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We discuss stochastic calculus for large classes of Gaussian processes,
based on rough path analysis. Our key condition is a covariance measure
structure combined with a classical criterion due to Jain and Monrad [Ann.
Probab. 11 (1983) 46-57]. This condition is verified in many examples, even
in absence of explicit expressions for the covariance or Volterra kernels. Of
special interest are random Fourier series, with covariance given as Fourier
series itself, and we formulate conditions directly in terms of the Fourier co-
efficients. We also establish convergence and rates of convergence in rough
path metrics of approximations to such random Fourier series. An applica-
tion to SPDE is given. Our criterion also leads to an embedding result for
Cameron—Martin paths and complementary Young regularity (CYR) of the
Cameron—Martin space and Gaussian sample paths. CYR is known to imply
Malliavin regularity and also Itd-like probabilistic estimates for stochastic in-
tegrals (resp., stochastic differential equations) despite their (rough) pathwise
construction. At last, we give an application in the context of non-Markovian
Hoérmander theory.

Introduction. There is a lot of interest, from financial mathematics to nonlin-
ear SPDE theory, in having a stochastic calculus for nonsemimartingales. In the
past, much emphasis was laid upon stochastic integration (resp., stochastic differ-
ential equations) driven by fractional Brownian motion (fBm), and then general
Volterra processes; cf., for example [42], Section 5, [9]. More recently, an effort
was made to dispense with the Volterra structure (cf. [35, 36]) leading to a key con-
dition of finite planar (or 2D) variation of the covariance. A completely different
approach was started by Lyons [39]; cf. also [19, 20, 38, 40]. In essence, it suffices
to have a.s. enough p-variation regularity of sample paths X.(w) and existence of
stochastic area(s), also subject to some variation-type regularity. The problem is
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then shifted away from developing a general stochastic integration theory to the
(arguably) much simpler task of constructing the first few iterated (stochastic) in-
tegrals; the rest then follows from deterministic rough path integration theory.

In the case of Gaussian sample paths, a general sufficient condition for the
existence of stochastic areas was introduced in [20]. Namely, it was shown that
if the covariance of the underlying process is sufficiently regular in terms of fi-
nite two-dimensional p-variation, the process can be enhanced with stochastic ar-
eas in a canonical way. The point is that uniform L2-estimates on the stochas-
tic areas (more precisely, smooth approximations thereof) are possible, thanks
to two-dimensional Young estimates, as long as p < p* = 2. It is then fairly
straightforward and carried out in detail in [20], Chapter 15 (cf. also [19]) to
construct a (random) rough path X associated to X. This setup has proven rather
useful, applications include non-Markovian Hormander theory ([3, 5], more be-
low) and Hairer’s construction [22, 23] of a spatial rough path associated to the
stochastic heat equation (in one space dimension) which laid the foundation to
prove well-posedness of certain nonlinear SPDEs. However, finding bounds for
the p-variation of the covariance of a stochastic process in concrete examples is
not an easy task, and checkable conditions have been dearly missing in the litera-
ture.” Providing such conditions is the first main contribution of the present work.

These conditions immediately apply to known examples such as fractional
Brownian motion with Hurst parameter H. In this case, it is known that p =
1/(2H) Vv 1 and the critical p < 2 corresponds to H > 1/4; sharpness of this condi-
tion follows from the well-documented divergence of the Lévy area for H* = 1/4.

Knowing the precise parameter p also has other benefits: it was shown (cf. [17])
that finite p-variation of the covariance of a Gaussian process implies that the
Cameron—Martin space H can be continuously embedded in the space of paths
with finite p-variation; in other words,

H s CPo

holds. In the case p < 3/2, this embedding assures that the mixed iterated integral
between a Gaussian sample path and a Cameron—Martin path can be defined via
Young’s integration theory, and we thus speak of “complementary Young regular-
ity” (CYR) here. CYR has many consequences: for instance, it allows for a Malli-
avin calculus [3, 4], [20], Chapters 15, 20, w.r.t. Gaussian rough paths. In fact, SDE
solutions—by which we mean solutions to rough differential equations driven by
X(w) for a.e. w—will a.s. be Fréchet-smooth in Cameron—Martin directions as
long as CYR holds. This led to the development of non-Markovian Hormander
theory [3, 5], a significant extension of previous work [1] specific to fBm with
H > 1/2. CYR is important also for other reasons. It is the condition under which

2The situation is easier when p = 1. In this case, the covariance has finite 1-variation if and only
if its mixed distributional derivative is a finite signed measure. In the fBm case this means precisely
H>1/2.
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one has Stroock—Varadhan-type support theorems (see [20], Chapter 19, and the
references therein). It is also the key to good probabilistic estimates in (Gaussian)
rough path theory. To appreciate this, note that the available pathwise estimates in
rough path theory are ill-suited to see the probabilistic cancellations which are the
heart of the Itd theory. It was only recently understood that Gaussian isoperime-
try (in the form of the Borell-Sudakov—Tsirelson inequality) can bridge this gap
(cf. [6] and also [13]): in the generic setting of p = 1, if applied to stochastic in-
tegrals (cf. [14]) of Lip 1-forms (as it is typical in rough path integration theory),
one obtains identical (Gaussian) moment estimates as in the It6 theory. This deteri-
orates as p increases, but exponential integrability—and even better, depending on
p—remains true.> A natural question is whether one can extend CYR to processes
which have finite p-variation for p > 3/2. In the case of fractional Brownian mo-
tion, a direct analysis of its Cameron—Martin paths (using the Volterra structure of
fBm) reveals that in this special case the stronger embedding

1
H+(1/2)

holds (cf. [16]) which implies CYR for all H > 1/4. Another contribution of the
present work is to show that this stronger embedding holds in much greater gener-
ality and, in particular, even in absence of a Volterra structure of the process under
consideration, which readily implies CYR for all p < 2 and thus closes this gap.
The structure of our article is as follows. In Section 1 we answer in the affir-
mative the following question: given a multidimensional Gaussian process with
covariance of finite p-variation, p < 2, does CYR hold? The caveat here is that
the p is not related anymore to the p-variation of the covariance but instead to
finite mixed (1, p)-variation, a mild strengthening that we prove not to be restric-
tive at all in applications. The usefulness of such a result stands and falls with
one’s ability to verify this condition in concrete cases. The situation is aggravated
by the examples from random Fourier series (rFs) where the covariance itself is
not known explicitly, but only given as a Fourier series in its own right. A gen-
eral and checkable condition for finite mixed (1, p)-variation is the main result
of Section 2; see Theorem 2.2. Loosely speaking, our condition is a combination
of a classical criterion for Gaussian processes to have p-variation sample paths
due to Jain—Monrad, with a covariance measure structure condition (the distribu-
tional mixed derivative is assumed to be Radon away from the diagonal). We then
run through a (long) list of examples (see Examples 2.4-2.16) which illustrate the
wide applicability of our criterion. (This way, we also recover from general prin-
ciples previously-known results on fBM, such as [16].) In Section 3 we apply the
results of Section 2 to study rFs in greater depth. In particular, once we have es-
tablished finite p-variation for the covariance of rFs and therefore the existence of

HI s cava for any ¢ >

3Such integrability properties can be crucial in SPDE theory [10, 14, 22] and in robust filtering
theory [7, 11].
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associated (random) rough paths, we ask for convergence (with rates in rough path
metrics) of natural approximations given in terms of Fourier multipliers.* The best
rates are obtained by considering the rough paths under consideration as p-rough
paths with large p, which also means that one has to go beyond level 2, 3 consid-
erations. Thankfully, we can rely here on general results for Gaussian rough paths
established in [15]. The main results in Section 3 are Theorems 3.2 and 3.17. In
Sections 4 and 5, we discuss some concrete rFs (resp., random Fourier transforms)
arising from (fractional) stochastic heat equations in the study of the stochastic
Burgers’s [22] and the KPZ [23] equation. Namely, we show how to regard a
[fractional, with dissipative term —(—0dy,)%, @ < 1] heat equation with space—time
white noise, on bounded intervals subject to various boundary conditions (resp.,
the entire real line) as an evolution in rough path space. The key here is spatial co-
variance of finite p-variation, where 20 =1+ 1/p. Note p = 1 ifand only if ¢ = 1
and that « > 3/4 is handled by our theory.”> This type of spatial rough path was
first used by Hairer (with o = 1, and periodic boundary conditions) to analyze the
stochastic Burgers equation [22]; a similar construction with other boundary con-
ditions (incl. those we handle here) was left as open (technical) problem in [22].
In a recent preprint, Gubinelli et al. [21] consider the fractional stochastic Burgers
equation, also with periodic boundary conditions, when o > 5/6 based on a direct
spatial rough path construction.® Finally, in Section 6 we illustrate (by the example
of a driving rFs) how our results can be used to check the technical conditions put
forward in [5] (cf. also [3, 24]), under which differential equations driven by such
Gaussian signals and along Hormander vector fields possess a smooth density at
positive times.

Notation. Let I =[S, T] C R be a closed interval. We define the simplex by
A :={(s,t)|s <t el}. Adissection D of an interval I =[S, T'] is of the form

D=S=tp=<t1<---<t,=T),

and we write D(I) for the family of all such dissections.

We will now very briefly recall the elements of rough paths theory used in this
paper. For more details we refer to [20]. Let TVRHY =R R ®d (R? @ RY) @
.- @ (R?)®N be the truncated step-N tensor algebra. For paths in 7V (R?) starting
at the fixed point e := 140 + --- 4 0, one may define S-Holder and p-variation

4Rough path convergence of piecewise linear-, mollifier, Karhunen—Loeve approximation follows
from general Gaussian rough path theory [20] and requires no further discussion.

SThe covariance structure, including local decorrelation as measured by mixed variational regular-
ity, of the fractional SHE in the space variables is similar to fBm with H = o — 1/2.

6In absence of p-variation estimates, no conclusions toward CYR and its numerous consequences
are drawn in [21], nor do the results allow one to use the general body of Gaussian rough path
approximation theory [15, 17, 20] based on uniform p-variation estimates. That said, the overall aim
of [21] was quite different.
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metrics, extending the usual metrics for paths in R? starting at zero: the homoge-
neous -Holder and p-variation metrics will be denoted by dg.ps1 and d _yar, the
inhomogeneous ones by pg.psi and p _yar, respectively. Note that both B-Holder
and p-variation metrics induce the same topology on the path spaces. Corre-
sponding norms are defined by || - || g-us1 = dg-Ho1 (-, 0) and || - || p-var = d p-var (-, 0)
where 0 denotes the constant e-valued path.

A geometric S-Holder rough path x is a path in 71/2(R?) which can be ap-
proximated by lifts of smooth paths in the d g_gs metric; geometric p-rough paths
are defined similarly. Given a rough path x, the projection on the first level is an
R?-valued path and will be denoted by 71 (x). It can be seen that rough paths ac-
tually take values in the smaller set GN (R c TN (R?), where GV (R?) denotes
the free step-N nilpotent Lie group with d generators. The Carnot—Caratheodory
metric turns (G (R?), d) into a metric space. Consequently, we denote by

C(()),/S—HGI(I’GLl/ﬂJ(Rd)) and Cg’p"’ar(l,G“’J(Rd))

the rough paths spaces where € (0, 1] and p € [1, 0o). Note that both spaces are
Polish spaces.

1. Complementary Young regularity under mixed (1, p)-variation as-
sumption. Let X:[0, 7] — R be a real-valued, centered, continuous Gaussian
process with covariance

Rx(s, 1) =EX;X;.

We will denote the associated Cameron—Martin space by 7. It is well known that
H C C([0, T],R) and each h € H is of the form h; = EZX, with Z being an
element of the L?-closure of span{X;|t € [0, T']}, a Gaussian random variable. If
hy=EZX;, h,=EZ'X,, (h,h')y =EZZ".

For any function 4 :[0, T] — R we define h;; := h; — h; for all s,¢ € [0, T].
We recall the definition of mixed right (y, p)-variation given in [46]: for y, p > 1
let

Vy p(Rx: [s, 1] x [u, v])
(X

= su <
t)eD([s,t) N \'g
t)HeD(u,v)

(1.1

1
R fi tist v\ P/YN\1/p
X l/ l/ s
J 1

where D([s, t]) denotes the set of all dissections of [s, ] and

ot
The notion of the 2D p-variation is recovered as V, =V, ,. Recall that
V,-regularity plays a key role in Gaussian rough path theory [17, 19, 20] and

lis lit1
Ry < = EXI[J;'HXt},t}H-
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in particular yields a stochastic integration theory for large classes of multidimen-
sional Gaussian processes. Clearly, V,\,(R; A) <V, ,(R; A) < VyAp(R; A) for
all rectangles A C [0, T]2. As the main result of this section, we present the fol-
lowing embedding theorem for the Cameron—Martin space.

THEOREM 1.1. Assume that the covariance Ry has finite mixed (1, p)-
variation in 2D sense. Then there is a continuous embedding

1

Hes CIN withg= ———— <D
T=102p+1,2

More precisely,

1rlgmvarsis.n < Whllay/ Vip(Rx: [s,112)  VIs, 11 € [0, 1.

The following is then immediate.

COROLLARY 1.2. Assume p € [1,2). Then complementary Young regularity
holds, that is, we can choose p > 2p small enough such that X has a.s. p-variation
sample paths, h € H has finite q-variation with 1/p + 1/q > 1.

We shall in see in Section 2 (as one of many examples) that the assumption
of mixed (1, p)-variation is met in the case of fBm in the rough regime H < 1/2
with p = 1/(2H). (E.g., Example 2.9 applies with k = 0 and in fact gives a neat
criterion for processes with stationary incrlements.) It then follows that fractional

Cameron—Martin paths enjoy finite g = m—variational regularity, which is con-

sistent (and in fact a mild sharpening) of ¢ > #1/2, previously obtained in [16]
with methods specific to fBm. Let us also note that, for the sole purpose of The-
orem 1.1, it would have been enough to consider identical dissections (¢;) = (t})
in the definition of mixed variation V) , in (1.1). The criteria in Theorem 2.2 be-
low would then allow for a mildly simplified proof. On the other hand, this cri-
teria derived in Theorem 2.2 below are also sufficient (and interesting) for finite
p-variation V, =V, , which is the key condition for the construction of Gaussian
rough paths needed later on, hence the additional generality of different vertical
and horizontal dissections.

REMARK 1.3. Let X:[0, 7] — R? be a multidimensional centered Gaussian
process. Then every path £ in the associated Cameron—Martin space H is of the
form h; = EZX; with Z being an element of the L>-closure of span{Xf tel,i=
1,...,d} and ||k|lg = ||Z]l;2. The g-variation of £ is finite if and only if the
g-variation of every hi =EZX! is finite, and we obtain the bound

llgmvasis.n < Cllkllze max Vi,p(Ry: [, 1),

where C is a constant depending only on the dimension d.
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We now give the proof of Theorem 1.1. In fact, having identified the importance
of mixed variation, the proof is pleasantly short.

PROOF OF THEOREM 1.1. Let h =EZX. € H. Fix a dissection D = (¢;) C
[s, 2], write hj = hy; 1y, Xj = Xy, and also IAlld = > 1hjl?. Let ¢" and p’
be the conjugate exponents of g and p. An easy calculation shows that p’ = ¢’/2.
By duality,

||h||q— sup Y Bjhj= sup E(ZZﬂj )

BBl =1 B:lBlly <1
and so by Cauchy—-Schwarz

= ||h||%ﬂ sup Y BiBEX i X¢.
: q/S ;

Set R x =EX ; X. Then, using the symmetry of R and Holder’s inequality,

ZﬂjﬂkRkJ_zzﬁ IR x|+ = Zﬁkm,u
k,j
=Y "B7 > IRkl
j k
o\ 1/p
<183, |R; k|
(22 ika) )

< Vi,(R; [s,11%)

when |82, = lIBlly> < 1 which shows the claim. [
2. Jain—Monrad revisited.

2.1. Preliminaries and motivation from fBm. Let I C R be a compact interval
and R: I x I — R be a symmetric, continuous function. We set T = ||,

2.1) Dy:={(s,t) e I*:|s —t| <h}

and let D := Dy be the diagonal of I2. In this section we will give conditions under
which R has finite p-variation on 12 = I x I. For a rectangle [s, ] % [u, v] € I?,
we define the rectangular increment by

R (; 2) = R(s,u) — R(s,v) — R(t,u) + R(t,v),

’

and we set

(2.2) o2(s,t):=R (

s,

s t) = R(s,s)+ R(t,t) —2R(s, 1),
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where symmetry of R was used in the last step. Note that
35,007 = =28, R

whenever these mixed derivatives make sense. In many applications R is the co-
variance function of a zero mean stochastic process X, that is, R(s,t) = E XXy,
and in this case o2 (s, 1) = Var(X; — X,) > 0 is the variance of increments. How-
ever, it will be important to conduct the present discussion in a generality that goes
beyond covariance functions.

Given a dissection (¢;) of I = [0, T'], the square [0, T7? can be decomposed into
little squares ;7 ti+11% and off-diagonal rectangles, say {Q j}. Then

Zaz(ti’ti+1)+ZR(Qj) =R (8’ ;) :O'Z(O, T) < 00,
i j ’

and the right-hand side is independent of the dissection. Depending on the behavior
of o%(s, 1), we can or cannot ignore the on-diagonal contributions in the limit
mesh(z;) — 0. For instance, if 02(s, t) = |t — s|*" with H > 1/2, then

lim Zo (1, ti41) =

mesh(#;)—0

and with R(Q;) ~ 9;;R.A; for small 0, or by direct calculus, we find

1 7T pT
a2(0, T):T2H=——/ / ds.s|t — s|* dsdr
(2.3)

—H(2H—1)/ / P2 dsdr,

noting that |t —s |2H=2 = |p — g|~1+2(H=1/2) §g integrable at the diagonal (and then
everywhere on [0, T1?) if and only if H > 1/2. When H = 1/2 this computation
fails. Indeed, the prefactor 2H — 1 = 0 combined with the diverging integral ef-
fectively leaves us with 0 - co. The reason of course is that R(Q ;) = 0 in this case
(Brownian increments are uncorrelated), and everything hinges on the (nonvanish-
ing) on-diagonal contribution

Y ot tix) =) (tiq1 —t) =T
i i

As a Schwartz distribution 05 ; R = 95, min(s, t) = §(s—) is a “Dirac” on the diag-
onal and indeed with this interpretation as a measure,

0,T
JZ(O,T):R<0 T) f/ Sis=nydsdt =T

When H < 1/2, 0%(s, 1) = |t — s|*, the on-diagonal contributions are not only
nonvanishing but divergent [as the mesh of (#;) goes to zero]. That is,

0?0, T)=T" = Za (rl,r,+1)+ZR(Q,
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and so, necessarily, Y j R(Qj) — —oo. Translated to the calculus setting, this
causes (2.3) to fail. Indeed, ignoring the infinite contribution from the diagonal
leaves us with

T 0T
TZH;AH(ZH—I)f/ It —s|?"2dsdt = —00  forH <1/2.
0 JO

=400

Let us remark that, with our standing assumption R € C([0, T1%) the (distribu-
tional) mixed derivative dy ;R always exists, that is,

T T
(05t R, @) := / / R(s,t)0;,:0(s,t)dsdt Vo € CZ°((0, T)z).
0 JO

One can ask if, or when, 9, ;R is given by a signed and finite (i.e., of finite total
variation) Borel measure 1 on [0, T2, say

(854 R. @) = / ody,
[0,T]?

with associated Hahn—Jordan decomposition u = 4+ — u—. When H > 1/2, the
answer is affirmative with 4 = puy = HQH — )|t — s|*~2dsdt. For H =1/2,
the answer is also affirmative with = 4 = 8(5=}. For H < 1/2, the answer is
negative.

However, for all values of H € (0, 1) it is possible to define a (signed) o -finite
measure by

w(A) ::/ HQH — Dt —s|* 2 dsdt
A

which we shall regard as a signed Radon measure on (0, T')? \ D. Note

W=y, n=0, =—U-
for H>1/2, H=0, H < 1/2, respectively.

In general, as seen when H < 1/2, i does not need to be a finite measure on
0, T)? \ D. On the other hand, its restriction to any compact in (0, T)? \ D is finite
so that u defines a signed Radon measure on (0, T)? \ D. Hence, for all values of
H € (0, 1) the (distributional) mixed derivative ds ;R on (0, T)? \ D is given by
the Radon measure p. (This was certainly observed previously, e.g., in [35].)

Care is necessary, for important information has been lost by the restriction to
0, T)? \ D. For instance, nothing was left of Brownian motion (i = 0). It follows
that when H < 1/2, and in particular in the case H < 1/2 where || = u_ has
infinite mass on (0, T')?> \ D, the on-diagonal information must be captured differ-
ently. We shall achieve this by a somewhat classical condition due to Jain-Monrad
[12, 30] which imposes “on-diagonal” p-variation of o' by

1/p
vp(az; [s,1]) := sup <Z|02(t,-, t,-+1)\p) < 00.

D=(1)eD([s,t])

i
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Clearly p = 1/2H > 1 in the fBm example with H < 1/2, but the concept is much
more general.

2.2. Main result of the section. Throughout we work on some closed interval
I C R with length T = |I].

CONDITION 2.1 (Jain—Monrad). Let p > 1 and w: A; — Ry be a super ad-
ditive function li.e., w(s,r) + w(r,t) < w(s,t) for all s <r <t]. We say that
(M) o holds if

o%(s, )| <w(s,0)V/?

holds for all s < t.

If vp(o*z; I) < oo, we can always set w(s,t) = vp(o*z; [s, ])?. Conversely, if
(JM),.,, holds, we have v,(0%; [s,t]) < w(s, t)/? for all [s, 1] C 1.

Recall the definition of mixed right (y, p)-variation given in (1.1), noting in
particular the triangle inequality: for all rectangles A C 12,

(2.4) Vyp(Ri+ Ra; A) < Vy p(R1; A) + Vy p(R2; A).

Recall that a signed Radon measure p is a locally finite signed Borel measure
with decomposition u = 4 — w— where w4 are locally finite, nonnegative Borel
measures, one of which has finite mass. For a finite measure x on (0, 7)% \ D
we will consider its extension to [0, T']? by w(A) := u(AN @O, T)? \ D) without
further notice. We now give the main theorem of this section. For simplicity, we
only formulate it for the case / = [0, T'].

THEOREM 2.2. Let R:[0,T]*> — R be a symmetric, continuous function
and o as in (2.2). Assume that the (Schwartz) distributional mixed derivative

2 2.2 . ..
W= SI§ = —%% is a Radon measure on (0, T)? \ D with decomposition
W=y — [

Part A. Assume that:

(A.i) u— has finite mass and a continuous distribution function.
(A.ii) There exists an h > 0 such that (s, t) > 0 whenever |t —s| <h.”

Then
Vi(R; [s,t] x [u,v]) <R (:’ i}) +2p—([s, 1] x [u, v])

Vs, 1] x [u, v] € [0, T]?.

7Autornatically true if R is a covariance function.
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Part B. Assume that:

(B.1) 4 has finite mass and a continuous distribution function.
(B.ii) There exists an h > 0 such that®

2k (1) =260 - 6.0 4000 0200 20

9

Viu,v]C s, t]C1Is.t |t —s|<h.

(B.iii) (J M)y, holds.
Then for all [s, 11> Cc Dy, as defined in (2.1), we have

(2.5) Vip(R; [5,11%) < (0" (s, 1) + i ([s, 11%)),

for some constant C = C(p).
If, in addition, R:[0, T1*> — R satisfies a Cauchy-Schwarz inequality’ then,
more generally, there is a constant C = C(p, h, T) such that

06 Vi.p(R; [s, 1] X [u, v])
' < C(0"®) (s, 0" P (u, v) + py ([5. 1] % [, v])),

for all rectangles [s,t] x [u, v] C [0, T1%.

The interest in Theorem 2.2 is two-fold. First, it has far-reaching conclusions:
mixed (1, p)-variation controls p-variation which, if applied (componentwise) to
the covariance of a Gaussian process (multidimensional, with independent com-
ponents), is the key quantity for the existence of associated rough paths; here one
needs p < 2 (which corresponds to H > 1/4; cf. Example 2.8 below).

Let us state the consequence in terms of rough paths construction specifically
as a corollary.

COROLLARY 2.3. Assume (X;:0 <t <T) is a d-dimensional, centered
Gaussian process with independent components. For each component X i assume
that either the assumptions of part A of Theorem 2.2 are satisfied, in which case
we set p; = 1, or those of part B for some p; < 2. Set p :=max;=1,. q4pi <?2.

8With the exception of bi-fBm, Example 2.12, we typically check (B.ii) by simply showing that
T 02(1, t + 1), respectively, 02(t — 7, t) are nondecreasing for all t and 7 < Ah. In particular, in
stationary situations where oz(s, t) = F(¢t — s) this amounts for F to be nondecreasing on [0, A];
conversely it is not hard to see (2.5) implies F nondecreasing on [0, //2].

9That is, |R(;:;)| < |R(§:;)|1/2|R(z:3)|1/2, for all [s, 1] x [u, v] € I%, which is automatically true
if R is a covariance function.



JAIN-MONRAD FOR ROUGH PATHS 695

Then, for any p > 2p, it follows that X admits a “canonical” lift X = X(w) to a
random geometric p-rough path.'°

Moreover, mixed (1, p)-variation was seen in Section 1 to imply complementary
Young regularity, an extremely important property leading to good probabilistic
estimates of rough integrals, as explained in the Introduction. It is also required for
Stroock—Varadhan-type support theorems and is one of the key conditions for the
applicability of Malliavin calculus and then non-Markovian Hérmander theory; cf.
[3.,5].

Secondly, the theorem is practical because its conditions are easy to check
and widely applicable. To illustrate this we now run through a list of examples.
Roughly speaking, part A handles situations similar or nicer than Brownian mo-
tion, whereas part B handles situations similar or worse than Brownian motion.
The finite measure m = p_ (resp., i) in part A (resp., B) should be considered
as (harmless) perturbation which adds some extra flexibility. Typically m is given
by a density, that is, by the (integrable) negative (resp., positive) part of some lo-
cally integrable function. Continuity of the distribution function is then trivial. In
fact, m = 0 in many interesting examples.

2.3. Examples.
2.3.1. Examples handled by part A.

EXAMPLE 2.4 (Fractional Brownian motion H > 1/2). Consider a (standard)
fractional Brownian motion B, with o2(s, 1) = |t — s|*/ in the regime H > 1/2.
We have, as a measure on [0, 7] \ D,

pw=pur=HQH-D|t—s*"2dsdr >0 ifH>1/2,
w=0 ifH=1/2,

which clearly yields a Radon measure on [0, 7']? \ D (and even a finite Borel mea-
sure on [0, 71%). Note that _ = 0 in the decomposition u = 4 — p—; hence (A.i)
holds trivially. Also, since R(s,t) = %(SZH +12H — |t —5|?H) is a genuine covari-
ance function, (A.ii) comes for free. It follows that R has finite “Holder controlled”
1-variation, in the sense that

Vi(R:[s. 1) < R (j;) i sPH = Ot — s)).

10By “canonical” we mean that X is the limit, in probability and p-variation rough path metric,
of standard approximations procedures including piecewise linear, mollifications and of Karhunen—
Loeve type. We also note that the estimates of Theorem 2.2 allow us to show, under natural as-
sumptions on the quantities appearing on the right-hand side, that the covariances of X have finite
“Holder-controlled” p-variation, thereby allowing us to conclude that X is a random geometric
a-Holder rough path, for o < ﬁ. See [19, 20] for more details.
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EXAMPLE 2.5 (Brownian bridge). Given a standard Brownian motion B, the
Brownian bridge over [0, T'] can be defined as

t
XZZBI—?BT — R(S,t):min(s,t)—st/T.

It follows that 4 = 9, ; R, as a measure on [0, T1? \ D, decomposes into p4+ =0
and p_ with (constant) density 1/ 7. Part A applies and immediately gives “Holder
controlled” 1-variation, that is, Vi (R; [s, 1]*) = o(|t —s)|).

EXAMPLE 2.6 (Stationary increments I, Brownian and better regularity).
Consider a process with stationary increments in the sense that the variance of
its increments is given by

o2(s,1)=F(|t —s]) >0,

for some F € C2([0, T]). A concrete (Gaussian) example is the stationary
Ornstein—Uhlenbeck process with F(x) =1 — e™*. In any case, we may expand

F(h)=F'(0)h + F"(0)h*/2 + o(h?).
We compute
35.002(s, 1) = —F" (|t — s|) + F'(0)28(r — 5)
so that
3’R 10202 1

=—= =—F"(t — 0,7)*\ D.
gsar— 2asar —aF Ur=sl o on @17\

It then follows that (A.i) holds with

1
A== | F"(|t —s|)dsdt,
wa) =3 [ F'(it=sds
and we immediately obtain finite (Holder controlled) 1-variation,
Vi(R; [s,117) < o?(s,0) + | F"| It — s> = O(It — s)).

For a concrete F, of course, one can compute 14— and obtain sharper conclusions.
This may also be possible if we are in a “better than Brownian” setting, namely
F’(0) = 0, in which case o%(s, 1) = O(|t — s|?). Note that in this case F”(0) > 0,
unless F is trivial.!! It follows that, in a neighborhood of the diagonal, u > 0, and
so i— = 0. We then have

Vi(R; [s.11%) <0?(s.0) = O(|t — s ),
for |t —s| <sup{h > 0: F"(h) > 0}.

Mindeed, if F/(0) = F”(0) = 0, then | X; — Xs|l; 2 = o(t — s) which is enough to conclude that X;
is a constant in L2, but then o2(s, 1) = || X; — X ||i2 =0.
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EXAMPLE 2.7 (Volterra processes I; Brownian and better regularity). Assume
X: = fé K(t,r)dB, where K(t,-) is assumed to be square-integrable. For s < t,
we have

t
Xy, = /O (K(t,r) — K (5. 1) 1jy<y)) dBy.

N t
UZ(S,Z‘):EXE’ZZ/O (K(t,r)—K(s,r))zdr—i—/s K(t,r)dr.

We assume a regular situation, by which we shall mean here that K is continuous
on the simplex {0 <s <t < T}, and assuming suitable differentiability properties
of K, one computes

0s:R=K(s,s)0K(t,s)+ /s 0sK(s,r)0:K(t,r)dr =: f(s,t).
0

If uw:= f(s,t)dsdt defines a Radon measure on [0, T]* \ D, with x_ having
finite mass, part A is applicable. Rather than imposing technical conditions on K,
we verify this in the model case of Volterra fBm, K (t,s) = (t — A2 g > 1/2
(As above, there is nothing to do in the Brownian case H = 1/2 since then f =0
and so u = 0.) Specializing the above formula for 9, ; R, we have

d,R=(H — 1/2)2fs(t — ) H326 — ) H32 g = f(s,1) > 0.
0

Since f remains bounded away from the diagonal, it clearly defines a (nonnega-
tive!) Radon measure. Trivially, u_ = 0, and so thanks to part A,

Vi(R; [s,11%) < 0 (s, 1) = O(|t — s1).
2.3.2. Examples handled by part B.

EXAMPLE 2.8 (Fractional Brownian motion H < 1/2). Consider a (standard)
fractional Brownian motion B, with o2 (s, 1) = |t — s|*" in the regime H < 1/2.
We compute = 95 ;R = (—1/2) 05, 02 away from the diagonal and find

w=—pu_=—H(1—=2H)|t —s|*2dsdt <0

which clearly yields a Radon measure on [0, T1? \ D. Note that p+ = 0 in the
decomposition 4 = @4 — u—. Conditions (B.ii) and (B.iii) with p = 1/(2H),
w(s,t) =t — s are clear. It follows that the fBm covariance function, R(s,t) =
%(SZH + 121 — |t — 5|?H), has finite “Holder controlled” mixed (1, p)-variation,
in the sense that

Vi, (R; [s,11%) < O(|r — s]'/P).
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EXAMPLE 2.9 (Stationary increments II, Brownian and worse regularity).
Consider the case

o2(s,t)=F(|t —s]) = 0,

with F continuous, nonnegative and with F(0) = 0. A simple condition on F
which generalizes at once the above fBm example and the previous Example 2.6
is semi-concavity, that is,

F' <k in distributional sense on (0, T') for some k € R,

which is tantamount to say that —F” + k is a (nonnegative) Radon measure on
(0, T'), which in turn induces a signed Radon measure on [0, T]2 \ D, given by

A / (=F"(If — sI) + k) ds di — ki(A),
A

where A is the two-dimensional Lebesgue measure. Then p := 05 ;R = —%8“02
is also a signed Radon measure, with 4 < %k. Clearly, there will always be some
h > 0 (depending on F) such that (B.ii) holds. Under the additional assumption
F(t) = O(t'/P) for some p > 1, we then have (B.iii), with w(s, 1) = C(r — s) and
conclude that, with changing constants,

Vip(R: [s,11%) < C<|t — 5|7 + gn — s|2> <O(|t —s|'*).
EXAMPLE 2.10 (Sums of fBm). In the previous example, F”" was bounded, as
a Schwartz distribution, by an L>-function on [0, 7']?, namely by the constant k.
But L' would be enough. Consider X = B + B2 a sum of two independent
fBm with Hurst parameters H; > 1/2 > H,. A look at our two previous fBm ex-
amples reveals that

w=HQH; — V|t —s|?™2dsdt — Hy(1 —2Ho)|t — s|* 22 ds dt .

=1+ =U—

We easily check all conditions, in particular (B.iii) holds with p = 1/(2H) > 1
and w(s,t) =t — s. As a consequence,

Vi (R: [s. %) < c(|z —s|VP y HQH -1 | | = ds’dt’)

[s,t]?
<C(lt = sV 41t — sy = O (It — 5| 1/7).
(Of course, the same conclusion can be obtained from our previous fBm examples,

using Rx = Rpn, + Rpn, and then the triangle inequality for the semi-norm V1 ,.)

EXAMPLE 2.11 (Volterra processes II). Volterra fBm with H < 1/2, that is,
singular kernel K (¢, s) = (t — s)#~1/2 is also covered by part B. More generally,
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it is possible (thanks to the robustness of the conditions of part B), if tedious, to
give technical assumptions on K which guarantee that (B.i)—(B.iii) are satisfied.
We note that p > 1 of condition (B.iii) is determined from the blow-up behavior
of K near the diagonal.

2.3.3. Further examples handled by part B. (This section may be skipped at
first reading. In particular, the reader may want to read Section 3 on random Fourier
series before looking in detail at the “Fourier-based” examples below. Related ap-
plications to SPDEs are discussed in Section 4.)

EXAMPLE 2.12 (Bifractional Brownian motion). Consider a bifractional
Brownian motion (cf., e.g., [29, 36, 44]), that is, a centered Gaussian process BH.K
on [0, T'] with covariance function given by!?

1
R(s, 1) = 2_K((S2H +l‘2H)K —t— S|2HK),

for some H € (0,1) and K € (0, 1]. It is known (cf. [29], Proposition 3.1) that
whenever s < ¢,
2.7 27K —s)PHK < 62(s, 1) <2'7K|r — 521K

We claim that the case HK > % (resp., < %) is handled by part A (resp., B) of

Theorem 2.2. To this end, first note that
QH)?K(K —1) 212071
2]( (SZH +t2H)2—K
2HK(HK —1
+ (2K Do - sppHE=2,

aS,[R(Svt) =

The measure

B (2H)2K(K— 1) s2H71t2H71

2K (s2H 1 2H)2—K dsdt

has finite mass. Indeed, it is enough to show that

/ |Sl |2H71 Jodi
S
B5(0) (|82 + [¢|2H)2=K
is finite for some § > 0, where Bg(0) denotes the closed ball around 0 with radius &.
Introducing polar coordinates, this integral equals

8 2w in(o g)|2H—1
/‘ / J2HK-1 . | sin(@) cos(0)| 40 dr
0o Jo (| sin(@) |24 + | cos(0)|2H)2-K

(2.8) - 5
1-2H . 2H—1 JHK—1
<2 / |sin(20)| d@/ r dr
0 0

12As pointed out, for example, in [36] this process does not fit in the Volterra framework.
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and both integrals are finite for H, K > 0. Note that estimate (2.8) also implies
that v([s, t1?) < C|t — s|*X for some constant C depending of H, K and T.

Hence we obtain that d; ; R(s, t) := w is a Radon measure on (0, T)? \ D. If
HK > %, we have the decomposition u = w4 — u— with u_ = v, and we have
already seen that (A.i) holds. (A.ii) is trivially satisfied, and with (2.7) we may
conclude that

Vi(R; [s, 11%) < 2! 75|t — s PHE 420 ([s, 11%) < Clr — s PP K
forall [s,7]Z [0, T].
If HK < %, s+ =0 on (0, T)? \ D, thus (B.i) is satisfied in both cases. (B.ii) is
also easy to see. Indeed, since BY'X is a self-similar process with index H K, one

can use scaling to see that it is enough to show that for all 1o € R, and h¢ € [0, 1],
the function

o, t0+1

h R
~ (to-i-ho,to—i-ho—i-h

)=o)

is nonnegative on [0, 1 — hg]. Since ¢ (0) = 0, it is enough to show that ¢’ > 0 on
(0, 1 — ho) which follows by a simple calculation. Finally, from (2.7) we see that
(B.iii) holds with p = 57— and w(s, t) = |t — s|, therefore
Vi.,(R; [s,11%) = O(|t — 5]'/*).
EXAMPLE 2.13 (Random Fourier series I: stationary). Consider a stationary
random Fourier series'>

o0
W)=Y oxY¥sin(kt) + oY Fcos(kr),  te[0,27],
k=1

with zero-mean, independent Gaussians {Y¥|k € Z} with unit variance. We com-
pute

R(s,t) =) _ o sin(ks) sin(kt) + a? cos(ks) cos(kt)

= % > (o + o) cos(k(r —s)) + (af — aZy) cos(k(t +5))

and note that oz,% =q? « due to the assumed stationarity of W. This leaves us with
R(s,1) =K(|t —s|),
o?(s,1) =2(K(0) — K (It — s)) =: F(|t — s1),

B3we may ignore the (constant, random) zero-mode in the series since we are only interested in
properties of the increments of the process.
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where

K(t):=)_ o cos(kt).
k=1

In special situations, for example, when oc,% =1/ k2, one can find K € C2([0, 27])
in closed form, which brings us back to Example 2.6. This is not possible in
general, but in view of Example 2.9 above, it would suffice to know that K is
convex and 1/p-Holder. Conditions on the Fourier-coefficients for this to hold
true are known from Fourier analysis (recalled in detail in Section 3 below).
For instance, given (eventually) decreasing (oz,%), K is 1/p-Holder if and only if
a,% = 0k~ 1+1/P)y In particular, in the model case

2 _
ak_kZa’

the desired decay holds true if and only if

|
a=l+l/per=7"

> 1 (fora <1).
Convexity also holds true here and we conclude that for all [s, ¢] C [0, 27 ],
Vip(R; [s,t1%) = O (|t — s]'/%).
EXAMPLE 2.14 (Random Fourier series II: nonstationary, general case). As
seen in the previous example, the covariance may be written as
(29  R(s,0) = K(|t —s))+ K (|t +s]) + K(It —s|) — K( +s])
(2.10) =R (s,1)+ RV (s,t) + R~ (s,1) — R (s, 1),

where RT and K are as before and

1%(;) = Z azk cos(kt).
k=1

Under the assumption that K, K are convex and 1 /p-Holder, the cases R €
{R™, R~} were already handled in the previous example, where we established

Vi,(R; [s, 11%) = O (|t — s]'/%).

We claim that R can be handled with part A. Rt may then be treated analogously.
Condition (A.i) is simple: using convexity of K,

. RT=K"(t+s)>0  on[0,T]*\ D,
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so that p := d;,RT = uy is a nonnegative (but in general not finite) Radon-
measure on [0, 7] \ D. Unlike in previous examples, condition (A.ii) is not trivial,
since R is not a covariance function in general. Nonetheless, we have

(2.11) RT (j;) = K1)+ K (2s) — 2K (t +5))
012 =2(K(2t)+K(2s) _K(2t+2s)>

2 2
(2.13) >0 Vo<s<r<m,

thanks to convexity of K on [0, 27 ]. This settles condition (A.ii). We conclude that
R™ has finite 1-variation,!*
s, t

Vi(R":;[s,1]*) <R (S’t

>:K(2t)+K(2s) —2K(t+s)
(2.14) Y
= 0(|t —s|'/?).

Since R=R™ +RT+ R — R+, we can now conclude with V; , <V} and the
triangle inequality to see that R has (Holder controlled) mixed (1, p)-variation, in
the sense that

Vi (R; [s, 117) = O (1t — s]'/7),
for all [s, £] C [0, 7 ]. (The extension of this estimate to [0, 277] is not difficult.!”)

EXAMPLE 2.15 (Fourier fractional Brownian bridge). Fourier fractional
Brownian bridge is the Gaussian process given by the random Fourier series

&, Yy sin((k/2 1
WOIZE M fort €[0,27],xe (=, 1|,
t P ko 2

with Yy as above. This process arises by replacing the covariance operator of Brow-
nian bridge (the Dirichlet Laplacian —A) by its fractional power (—A)*. Clearly,
this is a special case of the previous example.

EXAMPLE 2.16 (Stationary processes: spectral measure). Let X; be a station-
ary, zero-mean process with covariance

R(s,t) =K (|t —s|)

14The situation here is reminiscent of absolutely continuous paths x = x(¢) on [0, T] with x € L?
where 1/p 4+ 1/p = 1. Indeed, as may be seen from Holder’s inequality, the L'-norm of X|[s,6]>
which equals the 1-variation of x over [s, ¢], is finite and of order |t — s| /e,

15 Considering the Fourier series with argument shifted by , gives the same estimate on [, 2712,
In fact, one can also handle the mixed (1, p)-variation of Rt on [0, 7] x [, 27] by playing it back
to the mixed variation of R~ on [0, 7] X [0, 7], using the fact that K is given by cosine series, hence
is even around 7.
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for some continuous function K. By a well-known theorem of Bochner,
K@) = [ cosu)pu(ds).

o(t) :=0%(0,1) =2(K(0) — K (1)) = 4/ sin? (1€ /2) u(d§),

where p is a finite positive symmetric measure on R (“spectral measure”). The
case of discrete u corresponds to Example 2.13. Another example is given by the
fractional Ornstein—Uhlenbeck process,

t
X, =f MW gpH 1 eR,
—0

which should be viewed as the stationary solution to d X = —AX dt +dB* . In this
case, it is known that X has a spectral density of the form'®

du g2

d%' —CH7)L2+%_2.

Clearly, the decay of the density is related to the regularity of K. More precisely,
writing
I 12

K(#) :=m~<s>—l—”’ where (£) = (1+&%)"/,

(EVKE) ~ (EY12H e iff2(s —1—2H) < —1,

that is, if and only if s < s*:=1/2 + 2H. It follows that K € H* for any s < s*
and thus by a standard Sobolev embedding, K is a-Holder for o < s* — 1/2 =
2H. Alternatively, and a little sharper, Theorem 7.3.1 in [41] tells us that if K is
regularly varying at oo, then

oX()~CK(1/t)/t  ast— 0.

Applied to the situation at hand we see that a2(t) = 0@*M), since K (&) ~
(1/&)'+2H With focus on the rough case H < 1/2, this gives condition (B.iii)
with p =1/(2H), w(s,t) =t — s. Moreover, it can be seen that thereisa T > 0
such that K is convex on [0, T'] (cf. Example 5.3 below), which implies (B.i) and
(B.ii) as in Example 2.9. Hence it follows that V; ,(R; [s, t]*) = O (|t — s[>/ for
all [s,] € [0, T'].

16This generalizes the well-known fact that the spectral density of the classical OU process is of
Cauchy type.
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2.4. Proof of Theorem 2.2, part A. From (A.i), the distributional mixed deriva-
tive of R on (0, T)? \ D is given by
3’R

as ot

where p_ (trivially extended to [0, T1? whenever convenient) has finite mass. By
assumption, the distribution function of p_

R™(s.1) := ([0, 51 x [0, 1]).
is continuous. We may then define R™ € C([0, T']) by imposing the decomposition

(2.15)

= MU+ — U,

R=R'-R".
Clearly, the distributional mixed derivatives of R* on (0, T)? \ D are given by
82 R:I:
2.16 =l+.
(2.16) Y

Noting that all rectangular increments of R~ are nonnegative, R~ (A) = u—_(A) >
0, we immediately have

VI(R™; A) = R™(A) = p_(A)
for all A =[s,7] x [u, v] C [0, T]%. On the other hand, any such rectangle A may
be split up in finitely many “small squares,” say Q; = [#;, t,~+1]2 withtiy —t; <h
for all i, and a (finite) number of “off-diagonal” rectangles A;, whose interior

does not intersect the diagonal. Since R(Q;) = o%(;,#i11) > 0, by (A.ii), and
R(Aj)>—R (Aj)=—p_(Aj), we have

R(A)=) R(Qi)+ )Y R(A))
i j

> =Y u(A)) = —u_(A),
j

for all rectangles A. This implies finite 1-variation over every rectangle A =
[s, 1] x [u, v]. Indeed, for any dissections (;) of [s, t] and (t}) of [u, v] we have

I, tit1 Lis lit1
Y AR T ) =D AR )+ -l tia] x [£,2544])

't tt it
4t AR EY! 4 J i+l

lyj

([t tip1] x 1}, ’}+1])}

=R (::;) +2p—([s, 1] % [u, v]),

and so, for all rectangles A,

Vi(R; A) = R(A) + 21— (A).
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2.5. Proof of Theorem 2.2, part B. Let us start with a few definitions.

DEFINITION 2.17. For y, p > 1 set
V},pr(R; [s, ] x [u, v])

V)ﬂ/)’)l//?
y>p/y>1/p
}/)P/V)l/P
)’)ﬂ/}’)l/ﬂ

ti, tiv1
= sup (Z sup (ZR<tf tl/+ )
tDED(u,vl) N - @D (s, 1) N ARNE
ti, ti+1
R(i)
VARED!

t]
titis1
J2 i+l

Iis fiy1
R <t’ t
J it

and

V)fp(R;U[M]) = sup (Z sup <Z
UHEDis )\ 7 @)eDs. D\

V;p(R;L[w]) = / sup (Z sup/; (Z
(t)eD (st t EHED([t; 1D N 4

Vi, (R Digi=  sup (2 sup (Z
HEDUs.D N 11 @EDrti D N s

For any rectangle A C I? it is easy to see that
Vy,p(R§ A) < V;:p(RQ A)
and also (e.g., as a consequence of [18], Theorem 1.1)
VI(R; A) = V]| (R; A).

The main reason for introducing V* as above is the following lemma:

LEMMA 2.18 (Concatenation Lemma 1). Let R be as before. Then
V,E (R [s.11%) < C(V,[(R: Upep) + ViF ,(R: Dis.p) + V,F o (R: Lis.ip))
Vis,t1< I,
for some constant C = C(p, y).
PROOF. Let (t}) be a partition of [s, ]. Fix [t}, t}+1], and let (7;) be a partition

of [s, t]. By subdividing rectangles which lie on the diagonal into at maximum
three parts, we see that

Y
1-y lis lit1
i)
t; Jhj+l

fitiv1\|”
< sup Y IR o + sup
t)eD(s.t;]) ¢ J’

sle(f )
th,t
()eD(t) 1D il

tistiv1 \|”
+ sup D IR o )
@)eD(t,, 1.1 7 i i+

Jj+1
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Now we take the supremum, sum over t} and take the supremum again to see that
1
R ( fisfis y\P/Y\1/P
Z tot
ARVES

sup ( sup (
()eD([s.) N 7 @) eDUs, D\
J
< C(V, (R Us.e) + V,) (R: Dis.)) + V.5, (R: Lis.)).- O

LEMMA 2.19 (Concatenation Lemma 2). Assume that there is an h > 0 such
that

V. p(R; [s, 1] % [u, v]) < P(s,1;u,v)

holds for all squares [s,t] X [u, v] =[s, 11> € Dy, and all off-diagonal rectangles
(s,1) X (u,v) C I*\ D, where ®: A; x A; — R is a nondecreasing function in
t —s and v — u. Then there is a constant C = C(y, p, h, T) such that
Vyp(R; [s, ] X [u, v]) < CO(s,t;u, v)

holds for all rectangles [s, t] X [u, v]. The constant C can be chosen independently
of h and T when considering only rectangles [s, t] X [u, v] C Dy. The same is true
if one replaces V,, , by V;: P

PROOF. Step 1. Consider any square of the form [s, 7]*> C I?. Then we can
subdivide this square into N2 smaller squares (A;, i) IN =1 with equal side length #,
which can be chosen such that 4/2 < h <h and N < M where M is a number
depending on 7" and #; see Figure 1. Each of these small squares does either lie on
the diagonal, or its inner part does not intersect with the diagonal. Hence

N

Vyp(Ri[s.11)) <ci(N. v, p) D Vi o(R; Aij) <ca(N,y, p)P(s, 131, v)
i,j=1

0 s t T

FI1G. 1. Subdivision of square as used in step 1 of Lemma 2.19.
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0 s t T

F1G. 2. Subdivision of square as used in step 2 of Lemma 2.19.

by monotonicity.

Step 2. Let [s, t] x [u, v] be any rectangle in 2. Then we can subdivide it into
one square lying on the diagonal and three rectangles for which the inner part does
not intersect with the diagonal; see Figure 2. We conclude as in step 1. [J

LEMMA 2.20. Let R as before and o as in (2.2). Then the following two
assertions are equivalent:

o 9242 2 . C .
1) %; %S = —2% > 0 in the sense of distributions, that is, for every nonneg-
ative ¢ € C°(I*\ D),

3%¢ 2 3¢
N Ddsdt=—-2 | —=(s,t)R(s,t)dsdt > 0.
flzataso Yo (s, 1) ds /ﬂatass YR(s. 1) ds

(ii) For all off-diagonal rectangles (s, t) x (u,v) € I*\ D, we have

R(&t>§0
u,v

In addition, if either of the above conditions is satisfied, then

R <:;) <o2.v)  V[u.v]C[s.f]< .

’

All assertions remain true if we substitute < by > in the three inequalities.

PROOF. We will only consider the <-case. Let ¢ € C.(B1(0)) nonnegative
with ||¢|| LI(R2) = 1. We then define the standard Dirac sequence ¢°((s,?)) :=

8_2(p(é(s, t)) and observe supp(p?) € B.(0). We extend R by 0 to all of R? and
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set R := R * ¢°. Then

82 R¢ 2
b
3,0, (a,b) =

(goe(s —a,t—Db))dsdt.

For (a, b) € 21 ={(s,t)|s <re I}, we note
supp(¢° (s —a,t — b)) € Be((a, b)) S A
for all & small enough. Hence, ¢°(- — a, - — b) is an admissible test-function for:

(i) and thus (a b) < 0. Since

d2R®
R )/mstﬂxmuv](y) (c,y)dxdy Vs<t<u<vel,

(i1) follows using continuity of R.

Suppose now that (ii) is satisfied. We may approximate R by R® € C*°(Ay)
such that

™

IR = R*|cay = rE

By (ii) we have

ZRS ¢
& ’

(x y)dxdy =R (u v)SS,

9

/] U () L) ()

t

for all s <t <u < v e I. We note that the set of nonnegative f € L'(Aj) satisfy-
ing

32Re
/ fx,y) (x,y)dxdy <e¢
Ag 0 O

is a monotone class. By the monotone class theorem, we thus have

/ fx, y)

for all nonnegative f € L'(Aj). Considering nonnegative f € Cfo(g 1), a partial
integration and letting ¢ — 0 yields (i).
To prove the remaining inequality we note
()= r(E) k() =) e
u,v u,v u,v u,v u,v
PROOF OF THEOREM 2.2, PART B.  We decompose R as in (2.15), (2.16). We
start by proving (2.5) by an application of Lemma 2.18: let (t;.) be a partition of

(x y)dxdy <e¢

We are now able to prove part B of our main theorem.
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[s, ¢]. Fix [t}, t]’-H], and let (¢;) be a partition of [s, tJ’-]. Apply Lemma 2.20 with R
equal to —R™ and then —R™ to get

—R (Aij)) <O<RY(Aij) =ui(Ai))

forall A; ; = [t}, t}ﬂ] x [t;, t;11]. Hence, with condition (B.ii) we have
f, 1 e fi, 1
ZR(f l/—H)‘EZR </1 l,+1>'+‘R+(f l/-l—l)‘
ljsljta z,- lis i Tjsljt1

— R *7) R ’7)
(t/ t/ ) (t/ t/ )

J i+l J
s, t s, t
=—R</ ' )—|—2R+</ ' )
t.,t vt
J2 i+l J i+l
s, 1 th,t s, t
- _ P+l Jr i+ + 0
B R(t’ t >+R(ﬂ t >+2R (t’ t )
J2hj+l Jrrj+l Jrhj+l

/

20,0 + S’tj
<o (tj,tj+])—|—2R (ﬂ y
Jhj+1

< ot th40) " 20 (s, 1] % [1. 1514
Taking the supremum over (#;), then the pth power, summing over (t}) and
finally taking the supremum over (t}) gives
Vi (R: Ups.p) < Cloo(s. 1) + i ({ . v) € [s. 1P lu < v})*)?
< Clw(s, " + py(Is,11%)),
for some constant C depending on p only. Similarly,

Vit (R: Lis.p) < Clo(s. )Y + g (Is. 11)).

Now let (t}) be a partition of [s, 7], fix [t}, t;. 411 and let () be a partition of
[t]/-, t]/._H]. By (B.ii), R(A; j) > 0forall A; j = [t]/-, t}+l] x [t;, ti11], thus
tistiv ttig 200
DR = (R =0~ (t}. j41)

Lot 14t
i ljs Tt Tisliny

and hence
Vit (R; Dig.p) < (s, 0)'/7.
By Lemma 2.18 we conclude

Vit (R; [s, 117) < C(V{' (R; Upen)) + Vit (R; Dis.p) + Vit (R; Lis.i)

< C(w(s, O + i (ls,11%)
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and (2.5) has been shown.!’

We now establish (2.6). Let (s, 1) x (u, v) < I? \ D, and let (#;) be a partition of
[s,¢] and (t;-) be a partition of [u, v]. By nonnegativity of nonoverlapping incre-

ments,
6, _( 4,1 t,t
R f l,-i-l < } :R l H—l + R+ i l/-i-l
th,t t t 't
Jlj+l ’ > Y41 Jjrij+1

l,‘,lj
(e
u,v u,v

R(“) —|—2R+(s’t>.
u,v u,v

Taking the supremum over all partitions, the Cauchy—Schwarz inequality
1/2 1/2
2 [= =GO =)
u,v s, t u,v
gives

(Rt x o) < R (1 )| +267 (37

’ 9

2

Y
l‘,,lj

<

< C(o(s, P w, ) + p ([s, 1] x [u, v])),
and Lemma 2.19 completes the proof. [J

3. Random Fourier series. Let us now consider a (formal) random Fourier
series

(3.1) () = % + ZakYk sin(k) +a_ Y X cos(kr),

k=1
where Y are real-valued, centered random variables with EY¥y! = Ok, for all
k,l € Z and oy are real-valued coefficients. Since we are interested in properties
of the covariance of W, we will formulate our conditions in terms of the squared
coefficients ay := oz,%, k eZ.

REMARK 3.1. Assume that ozk O(lk|~ (A+1/p)) for some p > 0. Then (3.1)
converges uniformly almost surely, and the limit yields a continuous function.
Moreover, if the Y; are Gaussian W has B-Hoélder continuous trajectories'® al-
most surely for all 8 <35 Th1s follows from [31], Theorems 7.4.3 and 5.8.3.

7Note that in fact we may deduce the somewhat stronger conclusion

Vit (R [s,117) < C(o(s, 0P + VT (RT:[s,11%) Vs, 11 S Dy,

181¢ B =n+f for some B € (0, 1], this means that the trajectories are n-times differentiable and
the nth derivative is ﬁ -Holder continuous.
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Our main theorem on random Fourier series follows:

THEOREM 3.2. Consider the random Fourier series (3.1) with (ay) satisfying
A*(k*ay) <O forallk € Z,

lim k3| A%ar| +k*|Aax| =0,
k—+o00

ar = O(|k|~IF1/P) for some p > 1 for k — 00 and ay, a_x nonincreasing"® for
k > 1. Then the covariance Ry of V has finite Holder controlled (1, p)-variation,
and there is a constant C > 0 such that

Vip(Rw: [s, 1] % [u, v]) < C|t — 5]/ 0|y — !/
(3.2)
V[s, ] x [u, v] € [0, 27c]>.

The constant C depends only on p and Cy, where C| > sup;y, ag k| TVe.

Note that the model case (ay) = ( |k|_2“) for o € (%, 1] is contained as a special
case in Theorem 3.2.

PROOF OF THEOREM 3.2. Note first that, as already seen in Remark 3.1,
W exists as a uniformly almost sure limit. Since (ay) €/ 1(Z) we have (ay) € [>(Z).
Thus for fixed ¢ € [0,27], ¥ exists also as a convergent sum in L?(€). Set
Q1 =1[0,71%, Q2 =[0,7] x [r,27], Q3 =[x, 27]? and Q4 = [r, 27] x [0, 7].
We first show that (3.2) holds provided [s, ¢] x [u, v] C Q; for some i =1,...,4.
Recall from (2.9) that we can decompose the covariance as

o Ry(s,t) = K(|t —s|) + K (|t +s]) + K (|t —s]) + K (|t +s])
’ — R (s.0)+ RY(s,0)+ R~ (s,1) — R* (s, 1),

where

K@) = Z oz,% cos(kt) and K(t) = Z a%k cos(kt).
k=1 k=1

Using the triangle inequality it is enough to show the estimate (3.2) for R+, R*
separately. From Lemma 3.3 below we know that K and K are convex on [0, 27]
and nonincreasing on [0, 7]. By Lemma 3.4 below, K and K are %—Hﬁlder con-
tinuous. Convexity implies that

3s’tR_ - —K// S 0
19The monotonicity of ag, a_y is required for the sole purpose of using Lemma 3.4 below. In fact,

it can be dropped when we use Sobolev embeddings instead; cf. Remark 3.5 below. However, we
may only conclude finite (1, p’)-variation for any o’ > p in this case.
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Therefore p := —pu_ := 8& R~ yields a Radon measure on (0, 1)2\ D and condi-
tion (B.i) of Theorem 2.2 is satisfied. Condition (B.ii) holds for 4 = 7 since K is
nonincreasing. (J M), ., follows from Holder-continuity with w(s, ) = C|t — s|.
Since R~ is a covariance function, it satisfies the Cauchy—Schwarz inequality.
Thus we may apply part B in Theorem 2.2 to conclude that there is a constant
C such that

Vip(R™; [s, 1] x [u, v]) < Clt — 5|/ Py — u|1/@P)

holds for all [s, t] x [u, v] € Q1. The same reasoning works for R™. Using again
convexity of K, we have 92, R™ = K” > 0 which shows that v := vy := 37 ,RT
is a Radon measure on (0, 7) \ D. Hence condition (A.i) of Theorem 2.2 holds
for R™. In (2.13) we have seen that also (A.ii) is satisfied for R on Q1, and we
may conclude, using part A of Theorem 2.2, that

Vip (RT3 [s, 11 [w, v]) = Vi(RT3 [, 1] x [u, v]) < RY (: Z)

holds for all [s, ] x [u, v] € Q1. R™ will in general not be a covariance function,
but we may use the 2 -periodicity of K to deduce the Cauchy—Schwarz inequality
for Rt as well. Indeed,

RT(s,t)=K(t+s)=K(t—Q2r —s))=R (2n —s,1),

and using the Cauchy—Schwarz inequality for R~ implies that

e ()= G )
u,v) — s, t u,v

/@)y )12,

< IKll1/p-no1lt — 5|

where the second estimate follows from Holder continuity of K as seen in (2.14).
The same is true for RT which shows (3.2) for RT, RT and [s, 7] x [u, v] € Q.
The process t — Wy, has the same covariance as W. Thus estimate (3.2) also
holds for [s, ¢] x [u, v] € Q3. By symmetry considerations, if E is any rectangle
in 0 or Q4, there is a rectangle E in Q1 (or in Q3) with the same side length such
that RT(E) = R~ (E), RT(E) = R~ (E) and vice versa for R~, R~. Thus (3.2)
also holds for [s, ¢] x [u, v] C Q; for i =2,4. The general case just follows by
subdividing a given rectangle [s, t] X [u, v] in at maximum four rectangles lying in
01, ..., Q4 and using the estimates above (which only leads to a larger constant).
This proves the theorem. [

3.1. Convexity, monotonicity and Holder regularity of cosine series. We start
by deriving conditions for convexity and monotonicity of cosine series

ao

o0
3 + Z ay cos(kt).

k=1

(3.4) K({t) =
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In the following let A, AZ? be the first and second forward-difference operators,
that is, for a sequence {ay}ren
Aay = ag+1 — ak
and A% := A o A. Moreover, let

Dy(1):=1+2) costkr), 1€R,
k=1

be the Dirichlet kernel and

Fu(t):=>_ Di(t), t€R,
k=0

be the unnormalized Fejér kernel.

LEMMA 3.3. Let {ay}ren be such that

(3.5) A*(KPa;) <0,  keN

and

(3.6) Jim 13| A%ay | + k*| Aag| + klag| = 0.
—> 00

Then the cosine series (3.4) exists locally uniformly in (0, 21), is convex on [0, 27 ]
and decreasing on [0, ].

PROOF. The proof follows ideas from [34]; we include it for the reader’s con-
venience. We first note that since

A(Kar) = k> Aag + 2k 4+ Dag1
and
A% (KPar) = k> A%ay + 22k + 1) Aagy1 + 2ax42,
assumption (3.6) is equivalent to

(3.7) Jim kA% (KPar)| + | A(K*ax)| + klag| = 0.
— 00

Using the Abel transformation, we observe

n n
ap 1 1
Su(t) = — + Y akcos(kt) = 5 3 Adgs1 Di(t) + S @us1 Dy (0).
2 2 2
k=1 k=0
By the assumptions and (3.7) we have > 72, |Aak| < oo. Since sup, oy Dy (2) is
bounded locally uniformly on (0, 27) and a, — 0, we observe that

ao

K@) := >

o0 1 [e.e]
+ ai cos(kt) = = Aay D (1)
kgl k 2k§o x Dy



714 FRIZ, GESS, GULISASHVILI AND RIEDEL

exists locally uniformly and is continuous in (0, 27).
The Cesaro means of the sequence S, (¢) are given by

ag " k
() == +Z(1 -~
k=1

By Fejér’s theorem ([48], Theorem II1.3.4) and continuity of K, o, — K locally
uniformly in (0, 27). Hence, o, — K” in the space of distributions on (0, 277).
Clearly,

7 >ak cos(kt).

n

o) (t) = — Z(l - nkﬁ)kzak cos(kt).

k=0

Let B :=(1 — 25 k Vk2ay. Using summation by parts twice we obtain

20,/ (1) = Z AB D (1)

k=0

n—1
= AB,F,(t) — Z A% B Fi(t)

k=0

n—1
=— Z AZ(kzak)Fk(t)
k=0

kA (KPar)  2A((k + 1)%agq1) n’
_Z( n—+1 n—+1 ) (t)+ lanF(t)

We have 0 < F,(¢) < t2 + (27r -
fore, for every ¢ with 0 < ¢ < 2,

(3.8) sup F,(t) =Cs < o0.

n>0;rele,2m—e¢]

It follows from (3.5) that for all # € [0, 2r] and 1 > 1,

Gr where C > 0 is an absolute constant. There-

n—1 n—1

1
— Y A2 (KPap) Fo(t) — —— Y kA (KPar) F(r) > 0.
kEO k) Fr (1) — k§o k) Fr (1)

Moreover, since k|ay| — 0 as k — oo [see (3.6)], and (3.8) holds, we have
2

sup lan|Fp(t) — 0

rele,2m—e] 1 +1
as n — oo. Finally, set

n—1

2
(3.9) Su0) =~ ;) Atk + 1)%ag11) Fr (o).
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It is easy to see, using (3.8), that for all n > 1,

sup |8, ()] < 2C: nX_:I}A((k—H)Z )|
= Ale+1)1-
tele,2m—e] " n+1 k=0 *

Next, taking into account (3.6) and the Cesaro summability theorem for convergent
sequences, we obtain

sup |8, (1) =0
tele,2m—e]
asn — oo, for all ¢ € [¢, 2mr — ¢]. Summarizing what was said above, we see that
forevery 0 < ¢ <27,

liminf inf o/(1) > 0.
n—00 tele,2m—e]

For any nonnegative test-function ¢ € C2°(0, 27), Fatou’s lemma implies

2
1 T Vi 3 . 1 .
K"(p) = lim o, (w)ZfO liminfo, (1)p(t) dt > 0;

that is, K” is a nonnegative distribution on (0, 277). Thus K is convex on [0, 27].

Assume now that K is not decreasing on [0, 77 ]; that is, there are s < ¢ € [0, ]
such that K (s) < K (¢). Since K is given as a cosine series, we have K (s) = K (s”)
and K(t) = K (') for s’ =2m — s and ' =27 — t. Choose A € (0, 1) such that
As + (1 —X)s’ =t¢. Then

K(s+ 1 =0)s)=K(@) > K(s) =K (s)+ (1 — )K(s)

which is a contradiction to the convexity of K. [
Concerning Holder regularity of cosine series we recall the following:

LEMMA 3.4 ([37], Satz 8). A cosine series (3.4) with nonincreasing coeffi-
cients ay |, O fork — oo is %—Hb'lder continuous if and only if a = O (k—(1+1/p))
for k — oo.

REMARK 3.5. The above lemma gives a sharper result than what is ob-
tained by usual Sobolev embeddings. Indeed: recall that an L? function on the
torus with Fourier coefficients (ay) is in the Sobolev space H® if and only if
((1 + |k|*)ay) € [*>. By a standard Sobolev embedding (here in dimension 1), such
functions are (s — 1/2)-Hoélder, provided s > 1/2. Hence, a cosine series (3.4) with
coefficients ay = O (k~1+U/P)) for k — oo is a-Holder for all o < 1/p.
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3.2. Stability under approximation. We now aim to prove stability of the esti-
mates provided in Theorem 3.2 under approximations of W. These stability prop-
erties will be used in Section 3.4 to prove the convergence (in rough path topology)
of Galerkin and hyper-viscosity approximations of random Fourier series. Let us
consider

0 o0
a(’ﬁzo 4 3" B Y sin(k) +a_gBi ¥~ cos(kn),
k=1

(3.10) V(@) =

with Y* as above and (ay), (Br) real-valued sequences. In the applications, the
multiplication of the coefficients by g will correspond to a smoothing of W. We
thus aim to prove that the estimates given in Theorem 3.2 remain true uniformly
for (by) = (,3,?) in an appropriate class of sequences. This will naturally lead to the
following:

DEFINITION 3.6. (1) A sequence (bg)iez is negligible if there are finite,
signed, real Borel measures w1, 2 on S l.— R /27 7Z such that

27 2
by = / cos(kr)ui(dr), b_; = / cos(kr)up(dr) Vk e N.
0 0

(2) A family of sequences (b[) is uniformly negligible if each (by) is negligible
with associated measures ], 15 being uniformly bounded in total variation norm.

(3) For two bounded sequences (ax), (cx) we write (ax) < (ci) if there is a
negligible sequence (by) such that ay = ciby for every k € Z.

EXAMPLE 3.7. Some (simple) examples of negligible sequences are:

(1) (bx) =C, with uy = uz = Cdo,
2) (br) €11(Z), with j11 = Y22, becos(kt) dr and iy = Y22 b_y cos(kt) dt.

In the forthcoming Lemmas 3.13 and 3.14, we will give sufficient conditions
for (uniform) negligibility.

As will be seen below, our results are uniform relative to “negligible” perturba-
tions as in (3.10).

PROPOSITION 3.8. Consider the random Fourier series (3.10) with (ay) sat-
isfying the assumptions of Theorem 3.2. Let (by) be negligible. Then
Vip(Rg:[s. (1) <Clt —s|'/? Vs, 11> € [0, 27]".

The constant C depends only on p, the constant C| = sup;.y, aplk|'*VP and a
constant Cy which bounds |1 ||Tv and || 2 ||Tv with @y, o corresponding to (by);
cf. Definition 3.6.
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This proposition is a special case of Proposition 3.9 below. Consider another
random Fourier series
0

Z 0,
D (1) = VOT + Yy zFsin(kr) 4y Z F cos(kr),
k=1

and assume that the Z¥ fulfill the same conditions as the Y*. Furthermore, as-
sume that {Yk, Zk}kez are uncorrelated random variables, and set ¢y := ykz, Ok =
EY*Z* and
Ry o(s,t) :=EW(s)P(r).
Then the following holds:

PROPOSITION 3.9. Assume that there is a sequence (dy) satisfying the as-
sumptions of Theorem 3.2 such that
ak)/ka)

o= "

is negligible with associated measures |41, (2. Then

Vo (Ru.0; [s, 117) < Vi p(Ru,0; [s,11°) < Clt —s|'/* ¥[s, 11> <10, 271,
The constant C depends only on p, the constant Cy; = sup;y, di k" TYP and a
constant Cy which bounds ||jt1||Tv and ||p2llTv.

PROOF. Arguing as for Theorem 3.2 we observe
Vi,o(Rw,o; [s, 1] X [u, v])
SVip(R75 s, 1] x [, v]) + Vi o (R s, 1] x [u, v])

+ Vi (R75 [s, 6] X [u, v]) + Vi o(RT; [s, 1] x [u, v]),

with R™(s,1) = K(t — s), RT(s,t) = K(t +5), R™(s,) = K(t — 5) and
RY(s,t) =K(t +5)

1 o0
K@) := 3 kg d_yb_y cos(kr),

- 1
K():=- di by cos(kt).
(®) 2};kk (kt)

We thus need to estimate the mixed (1, p)-variation of cosine series under multi-
plication with negligible sequences. In the following we consider R*, R* can be
treated analogously. Let

d o
RE(t,s5) = 30 + 3 d_gcos(k(t £ 5)).
k=1
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We then apply Proposition 3.12 below with Ri R*, R* = R0 ,ar =d_g, by =
b_j to obtain

Vip(RE; [s,11%) < llnllty sup Vi o(RE; [s — 2,1 — 2] X [s, 1])

0<z=<2n
for every [s, t] € [0, 2 ]. By Theorem 3.2 applied to Roi, we have

sup Vi (R [s —z,1 — 2] x [s,1]) < Clt — 5]/,
0<z=<2rm

which completes the proof. [J

In the following let M(S') be the space of signed, real Borel-measures on the
circle S! with finite total variation || - |ty. Define M* (S1) to be M(S') endowed
with the topology of weak convergence. For B € L'(S!) we set up := Bdt €
M(S) to be the associated measure with density B.

LEMMA 3.10. Let u € M(SY), R:S! x I — R and set R, (s,t) := (R(-, 1) *
) (s). Then

Vi o(Rus [s, 11 % [u, v]) < [lpllty sup Vi (R [s —x, 1 — x] x [u, v])
xeS!

forall [s,t] x [u,v]C S! xITandl1<y <p.

PROOF. Let (;), (t}) be partitions of [s, ], respectively, [u, v]. From Jensen’s

inequality,
Y ) _ 14
< ([ (773 =) dwie)

’R <tl9tl+l>
tj t]-H
Y L —X,tiy1 — X ¥ [e] (x)
= ||M||TV ' R Py T
S i L Il sellTv
Summing over ¢#; and using again Jensen’s inequality for 5 yields
Z ZR i tiyr \|” Ply
K\t
SNt VAROE !
i —Xx,ti+1 — X
=ty [, (SR (" )
S i ARSRY

J
< Nully [, Vi (Rils = x.1 =1 x lu,v])d

V)P/Vd 4] (x)
lelry

] (x)
lllTv

< lulgy sup V7 ,(R; [s — x, 1 — x] x [u, v]).

xeS!

Taking the supremum over all partitions yields the inequality. [
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REMARK 3.11. Inmany cases, x — V), ,(R; [s —x,t —x] x [s, t]) attains its
maximum at x = 0. In this case our inequality above reads

Voo (R % 15 [s, 11%) < lnlltv Vy o (R; [s, £1%)

for all squares [s, 1> C [0, 277]?. Lemma 3.10 can thus be interpreted as a Young-
inequality for the mixed (y, p)-variation of a function with two arguments. If u =
80, we have by =1 for every k and the estimate is thus sharp.

PROPOSITION 3.12. Let R/J[, R; . [0, 271]2 — R be continuous functions of
the form

aob s
Rff(s, 1) = % +,;akbk cos(k(s £1))

with ay, by being real-valued coefficients such that Z,fil lax| < o0, and assume
that there is a measure . € M(S') such that

2w
bk=/ cos(kr)u(dr).
0
Set

o0
RE(t,5) = %0 + Zak cos(k(r £ 5)).
k=1

Then for every 1 <y < p,
Vy (R[5, 1] x [u,v]) < lpllrv sup Vi p(RF:[s — 2,1 — 2] x [u, v])

0<z=<2m

for every [s,t] x [u, v] C [0, 271

PROOF. Let a_y :=ay, b_ := by for k € N. Since Z,‘?i] lax| < 00, we ob-
serve

1 .
Rii(s,0) =5 ) axbpe ™) = (REC, 1) % p)(5)
keZ

and the estimate is thus a direct consequence from Lemma 3.10. [J

3.3. (Uniform) negligibility. In order to use Proposition 3.12 to control the
(y, p)-variation of R(s, ), we need to control ||| Tv. We recall the following:

LEMMA 3.13. Let {bi}ren be a sequence satisfying by — b € R for k — oo,
and let S, (t) := %0 + > brcos(kt). Assume one of the following conditions:

(1) 2272 b = b| < o0;

(2) there exists a nonincreasing sequence Ay such that Y 72, Ax < oo and
|Abg| < Ay for all k > 0;
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(3) by is quasi-convex, that is,
o0
> (k+ D] A% | < cc.
k=0

Then, B(t) = % + D72 bi cos(kt) exists locally uniformly on (0, 2m), and the
right-hand side is the Fourier series of B. Moreover,

us, =~ up +bdo=: u weakly in M(S")

and by = f02” cos(kr)u(dr). Moreover, there is a numerical constant C > 0 such
that

o0
Zlbk—b|, in case (1),
k=0
o0

(3.11) Ity < 1Bl +C § D Ax, in case (2),
k=0
(o¢]
> (k+ D)|A%|,  incase (3).
k=0

PROOF. The case b = 0 is classical [(1) is trivial; cf. [45] for (2) and [32]
for (3)]. The case b # 0 may be reduced to b = 0 by noting that bD,, (t) — 2w bdy
in M™*(S"), where D, is the Dirichlet kernel. [J

Lemma 3.13 in combination with Proposition 3.12 allows us to derive bounds
on the p-variation of covariance functions of the type discussed here, depending
on p only via its total variation norm. Since we will use this to prove uniform
estimates, we will need the following uniform estimates on the L'-norm of cosine
series.

LEMMA 3.14. Letb e C1(0, 00) with b(r) — 0 forr — oo and by := b(t"k)
for some t,m > 0. If:
(1) b is convex, nonincreasing, then by, satisfies the assumptions of Lemma 3.13;
(2) B*(r) = % + > pe bf cos(kt) exists locally uniformly in (0, 27r) and
I B[ 110,227 = Co.

for some C > 0;
(3) b e C*(0, 00) with r — r|b”(r)| being integrable, then by, satisfies the as-
sumptions of Lemma 3.13, (3) and

o
I8 | qoamy =€ [ i) ar

for some C > 0 with B* as in (1).
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PROOF. (1) Since b, |b’| are nonincreasing Ab; <0 and — Aby is nonincreas-
ing. We set Ay := —Aby. Clearly, Z/?io Ay = 2bg, and the claim follows from
Lemma 3.13.

(2) Let b*(r) := b(z"™r), and observe

k+2 ps Y
A%hf = / / (%) (r)drds.
k+1 Js—1
Since (b")" dr = t™b"(t"r) d(t™r), elementary calculations show
0 00
>k +1)|A%bE] < 2/ r|b" (r)| dr,
k=0 0
and Lemma 3.13 completes the proof. [J]
EXAMPLE 3.15. As an application of Lemma 3.13, we see that the sequence

(br) = (kT%), a > 0, is negligible. Furthermore, the sequence (by) = (e_’ka)
a, T > 0, is uniformly negligible in T which follows from Lemma 3.14.

>

3.4. Random Fourier series as rough paths. We now return to the initial prob-
lem of showing the existence of a lift to vector-valued versions of (3.1) to a process
with values in a rough paths space.

Recall that we write (ar) < (bx) for two sequences (ax) and (by) if there is a
negligible sequence (cx) such that a; = ciby; cf. Definition 3.6. We will extend
this notation as follows: if (Ay) = (a,i(’j ) is a sequence of matrices, and (b) is a
sequence of real numbers, (Ax) < (br) means that (af(’j ) < (by) for every i, j. If
(Ap) = (A,lc, ..., A}") is a sequence of vectors whose entries are matrices or real
numbers, we will write (Ay) < (by) if (Aj;) < (by) foralli=1,...,m.

Let W = (W!, ..., w9 where the W' are given as random Fourier series

. wlyOi o . A
(3.12) W) = 02 + > af Y* sin(kt) + o’ ¥ 5 cos(ke),
k=1

with (Yk”~ keZ.i=1....q being independent, N (0, 1) distributed random variables.
As before, set a; := (oz,’{)2 and (ap) := (a,i, R a,‘f). Our main existence result is
the following:

THEOREM 3.16. Assume (ar) < (k|11 for some p € [1,2) with as-
sociated measures @y, 5, i =1,...,d, as in Definition 3.6, and let K >

=1,...,

Gl1/B] (]Rd)—valued process W such that:
(1) W has geometric B-Holder rough sample paths, that is,
v e P10, 271, GIVPI(RY))

almost surely,
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(2) W lifts W in the sense that w1 (V) = V; — Wy,
(3) thereisa C = C(p, K) such that for all s <t in [0, 2] and g € [1, 00),

|d (W, W), < CYqlt =]V,
(4) there exists n =n(p, K, B) > 0, such that

Een”‘pHﬂ'Hdl;[o.ZH]z < 0.
PROOF. By assumption,

o VY 2 2p) ki
wi(t) = 5 + Y vilkl Y50 sin(kt)
k=1

+ L k| 2oy ki cog (kr)

for every i = 1,...,d where (c;;) = ((y,i)z) is a negligible sequence. Hence, we
may apply Proposition 3.8 to see that the covariance of W' has finite Holder dom-
inated p-variation for every i; thus [17], Theorem 35, applies. [

We will now compare the lifts of two random Fourier series W = (Wl ..., w9
and W = (W', ..., U?) with
i aéYO’i o vk i y—kii
W) = + Y Yol sin(kr) + ol Y5 cos(ke),
k=1
i &éyo’i o ~j Skii o ~i v—ki
vi(r) = 5 + ZakY sin(kt) +a_ ;Y cos(kt).
k=1

We make the following assumption:
[(Y% 7% keZ,i=1,...,d)

are independent, normally distributed random vectors With yki Yki~ N O, 1)
forall k € Z and i = 1,...,d. It follows that EY*'Y// =0 for k 1 ori # j,
and we set g} 1= EYkiyki Asbefore, let ay == (oz,’c)2 and a; := (5[}()2. Define the

matrix
wo( @ el
T \eaiel )
and set Ay 1= (A}(, e Af).
THEOREM 3.17. Assume that (Ax) < (|k|=1H1/P)Y for some p € [1,2) and

that the total variation of all associated measures is bounded by a constant K.
Then we can lift ¥ and V to processes with values in a rough paths space as
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in Theorem 3.16, and for all y <1 — % and B < %(% — y) there is a constant
C=C(p,K,B,y) such that

~ ~ Y
B13)  |pponen (¥, W], < Cq/PLIAN( sup ]EI\I’(t) 209
te(0,2m

forall g € [1, 00).

PROOF. The existence of the lifted processes ¥ and W follows from Theo-
rem 3.16. The L9 norm of the difference of two such processes in rough paths
metric can be estimated by the p-variation of the covariance of the difference of
the two processes, and an interpolation argument shows that this quantity can ac-
tually be bounded by the right-hand side of (3.13) times the p-variation of the
covariance of the two processes and their joint covariance function. We aim to
apply [15], Theorem 5,20 where the estimate (3.13) was given for the optimal pa-
rameter y. To obtain a uniform estimate, we need to show that the joint covariance
function of the process (W, W) has finite, Holder dominated p-variation, bounded
by a constant depending only on the parameters above. From independence of the
components, it suffices to estimate the p-variation of R\I,,-’\i,,« (s,1) =EW! (s)\fli (2]
foreveryi =1,...,d. This can be done using Proposition 3.9. [

As an application, we consider the truncated random Fourier series, that is, we
define N = (whV . wdN)py
4 aiy®i N _ _
WiV (1) = 02 + > apY* sin(kt) + o' ¥ T cos(kt)
(3.14) k=1

fori=1,...,d.

It is then easy to show that convergence also holds for the corresponding rough
paths lifts, and we can even give an upper bound for the order of convergence.

COROLLARY 3.18. Under the assumptions of Theorem 3.16, choose some

n < % - % and B < ﬁ — 1. Then there is a constant C = C(p, K, B, n) such that

1\7
(9,0 =g (1)
or every N € N, g € [1,00). In particular, pgys (¥, \IIN) — 0 for N — o0 al-
q B
most surely and in L9 for any q € [1, 00) with rate 1.

2()Strictly speaking, [15], Theorem 5, assumes that W is a certain approximation of W. However, it
is shown in [43] that this is not necessary, and ([15], Theorem 5) can be used more generally to give
an upper bound for the distance between ¥ and ¥ as we need it here.
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REMARK 3.19.  We emphasize that &, U are lifted to level [ 1/8] above. In
particular, a “good” rate n forces B to be small so that, in general, it is not enough
to work with 3 levels, as is the usual setting in Gaussian rough paths theory.

PROOF OF COROLLARY 3.18. We aim to apply Theorem 3.17 with &,i =
]l|k|§Noz,i and Q}; = 1. We will first show that (a,’;]l|k\§N) =< (|k|_(1+1/p’)) for every
o' > p, uniformly over i and N. Indeed, we have

a,’;]lwa = (alic|k|1+1/p)(|k|l/p/_l/pjllk\gN)|k|_(1+1/p,),

and since (a,i) < (|k|=9FYP)y for all i = 1,...,d, it suffices to show that
(Ik|~¢1 5 <) is uniformly negligible for every & > 0. Therefore, we need to show
that the cosine series

00 N
BN (x) =Y |k| 1 p=n cos(kx) = Y [k| cos(kx)
k=1 k=1
is uniformly bounded in L'([0,27]). Since Ak~¢ = O(k=*"!) and
limg_, o0 log(k)k—% = 0, we can apply the Sidon-Telyakovskii theorem (cf. [45],
Theorem 4) to obtain BY — B for N — oo in L!([0, 27]) which proves the uni-
form negligibility, and we may apply Theorem 3.17 for every p’ > p. Furthermore,

E|\I!(t) — lIJN(t)|2 = Z ai sinz(kt) +a_g cosz(kt)

k=N+1

00 1 1/p

<2 Y <4 ) k—(1+1/P>5<—) :
[k|>N+1 k=N+1 N

% — % <1 _land apply Theorem 3.17 to

For given 1, we choose p’ such that n < -
complete the L9 convergence. The almost sure convergence follows by a standard

Borel-Cantelli argument; cf. [15], Theorem 6, page 41.

4. Applications to SPDE. In this section we will apply our results on ran-
dom Fourier series to construct spatial rough path lifts of stationary Ornstein—
Uhlenbeck processes corresponding to the R?-valued (generalized) fractional
stochastic heat equation with Dirichlet, Neumann or periodic boundary conditions

4.1) dV; = —(—A)*V, dt +dW,; on [0, T] x [0, 27],

where the fractional Laplacian (—A)* acts on each component of W; and « €
(0, 1]. We will start by first considering the fractional stochastic heat equation
with Dirichlet boundary conditions, proving the existence of (continuous) spatial
rough paths lifts and stability under approximations. Then we comment on Neu-
mann boundary conditions and on more general equations for periodic boundary
conditions.
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If a (spatial) rough path lift of (4.1) has been constructed, one can view (4.1) as
an evolution in a rough path space, a point of view which has proven extremely
fruitful in solving new classes of, until now, ill-posed stochastic PDE [22, 23, 27],
arising, for example, in path sampling problems for R?-valued SDE [22, 25, 26].

For a variant of (4.1) with & = 1, Hairer proved in [22] finite 1-variation of the
covariance of the stationary solution to (4.1), that is, of (x, y) — EW(z, x)¥(z, y).
This general theory then gives the existence of a “canonical, level 2” rough path
W lifting W; cf. Theorem 3.16; see also [21]. It is clear that in the case o = 1 the
Brownian-like regularity of x — W (t, x; w) is due to the competition between the
smoothing effects of the Laplacian and the roughness of space—time white noise.
Truncation of the higher noise modes (or suitable “coloring”) leads to better spatial
regularity; on the other hand, replacing A by a fractional Laplacian, that is, consid-
ering (4.1) for some « € (0, 1), dampens the smoothing effect, and x — W (¢, x; w)
will have “rougher” regularity properties than a standard Brownian motion. One
thus expects p-variation regularity for the spatial covariance of x — W (z, x; w)
for (4.1) only for some p > 1 and subsequently only the existence of a “rougher”
rough path, that is, necessarily with higher p than before.

As we shall see below, (4.1) is handled as a spatial rough path with a number of
precise estimates, provided

*_ 3
a>a" =3,

More precisely, the resulting (geometric rough) path enjoys %—Hélder regularity

foranyp>2/o=L71.Whenoz>%wehave,ozwli1

e < % and can pick p < 3.
The resulting rough path can then be realized as a “level 2” rough path. In the
general case (similar to H € (%, %] in the fBm setting) one must go beyond the
stochastic area and control the third level iterated integrals. Our approach, which
crucially passes through p-variation, combined with existing theory, has many ad-
vantages: the notoriously difficult third-level computation need not be repeated
in the present context; leave alone the higher level computations needed for rates.
A satisfactory approximation theory is also available, based on uniform p-variation

estimates; cf. Section 4.2 below.

4.1. Fractional stochastic heat equation with Dirichlet boundary conditions.
We consider

4.2) dV, = —(—A)* W, dt +dW, on [0, T] x [0, 27]

on [0, 2] endowed with Dirichlet boundary conditions. Neumann and periodic
boundary conditions may be treated analogously; cf. Section 4.3 below. We have
the following orthogonal basis of eigenvectors with corresponding eigenvalues of
—A on L%([0, 27]):

=) w=(5). ken
er(x) =sin 2x, T = 5) SEA R
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and take W; =) ﬂfek (x). The fractional Laplacian has eigenvalues Ay := 1
for k € N and (informal) Fourier expansion of the stationary solution ¥ to (4.1)
leads to the random Fourier series

ad X
43 W(t,x) = Y} sin( k=
43) (t.x) Zaktsm( 2),
k=1
with o = ﬁ and Y,k being a decoupled, infinite system of d-dimensional, sta-
tionary, normalized Ornstein—Uhlenbeck processes satisfying
(4.4) dyF = - vkde + 2 dpr.

Clearly (4.3) gives a well-defined and continuous random field and solves (4.2) in
the sense of standard SPDE theory; cf., for example, [8, 47]. Note EY} ® Y! =
e~ Mli=slg, ;1d, and set

1 1
2 20—1
ap=op=-——=2 —, k eN.
k 2k k2o
As an immediate consequence of our results on random Fourier series, we get the
following:

PROPOSITION 4.1.  Suppose o € (%, 1]. Then:

(1) For every t > 0, the spatial process x — W(t, x) is a centered Gaussian
process which admits a continuous modification (which we denote by the same
symbol) with covariance Ry of finite mixed (1, p)-variation for all p > ﬁ, and
all conclusions of Theorem 3.2 hold.

Q) If a > %, the process x +— W (t,x) lifts to a process with geometric -
Holder rough paths

W (1) e CgP MN[0, 2], GU/PI(RY))
almost surely for every B < a — %
(3) Choose y and B such that
! 3 5 1 20y
<l—-— <a—=-— .
v 4a 2 2a—1

Then there is a y-Holder continuous modification of the map

w:[0, 71— P (0,271, GU/A (RY)),
(4.5)
t > W(1).

REMARK 4.2. In (3), we observe a “trade-off” between the parameters
B and y: If we want a “good” time regularity (i.e., large y), we have to take B
small which is tantamount to working in a rough paths space with many “levels”
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of formal iterated integrals. For instance, when o = 1, we can get arbitrarily close
to % in time, at the price of working with many arbitrary levels. On the other hand,
if we insist to work with the first 3 levels only (or 2 levels in case o > 5/6), which
is the standard setting in Gaussian rough path theory, we only get poor time regu-
larity of the evolution in rough path space.

PROOF OF PROPOSITION 4.1. Since W is a rescaling of

o0
(t,x) =Y oY/ sin(kx) = W(t, 2x),
k=1

it is enough to consider W:

(1) Clearly x — U (t, x) is centered and Gaussian. Due to (3.3) and Lemma 3.4,
we have

7 7 2
of(x,y) =E[U (@, x) — (@, y)|” < e —yP L,

which implies that there is a continuous modification of . Theorem 3.2 implies
the claim.

(2) Follows from Theorem 3.16.

(3) We will derive the existence of a continuous modification by application of
Kolmogorov’s continuity theorem. Therefore, we need an estimate on a gth mo-
ment of the distance in the pg-ps1 metric of the rough paths U (1), v (s) at different
times 0 < s < ¢t < T. Such an estimate can be obtained by applying Theorem 3.17.
LetO<s<t<T,t :=|t—s|,andsetAk=(A,£,...,Ag) where

Al ag age T
k= g oMt
ke ag

fori =1,...,d. We claim that (A;) < (|k|~2%) uniformly in 7. Defining b(r) :=
e=/2% we note by = e M7 = p(kt'/?®) and b is convex, nonincreasing.
Lemma 3.14 then implies that (e ~**7) is uniformly negligible which shows the
claim. Hence, we can apply Theorem 3.17 and obtain

~ ~ ~ ~ 6
a1 (B (1), ¥(5)) 1 < CqVPWA( sup E[F(2,x) — W5, 0)
x€[0,27]

forall 6 < jg %, B<a-— % — 6 and all g € [1, 00). In order to estimate the right-

hand side, we note
E[$! (1, x) — ¥ (s, x)
=E|¥ ¢, 0)]* +E[F' (5, x)[* = 2EP (1, x) T (5, x)
<2Zak M) sin (kx)<2Zak|1 e M7
k=1

<C Y |t —s|+CN'"2 3 quk® =1 < C(N|r — 5| + N1~
k<N k>N
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for all o’ < . We then choose N ~ |t — slfl/a“/) to obtain

E“i’(f,x) — \i'(s,x)|2 <Cl|t — S|1—1/(2a’)‘

3 _1_ 2y
Thus we can choose y <1 — ;- and B <o — 5 — 5.5

|pp-non (W (1), ¥ (5))| 4 < CqVPIBY — g7,

for all g € [1, 00). Kolmogorov’s continuity theorem gives the result. [

to obtain

4.2. Stability and approximations. Due to the “contraction principle” in the
form of Proposition 3.12, the estimates on the p-variation of the covariance of ran-
dom Fourier series derived in Section 3 are robust with respect to approximations.
In order to emphasize this point, in this section we consider Galerkin and hyper-
viscosity approximations to W with W as in Section 4.1 and prove strong conver-
gence of the corresponding rough paths lifts. Recall that by the general theory of
rough paths, this immediately implies the strong convergence of the corresponding
stochastic integrals as well as of solutions to rough differential equations; cf., for
example, [2, 22].

4.2.1. Galerkin approximations. The Galerkin approximation W} of W, is
defined to be the projection of W onto the N-dimensional subspace spanned by
{ek}k=1,....~. This process solves the SPDE

(4.6) AW = —(Py(=AN))WN dt +dPyW,,

where Py(—A)* has the eigenvalues (’%)20‘11(5 ~, and Py W, has the covariance

operator QV given by QVey = 1;<yex. The process WV can be written as the
truncated Fourier series

N
N ke
wN, x) = ];akY, sm<k2),
with a = 2%~1/2k=% and Y* Ornstein-Uhlenbeck processes as in Section 4.1.
One easily checks that we can lift the spatial sample paths of \DtN to Gaus-
sian rough paths and find continuous modifications of ¢ \Ilgv . Moreover, we can
prove the following strong convergence result:

PROPOSITION 4.3.  Assume a > %, and choose n < 2a — % and B <a—1—n.

2
Then there is a constant C = C(«, B, n) such that
1\7
|01 (¥ (1), WY (1)] g < Cq VPP (ﬁ)
for all t € [0,T], N € N, g € [1,00). In particular, for every t € [0,T],
pp-Ho1 (¥ (1), V(1)) > 0 for N — oo almost surely and in L1 for any q € [1, 00)
with rate 1.

PROOF. The proof follows from Corollary 3.18. [J
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4.2.2. Hyper-viscosity approximations. The hyper-viscosity approximation
WeE = (pel . wed) s the solution to

(4.7) dVE = —((=A)* +e(=A)\WE dt +dW,,

for some (large) 6 > 1 and ¢ > 0. Again, it is easy to see that we can lift the spatial
sample paths of W/ to Gaussian rough paths and find continuous modifications of
t— .

PROPOSITION 4.4. Assume o > % and 6 > o. Choose 8 <o — % Then there
is a function rq g.0:R — Ry such that r(¢) — 0 for ¢ — 0 and a constant C =

C(a, B, 0) such that
P B-Hol 1), t < r(e
10151 (W (1), WE ()] 4 < Cq/PL/BLy(g)
foreveryt €[0,T],e>0andq €1, 00).

PROOF. As before, W/ has the form of a random Fourier series where the kth
1

J2AE°

. k 2a k 20
)\,k= 5 + ¢ 5 y

and ¢ Yf’k are d-dimensional, stationary Ornstein—Uhlenbeck processes with
independent components, each component being centered with variance 1 and cor-

relation
. /)\.k)\.i
EYf* @y =2 Sk 1d.
A+ )‘li ’

From Theorem 3.17, we know that it is sufficient to show that (A7) < (k| ~2)
uniformly over ¢ > 0 where

&
(G e e _ VM
T arafof (058)2 ’ -
kO O k

Fourier coefficients are given by o Yf’k with o =

and that

(4.8) sup sup E|W(r,x) — Wi, )c)]2 -0 for ¢ — 0.
t€l0,T]xe[0,27]

For the first claim, we have to show that the series

0 00
Z(‘X/i)zkza cos(kx), > arat 0fk>® cos(kx)
k=1 k=1

are uniformly bounded in L' which can be done using Lemma 3.14(2). Show-
ing (4.8) follows by writing down the left-hand side as a Fourier series and bound-
ing it uniformly in x and ¢ by an infinite series. Then we send ¢ — 0, using the
dominated convergence theorem. []
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4.3. Various generalizations.

4.3.1. Generalized fractional stochastic heat equation on periodic domains.
Based on the stability results for the mixed (1, p)-variation of the covariance of
random Fourier series developed in Section 3, one may consider more general frac-
tional stochastic heat type equations and different types of boundary conditions.
As an example let us consider generalized fractional stochastic heat equations on
[0, 2] with periodic boundary conditions. An orthogonal basis of eigenvectors
and corresponding eigenvalues of —A on L2([0, 277]) is given by

sin(kx), k>0,
w=k, a@:=17 k=0,
cos(kx), k <O0.

Via the spectral theorem we may define A = f(—A) for each Borel measurable
function f:R; — R, still having e as a basis of eigenvectors and eigenvalues
J (o).

In order to be able to consider stationary Ornstein—Uhlenbeck processes, we
need to shift the spectrum of A to be strictly negative. Hence, we consider
R¢-valued SPDE of the form

(4.9) dv, =(—A -V, dt +dW, with A > 0,

where W; is a (possibly) colored Wiener process with covariance operator having
ey as basis of eigenvectors and oy as eigenvalues. An (informal) Fourier expansion
of the stationary solution W to (4.9) leads to the random Fourier series

Y o0
(4.10) W(t, x) = % + " ¥ sin(kx) + a_ Y, cos(kx),
k=1

with oy = o = /mfij’z(m) and Ytk as in (4.4). Suppose (ax) to be eventually
nonincreasing and (ax) < (kfz"‘) for some a € (%, 1]. Then analogous results to

Proposition 4.1 may be established under various assumptions on o} and f(7%),
by means of the stability results given in Section 3.

EXAMPLE 4.5. We consider the stochastic fractional heat equation with (pos-
sibly) colored noise on the 1-dimensional torus, that is,

@11) AV = (=AW + 0 dt +d(-A)TPW,  i=1,....d,

where o € (0,1], y >0, A > 0 and W; is a cylindrical Wiener process. Hence,
(i) = |k|*® and oy = |k|~2”. By elementary calculations we see (%) =<

(k—@r+22) and thus the conclusions of Proposition 4.1 hold if 2y + 2 > %
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4.3.2. Neumann boundary conditions. In the case of homogeneous Neumann
boundary conditions, an orthogonal basis of eigenvectors of —A on L?([0, 27]) is

given by
k k2
er(x)= cos<§x>, T = (5) , ke NU{0}.

In order to be able to consider stationary Ornstein—Uhlenbeck processes, we need
to shift the spectrum; that is, we consider

We may then proceed as for Dirichlet boundary conditions, resolving additional
difficulties due to the shift of the spectrum as in the proof of Proposition 4.1.

5. The continuous case. In some cases, the covariance function of a Gaus-
sian process X is given as the cosine transform of some function f. For example,
this is the case if the spectral measure of a stationary process has a density f
with respect to the Lebesgue measure; cf. Example 2.16 and [41], Chapter 5.6.
In this case, we may obtain similar results as for random Fourier series. The key
is a continuous version of Lemma 3.3 which we are now going to present. For a
(symmetric) function f € L!(R), let f denote its (real) Fourier transform. Then
the following holds:

_LEMMA 5.1. Let f:R — R be symmetric and in LY(R) ﬂCZ(R\ {0}). Assume
fe L'(R) and

Jim, E3 @&+ E2F @)+ |Ef @) =0

and that there is an xq € (0, co] such that

R

lim sup
R—oo J0 852

for all x € (0, xo) where Fz(x) = 1_%3(5” denotes the Féjer kernel. Then f is a
convex function on [0, xq).

(f(é)é ) Fe (x)d§ <0,

PROOF. Since the proof is very similar to Lemma 3.3 we just sketch it briefly.
By Féjer’s theorem for Fourier transforms (cf. [33], Theorem 49.3),

lim L/R <1 - |§—|) (§)e™E d& = g(x),

R—o0 271

for all x provided g € C(R) N L'(R). Setting g = f , we obtain from Fourier in-
version

or(x) = /_R< E)f(sg) X g > f(x)  for R — oo.
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Applying integration by parts twice, our assumptions imply that
liminfog(x) >0
R—o0

for all x € (0, xp). This implies the claim. [

_REMARK 5.2. Note that for a given f € L'(R), it does not follow that also
f e L'(R). However, Bernstein’s theorem states that the Fourier transform of

functions f in the Sobolev space H®(R) is contained in LY(R) for all s > %;
cf. [28], Corollary 7.9.4.

EXAMPLE 5.3. Consider the covariance R of a fractional Ornstein—Uhlen-
beck process with Hurst parameter H € (0, 1/2]; cf. Example 2.16. Then R(s, t) =
K (t —5) with

§|12H

K = f fOcsEnds.  fO=cuy g 20

We prove that there is an x¢ > 0 such that K is convex on [0, xg). Since f(§) =
0(";‘ 1=2Hy " £ ¢ HS for any s < 2H + 1/2 and Bernstein’s theorem 1mphes that
f e L' for any H > 0. An easy calculation shows that g := 85 S(f(é)é ) is non-

positive on [£g, oo) for some &y > 0 and that g(§) = O( g~172H) 1t follows that

R

limsu
R—)oop 0 852(

Note first that f 0 8(§)Fg¢(x)d§ is uniformly bounded for x “\ 0. Furthermore
limy 0 Fe(x) = S /2, and Fatou’s lemma gives

f&)EY) Fe(x)dt = f 852 (f (6)8%) F (x) d&.

Y L[, _
h%f/% —g(&)Fg(stz—Eféo £2(£) dt = +oo.
Hence
lim [~ g(6)Fy () d = —oc

Thus there is an xg such that fooo g&)F:(x)dé <0 forall x € (0, x9), and we can
apply Lemma 5.1 to conclude that K is convex on [0, xg).

EXAMPLE 5.4. Consider the SPDE
dqjl‘Z—((—A)a‘i‘)\,)\pzdf-i—dW[ OHR,

for some o € (0, 1], A > 0. The stationary solution can be written down explicitly
(cf. [47]), namely

t
W, (x) = /_ . fR Ki—s (. y)W(ds. dy),
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where K is the fractional heat kernel operator associated to —((—A)%* + 1) with
Fourier transform given by

Ri(§) = e K

After some calculations, one sees that the covariance R of the spatial process x —
W, (x) for every time point ¢ is given by R(x, y) = K(x — y) where

K(x)= d&, =—.
0= [ f@) cosEnds.  FE =5
With a similar calculation as in Example 5.3, one can see that K is convex in
a neighborhood around 0. It is easy to see that o2(x) = 2(K(x) — K(0)) =
O(|x)?* 1 (using, e.g., [41], Theorem 7.3.1). Hence we are in the situation of
Example 2.9, and we may conclude that

Vio(Rx: [x,y]) = O(ly —x*")

for |y — x| small enough. Applying [20], Theorem 35, we see that W; can
be lifted, for every fixed time point ¢, to a process W; with sample paths in
CoP M ([x, y1, GIVA(RY)), every B < a — 1/2, provided a > 3/4 and |y — x|
is small enough. By concatenation one has the existence of spatial rough paths
lifts on all compact intervals in R.

6. Application to non-Markovian Hormander theory. Consider a (rough)
differential equation

(6.1) dY =V (Y)dX

driven by a (Gaussian) rough path X along a vector field V = (Vy, ..., V), started
at Yo = yo € R. Assume V to be bounded with bounded derivatives of all or-
ders such that Hormander’s condition Lie(Vy, ..., Vg)ly, = R¢ holds.2! If X is
sufficiently nondegenerate (e.g., fBm) one can hope for a density of ¥; at positive
times ¢ > 0. This has been achieved in a series of papers starting with Baudoin
and Hairer [1] (with X fBm for H > 1/2), followed by [3, 5, 24] which dealt,
respectively, with general Gaussian signals X (p < 2 subject to CYR??), fBm for
H > 1/4 and then again general Gaussian signals (p < 2 subject to CYR), now
with a smoothness result. The general case [3, 5] requires a number of assump-
tions on X that are not always easy to check. To wit, even if X is fBm-like, in the
sense that

o(s,t)=F(t—5)>0
2lwe may also include a drift vector V{), in which case we mean the weak Hormander condition.

22Complementa\ry Young regularity for Cameron—Martin paths h: that is, 4 has finite g-variation
and X (w) has finite p-variation a.s. with 1/p + 1/¢g > 1.
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with F being concave and F(t) = O (1), already the CYR is unclear in the afore-
mentioned references [3, 5]. Indeed, CYR for fBm (in case H > 1/4) relies on the
variation embedding theorem [16] which is not applicable in this more general
situation. Our results provide a convenient way to check the assumptions of [5].
Let us illustrate how to proceed by the concrete example of an RDE driven by a
(Gaussian) process (with i.i.d. components) with stationary increments.

THEOREM 6.1. Assume F(t) = O(t'/?) with p € [1,2) as t | 0, F concave
and nonzero. Then

F' (T)>0 for some T > 0,

and Yy in (6.1) has a smooth density for all t € (0, T'].

This applies in particular when X is given as a random Fourier series as in
Example 2.13 (with p < 2) or as a fractional Ornstein—Uhlenbeck process with
Hurst parameter H € (1/4,1/2] as in Example 2.16.

PROOF. By assumption, F is not identically equal to zero. In order to see that
F' (T) > 0 for some T small enough, assume the opposite, that is, F’ (t) < 0 for
all # > 0. Then

F(t+h)—F(@)
h

and thus F is nonincreasing. Since F(0) =0 and F > 0, this implies that F is
trivial and gives the desired contradiction. We now proceed by checking the con-
ditions from [5]. Condition 1 (CYR; [3, 5]) follows from Theorem 2.2, applied as
in Example 2.9 which yields mixed (1, p)-variation and thus (cf. part 1) comple-
mentary Young regularity. For Condition 2 from [5]** we first note that, leaving
the imminent estimate (6.2) to the end of the proof,

zvar(Xs,lLFO,s \% th,T)
s, t
> 2R ( ; T)
(6.2) =02(0,1) —a2(0,5) +02(s,T) — o2(t,T)
=F(t)— F(s)+ F(T —s) + F(T —t)
>2F (T)(t —s),

where we used (thanks to concavity) that the left-hand side derivative of F at T
exists and

<F (1) <0 Vh,t>0,

F(t)—F
inf FO-FG) _ F'(T).
0<s<t<T t—s

23For the reader’s convenience we recall (the essence of) Condition 2 in [5]: there exists ¢, > 0
such that Var(X ¢ |Fo s V Fy 1) > c(t —s)* forall0 <s <t <T.
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By assumption, F’ (T') > 0, and so Condition 2 holds with « = 1. Also note that
F’ (T) is nonincreasing in T'; thus Condition 2 remains valid upon decreasing 7.

Next, we prove that ([5], Condition 4, page 10) is satisfied. Due to concavity
of F and Lemma 2.20, X has nonpositively correlated increments, and it is enough
to show that (cf. [5], page 11)

0,S

(6.3) EXo,sXsr =R < ; ) =0 Vs, 1]<[0,S1<[0,T],

which is clear from our condition (B.ii) of Theorem 2.2, which was seen to be
verified in the present situation in Example 2.9. We also note that ([5], Condition 3,
page 10) is implied by Condition 4 (cf. [5], Corollary 6.8). In conclusion, [5],
Theorem 3.5, implies the claim.

It remains to prove estimate (6.2). To this end, let G := Fo ¢ vV F; 7. Since X is
Gaussian, Var(X; ;|G) is deterministic, and by a simple argument (detailed in [5],
Lemma 4.1) one has
(6.4) Var(Xs,|G) = inf [|Xg, —YII3,

Yel2(Q,G.P)
where the inf is achieved at Y = E[X,;|G], an element in the first Wiener—Ito
chaos, that is, the L2-closure of {X;:0 <t <T} and of course G-measurable. As a
consequence, E[X ;|G] =lim, ¥, in L? for suitable “simple” approximations of
the form, with [¢]", ;" |1 C [0, s]U [z, T],

kn
Y :Z an n
n AN
i=1

and we can replace the inf in (6.4) by the inf taken over such simple elements.
In what follows let us write (ff) for the dissection obtained from (/':1 <i <
ky) U {s,t}. This way, we may condense the expression X;; — > _; af’thn’tinH to
Ya'X R Using elementary estimates such as oo ; < (ozl.2 + ajz.) /2 and sym-
metry of R, we find

2
=E

2 n ~ny_
IXoo =Vl =E|Xs = Ya X, X
i

_ ~Nn~n o N ~Nn~n i l-‘rl
_Zai ajEth-",tl-"+1Xt7,t7 Za R( n tn )
12%)

Tj>Tj+1
"n
z—ZZ!ﬁ?\|&§’R<t2’tz+l)‘+Z R(55)
i i i°%i+1
rph (Rl R
i j#i t]’tj-H lis i
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Due to nonpositively correlated increments we may drop the minus and absolute
values in the line above and combine both sums. Thanks to (6.3), we can then
finish the desired estimate,

, g
||stt_yn||%22( ZR(ttn tl+1> > (@) R( ‘0 ?1)
i i ’

Jj+1
1t s, t
+1 )
=& (o7 )+ o@rR (%) =r (o)

Acknowledgments. Peter K. Friz, Benjamin Gess and Sebastian Riedel would
like to thank the Mathematisches Forschungsinstitut Oberwolfach where parts of
this work was first presented in August 2012 as part of the workshop “Rough paths
and PDEs.” They would also like to thank F. Russo for the references [35, 36]
which led to Example 2.12. Peter K. Friz would like to thank S. Tindel for point-
ing out similar aspects of the present conditions with those from [5]; this led to
Section 6. At last, all authors would like to thank the referee for detailed com-
ments.

REFERENCES

[1] BAUDOIN, F. and HAIRER, M. (2007). A version of Hormander’s theorem for the fractional
Brownian motion. Probab. Theory Related Fields 139 373-395. MR2322701

[2] BAYER, C., Friz, P. K., RIEDEL, S. and SCHOENMAKERS, J. (2013). From rough paths
estimates to multilevel Monte Carlo. Available at arXiv:1305.5779.

[3] Cass, T. and Friz, P. (2010). Densities for rough differential equations under Hérmander’s
condition. Ann. of Math. (2) 171 2115-2141. MR2680405

[4] Cass, T., Friz, P. and VICTOIR, N. (2009). Non-degeneracy of Wiener functionals arising
from rough differential equations. Trans. Amer. Math. Soc. 361 3359-3371. MR2485431

[5] CAss, T., HAIRER, M., LITTERER, C. and TINDEL, S. (2015). Smoothness of the den-
sity for solutions to Gaussian rough differential equations. Ann. Probab. 43 188-239.
MR3298472

[6] CaAss, T., LITTERER, C. and LYONS, T. (2013). Integrability and tail estimates for Gaussian
rough differential equations. Ann. Probab. 41 3026-3050. MR3112937

[7] CRISAN, D., DIEHL, J., FrRiz, P. K. and OBERHAUSER, H. (2013). Robust filtering: Cor-
related noise and multidimensional observation. Ann. Appl. Probab. 23 2139-2160.
MR3134732

[8] DA PRATO, G. and ZABCZYK, J. (1992). Stochastic Equations in Infinite Dimensions. En-
cyclopedia of Mathematics and Its Applications 44. Cambridge Univ. Press, Cambridge.
MR1207136

[9] DECREUSEFOND, L. (2005). Stochastic integration with respect to Volterra processes. Ann.
Inst. Henri Poincaré Probab. Stat. 41 123-149. MR2124078

[10] DIEHL, J., Friz, P. and STANNAT, W. (2014). Stochastic partial differential equations: A rough
path view. Preprint. Available at arXiv:1412.6557.
[11] DIEHL, J., OBERHAUSER, H. and RIEDEL, S. (2013). A Levy-area between Brownian motion

and rough paths with applications to robust non-linear filtering and RPDEs. Stochastic
Process. Appl. 125 161-181. MR3274695


http://www.ams.org/mathscinet-getitem?mr=2322701
http://arxiv.org/abs/arXiv:1305.5779
http://www.ams.org/mathscinet-getitem?mr=2680405
http://www.ams.org/mathscinet-getitem?mr=2485431
http://www.ams.org/mathscinet-getitem?mr=3298472
http://www.ams.org/mathscinet-getitem?mr=3112937
http://www.ams.org/mathscinet-getitem?mr=3134732
http://www.ams.org/mathscinet-getitem?mr=1207136
http://www.ams.org/mathscinet-getitem?mr=2124078
http://arxiv.org/abs/arXiv:1412.6557
http://www.ams.org/mathscinet-getitem?mr=3274695

[12]

(13]
[14]
[15]
[16]
(171
(18]
[19]

(20]

(21]
(22]

(23]
[24]

[25]
[26]
[27]

(28]

(29]

(30]
(31]
(32]
[33]
(34]

(35]

JAIN-MONRAD FOR ROUGH PATHS 737

DUDLEY, R. M. and NORVAISA, R. (1998). An Introduction to p-Variation and Young Inte-
grals: With Emphasis on Sample Functions of Stochastic Processes. Lecture Notes/Centre
for Mathematical Physics and Stochastics 1. Aarhus, Denmark.

Friz, P. and OBERHAUSER, H. (2010). A generalized Fernique theorem and applications.
Proc. Amer. Math. Soc. 138 3679-3688. MR2661566

Friz, P. and RIEDEL, S. (2013). Integrability of (non-)linear rough differential equations and
integrals. Stoch. Anal. Appl. 31 336-358. MR3021493

Friz, P. and RIEDEL, S. (2014). Convergence rates for the full Gaussian rough paths. Ann.
Inst. Henri Poincaré Probab. Stat. 50 154-194. MR3161527

FRriz, P. and VICTOIR, N. (2006). A variation embedding theorem and applications. J. Funct.
Anal. 239 631-637. MR2261341

Friz, P. and VICTOIR, N. (2010). Differential equations driven by Gaussian signals. Ann. Inst.
Henri Poincaré Probab. Stat. 46 369—413. MR2667703

Friz, P. and VICTOIR, N. (2011). A note on higher dimensional p-variation. Electron. J.
Probab. 16 1880-1899. MR2842090

Friz, P. K. and HAIRER, M. (2014). A Course on Rough Paths with an Introduction to Regu-
larity Structures. Springer, Berlin.

Friz, P. K. and VICTOIR, N. B. (2010). Multidimensional Stochastic Processes as Rough
Paths. Cambridge Studies in Advanced Mathematics. Theory and Applications. 120. Cam-
bridge Univ. Press, Cambridge. MR2604669

GUBINELLI, M., IMKELLER, P. and PERKOWSKI, N. (2012). Paraproducts, rough paths and
controlled distributions. Available at arXiv:1210.2684.

HAIRER, M. (2011). Rough stochastic PDEs. Comm. Pure Appl. Math. 64 1547-1585.
MR2832168

HAIRER, M. (2013). Solving the KPZ equation. Ann. of Math. (2) 178 559-664. MR3071506

HAIRER, M. and PILLAIL N. S. (2011). Ergodicity of hypoelliptic SDEs driven by fractional
Brownian motion. Ann. Inst. Henri Poincaré Probab. Stat. 47 601-628. MR2814425

HAIRER, M., STUART, A. M. and VoSS, J. (2007). Analysis of SPDEs arising in path sam-
pling. II. The nonlinear case. Ann. Appl. Probab. 17 1657-1706. MR2358638

HAIRER, M., STUART, A. M., VoOSsSs, J. and WIBERG, P. (2005). Analysis of SPDEs arising
in path sampling. I. The Gaussian case. Commun. Math. Sci. 3 587-603. MR2188686

HAIRER, M. and WEBER, H. (2013). Rough Burgers-like equations with multiplicative noise.
Probab. Theory Related Fields 155 71-126. MR3010394

HORMANDER, L. (1983). The Analysis of Linear Partial Differential Operators. I. Distribution
Theory and Fourier Analysis. Grundlehren der Mathematischen Wissenschaften [Funda-
mental Principles of Mathematical Sciences] 256. Springer, Berlin. MR0717035

HOUDRE, C. and VILLA, J. (2003). An example of infinite dimensional quasi-helix. In
Stochastic Models (Mexico City, 2002). Contemp. Math. 336 195-201. Amer. Math. Soc.,
Providence, RI. MR2037165

JAIN, N. C. and MONRAD, D. (1983). Gaussian measures in Bp. Ann. Probab. 11 46-57.
MRO0682800

KAHANE, J.-P. (1985). Some Random Series of Functions, 2nd ed. Cambridge Studies in Ad-
vanced Mathematics 5. Cambridge Univ. Press, Cambridge. MR0833073

KOLMOGOROW, A. N. (1923). Sur I’ordre de grandeur des coefficient de la série de Fourier-
Lebesque. Bull. Acad. Polon., Ser. A 83-86.

KORNER, T. W. (1989). Fourier Analysis, 2nd ed. Cambridge Univ. Press, Cambridge.
MR1035216

KRASNIQI, X. Z. (2011). On the second derivative of the sums of trigonometric series. An.
Univ. Craiova Ser. Mat. Inform. 38 76-86. MR2874026

KRUK, I. and RUSSO, F. (2010). Malliavin—Skorohod calculus and Paley—Wiener integral for
covariance singular processes. Available at arXiv:1011.6478.


http://www.ams.org/mathscinet-getitem?mr=2661566
http://www.ams.org/mathscinet-getitem?mr=3021493
http://www.ams.org/mathscinet-getitem?mr=3161527
http://www.ams.org/mathscinet-getitem?mr=2261341
http://www.ams.org/mathscinet-getitem?mr=2667703
http://www.ams.org/mathscinet-getitem?mr=2842090
http://www.ams.org/mathscinet-getitem?mr=2604669
http://arxiv.org/abs/arXiv:1210.2684
http://www.ams.org/mathscinet-getitem?mr=2832168
http://www.ams.org/mathscinet-getitem?mr=3071506
http://www.ams.org/mathscinet-getitem?mr=2814425
http://www.ams.org/mathscinet-getitem?mr=2358638
http://www.ams.org/mathscinet-getitem?mr=2188686
http://www.ams.org/mathscinet-getitem?mr=3010394
http://www.ams.org/mathscinet-getitem?mr=0717035
http://www.ams.org/mathscinet-getitem?mr=2037165
http://www.ams.org/mathscinet-getitem?mr=0682800
http://www.ams.org/mathscinet-getitem?mr=0833073
http://www.ams.org/mathscinet-getitem?mr=1035216
http://www.ams.org/mathscinet-getitem?mr=2874026
http://arxiv.org/abs/arXiv:1011.6478

738
(36]
(37]
(38]
(39]
[40]

[41]

[42]
[43]
[44]
[45]
[46]

[47]

(48]

FRIZ, GESS, GULISASHVILI AND RIEDEL

KRUK, I., RUssoO, F. and TUDOR, C. A. (2007). Wiener integrals, Malliavin calculus and
covariance measure structure. J. Funct. Anal. 249 92-142. MR2338856

LORENTZ, G. G. (1948). Fourier-Koeffizienten und Funktionenklassen. Math. Z. 51 135-149.
MR0025601

Lyons, T. and QIAN, Z. (2002). System Control and Rough Paths. Oxford Univ. Press, Oxford.
Oxford Science Publications. MR2036784

Lyons, T. J. (1998). Differential equations driven by rough signals. Rev. Mat. Iberoam. 14
215-310. MR1654527

LyYoNs, T. J., CARUANA, M. and LEVY, T. (2007). Differential Equations Driven by Rough
Paths. Lecture Notes in Math. 1908. Springer, Berlin. MR2314753

MARCUS, M. B. and ROSEN, J. (2006). Markov Processes, Gaussian Processes, and Local
Times. Cambridge Studies in Advanced Mathematics 100. Cambridge Univ. Press, Cam-
bridge. MR2250510

NUALART, D. (2006). The Malliavin Calculus and Related Topics, 2nd ed. Probability and Its
Applications (New York). Springer, Berlin. MR2200233

RIEDEL, S. and XU, W. (2013). A simple proof of distance bounds for Gaussian rough paths.
Electron. J. Probab. 18 no. 108, 22. MR3151728

RuUsso, F. and TUDOR, C. A. (2006). On bifractional Brownian motion. Stochastic Process.
Appl. 116 830-856. MR2218338

TELJAKOVSKIIL, S. A. (1973). A certain sufficient condition of Sidon for the integrability of
trigonometric series. Mat. Zametki 14 317-328. MR0328456

TowGHI, N. (2002). Multidimensional extension of L. C. Young’s inequality. JIPAM. J. In-
equal. Pure Appl. Math. 3 Article 22, 13 pp. (electronic). MR1906391

WALSH, J. B. (1986). An introduction to stochastic partial differential equations. In Ecole
d’Eté de Probabilités de Saint-Flour XIV—1984. Lecture Notes in Math. 1180 265-439.
Springer, Berlin. MR0876085

ZYGMUND, A. (1959). Trigonometric Series, 2nd ed. Vols. I, II. Cambridge Univ. Press, New
York. MR0107776

P. K. Friz

INSTITUT FUR MATHEMATIK

TECHNISCHE UNIVERSITAT BERLIN

STRASSE DES 17. JUNI 136

10623 BERLIN

GERMANY

AND

WEIERSTRASS-INSTITUT FUR ANGEWANDTE ANALYSIS
UND STOCHASTIK

MOHRENSTRASSE 39

10117 BERLIN

GERMANY

E-MAIL: friz@math.tu-berlin.de

friz@wias-berlin.de

A. GULISASHVILI

DEPARTMENT OF MATHEMATICS
OHIO UNIVERSITY

MORTON HALL 321

1 OHIO UNIVERSITY

ATHENS, OHIO 45701

USA

E-MAIL: gulisash@ohio.edu

B. GESS

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CHICAGO

5734 S. UNIVERSITY AVENUE
CHICAGO, ILLINOIS 60637
USA

E-MAIL: gess@math.tu-berlin.de

S. RIEDEL

INSTITUT FUR MATHEMATIK
TECHNISCHE UNIVERSITAT BERLIN
STRASSE DES 17. JUNI 136

10623 BERLIN

GERMANY

E-MAIL: riedel @math.tu-berlin.de


http://www.ams.org/mathscinet-getitem?mr=2338856
http://www.ams.org/mathscinet-getitem?mr=0025601
http://www.ams.org/mathscinet-getitem?mr=2036784
http://www.ams.org/mathscinet-getitem?mr=1654527
http://www.ams.org/mathscinet-getitem?mr=2314753
http://www.ams.org/mathscinet-getitem?mr=2250510
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=3151728
http://www.ams.org/mathscinet-getitem?mr=2218338
http://www.ams.org/mathscinet-getitem?mr=0328456
http://www.ams.org/mathscinet-getitem?mr=1906391
http://www.ams.org/mathscinet-getitem?mr=0876085
http://www.ams.org/mathscinet-getitem?mr=0107776
mailto:friz@math.tu-berlin.de
mailto:friz@wias-berlin.de
mailto:gess@math.tu-berlin.de
mailto:gulisash@ohio.edu
mailto:riedel@math.tu-berlin.de

	Introduction
	Notation

	Complementary Young regularity under mixed (1,rho)-variation assumption
	Jain-Monrad revisited
	Preliminaries and motivation from fBm
	Main result of the section
	Examples
	Examples handled by part A
	Examples handled by part B
	Further examples handled by part B

	Proof of Theorem 2.2, part A
	Proof of Theorem 2.2, part B

	Random Fourier series
	Convexity, monotonicity and Hölder regularity of cosine series
	Stability under approximation
	(Uniform) negligibility
	Random Fourier series as rough paths

	Applications to SPDE
	Fractional stochastic heat equation with Dirichlet boundary conditions
	Stability and approximations
	Galerkin approximations
	Hyper-viscosity approximations

	Various generalizations
	Generalized fractional stochastic heat equation on periodic domains
	Neumann boundary conditions


	The continuous case
	Application to non-Markovian Hörmander theory
	Acknowledgments
	References
	Author's Addresses

