefore,

heuristically, 2sup, ¢ |07 (¥ — £*)v| should be at the order of ¥ lc\fﬁwl, which

is \/p/n. We will use this intuition as a key idea in our future research project
on the topic of Bayes matrix estimation.

Once (5.8) is established for a non-conjugate prior (e.g. Gaussian prior in this
paper), then we may use (5.8) to weaken the conditions in the third column of
the table in Section 5.2. In fact, most entries of that column can be weakened
to match the conditions in the second column for a conjugate prior. As argued
in Section 5.2, (5.8) directly implies the concentration II(A4,|X™) =1 — op(1),
which is Condition 1 in both Theorem 2.1 and Theorem 2.2.

5.6. Matrices with structures

The paper mainly deals with covariance and precision matrices without struc-
tural assumptions. Extension of the results to more complex settings where the
matrices may admit certain banded or sparsity structures is an interesting prob-
lem. In this section, we provide such an example by leveraging a recent posterior
contraction result of Bayesian banded precision matrix estimation due to [2].
Define a class of positive semi-definite matrices with a k-banded structure by

]:k = {Q = QT = (wij) : )\min(Q) Z O,U.Jij = OJij]I{|i —]| S ki}} .

We are going to consider precision matrices in Fj. A natural conjugate prior to
model a banded precision matrix is the G-Wishart distribution, whose density
function is given by

dI1(Q b—2 1
% x exp ( 5 log det(Q) — §tr(Q)) I{Q € Fi}.
Note that the G-Wishart distribution has the same density function as the
Wishart distribution except that it is supported on the set Fi. Banerjee and
Ghosal [2] established the posterior contraction rate under the Gaussian covari-
ance model.

Theorem 5.2 ([2]). Consider the G-Wishart prior with b > 2 and b = O(1).
Assume ||S*]| V[|Q*]] = O(1), Q* € Fy and ¥1%82 = o(1). Then,

5]
il <|Q—Q*||gl <" ng‘x) =1-o0p(1),
n
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with some large constant M > 0. The symbol || - ||¢, stands for the matriz £,
norm defined as the maximal row sum.

Now let us use this result to establish the BvM property of some (approx-
imate) linear functionals of the covariance matrix. In view of Theorem 5.2,
Condition 1 of Theorem 2.1 holds with

k5lo
An—{IIQQ*IIel <M ngp}. (5.9)

Some direct calculation shows that Condition 2 also holds (details of the ar-
gument are given in the proof of Corollary 5.1). Hence, we have the following
result.

Corollary 5.1. Consider the G-Wishart prior withb > 2 and b = O(1), and the
functional (X) satisfying (2.2) with some symmetric matriz ® = ($;;I{]i—j| <
k}) of rank r and the set A, defined by (5.9). Assume ||X*|| V [|Q*]| = O(1),
QO € Fy, % =o(1) and = = o(1). Then,

Vi (4(Z) - #(2)) n
(Hieraman, ) He s

sup
teR

where Z ~ N(0,1).

Remark 5.1. The condition k‘slnﬂ = 0(1) only depends on the dimension p
logarithmically due to the structural assumption on Q*. In [2], a wider class
than Fj was considered. The result can be extended in a routine way, but we
choose to stick to the class Fj for clarity of presentation.

Compared with the BvM results for matrices without structural assump-
tion, Corollary 5.1 works for a more restrictive class of functionals. Namely, the
symmetric matrix must also have a k-banded structure. For example, consider
¢(X) = oy for any (4, j) satisfying |i — j| < k, and then we have

sup H(\/M < t(X”) _P(Z < 1)| = op(1).
* % *2

teR 0505 + 7

For |i — j| > k, the result may not hold. This is because Condition 2 of Theo-

rem 2.1 requires a change of variable that,

V2t

Q=0 @
t +\/ﬁ||2*1/2‘1>2*1/2||F

with respect to the prior distribution. Since the G-Wishart prior is only sup-
ported on the class of banded matrices, we need ® to be banded so that ; is in
the support. For the same reason, we do not have a cleanly stated BvM result
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for functionals of precision matrices, which, according to Theorem 2.2, requires
a change of variable that

Vot

Q=0
¢ V| 20012

Q UO*.

Therefore, Q*WQ* is required to be k-banded, which does not imply a clear
restriction on W.

To summarize, the extension of the BvM results to matrices with more struc-
tures still remain open. We hope Corollary 5.1 provides a stimulating attempt
towards that direction.

6. Proofs
6.1. Proof of Theorem 2.1 € Theorem 2.2

Before stating the proofs, we first display some lemmas. The following lemma
is Lemma 2 in [10]. It allows us to prove BvM results through convergence of
moment generating functions.

Lemma 6.1. Consider the random probability measure P, and a fized proba-
bility measure P. Suppose for any real t, the Laplace transformation [ e'*dP(z)
is finite, and [ €"dP,(z) — [ €"*dP(x) in probability. Then, it holds that

sup
teR

Pn((—oo,t]) . P((—oo,t])’ — op(1).

The next lemma is an expansion of the Gaussian likelihood.

Lemma 6.2. Assume ||Z*|| V ||Y*|| = O(1). For any symmetric matriz ® and
the perturbed precision matrix

V2t

R R S P

the following equation holds for all Q € A,, with A,, satisfying (2.1) or (2.3).

_ ty/n :
() — 1,(Q) = ﬂHE*I/Qq)Z*I/QHFtr((Z—E)(b) (6.1)
1 [Z28 2L n gn (b — 5

—4d
2 ||E*1/2(I>E*1/2Hi“ 22 (1-3s)3 >

j=1

where {h;}i_, are eigenvalues of »/2(Q - Q,)nl/2.

The following lemma is Proposition D.1 in the supplementary material of
[26], which is rooted in [16].
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Lemma 6.3. Let Y, ~ N(0,,xp,). Then, for anyt > 0,

1 n p p 2 2
=Y vy -1 <2( p t) <\/j t) > 1926 t/2,
I( nes - \/;+ N =

Proof of Theorem 2.1. We are going to use Lemma 6.1 and establish the con-
vergence of moment generating function. We claim that

ln<Qt) - ln(Q) = \/5 Hz*lt/gz*l/QHF ((b(z) - (b(i)) - %tQ + OP(l)v (6'2)

uniformly over A,,. The derivation of (6.2) will be given at the end of the proof.
Define the posterior distribution conditioning on A,, by
II(A, N B|X™)

A, ny __
R = T, ey

for any B.

It is easy to see
sup [TI4+(B|X™) — II(B|X™)| = op(1), (6.3)

by the first condition of Theorem 2.1. Now we calculation the moment generating

function of % under the distribution IT4» (-|X™), which is

WO o)\ L
/exp \/§HE*1/2¢2*1/2HF ( ‘ )

tv/n (¢(2)—¢<2))
fAn eXp (\/5| 2*1/2<I>E*1/2|‘F +

L, exp (1n(90))ar1(2)
fAn exp (ln (Qt)) dTI(§2)
L, exp (1a(9) dI1(2)

1 (©) ) dTI(R)

- (1 4 0p(1)) exp (1%/2)

_ (1 + OP(l)) exp (t2/2)7

where the second equality is because of (6.2) and the last inequality is because

of the second condition of Theorem 2.1. We have shown that the moment gener-
£ _V6(2)—6()
\/5“2*1/2@2*1/2”1:
to the moment generating function of N (0, 1) in probability. By Lemma 6.1 and
(6.3), we have established the desired result.
To finish the proof, let us derive (6.2). Using the result of the likelihood

expansion in Lemma 6.2, we will first show

ating function o under the distribution II4» (-|X™) converges

n . 2
() = () = — ||E*1’jg2*1/2||Ftr((z - z)cp) - % +o(l),  (6.4)
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where the o(1) above is uniform on A,,. Compare (6.4) with (6.1) in Lemma 6.2,
it is sufficient to bound

2

[Zr2ext 2| ‘
2

||E*1/2(I)E*1/2HF

We use the following argument to bound Ry on A,,.

RS SEEEETRES SR
tr(ZDED) — tr(T DX D)

w(o(2 - 5)2) ’ + ‘tr((E - 2*)@2*@)‘

IA

tr (21/2q>2q>21/2(1 - 2*1/22*2*1/2)) ’

+

tr (2*1/2(1)2*(1)2*1/2(Z*—l/sz*—l/Q _ I)) ‘

IA

tr(21/2q>2q>21/2)||1 B Satveh b yud| (6.5)
+tr(2*1/2¢)2*¢)2*1/2) HI _ 2*71/222*71/2H

= SPRRY R - s
+||El/2*@2*1/2”%||1 o 2*71/222*71/2”
< o(1)[[SVPREVA| 4 o(1)|| ST PR3, (6.6)
where the inequality (6.5) is by von Neumann'’s trace inequality and the inequal-
ity (6.6) is due to the fact that || — X*|| = o(1) on 4,. Rearranging the above

argument, we get Ry = o(1) uniformly on A,,. To bound R, we first use Weyl’s
theorem to get

Var [ sVrex
1<j<p - W HZ*1/2(I)E*1/2HF - O(n )7

on A,. Thus, on A,, we have

Ry < (Cn Z/ (hj—s)zds
j=1"9
p
< Cn) |l
j=1
p
< Cnlrg]agp\hﬂzlhyl
]:
<

1/2851/2||2
cnxo(n1/2)x0< ==, )

n ||2*1/2(I)E*1/2H§?
= O(n71/2).
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Hence, (6.4) is proved. Together with the approximate linearity condition (2.2)
of the functional ¢(X), (6.2) is proved. Thus, the proof is complete. O

Proof of Theorem 2.2. We follow the reasoning in the proof of Theorem 2.1 and
omit some similar steps. Define

d=-Q"TvO*.
It is easy to see that
HQ*1/2\I,Q*1/2H _ “2*1/2(1)2*1/2” .
F F

Then by Lemma 6.2 and the similar arguments in the proof of Theorem 2.1, we

obtain R
t\/ﬁtr((E - 2)@) )
= — ~t? 4+ o(1),

\/§HQ*1/2\IJQ*1/2HF 2

uniformly on A, which is analogous to (6.4). We are going to approximate
Vtr((E-X)®) by /n(4(2)—¢(X7")) on A,. Define 2 = 7', The assumption
rp?/n = o(1) implies that p/n = o(1). Thus, € is well defined. By Lemma 6.3,

B-2i=0(y/2). 1a-ai=0(y/2). (67)

. . 2 . . .
Using notation V = 2 ”9*1/2\119*1/2“F, the approximation error on A, is

In() — 1,(Q)

VAV 2 [p(9) = (@) - (5 - £)0)
= Vav—12 tr((Q - Q)xp) + tr((E - z)nm)

N o e tr((E ~ Qe — Q\IJQ)) ’

IN

V=12 tr((Z D) w(QF — Q))‘
/Y12 ‘tr((E Q- Q)\PQ)’ .
Let the singular value decomposition of ¥ be ¥ = ZlT:1 dlqlqlT. Then,

‘tr((E DO — Q)) ]

< Yldl (- Dad @ - )|
=1

< Yl - allld @ -0))l
=1

<

Op (Ii —3||[[£ - Z*IIZIdz|>-

=1
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Similarly,

]m«((z Q- Q)\I/Q) ]

< Op (II2 RN Idzl>~
=1
Since
e 7] p———
V2o df

we have

\/—V‘1/2’¢ )—tr((Z—f])(P)‘

< @{wmm—zwz—vm
< op(VarlIE = I + VarlS - 12 - =)
< ( L+ rpllE - zu)

p(1)

uniformly on A, where we have used (6.7) in the second last inequality above.
Hence,

ta(w(@) - (=)

2
Va|amaanre), 2t tor (69

I () = 1,(Q) =

uniformly on A,. The remaining part of the proof are the same as the corre-
sponding steps in the proof of Theorem 2.1. Thus, the proof is complete. O

6.2. Proof of Lemma 2.1

Proof of Lemma 2.1. The proof has two parts. In the first part, we establish
the first condition of the two theorems by proving a posterior contraction rate.
In the second part, we establish the second condition of the two theorems by
showing that a change of variable is negligible under Wishart density.

Part I. The posterior distribution QX" is W,((nX + )", n+p+b—1).

Conditioning on X", let Z;|X™ ~ P(ni-s-l _, iid. foreachl=1,2,...,n+p+

b — 1. Then the posterior distribution of €2 is identical to the distribution of
bl Z1ZF'|X™. Define the set

n — {”9*1/229*1/2 I|| < C\/E},
n
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and we have P%, (GS) < exp(—cp) by Lemma 6.3, for some ¢,C' > 0. The event
G, implies ||2 — £*|| < C||=*[|/E, by which we can deduce

- 1 \—1 1
(TS0 E——
n Amin (E + %I)
1
< -
/\min(Z*)_ﬂ_HZ_E*H
< 2[|27]|.

Using the obtained results, we can bound the deviation of the sample covariance
by

Hm+p+b—nm2+n—%4Y

n ~

< —_ (X%
- n—i—b—i—p—l( )

(n—i—p—!—b—l)(nf]—k[)_l(

_btp-l e 1 e
n+b+p—1 n+p+b—1

< 1 -1 < * * < — < — *
<G+ 1n) e st e+ o= s+ 7+ S+ D)
2p+b—1), ... 2. .
sacnz*nw‘nﬂ*|3/2\/§+M||ﬂ 1+ 21002
n n n

< Py 2

and the posterior deviation can be bounded by
PeI(]j0 - > 2c'|z*|1/2||ﬂ*|3/2\/§|xn)
< Rea(lj0 - )| > 2O’|z*|1/2||9*|3/2\/§|X”)Han + P2 (GE)

<pren(fe-@+pro-1)mS+ 07 > C'||Z*|1/2||Q*||3/2\/§|X”)]IG"
+ P (G)

>

n+p+b—1 A
:}%ﬁ( S 24— (n+p+b-1)mE+1)
=1

* * p n U3 (&
'l 129 ||3/2\/;]X >+PE*<GH>
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n+p+b—1

(n+p+b-—1)~" > ww -1| >
=1

< ng]P’(

1 1 * * p n n C
S U I 2 ) 4 P ()
2| E+ D) "

1 . . P
gp( > Lo e ||1/2\ﬁ>
n

+ P (GF)

n+p+b—1
(n+p+b-1)"" > ww -1
=1

<exp(—cp),

where we use W; ~ N(0, I) in the above equations. In summary, we have proved

n * * * p n
PE*H<||Q - ] < 20| B x ) 1 (69)

which implies

PS*H(HE ~ 2| < M\/E‘X") S,

with some sufficiently large M > 0. We choose

A= {||z—z*| < Mﬁ}
n

so that II(A,|X™) =1 — op(1) is true. For Theorem 2.1, let 6, = M/Z. Then
dn, = o(1) by assumption, and A, C {||Z — ¥*|| < d,}. For Theorem 2.2, let

o =M r’sz’ then we have §,, = o(1) and A,, C {\/7p||2 — X*|| < dn}.

Part II. Note that the proof for this part is the same for both Theorem 2.1
and Theorem 2.2 by letting & = —Q*WQ*. We introduce the notation

~ -1
e e D

Now we study the integral fA’L exp(l, (£2¢))dIL(Q). Let M (p, b) be the normalizing
constant of W,,(I,p + b — 1). We have

/A exp (ln(Qt))dH(Q)

2

:/\/fl(p’b)/ exp (ln(Q+2tn*1/2<§)+

=N‘1(p7b)/

A, +2tn—1/2d

2 1
log det(Q2) — 5tr(Q)> dQ

b—2 -
log det (I’ — 2tn~1/2®)

exp (ln () +

1 B
— St - 2tn’1/2<13)>d1“
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B /An+2tn1/2<i> b <ZH(Q)>

2

-1 -
exp ( 2 log det(I — 2tn~'/2Q71®) + §tr(2tn_1/2<I>))dH(Q).

The above integrals are meaningful because A, U (A4, + 2tn~1/2®) c {Q: Q >

0,Q = QT}. Note that
<)
n

Since |[2tn~1/2®|| = o(\/E), there exist M’, M" arbitrarily close to M such
that M' < M < M" and

Ay +2tn 120 = {H(Q —2tn~1/2@) 7t — %7

Al C A, +2n"2P c AY

for A, = {||¥ — &*|| < M'\/E} and A}, = {||X — X*|| < M"/E}. The result
(6.9) implies II(A}|X™) =1 — op(1) and II(A)|X™) = 1 — op(1) are also true
when M’ M, M" are large enough. Let ||®||y be the nuclear norm of ®, defined
as the sum of its absolute eigenvalues. Note that on A/,

[|®]|v

1®|ly < C < Cvbp.
1®]] 7
Since
—2 _ -1/20-14 1 —1/25
sup logdet(I —2tn™/“Q7"®) + —tr(2tn™ /=)
Ay
< tn~ 2 sup |1b - 2)][Q/28Q 12|y + |18
A7
< O0(Vp/n)
= 0(1)7
we have
/ exp (ln(Qt)>dH(Q) < (14 0(1)) / exp (ln(ﬂ))dH(Q),
An Ay
and

/A exp (ln(Qt)>dH(Q) < (1—0(1))/

A

exp (ln(Q)>dH(Q).

The facts that TI(A/|X™) =1 —op(1) and II(A”|X™) =1 — op(1) lead to

/
n

[ exp (ln(Qt))dH(Q)
Ly, e (In(©))d11(@)

=1+o0p(1). O
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6.3. Proof of Lemma 2.2

Now we are going to prove Lemma 2.2. Like the proof of Lemma 2.1, it has
two parts. The first part is to show posterior contraction on some appropriate
set A,. Note that Wishart prior is a conjugate prior. The posterior contraction
can be directly calculated. For the Gaussian prior, its non-conjugacy requires
to apply some general result from nonparametric Bayes theory. To be specific,
we follow the testing approach in [21]. The outline of using testing approach to
prove posterior contraction for Bayesian matrix estimation is referred to Section
5 in [17].
We first state some lemmas.

Lemma 6.4. Assume p* = o(n/logn) and ||X*|| V ||Q*]| < A = O(1). For the
Gaussian prior 11, we have

R A A ]

for some constant C > 0.

The next lemma is Lemma 5.1 in [17].

Lemma 6.5. Let K,, = {||Q]]?||Z — Z*]|%2 < ”21%}. Then for any b > 0, we
have

P, (/exp (zn(n) - ln(Q*))dH(Q) < TI(K,)exp (— (b+ 1)p? 10gn)>
< exp ( — Cbh?*p?log n),

for some constant C > 0.
The next lemma is Lemma 5.9 in [17].

Lemma 6.6. For ||X*||V[|Q*]]| < A=0(Q1) and ||Z1|| V||Q1]| < 2A, there exist
small 6,8 > 0 only depending on A, and a testing function ¢ such that

P3¢ < 2exp ( - C¥||x* - 21||2F)a

sup PE(1-¢) < 2exp (— CF|[S* = 2|},
{Sesupp(I):||[S—4 || p<5||S* =1 || }

for some constant C > 0.

Proof of Lemma 2.2. Like what we have done in the Wishart case, the proof has
two parts. In the first part, we establish the first condition of the two theorems
by proving a posterior contraction rate. In the second part, we establish the
second condition of the two theorems by showing that a change of variable is
negligible under Gaussian density.
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Part I. Define
21
A, = {||22*|F <M pog"},
n

for some M sufficiently large. Then, we may write

cexp (1, () — 1, (%) ) dII(2
gy = 1220 (0~ @)Dy,
[ exp (zn(m - ln(Q*)>dH(Q) Dy,

Let us establish a testing between the following hypotheses:
Hy:¥=%" vs H;:X e A Nsupp(Il).

There exists {3}, C A, Nsupp(Il), such that

. p?logn
A5, Nsupp(1l) C supp(1l) N <U§V_1 {IIEEjIFS ” })

We choose the smallest N, which is determined by the covering number. Since
As nsupp(IT) € {]|Q]|r < 2A,/p}, we have

2A/n
vplogn

By Lemma 6.6, there exists ¢; such that

log N < C'p?log ( ) < Cp?logn.

Pg.¢; < 2exp ( — CM?p? logn),

sup Pg(1—¢;) < 2exp(—C’M2p2 logn).
{Zesupp(Il):||Z—%;||r<+/p?logn/n}

Define ¢ = maxi<j<n ¢;. Using union bound to control the testing error, we
have
Pf.¢ <exp ( — C M?p? logn),

sup Pg(1-9) Sexp(—C1M2p210gn>,
{Z€Af Nsupp(II)}

for sufficiently large M. We bound II(A5|X™) by
PLI(AL|X") < PRIIASIX™)(1— @)1{D, > exp(~2p* logn)}

+PE.6+ P (D < exp(—2p*logn))

exp (2p2 log n) Py /A

IN

exp (1n(©) = 1(2) ) (1 = $)dL1(2)

c
n

+P3. ¢ + Py (Dn < exp(—2p? log n))
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< exp (2p*logn) / Pg (1 — ¢)dII(§2)
Az
+Pg.¢9+ Ps. (Dn < exp(—2p? log n))
< exp (2p2 log n) sup Pi(1—9)

e A Nsupp(1T)

+P5. ¢ + Ps. (Dn < exp(—2p? log n))

In the upper bound above, the first two terms are bounded by the testing error
we have established. The last term can be bounded by combining the results of
Lemma 6.4 and Lemma 6.5. Hence, we have proved that

TI(AS|X"™) =1 — op(1).

For Theorem 2.1, let §,, = M4/E21%8" Then 6, = o(1) by assumption, and

n

A, C || — X*|| < én}. For Theorem 2.2, let 6, = M ”ﬁ%, then we have
0n =o0(1) and A, C {\/rp||Z — E*|| < b, }.

Part II. Let IIg induce a prior distribution on symmetric £ with each of the
upper triangular element independently following N (0, 1). The density of Il is

dle(Q) ., L~
=g e (5 l90).

where we use € to zero out the lower triangular elements of  except the diagonal
part and &, is the normalizing constant. Write

[ exp (1(@0)ance)
Ap
1. - _
= g—l/ exp (1, (%) — =||Q|% ) d€.
o], e (1) - 1901
Remembering the notation ® defined in the proof of Lemma 2.1, we have

1 - _
exp (1, () — =||Q|% ) d©
[ exe (1) - 5100

1 _ = _
/ exp (zn(r)f §|\F—2tn*1/2<1>\|%)d1“
Ap+2tn—1/20

1 _ = _
_ / exp (zn(r) — [T + 2tn 2t (D) — 2t2n*1||q>||%)dr.
Ap+2tn—1/2% 2

We may choose M', M" arbitrarily close to M such that M’ < M < M" and
Al C A, +2tn~1 20 C A” for

2] 2]
Al = {|z —3*|[p < M'\/w}, Al = {||z—z*|F < M"\/w}.
n n
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This can always be done because ||2tn~'/2®||r = O(n~/?) = o(q/pzl%).
Moreover, we have II(A} | X™) =1 —op(1), II(A”|X™) =1 —op(1) and

sup 2tn_1/2tr(f§>) — 2t2n_1|\fi>||%‘
Al

IN

Csup w2 1Bl + 0= B3

= o(1).

Therefore, using the same argument in the proof of Lemma 2.1, we have
L, exp (1n(S2) ) dII(2)

fAn exp (ln(Q))dH(Q)

This completes the proof. O

= 1 —|— Op(l).

6.4. Proof of technical Lemmas

Proof of Lemma 6.2. First, we show §); is a valid precision matrix under the
event A,, i.e., ; > 0. Using Weyl’s theorem, we have

[Amin (§2¢) = Amin (2°)] < ([0 — Q] + || — 7],
where the first term is bounded by

V2t [12]] _
vn "2*1/2@2*1/2HF o

1€ — Q] < O(n=1/2).

Hence,
|>\min(Qt) - >\Inin(Q*)| S O(n71/2) + HQ - Q*H

Under the current assumption, O(n='/2) + [|Q — Q*|| = 0(Amin(Q*)). Hence,
Amin (£2¢) > 0. Knowing the fact that [,,(€;) is well-defined, we study [,,(€%;) —
1n (),

n

- n
() — () = §tr(2(9 - ) + 2 log det (1-@-a)x)
_n S _ n 12/ 1/2
- Qtr((Z o) (Q Qt)) + 2tr(2 Q- Q)% )
+ 2 1og det (1 T Qt)Zl/Z).
2
Let {h;}/_, be eigenvalues of »/2(Q — Q;)%Y/2. Then, we have

gtr(El/Q(Q - Qt)21/2> + glogdet (I — B2 - Qt)El/Q)
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n P
=5 g (h +log(1 — h; ))

Jj=1

gy [T

Jj=1
21/2 QO — Q 21/2 /
S 13- Z e

where fo (1] :))3 ds is the remainder of the Taylor expansion. Therefore, we

have obtained the expansion

() — 1n ()
= Zu(E - D)@ - ) - HIsVA@- Q)E”“’IIF——Z/ 1_5)) ds
tvn

sya) - £ IZ0m

= t -
\/_HZ*I/Q@Z*UZHF r 2 HEH/Q@E*UQH%

Z/ 1—8

The proof is complete. O

Proof of Lemma 6.4. Define IIg to be the distribution which specifies i.i.d.
N(0,1) on the upper triangular part of Q and then take the lower triangular
part to satisfy Q7 = Q. Define

D ={||Q V[ <24}
Then according to the definition of II, we have

Hg(B n D)

1(B) = Mg(D)

for any B.
Since g (D) < 1, we have
II(B) > lIg(BN D), forany B.
In particular, we have
m([1912% - =*|[F < p*logn/n)
> 1 (19122 — =113 < p* log n/n, |2 v [[S]] < 24).

Since p?/n = o(1), we have

pv/logn 9 .12 p2 logn
(21\)3\/ﬁ} {” || || ||F B n

{||Q—Q*|Fs ,|ﬂ|v||z||g2A}.
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Thus,

Viogn
2|y _ v (12, < g2 > _Qf||. < PVOST
H(||Q|| |1 =% <p logn/n) _Hg<||Q Q*|r < (2A)3\/ﬁ)

Calculate using Gaussian density directly, for example, according to Lemma E.1
n [17], and we have

" pyvlogn
G(HQ_Q l|lF < W)
p(p+1)/2
> el (P(z2 < bﬂ))
cn
> exp ( — ||Q*H% — Cp2logn)7

where Z ~ N (0, 1). The proof is complete by observing that ||2*||% = o(p*log n)
under the assumption. O

Appendix A: Proof of Theorem 4.1 & Theorem 4.3

Lemma A.l. Under the setting of Theorem 4.1, assume p?/n = o(1) and
[IZ*]] V [|2*]| = O(1), then we have
Ln(pex iy byt Q) — U (px, py, )

= Mtr((E—f})tb) t\/_(X px) T Ex

R )P0 — 31+ 0p(1),

uniformly on A, .

Proof. Since

ln(,uX,ta MYt Qt) - ln(/’LXv MY, Q)
= (e nxes 90 = (e, ) ) + (b (avies ) = by (v, 9) )

we expand both quantities in the brackets using the general notation (g, Q) —
I(,€2). Using Taylor expansion as in the proof of Lemma 6.2 and the notation

=15 (X —pu)(Xi — )T, we have
Lpt, Q) — U(p, Q2)
= Zu(E =)@ - )= nln— ) WX —p) - 5 |52 - ) ZWH

n P hi (B g)2
(1 = )T Qe — ) — 5 > (hy =5 g,

|
|3
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- @tr((z—i)cb) ‘FﬁTQt(X n
O A T =

where {h; }?_, are eigenvalues of $'/2(Q—€;)%!/2. The same proof in Lemma 6.2
implies

2/ 1_5 "4 = (1), on A,

Therefore,
Ln(px ey byes Q) — Ln(px, pry, )
2t\/n 1 - -
- 1\//_“((2_5(2)(4-21/))@) \/_(X px) " ulx
tf

(Y — py) Uy — Q—VQ( “21/2@21/2“ +ExUéx + 69 th)
+0(1).
: 2/m 1/ = 2%/m -
We approximate =5 tr((X — 5 (Sx + Xy))®) by = tr((X — X)®), and the
approximation error is bounded by
Cvn ~ -
T‘tr((EXfZX )‘ +=¥r ’tr( Sy - Sy)2)|
CV I ((X = px)TR(X ~ m + (V= ) TRV~ pry))
Cllollv"va(IIX = x|+ IV - v )
cllollv-"va(llux = wil? + lluy = w312 + Op(p/n))
op(1),

under A,, and the assumption p?/n = o(1), where we have used the fact that

[|®]|/V < C. We approximate ‘/_(X pux)TQéx by t\/_(X pux )T €x, and
the difference is bounded by

Cv/nV ™ €5 (@ = (X = pux)| + VAV T (2 = ) (X — i)

IN A

IN

< CV2exllIX — pxllliel + Cvav eI - @I - x|
< CIIX - x|+ CVAllQ - 971X - x|
< O(Ilnx = ikl + Vallux = w19 = 21+ VBIIQ - 21| + Op(Vp/n))

== OP(l)7

under A4,, and the fact that ||{x]||/V < C. Using the same argument, we can also
approximate #(}7 — py)TQi&y by #(Y — pny)TQ*¢y. Now we approximate
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the quadratic terms. Using the same argument in the proof of Lemma 6.2, we
have ) )
‘||El/2q)21/2”F _ ||E*1/2(I)2*1/2||F’
72 = o(1).

We also have

€% (Q — Qx|

S <ol -9+ i - Qll) = o),

T *
and the same bound for M Therefore,

2

2 2 t
(4 HZl/QQEl/QHF + EXNlx + ffoQt&/) =3 +o(1),

2V2
on A,. The proof is complete by considering all the approximations above. [

Lemma A.2. Under the same setting of Lemma A.1 and further assume V! =
O(1), we have

# (A(ux, wy, Q) - AX,Y, 271)>
- 2ﬁvﬁ w((2-2)e) - %W — x) T Ex #(? )Ty
+op(1),

uniformly on A, .
Proof of Theorem 4.1. Combining Lemma A.1 and Lemma A.2, we have

Ln(pxts oy, Q) — Lo (px, gy, 2)

t S o e 1
W (A v, ) - MK V.57 = L2 4 op1),

uniformly in A,,. The remaining of the proof is the same as the proof of Theo-
rem 2.1. U

The proof of Theorem 4.3, is very similar to the proof of Theorem 4.1. We
simply state the technical steps in the following lemmas and omit the details of
the proof.

Lemma A.3. Under the setting of Theorem 4.3, assume p*/n = o(1) and
[1Z%]] V||| = O(1), then we have

In(pxes iy, Qx5 Qye) — ln(pex, iy, Qx, Qy)
NG - ty/n .
= 7157”((2)( — EX)@X> + Ttr((Ey — Ey)q)y)
tvn , = tv/n - 1
—7\/_()( —px)TQEx — 7\/_(3/ —uy) Ty — §t2 +op(1),

uniformly on A,,.
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Lemma A.4. Under the same setting of Lemma A.3 and further assume V! =
O(1) and p*/n = o(1), then

ty/n S o t—l &
7\/7<A(,U1X7,U/Y7QX59Y) - A<X7Y7ZX17ZY1>)

= #tr((z)x — Ex)q)x) + #tr((zy — iy)q)y)
SR T~ YT )T+ o0 (1),

uniformly on A, .

Proof of Theorem 4.3. Combining Lemma A.3 and Lemma A.4, we have
In(px ey oy, Qx5 Qye) — ln(pex, ty, Qx, Qy)
ty/n N
7<A(MXaMYaQXaQY) - A(X?Yy ZX 7ZY )) - §t + OP(1)7

uniformly in A,,. The remaining of the proof is the same as the proof of Theo-
rem 2.1. O

Appendix B: Proof of Theorem 4.2 & Theorem 4.4

In this section, we are going to prove Theorem 4.2 and Theorem 4.4. Due to
the similarity of the two theorems, we only present the details of the proof of
Theorem 4.4. The proof of Theorem 4.2 will be outlined. By the remark after
Theorem 4.4, it is sufficient to check the two conditions in Theorem 4.4 for X
and Y separately. Therefore, we only prove for the X part and omit the subscript
X from now on.

Denote the prior for (Q,u) as II = Ilg x II,. The following lemma is a
generalization of Lemma 6.5 to the nonzero mean case.

Lemma B.1. Let € be any sequence such that € — 0. Define
Ko = {12112 = 2% + 2|9/l — p*|1* < €}

Then for any b > 0, we have

P, < / exp (ln(Q) - ln(Q*))dH(Q) < TI(K,)exp (— (b+ 1)n62)>
< exp ( — CbznGQ),

for some constant C > 0.

Proof. We renormalize the prior IT as IT = IT(K,,) ~*II so that IT is a distribution
with support within K,,. Write Ej to be the expectation using probability II.
Define the random variable
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dPs, -
Vi = [l S Cxail@)
1 * * * * *
= ot (X =)@ = EgQ)(Xi — i) + (X — py )T]Eﬁ(ﬁ(u —p )),
for i =1,...,n, where c is a constant independent of X1,...,X,,. Then, Y; is a

sub-exponential random variable with mean

Py, = /D(PE*HPE)dﬁ(Q)
1 * 1 * -
< /(ZIIQIQIE—E ||2F+§\|Qllllu—u |2>dH(Q)
< /4.

Thus, by Jensen’s inequality, we have

dP"
dPg*

pz*(
1 n
< PE*GZ —(b+1)e )

IR 1<
= N (Vi = PeeYi) + =S (Yai — Ps-Yay) < —be? |,
2<n2(1 py 1)+n2(2 e Ya;) < 6)

i=1 i=1

(X™)dII(Q) < exp ( —(b+ 1)n62)>

where in the last equality we defined

Vie= 5 (X — ) T(Q ~ Bp@)(Xi — u), Yor = (Xi — ) By (00— ),

for i =1,...,n. By union bound, we have

1 & 1 &
Pg(ﬂZ(Yu Ps:Yii) + — > (Yai = Po-Ya) < —be2>

i=1 =1

< En Vi — PV )<fb62
>~ v 1e — '¥+114) > 2
+P § (Yai — Pg-Yay) P
> C 2¢ — 1'%+ 22 = 2 .

In the proof of Lemma 5.1 of [17], we have shown that

1 §
Pg <ﬁ Z(Yli — Pg-Y1;) < —b%> < exp ( - 052”62)-
i=1
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Hence, it is sufficient to bound the second term. Define Z; = Q*'/2(X; — p*),
and then we have
Ygi - Pz*YQi = Z,LTG, and Zi ~ N(O,Ipxp)

with a = S*V/2E5(Q(u — p*)). By Bernstein’s inequality (see, for example,
Proposition 5.16 of [29]), we have

1 & be> (nbe?)?  nbe?
Pl — alZ; < —— | <exp —C’min(—,—) .
<n¥ : 2) ( Allall” Tlall

Since

lall? < 1121 B (200 - )|

(15" B |(n — 1)
0/62

INIA A

and [[al|e < [|a]] < VC"¢2, then

P(% iaTZi < g) < exp ( — C'min (b*né?, bne)) = exp ( _ Cbznez)’

because € — 0. The conclusion follows the fact that

P« (/ jllji (X™)dII(Q) < II(K,,) exp ( —(b+ 1)7162))

< P (/5}% (X)) < exp (- (b+1)n62)>. 0

The following lemma proves prior concentration.
Lemma B.2. Assume p?> = o(n/logn), ||p*]| = O(1) and ||Z*]| V [|Q*]| < A =
O(1). For the prior I =Ilg x II,,, we have

2
. . p~logn
(1192021 = =1 + 2012l — w12 < 220 = exp (= CpPlogn),

for some constant C > 0.

Proof. We have

2
* * p IOgTL
m(lIQIP1E - I + 201l — )2 < B850
2
* * plogn
> T(JIRIPIT = 1 + 44l - ]2 < )
5 a2 _ PPlogn ez PPlogn
> (| - 2 < R an e - )P < B 5T
2 2
* p~logn " p“logn
= HQ(HQIIQIIE—EH%g o )Hu<4A\|p—ﬂ\|2gT>,
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where the first term is 1ovve2r bounded in Lemma 6.4. It is sufficient to lower
bound IT,, (4A||p — p*||? < %?f"). By the definition of Gaussian density,

2
. p~logn
Hu(‘lAHN—M I* < T)

P
> o-lutl/2 p(|Z|2 < W)
N -
> exp ( —lu*|?/2 = Cplogn)

The proof is complete by noticing ||p*|| = O(1). d

Lemma B.3. Assume ||[Z*]|V[|2*]| < A = O(1). Then for any constant M > 0,
there exists a testing function ¢ such that

P&*7Q*)¢ < exp ( — CM?*p? logn>,

sup i P&Q)(l — ¢) < exp ( — CM?*p?log n),
{(1,2) Esupp(TT): |pi— || > M 2205 )

for some constant C > 0.

Proof. Use notation €2 = p?logn/n. Consider the testing function

> N Me
o= 1% - wil> 5.

Then we have
Pl an9 = P(\/—EHE Y2z 2| > 7) < IED(||Z||2 > C'M2n62),
where Z ~ N(0, I,x,). We also have for any (p,2) in the alternative set,

Pla(l—9)

IN

n * 4 M
Pl <|HN =X —pll < 76)
n - Me
Pio <|X — pl| > 7)
1 M
P —|zt/2z5l/?) > 26
NG 2

< ]P’(|\Z||2 > CMQneQ).

IN

Finally, it is sufficient to bound P(||Z]|> > CM?ne?). We have
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P(HzH? > CMQHGZ)

p
= P(Z 77 —1) > CM’ne —p>
j=1
p
< P(Z Z:-1)> C’M2ne2/2>
j=1
< exp ( C'min ((M?ne®)?/p, Mznez))
= exp ( — C’Mznez),
where we have used Bernstein’s inequality. The proof is complete. O

Lemma B.4. Assume |[X*]|V[[Q*|] < A = O(1) and [[Z:1]|V[|Q]] < 2A. There
exist small §,8",0 > 0 only depending on A such that for any M > 0, there exists
a testing function ¢ such that

Pl gy® < 2exp (= O[5 = 2]},

sup Pg(l—qb)S?exp(—C’(S'HZ*—ZlH%),
{(#wﬂ)esupp(n)i\\E*El||FS5HE**21||F,}
(™ | <ATe

for some constant C' > 0, whenever 6AM?e% < §||%; — X*||%.

Proof. Since the lemma is a slight variation of Lemma 5.9 in [17]. We do not
write the proof in full details. We choose to highlight the part where the current
form is different from that in [17], and omit the similar part where the readers
may find its full details in the proof of Lemma 5.9 in Gao and Zhou. We use the
testing function

¢ = {% Z(Xz — )T =) (X — ) > 1ogdet(921)} .

i=1

We immediately have
Pl gy < 2exp ( —o||%, - E*H%),

as is proved in [17]. Now we are going to bound P, Q)(1 — ¢) for every (u,Q)
in the alternative set. Note that we have

1-¢
- {1 S0 — w)T(QF = Q)X — )+ 2(X — )T (@ — Q) — 1)

n <
i=1

(= )T =) (p— ) < logdet(QEl)}
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{l > ((Xi — )T — ) (X — p)

—Pluo)(Xi — )" (QF — (X — N))

F2(X — )T (Q" = Q) (= p*) + (o= )T (0 = Q) (= p*) > ﬁ},

where we have proved in [17] that
p =031 - 7IE,

for some § only depending on A. Using union bound, we have

Ploy(1-9)
{1230&—MHW—QM&—M

< Plo

i=1

N

}

—P0)(Xi — )" (QF = Q)(X; — M)) >

+Plue) {2(X = )" (Q" = Qu)(u — )
* * * ﬁ
= )T (= Q) (- p*) > 5}~
[17] showed that the first term above is bounded by 2exp(—Cd'[|Z; — X*||%).
It is sufficient to bound the second term to close the proof. Actually, this is the
only difference between this proof and the one in [17]. Note that
(= 1) (@1 — @) — )] < 3Allp — *]2 < BAM2E.

EARS]

By assumption,
8||Zy = *[|F <

N | —

3AM2e? <

[N
H,_/

p— ) (= Q) (- p*) >

j

Hence,
Pr, oy {20X = 7@ = Q1) — 1) + (

< Py {2 = (9 — ) — ) >

=

—p( 27> " ,
where Z ~ N(0,1) and a = ¥¥/2(Q* — Q) (u — p*). Using Hoeffding’s inequality

(see, for example, Proposition 5.10 of [29]), we have

D
PlZTa>2| < exp | —
( ) (= e

8



Covariance functional BuM 1797

where )

3A
llall* < 9A%[|p — || < 9APMZe* < = —p,

according to the assumption. Thus,
JP’(ZTa > g) < exp ( —Cd|D, — 2*||%),

for some ¢’ only depending on A. Therefore, P(’L Q)(1 —¢) < exp(—=CY||¥1 —
¥*||%) for all (i, Q) in the alternative set and the proof is complete. O

Proof of Theorem 4.2 and Theorem 4.4. According to the remark after Theo-
rem 4.3,
II(A, | X" Y") = x (Ax n| X))y (Ay,|YT).

Thus, it is sufficient to show both Iy (Ax ,|X™) and IIy(Ay,|Y™) converge
to 1 in probability. Since they have the same form, we treat them together by
omitting the subscript X and Y. The posterior distribution is defined as

Fag b (L2, 2) = 1 (7,27 ) dl1 (11, 2)
Jexp (ln(m Q) — L (p*, Q*))dﬂ(u’ Q)

N,
TI(AS|X™) = _ MV
( nl ) D'n,,

where we consider

2 ] _ 2]
AH{MW|SM P8R s —sr|p < M &ﬂﬂ},
n

’
n

for some M and M sufficiently large. We are going to establish a test between
the following hypotheses:

Ho: (p, Q) = (1", Q") vs Hy:(u,Q) e A Nsupp(Il).

Decompose A¢ as
AfL = Bln U B2na

where

. p?logn
Bin = {Ilu—u || >M T}

« p?logn . _ [p%logn
BZn{HMﬂHSM - NE=X%p > My - .

By Lemma B.3, there exists ¢; such that

and

P{L*ﬂ*)qbl vV sup P&,Q)(l —¢1) <exp ( — CM?p?log n)
supp(II)NB1y,
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For By, we pick a covering set {¥;}.; C B, Nsupp(Il), such that

Bay C UN. | Bayj,

. p*logn [p?logn
Ban:{|U_,u HSM T7||E_2j||FS T s

and the covering number N can be chosen to satisfy

where

log N < Cp*logn,

as is shown in detail in the proof of Lemma 2.2. We may choose M large enough
so that the assumption of Lemma B.4 is satisfied, which implies the existence
of ¢9; such that

Pl a2 V sup Pio)(1— ¢25) < exp ( — CM?*p? logn).

supp(I1)N B2y ;

Define the final test as ¢ = max(¢1, \/j-\’:1¢2j). Then using union bound, we have

Pl qa@V  sup P(TL’Q)(l —¢) <exp ( — C(M?* A M?)p? logn),

supp(IT)NAS

for large M and M. Combining the testing result and the conclusions from
Lemma B.1 and Lemma B.2, we have

Pl anII(AL|X™) = op(1),

by using the same argument in the proof of Lemma 2.2. For QDA, as long as

p? = 0(1;/;)’ A, satisfies the requirement. For LDA, we use a A,, defined as

2logn _ 2logn
An—{Ilux—u}IIVHuy—u?}IISM E82 | - il < 21y 28 }

The proof needs some slight modification (including the previous lemmas) which

Vn
logn

is not essential and we choose to omit here. When p? = o( ) is true, A, also
satisfies the requirement there.
Now we are going to check the second conditions of Theorem 4.1 and Theo-

rem 4.3. We mainly sketch the QDA case. Using the notation in Lemma 2.2,
exp (1, (2 dil(,p) = &1 (s 12— S92 2 )2 ) d2d
D (o (21, pae) JdIL(Q, ) = € exp ( Ln (e, pe) =5 12— [l 1
An A’Vl

where , is a normalizing constant and



Covariance functional BuM 1799

1 = 1 ~
exp (1n(Q, pe) — =[|1Q|% — =||ul|? ) dQdp
e (1@ ) = S92 - Sl

/An+(2tn1/24>7tn1/25)
. _ 1 )
exp (1a(T',0) = 5IIT = 2tn/2|[% — 5[0 — tn~"/2¢]*) dTdb.

Proceeding as in Lemma 2.2, the result is proved. O

Appendix C: Proof of Lemma 3.1

Let Q) = >~ 1. Note that

‘log det(X) — log det(S) — tr((Z - fJ)Q*)

< ‘logdet (QWEQU? iy I) - tr(le/2ml/2 _ I) ’

+ tr((Z _B) Q- Q))‘ .

For the second term,

\/g

tr((Z Q- Q))‘

n S S *
< O/ lm = Sl — =l

p

n/ -~ N " & .
< O\2 (I8 - 21+ IR - 2 lellE - =)
<

p3
Or|\/ - +volI2 = E|F |,

which converges to zero whenever /p||X —X*||r < §,, = o(1). For the first term,

\/g ‘log det (QWEQW By [) _ tr(Qlﬂng/z _ I)’

< C’\/?HQ”QEQI/Q—IHQ

P F

n * |2 S *12
< — — _
< 02—l + 18- =)
<

P’ n .
op<\/n + /5= ||%>,

which converges to zero whenver \/%HZ — ¥*||% < 4, = o(1). Thus, the proof

is complete.
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Appendix D: Proof of Lemma 3.2, Lemma 3.3 & Proposition 5.1

Due to the similarity between Lemma 3.2 and Lemma 3.3, we only give the proof
of Lemma 3.2. Let us study the linear approximation of eigenvalue perturbation.
In particular, we are going to find the first-order Taylor expansion of \,,,(X) —
Am(3) and control the error term in some set A,,. We have the following spectral
decomposition for the three covariance matrices ¥, 3, £*.

»=vupU", ©=U0DU", x*=U*D*U*T.
Denote the m-th column of U, U, U* by Um, Um, u),. Then,
(D) = An(E) = A (OTS0) — A, (UTS0)
= M(D+UT(E-2)T) = \n(D).

Write A = D and A = UT(2 — £)U. The problem is reduced to the eigenvalue
perturbation of a diagonal matrix. According to the expansion formula in [23]
and [1], we have

Am(A+A) = A (A) = N (A, A) +§:/\5,’f)(A,A), (D.1)
k=2

where the first-order term is

X (A, 8) = Ay = (07 (S = )0 B

m

= tr((i - E)UEmmUT) = tr((i - E)ﬁmﬁT).

In the remainder term, we have

1 - -
(k+1) - v vk
M (AL) = — 3 tr(AAl...AA w),
vit+vpr1=k,v1,...,05 4120
where AV is the matrix power when v > 1 with an exception that A0 = —emel

where e,,, is the m-th vector of the canonical basis of R?. The matrix A is defined

as T
~ €6
J
A= > 2L
a —
1<j<p,j#m Y

where a; = \;(3) is the (j,7)-th entry of A. Therefore, for any integer v > 1,

P < 1 1
1A% = ||| gmax{ }

|am - am—1|’ |am - a'm+1|

We are going to show that the first term in (D.1) is a good enough approximation
of A (A + A) — A\ (4) by bounding the higher-order terms. Let us provide a

bound for |)\$,§+1)(A7 A)|. Let N ={0,1,2,...}. Consider the set

{(vla"'vvk+l)6NZ?}1+"~+1)k+1:k}.
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From its definition, there must be some [, such that v; = 0 to satisfy vy +--- +
vk+1 = k. Thus, the set can be decomposed into a union of disjoint subsets as
follows,

{(1}1,...,1}k+1) S Nk+1 ULt Vg1l = ]4?}
k+1

k.
= U{(vl7~-~7vl1avl+17"'7vk+1)€N .

1=1
1)1+"'+Ul1+Ul+1+"'+7)k+1=k}~

Clearly, each the cardinality of each subset is
2k —1
< (3e)".
(k —1 ) < (3¢)
We give names to the sets we have mentioned by

okt
Vi1 = U2y Vg1

For [ = 1, we have

Z tI‘(AAUl.,.AAka) < Z tr(AAm'”AAka)‘
Viet1,1 Vil
= Y tf(AAOAsz ...AAU,Hl)
Vi41,1
= Z tr(Aeme?nAAU2 L AAU;CJA)
V1,1
< Z ”AemH HBZzAAW A AvE+
Vit1,1
<D lAlEE A
Vieg1,1
= X A
Viet1,1

- k
= [all(sellalAl)

In the same way, the bound also holds for other I. Therefore,

k+1
AT (4, A) = |—— tr( AAY . AA
EEPIPIL )
1 k+1 5 k
< MIZ;IIAII(?)GIIAIIAII)

~ \k
= (1Al (3ellallIAl)
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When 3e||Al|||A]] < 1, we may sum over k, and obtain

o0 o0 N k
SAD@AA)] < 1A (sellalllAl)
k=2 k=1

3el Al Al

1= 3el|A[[[|A]]

Note that

Al = 8 = < 18- 11+ 115 - 571 < 0p (/) + 115 = 51,
and
4] < C’min{maxﬂ)\m—/\m_l\*l,p\m_/\m+1|*1}’||§]_2|‘71}
= Op(min((S_l, n/p))

Therefore,

3el 1114l = op<”’/’”yE - ””) = op(1),

holds under the assumption 6=1y/p/n = o(1) and when §—1||Z — £*|| = op(1).
The remainders are controlled by

_ Op<65ﬁ + \/ﬁ||25_ E*|2> = op(1),

under the assumption 5%~ = o(1) and when 5~ 1y/n||X — 2*||? = o(1). Hence,
by (D.1), we have proved

Vn

> oAb (4, A)
k=2

sup \/ﬁ |A'm(A + A) - ATTL(A) - /\{m(Aa A)‘ = OP(l)v
{7 HIE=%|Vé~1V/n||S—5*||2<dn}

for any 6, = o(1). R
Finally, for the first order term A/ (A, A), we approximate it by tr((X —
Y)ur,uil), and the approximation error is

m

)

‘tr((i ~ ) (amal, — u:nu:;f))‘ = |lut T — il || ‘tr((i - Z)K)

where K is a rank-two unit Frobenius norm matrix. It has SVD K = cididf +
czdzdg, with ¢; V co < 1. Therefore,

lugusd = ity | [ox (5 = D)K) | < IS - SIS - 27|

< 0p(2) +0p(y/2Im =),
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Under the assumption p = o(n), when /p||X — X*|| = o(1), we have

NG ‘tr((f] — ) (@l — u’ u*T))‘ — op(1).

Therefore, the proof of Lemma 3.2 is complete. A
Now we prove Proposition 5.1. We redefine A = D* and A = Utz -2)u*
and correspondingly AY. In the case where ¢ is a constant, we have

<o jjal= %(@).

Similar to (D.1), we have
M) = M(EF) = M (4,4) + 3 a4, ),
k=2
where M| (A,A) = tr((Z* — L)uiuiT) and thus v/nA (A, A) is asymptotically

normal. For the remainder term, we decompose it as

ZM’“ AN =2P4,7) —i—z/\(k)AA)

k=3

Using similar techniques in proving Lemma 3.2, we have

Vi 3o aP 4, a)
k=3

> - \k
< vayolall(sellalliAn)
k=2
eNvalINk

p3
OP( n2>7

which is op(1) under the assumption. Therefore,

Vi(aE) - u(En) = ftr((z*fmuiu?)+ﬁA§2><A,A>+OP<1>.

IN

It remains to show that \/ﬁ)\(lz) (A, A) is not op(1). Note that A =3
with a; = \;(X*). Hence,

Vi a,8) = e

i>2 a1—a; a7

tr(AAAelelT) ‘
1 Tyrr«T * S * 2
- Sy S S)Ure;
vn 2 al—aj|elU ( YU*e;]

\/— Z | U*T E)U*€j|2.

ap — az

Y
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For fixed eigengap, a1 — a2 is a constant. When X* is diagonal, U* = I, and
we have el U*T(2* — $)U*¢;|? = frfj. Moreover, the fact that ¥* is diagonal

implies &fj are independent for j = 2,...,p. Hence,

p
VAP ,a)| = evay e,
j=2

where \/ﬁzfzz fﬁj is at the level of p/y/n, which diverges to oo under the
assumption. The proof is complete.

Appendix E: Proof of Corollary 5.1

The proof follows closely to that of Lemma 2.1. First, Theorem 5.2 implies that
II(A,|X"™) = 1—o0p(1) with A,, defined by (5.9). To check the second condition,
let

Q= Q+2tn" /29,

with ® = (v/2||2*1/20%*1/2||p)~1®. Then, using the same argument in the proof
of Lemma 2.1, we get

/ exp (1 (1)) dII()
A,

- / exp (1n())
A,+2tn—1/2®

b—2 ~ 1 ~
exp < 5 log det(I — 2tn~/2Q71®) + §tr(2tn_1/2<1>)> di1(Q).

Note that

A, + 20128 — {Q €Ty HQ ot 2% —qF

5
<M k logp}.
n

Using the fact that ® € F, and [|2tn~ /23| < 2tn~'/2||®||r = O(n~'/?), we
have ~
Al C Ay +2tn~ V20 C A

5
Al = {Qe]—”k 19— Q) <M’\/@}7
n
1
Al = {Q € Ft I — ||y, < My 108P ng}.
n

Moreover, II(A]|X™) =1 — op(1) and II(A”|X"™) = 1 — op(1) by Theorem 5.2
for large M, M’, M". Finally,

b—2

for

sup
An

.1 -
logdet(I — 2tn~'/2Q71®) + 5tr(2tn_1/2¢>)‘
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IN

tn~1/2 sup
A

0 < %) = o(1).

b 2| HQ—1/2&>Q—1/2HN 119l

Following the rest of the proof of Lemma 2.1, the proof is complete.
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