The Annals of Probability

2016, Vol. 44, No. 1, 324-359

DOI: 10.1214/14-A0P975

© Institute of Mathematical Statistics, 2016

EINSTEIN RELATION FOR RANDOM WALKS IN
RANDOM ENVIRONMENT!
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Technische Universitdiit Miinchen

In this article, we consider the speed of the random walks in a (uniformly
elliptic and i.i.d.) random environment (RWRE) under perturbation. We ob-
tain the derivative of the speed of the RWRE w.r.t. the perturbation, under the
assumption that one of the following holds: (i) the environment is balanced
and the perturbation satisfies a Kalikow-type ballisticity condition, (ii) the
environment satisfies Sznitman’s ballisticity condition. This is a generalized
version of the Einstein relation for RWRE.

Our argument is based on a modification of Lebowitz—Rost’s argument
developed in [Stochastic Process. Appl. 54 (1994) 183-196] and a new re-
generation structure for the perturbed balanced environment.

1. Introduction. In the 1905, Einstein ([9], pages 1-18) investigated the
movement of suspended particles in a liquid under the influence of an external
force. He established the following mobility—diffusivity relation:

.U
(ER) lim — ~ D,
rA—>0 A
where A is the size of the perturbation, D is the diffusion constant of the equi-
librium state and v, is the effective speed of the random motion in the perturbed
media. General derivations of this principle assume reversibility.

Recently, there has been much interest in studying the Einstein relation for re-
versible motions in a perturbed random media, where the perturbation is propor-
tional to the original environment; see [1, 10, 14, 17]. However, it is not clear
whether (ER) still holds in nonreversible set-up, for example, random walks in
random environments (RWRE), and several interesting questions are either open
or not discussed: is v, monotone (in an appropriate sense) and differentiable with
respect to A? What if the perturbation of the environment is not propositional to
the original one? If the original environment is ballistic, (ER) is not expected to
hold, but what can we say about the derivative of the velocity?

Motivated by these questions, we study the speed of RWRE under general per-
turbations, where the original environment is either balanced or ballistic. In the
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balanced case, when the perturbation is proportional to the original environment,
we obtain the Einstein relation. (This result forms part of the author’s doctoral
thesis [11].) Moreover, we provide a new interpretation of this relation. Namely,
in our context, the Einstein relation is a consequence of the weak convergence of
the invariant measures for the “environment viewed from the point of view of the
particle” process, which holds even for more general perturbations that satisfies a
Kalikow-type condition. In the ballistic case, we can quantify the rate of the weak
convergence. As a corollary, we obtain the derivative of the speed w.r.t. the size of
the perturbation (for both the balanced and the ballistic cases).

We define the model as follows.

An (uniformly elliptic) environment w:Z% x{e€Z% el =1} — [«,1) is a
function that satisfies

Z w(x,e)=1 Verd,

e:lel=1
where x > 0 and | - | is the /2-norm. The random walks in the environment w start-
ing from x is the Markov chain (X,),>0 with transition probability P, specified
by
PX(Xo=x) =1,
Po(Xpt1=y telXyn=y)=w(y,e).
Following Sabot [18], we consider a perturbed environment
o’ = w+ A, r€10,k/2),
where & : 7% x {e € Z%: |e|] = 1} — [—1, 1] satisfies
> E(x,e)=0  Vx.
e:lel=1

We denote the local environment at x as wy := (@ (x, €))¢: |¢|=1 and write

¢ = (w,8).

We endow the set 2 of all ¢ with a probability measure P such that (¢y), 7 are
independent and identically distributed (i.i.d.).

The measure P{j)‘K for a fixed w is called the quenched law. The average over all
quenched environments, P} ;=P ® P7, , is called the annealed law. Expectations
with respect to P, and Pj are denoted by E7 , and [, respectively. We omit the

superscript when x is the origin 0 := (0, ..., 0), for example, we write Pj as P,.
We define the local drift of a function f:Z9 x {e € Z:|le| =1} - R by

d(f):= ) flo,ee

e:le|l=1

and its spatial shift 6* f as
0% f(y.e):=fx+y,e).
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When the original environment w is deterministic and homogeneous (i.e., @ =
0*w, Vx), Sabot ([18], Theorem 1) got the following perturbation expansion for
d=>2:

If one of Ep[d(§)] # o and d(w) # o holds, then, for A > 0 small enough,
lim,— 00 X /1 := v, exists Py -almost surely, and

vy =d(@) + LEp[d(E)] +22dy +0o(x37F) Ve >0.

The constant d> can be expressed in terms of the Green function.

(Sabot also obtained the expansion for d = 1, with d; replaced by d> . But in this
case v, can be explicitly computed, and hence is not as interesting. See remarks
in [18], page 2999.) Note that the condition for the above expansion is essentially
that w” is ballistic for all small A > 0, that is, lim,,_, oo X,,/n # 0 is a deterministic
constant, P, -a.s.

The purpose of our article is to generate Sabot’s first-order expansion to the
case where the original environment is random. For RWRE in 74, d > 2, two no-
table ballisticity conditions are Kalikow’s condition and Sznitman’s (T”) condition,
which are introduced in [13] and [22], respectively. We recall that the (T’) condi-
tion is conjectured to be equivalent to the ballisticity of RWRE, and it implies
Kalikow’s condition. In this paper we are interested in two cases:

(i) The original environment has zero drift (or balanced), and (w, xi) satisfies
a Kalikow-type condition for small A > 0: for some £ € §¢~!,

| JLI A ! ]
K fE E 0,
® 7’[ze:|e|:1co<o,e>f<e> [P setor@)

F denotes the collection of nonzero functions f:{e:|e| =1} — [0, 1].
(ii) The original environment satisfies Sznitman’s ballisticity condition (T).

Condition (K) guarantees that »* has a speed of size ~ cA. Note that it is satisfied
for some interesting cases, for example, it holds for a perturbation that is “either
neutral or pointing to the right” (see Remark 9). For the definition of Sznitman’s
(T’) condition, we refer to equation (0.5) in [22].

1.1. Results. Before the statement of our results, let us recall that one of the
main tools in the study of RWRE is the environment viewed from the point of view
of the particle process (&, )neN, Which is defined as

En=(5)na§n):=9X"§, neN.

Lawler [16] proved that for balanced environment, there exists an ergodic invari-
ant measure for (£,,) which is absolutely continuous with respect to . For ballistic
environment whose regeneration time has finite moment (e.g., an environment that
satisfies Sznitman’s condition), it is shown in [23], Theorem 3.1, that the law of ¢,
converges weakly to an invariant measure. Recently, Berger, Cohen and Rosen-
thal [2] proved that for dimensions d > 4, this measure is ergodic and absolutely
continuous with respect to the original law of the environment.



EINSTEIN RELATION FOR RWRE 327

We denote by Q (for both the balanced and the ballistic cases) the invariant
measure of (¢,) viewed from the original RWRE, and by Qj the invariant measure
of (En) viewed from the perturbed RWRE.

Our main results are the following.

THEOREM 1. Assume that the original environment is balanced [i.e., d(w) = o
almost surely] and P satisfies (K), then
=0 as h — 0,

where = denotes weak convergence.

THEOREM 2. Assume the P-law of w satisfies Sznitman’s condition (T').
Then, there exists a linear operator A such that

lim Qxf—Qf:Af
A—=0 A
for all (a.s.) bounded f:Q2 — R which is
D o (wy : |x| < Ny)-measurable for some constant Ny > 1.

Here, Q f denotes the expectation of f under Q. Moreover, A can be expressed in
terms of the regeneration times; see (51).

As a corollary of the above theorems, we obtain the following.

COROLLARY 3. Ifeither (i) or (ii) is satisfied, then there is Lo € [0, k/2) such
that for A € (0, Ag), the limit
. Xn
lim — =:v,
n—-o0 n
exists Py -almost surely and [for the convenience of the notation, we set A =0
when P satisfies (1)]:

V) — V0

lim
r—0

=Q(d(&)) + A(d(w)).

Recalling that for random walks in balanced random environment, Lawler [16]
proved that the scaling limit of X|.,|/+/n converges to a Brownian motion with
diffusion matrix

D :=(Eg[2w(0, ¢)]5;})

the Einstein relation of a balanced random environment is an immediate conse-
quence of Corollary 3.

1<i,j<d’

PROPOSITION 4 (Einstein relation). Assume that P-almost surely, the original
environment is balanced, and

2) Ex,e)=w(x,e)e- L Vx,e.
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Then Py -almost surely, vy, :=lim, 00 X, /n = AE g, [d(w)], and

3) lim 2~ = D¢.
A—0 A

The zero-drift case (Theorem 1) is more delicate and makes the main part of the
paper. Its proof consists of proving the following two theorems.

THEOREM 5. Assume that the original environment is balanced. Then, for
‘P-almost every ¢ and any bounded measurable function f:Q — R,

Y [t/
xlbeEw*[ Z(:) f(zi)] =Qf V>0

THEOREM 6. Assume that the original environment is balanced and P satis-
fies (K). Then for any f that satisfies (1),

‘ 52 1A%

| Clflle
0 f - Sm Y pidn| < ]
i=0

=T

forall A € (0,1/Ny¢) andt > 0.

Our proof of Theorem 5 is an adaption of the argument of Lebowitz and Rost
[17] (see also [10], Proposition 3.1) to the discrete setting. Namely, using a change
of measure argument, we observe that the P’y-law of the rescaled process 1 X ;2
converges to a Brownian motion with drift. For the proof of Theorem 6, we want
to follow the strategy of Gantert, Mathieu and Piatnitski [10]. Arguments in [10],
Proposition 5.1, show that if there is a sequence of random times 1, ~ n /A2 (called
the regeneration times) that divides the random path into i.i.d. parts, then good mo-
ment estimates of the regeneration times yield the Einstein relation. [Note that the
usual definition of regeneration times, i.e., the 7'(n)’s in Section 6, does not give
the correct scale.] Their definition of the regeneration times, which is a variant
of that in [19], crucially employs a heat kernel estimate [10], Lemma 5.2, for re-
versible diffusions. However, due to the lack of reversibility, we do not have a
heat kernel estimate for RWRE. In this paper, we construct the regeneration times
differently, so that they divide the random path into 1-dependent pieces. More-
over, our regeneration times have good moment bounds, which lead to a proof
of Theorem 6. The key ingredients in our construction are Kuo and Trudinger’s
[15] Harnack inequality for discrete harmonic functions and the “e-coins” trick
introduced in [7].

The proof of the ballistic case (Theorem 2) uses a modification of Lebowitz and
Rost’s argument and the (usual) regeneration structure for a ballistic RWRE. The
reason that the ballistic case is easier to analyze is that the original environment
already has a regeneration structure, which provides us enough information on
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the rate of the convergence to the stationary measure. [Recall that Sznitman’s (T”)
condition implies that the inter-regeneration time has stretch-exponential moment. ]

The structure of the paper is as follows. We will prove Theorem 5 in Section 2.
In Section 3, using Kalikow’s random walks, we obtain estimates that will be use-
ful in deriving the moment bounds of the regenerations. In Section 4, we present
our new construction of the regeneration times and show that they have good mo-
ment bounds. Sections 5 and 6 are devoted to the proofs of Theorems 1 and 2.
With these two theorems, we obtain the derivative of the speed (w.r.t. the size of
the perturbation) in Section 7.

Throughout this paper, we use ¢, C to denote finite positive constants that de-
pend only on the environment measure P (and implicitly, on the dimension d and
the ellipticity constant «). They may differ from line to line. We also use c;, C;
to distinguish different constants that are fixed throughout. Let {ey, ..., es} be the
natural basis of Z¢.

2. Proof of Theorem 5. We first consider the Radon—Nikodym derivative of
the measure P, with respect to P,,. For s > 0, put
[s1-1
G(s,A\) = G(s, A ¢, X) =log [] [1 + A
j=0

éj(Osz+1—Xj):|
wj(0, Xjr1 —Xj)

[s1—1
=:log [] [1+1ra(z;, AX))],
j=0
where AX; := X;11 — X; and

a(t,e):= 500, ¢) )

w(o,e)

Then, for any measurable function F on C ([0, s], RY),
E F(X,:0<r<s)=E,[F(Xs:0<r <s5)ef"M].
In particular,
4) E,eCCM =E ;[11=1
for any A € (0, 1) and s > 0. Moreover, by Taylor’s expansion,
[s1—1
G(s,)) = Y log(1+ra(g;, AX)))
j=0
[s1—1
(5) = [Aa@j,AX,-)—
j=0
[s1-1 2 [s1-1
=1 Y a(j, AX)) - > > a(t;, AX;)* + A [s1H,
j=0 Jj=0

Ma(g;, AX))?

5 }+A3MH
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where the random variable H = H (A, ¢, X.) satisfies 0 < H < (1 + /c_l)/3. Set-
ting

h@)= Y. £(0.e)*/w(o.e),
e:lel=1
we have
n - -
(Z[a@j, SO h(;,-)])
j=0 n>0
is a P,-martingale with bounded increments. Thus, P, -almost surely,

L& - -
Jim =3 [a(@;, AX;)? —h(@)]=0.
j=0

Further, recall that Q is the ergodic invariant measure for (g:n)nzo (under P,) and
O = P. Hence, by the ergodic theorem, P ® P,-almost surely,

[t/321-1 [t/321-1
(6) im2a> Y a(@;, AX)*=1imAr* Y h(Cj-1)=tEgh
r—0 N r—0 N

Jj=0 j=0

and
52 A
™) lim — > f@)=Eof.
i=0

Moreover, observing that J, := 7:061(51-, AX;) is a P,-martingale, by (6)

and [8], Theorem 7.7.2, we get an invariance principle:

For P-almost every ¢, the process (AJ /)Lz) s>0 converges weakly (under Py) to a
Brownian motion (Ny)s>( with diffusion constant Egh.

Hence, by (5), (6), (7) and the invariance principle, for P-almost all ¢,

32 A ,
(8) — 2 FEett
i=0

converges weakly to

(Eqf)exp(N; —tEgh/2).

Next, we will prove that for P-almost every ¢, this convergence is also in
L'(P,). It suffices to show that the class (e¢/ ’\2’“) 2e(0,1) 1s uniformly integrable
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under P,, P-a.s. Indeed, for any y > 1, it follows from (5) and the estimate on H
that
yG(t/3*,1) < G(t/3%, y))
2 2 [1/231-1
— M)A _
+ % Z aCj, AX))+C(1+ y3)xt
j=0
< G(t/2%, y0) +Cy3(t +1).
Hence, for y > 1 and all A € (0, 1),

©)  Enexp(yGt/a2 1)) < SV D E, exp(G(1/32, 1)) "= €77+,

which implies the uniform integrability of (e©/ A2’1)) 2e(0,1)- So the E,-expecta-
tion of (8) also converges to the expectation of its weak limit (for P-almost ev-
ery ¢) and

52 132

lim £, [7 > f(&-)} = (EQ )E[exp(N; — 1Eoh/2)].
i=0

The theorem follows by noting that t Egh = E Nt2 and that
E[exp(N, — EN?/2)]=1.

3. Kalikow’s auxiliary random walks. In this section, we will recall Ka-
likow’s auxiliary random walks and use it to obtain some estimates that will be
useful later.

For any connected strict subset U of Z¢, let

W =[xezZ\U:3yeU,|y—x|=1},
Ty =inf{ln >0: X, € 0U}.
Define on U U 9U a Markov chain with transition probability
. EpEy[Y 10y 1x,—0(x, )]
(10) Py(x,x+e)= EPEw[Z,{io Ix,—x]
1, xedlU,e=o,

, xeU,lel=1,

and set

aAIU(x) = Zeﬁy(x,x +e).

We say that the Kalikow’s condition relative to £ € S~ holds if there exists § > 0
such that

11 inf d 0> 8.
(11) u,lileu ux)-£>
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The interest of this Markov chain lies in the fact that ﬁU and PP have the same exit
distribution from U ([13], Proposition 1):

if Py(Ty < 00) =1, then Py (X1, € ) =P(X1, €-).
THEOREM 7 ([23], Theorem 2.3). If (11) holds, then there exists a determin-
istic v € RY such that

lim X,/n=v, P-a.s.
n—o0

It is also shown in [13], (11), that (11) has the following sufficient condition:
dw)- ¢ 1
(12) inf Ep[—(w) ]/Ep[—] >,
feF Y ew(o,e)f(e) Y ew(o,e)f(e)

where F is the same as in (K).

PROPOSITION 8. Assume (i). Then for some Ao > 0 and all A € [0, Lg), there
is a deterministic constant v; € R? such that

. Xy
lim — =v,, Py -almost surely.
=00 t

PROOF. By (K), there exist Ag > 0 such that for all A € (0, o) and

. dé)-¢ 1
J}Ielg—Ep[Ze: lel=1 w*(o, e)f(e):|/EP|:Ze: lel=1 w*(o, e)f(e):| =0

Noting that d(w) = 0, there is p > 0 such that the law of ™ satisfies (12), with §
replaced by Ap. This implies

1 inf dy(x)-€>Ap.
(13) U};leUdU(X) £=2p
The proposition follows. [

REMARK 9. Although (K) looks complicated, it includes some simple cases:

(a) (K) holds when

Ep[(d®) 0,1 > Ep[(d®)€) ]

For instance, (K) is satisfied when the perturbation is “either neutral or pointing to
the right.” See [23], Proposition 2.4.
(b) When w and & are independent, (K) is equivalent to Ep[d(§)] # o.
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3.1. Auxiliary estimates. In this subsection, we consider perturbed RWRE that
satisfies (i). Making use of Kalikow’s random walks, we obtain some auxiliary es-
timates that will be useful in getting the regeneration moment bounds in Section 4.

From now on, we assume that (i) holds with

L=e.

(The same arguments work also for general £ € S, but with cumbersome nota-
tions.) Recall that (i) implies (13):

U,i?er&U(x) -e1 > Ap.
Let
A =0.5/[20)71
so that 0.5/A1 is an integer and

1 1
<« — 1.
oS ST
Forany k € 17, x € Z¢, set
(14) F=HIMLO =y el (y—x)-e1 =k/M ),
(15) Ty ::inf{taO:(Xt—XO)-el:k/Al}.

For n e N, we call H;, the nth level (with respect to x). Since the random walk is
transient in the e direction, T}’s are finite [P, -almost surely.

PROPOSITION 10. Let (X)) be a simple random walk on Z with
P(lele =x+1|X;=x)
P(X;, =x—1|Xj=x)

zq#l VXEZ.

Then foranyi, j€Z" and —j <0<,

q' -1

7 .. . S . o _
P(X' visits — j before visiting i| X, = 0) = T

In particular, when q < 1,

P (X' never visits —j|X,=0)=1—¢q/.
The proof is omitted.

PROPOSITION 11. Assume (i). There exists Ly € (0,1) such that for A €
(0, X0) and any n,m € N/2:

5m/K,1 '"0/2,1

e e .

(a) Sk _] <Py(T-;, <Tp) < SGTmp2_1 >
eSm/Kil 17675"1/'(

) Sermm < Por (T-n < Ti) < 7Srmyes P-almost surely.
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PROQF. (@) LetU ={z € Zd:n/)q <z-e1 <m/A\1}. With abuse of notation,
we let X be the Markov chain defined at (10), with w replaced by o’ (because we
are interested in the perturbed environment). Since [by (13), (10) and A < k/2]

Py (X, 4

1 4pp <y xte) 4
PU(x,-x _el) K

we can couple two Markov chains X', X" on Z to X such that foralli €N, x € Z,

P(X/, =x+1]X|=x)

=1+ p2,
P(X;, =x—1|X;=x)
PO =x+11X/=0) | 4
PX!  =x—1X'=x) K’

and
Xl{f)?i-elel{/ Vi e N.
Hence, by Proposition 10, we obtain

(14 4r/)™* — 1 . (14 pr)y/*1 — 1
a —|—4)»/K)(”+m)/}“ -1 =Py(T-n <Tn) = (1 +pk)(n+m)/kl 1

Taking A small enough, inequality (a) is proved.
(b) Observe that for A € (0, x/2), P-almost surely,

A
oM @then) 4
Kk~ ot(x, —ep) K

Inequality (b) then follows from the same argument as in the proof of (a). [J

THEOREM 12. Assume that w is balanced. Let

T, =T, NT_,.

There exists a constant s > 0 such that for any uniformly elliptic balanced envi-
ronment w and all A € (0,k/2),n € N,

E [eﬂzf’i/”] <C.
The proof, which uses coupling, is given in the Appendix.

PROPOSITION 13. Assume that w is balanced. There exists a constant Cq such
that for ‘P-almost all (w, &) and A € (0,«/2),

wa(|XT0'5| < Co/)\) > 1/Cp.
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PROOF. LetY, =X, — Z d(@Xlé) Then (Y,) is a P,.-martingale. Re-
call the definition of Tn in Theorem 12. For any K > 0 and K:=K /(4d),
P, (1X1,5l < K/X)

> 1= Py( max_|Xi|2 K/3) = Py (Tos > K/3%) = Py (Tos > T-o5).
t<K/A

By Proposition 11(b) and Theorem 12, it suffices to show that

wa( max | X,| > K/,\)
1<K /A2

can be sufficiently small if K is large. Indeed,

Pwk( max |X,|> K/)\) < wa( max |Y;| >CK/,\)
1<K /2 1<K /22

< Ce~CK/MD/K) _ cp=cK
where we used Azuma-Hoeffding inequality in the last inequality. [J
LEMMA 14. Assume (i); then P; (| X1, — el| > ?»1) <Ce ",

PROOF. Observe that

n ~ N n n
B[ - e 2 57) = o[ - e 2 1)
where U, ={x:x-e; <n/i1}. For j >0, let
j—1
Yii=X; = dy, (X))
i=0
Then, for k %,
ﬁU ()A(T - ie = 5_I’l>
" "M PA1
= Pu, (T, = k) + P, (max 1301 - )
0<i<k, PA
kn—1
(16) < Py, (m e+ Y du,(Xi) - er < %)
i=0
kn—1

5n
+ P Yi| > — — d X
U<Oggx| 1= Z v, (Xi)

)

A A n N n
< P, Yi < —— P ma Y > —
- U"( = ?»1) + <0<l<)/(< e ?»1)
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where in the last inequality we used the fact that
pA <dy, <2
The lemma follows by observing that (I?j) j=0 is a martingale with bounded incre-

ments and by applying the Azuma—Hoeffding inequality to (16). [

4. Regenerations. In this section, we will construct a 1-dependent regenera-
tion structure for perturbed RWRE that satisfies (i). Recall that we assume (without
loss of generality) that £ = e.

4.1. Harnack inequality and its application. Let a be a nonnegative function
on Z4 x Z4 such that for any x, a(x,y) > 0 only if x and y are neighbors, that is,
|x —y| =1, denoted x ~ y. We also assume that

Za(x,y):l vx € Z¢.
y

Define the linear operator L, acting on the set of functions on Z¢ by

Laf(x)=) a(x, »)(f() — fx).
y

Set

b(x)=> a(x,y)(y—x) and bo=supl|bl.
y

We assume that L, is uniformly elliptic with constant « € (0, ﬁ]. That is,
alx,y) >« for any x, y such that x ~ y.

Forr > 0,x € RY, let B, (x) = {z € Z% : |z — x| < r}. We also write B, (0) as B;.
The following Harnack estimate is due to Kuo and Trudinger [15], Theorem 3.1.
See also the Appendix of [11] for a detailed proof.

THEOREM 15 (Harnack inequality). Let u be a nonnegative function on Bg,
R>1.1f

L,u=0
in BR, then for any o € (0, 1) with R(1 — o) > 1, we have

maxu < Cminu,
Bor Bsr

where C is a positive constant depending on d, k, o and byR.

With the Harnack inequality, we have the following.
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LEMMA 16. Assume (i). There exists a constant c| € (0, 1] such that for A €
(0, 1), x € Z¢ and P-almost every (v, £),

0.5¢1 /2
a7 Py (X =) =c PS VM (X5 = |Tos < T-.5)-

PROOF. For any x € Z¢ and k € %Z, recall the definition of #; in (14). Fix
w € H7. Then the function

f(2) = P, (X. visits H for the first time at w)
satisfies
L, f(z)=0
for all z € {y:(y — x) - e; < 1/A1}. By Theorem 15 (in this case a = w*, R =
0.5/x1 and by < 1), there exists a constant C; such that for any y, z € H 5 with
lz =yl =0.5/A1,
(18) f@=Crf(y).

Hence, for any z € H; 5 such that |z — (x 4+ 0.5¢; /A1)| < Cp/Aq (recall that Co is
the constant in Proposition 13), we have

(19) @)= C3f(x +0.5¢1 /A1),
Therefore,
PL(Xp=w) = Y Ph(Xps=yP,(Xns=w)
ly—x|<Co/A

19) 0.5¢e1 /A
> CPzA(|XT0A5 —x[ < CO/)\I)PZA—F «/ '(Xrps =w)

0.5e1 /A1
> C1sz VM (X5 = wiTos < T—o5),
where in the last inequality we used Proposition 13 and [Proposition 11(b)]

PO (T s < Tog5) > C. O

4.2. Construction of the regeneration times. In this subsection, we will con-
struct regeneration times that allow the path to backtrack at most distance 1/ in
direction e; after each regeneration. The main difficulty is to decouple the parts
before and after a regeneration in such a way that they are “almost independent.”
Our main observation is that (by Lemma 16) the hitting probability P”, (X1, =)
to the next level dominates [in the sense of (17)] a “good” probability measure

0.5¢1 /1
(20) W ()= PO (X = Ty s < Togs),

which is independent of environment to the left of level H{j. Hence, the hitting
probability can be decomposed as

P (X1, =) = Bl () + (1= Bt o).
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Xi-er

4/M

2/\1

O((Svl \Jsi R 7 =52 t
FIG. 1. In this picture, K =2, X1, =5/A1, M| =4/1q.

where (recall that ¢ is the constant in Lemma 16)
B:=c1/2 and W, ():= [PY (X7 =) — ﬁufux’l(-)]/(l - B).

Note that by (17), both n - and pu) ) are probability measures on H7j. This
suggests us to use a coin-tossing trick to decouple the paths and define the regen-
erations, which we explain as follows.

Forany O e o (X1, X2,...,X1)). X € Z4 and i € {0, 1}, put

@) V5O =ik )+ (=D, (D]P5O1XT, = ).
y

Let (&;)72, €10, 1}N be i.i.d. Bernoulli random variables with law Qg:

Qplei=1)=p and Qp(e;=0)=1-8.

Intuitively, whenever the walker visits a new level H;,i > 0, we make him flip a
coin ¢&;. If & = 0 (or 1), he then walks following the law v, o (or v, ;) until he
reaches the (i + 1)th level. The regeneration time 7 is defined to be the first time
of visiting a new level Hj such that the outcome g;_; of the previous coin-tossing
is “1” and the path will never backtrack to level H;_1 in the future. See Figure 1.

We now give the formal definition of the regeneration times.

We sample the sequence ¢ := (¢&;);2 | according to the product measure Qg and
fix it. Then we define a new law P, . on the paths, by the following steps (see
Figure 2):

get 1 _ Go to the next level, following law Vor 1 J

\%
‘o Go to the next level, following law VX o

FI1G. 2. The law wa’gfor the walks.

Flip a coin

—
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e Step 1. For x € 74, set
P;)‘x’g(XO =x)=1.

e Step 2. Suppose the P;A’s—law for paths of length < n is defined. For any path

(x;) with xo = x, define

P o (Xnt1 =Xny1, ..., Xo=x0)
=P, (Xr=xq,...,Xo= XO)V;Y)IA,SJ(Xn+1—I =Xpi1s .- X1 =X741),
where
J =max{; ZO:Hjoﬂ{xi,Ofifn};éQ}
is the highest level visited by (x;)!_, and
I=min{0<i<n:x; e H}}

is the hitting time to the Jth level.
e Step 3. By induction, the law Pa’ﬁA . 1s well defined for paths of all lengths.

Note that a path sampled by PafA . i not a Markov chain, but the law of X. under
_afx = Q:B ® Pafk,s
coincides with P, . That is,
(22) Ph(X. e )=P5(X.€).

We denote by Py, =P® P, the law of the triple (w, ¢, X.). Expectations with
respect to Pa)fl and PP, are denoted by E Z) . and [, , respectively.
Next, for a path (X,),>0 sampled according to PZA .» we will define the regen-

eration times. See Figure 3 for an illustration.
To be specific, put So = 0, My = 0, and define inductively

Sk+1 =1nf{T} 1 :n/A1 = My and &, = 1},
Riy1=Sk+1+T-100g,,,
Mk—&—l:XSkH'el+N°0Sk+1/)\1, k>0.

—>| Keep walking until reaching a level where the coin is 1|

Y
Proceed to the next level (following Yw* 1) and ask:
will the path backtrack to the previous level in the future?

N Y
Get a regeneration

FI1G. 3.  The definition of a regeneration time.
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Here, 6, denotes the time shift of the path, that is, 6, X. = (X,,4)72,, and
(23) N :=inf{n:n/x1 > (X; — Xo) - e; foralli <7T_;}.
Set
K :=inf{k > 1:8; < 00, R = 00},
71:=8¢ and T4 =Tk +T100;.
We call (tx)k>1 regeneration times.
4.3. The renewal property of the regenerations. The regeneration times pos-
sess good renewal properties:
1. Set 79 = 0. For k > 0, define
S‘k+| :=inf{T,, :n/A > My and g, = 1},
T = S’K and set Tyq1: =Tk + T1 06y.

Namely, 7; is the hitting time to the previous level of X . Conditioning on
Xz =x, the law of X, is ,ui) oy which is independent (under the environment
measure P) of 0(¢y:y - ey < x -ey). Moreover, after time 1, the path will never
visit {y:y - e; < x - e1}. Therefore, tx4+1 — 7% is independent of what happened
before t;_1 and the inter-regeneration times form a 1-dependent sequence.

2. Since (Xg,, — Xy k=1 are iid. and (X, — Xz ,) - e1 = 1/A1, the inter-
regeneration distances ((X¢,,, — X¢,) - e1)k>1 are i.i.d.

3. From the construction, we see that a regeneration occurs after roughly a ge-
ometric number of levels. Thus, we expect (X, — X¢.) - e1 ~ ¢/A and (by The-

orem 12) tp41 — T ~ c/kz.

The above properties will be verified in Lemma 17, Proposition 18 and Corol-
lary 20.
We introduce the o -field

Gk := 0 (Tk, (Xi)i<z, @y)yflfxfk'el)

and set

(24) pri=Ep [Z Mo f (WP (T = OO)]-
y

LEMMA 17. For any appropriate measurable sets By, By and any event

B :={(Xi)i>0 € B1, ({y)ye;>—1/1, € B2},

we have for k > 1,

P, (B 00y, |Gx) = EP[ZMw)‘,l(y)pa):A(B N{T_ = OO})}/P,\,
y
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where 6, is the time-shift defined by
B o6y, ={(Xi)izn € B1, ({y)(y—X,)-e,>—1/3, € B2}
PROOF. First, we consider the case k = 1. Let 9" denote the shift of the
g-coins, that is, ¥"¢. = (¢;);>,. For any A € Gy,

Py (B of;, N A)

= Ep@Qﬁ[ Z wa7€(Aﬂ {Sk <00, Ry = 00,ng =x}NB oésk):|

k>1,x

= Ep@Qﬁ[ Z P, (AN (S < o0, X5, =x})v:f))\7l(XT1 =x+y)
k>1,x,y

x P;‘;fgkﬂg(B N{T_ = oo})].

Note that in the last equality,
wa’g(A N {S’k < 00, ng :x})
is 0 ((&i)i<k» (£7) (z—x)-¢; <0)-measurable, whereas

UZA,I(XTI =X +y)Px;ti;k+]8(B N {T—l = OO})

6]
is 0 ((&;)i>k+1, (§7)(z—x).¢;>0)-measurable for y € H7. Hence they are independent
under P ® Qg and we have
Py(B o6y, N A)
(25)

=Y Py(AN{Sk < oo})Ep [Z Vi1 (X7, = )P, (BT = oo})].
k>1 y

Substituting B with the set of all events, we get
(260)  Pr(A) =) Pi(AN{Sk < o0} Ep [Z ot 1D P (T = oo)]
k>1 y
Equalities (25) and (26) yield
Ep[Yy tor 1 () P, (BN{T_ = 00})]
Ep[YXy o) (V) P, (T- = 00)]

The lemma is proved for the case k = 1. The general case k > 1 follows by induc-
tion. [

P5.(B 00y, |A) =

We say that a sequence of random variables (Y;);en is m-dependent (m € N) if

oYi;1<i<n) and o(¥Y;;j>n+m) are independent Vn € N.
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The law of large numbers and central limit theorem also hold for a stationary
m-dependent sequence with finite means and variances, see [5], Theorem 5.2. The
following proposition is an immediate consequence of Lemma 17.

PROPOSITION 18. Under P;, (X101 — Xt)n=1 and (Ty41 — Tn)n>1 are sta-
tionary 1-dependent sequences. Furthermore, for alln > 1, (X, | — X¢,, Tnt1 —
T,) has law

PA(XT,1+1 — X, € Tuy1 — T €°)

= Ep[Zuwx,l(y)lsay)x(Xn e e, T = OO)]/m.
y

PrROOF. Fork >0, let
Fr=o0(w, X1,..., Xg).
Then, forn > 1, F,—1 C G, and
Py.(Xg = Xu, € Tut1 — Ty € | Fum1)
= B[P (X1, — Xo, € a1 — T € 1G0) | Fut].
By Lemma 17, the proposition is proved. [J

4.4. Moment estimates. We will show that the typical values of ej - (X, —
X)) and tpq1 — 7%, (k> 0) are C/(BA) and C/(/BAZ), respectively.
THEOREM 19. Assume (i). There exists a constant ¢ > 0 such that
Ex[exp(cBrXy)] < C
forall & € (0, A9) and B € (0, 1).

PROOF. Our proof contains several steps.
1. ForO<k <K —1, set
L1 =infln > A My :e, =1} — A M + 1.
Then L is the number of coins tossed to get the first “1” and
(27) Xs,-e1r=L1/\.

Since (L;);>1 depends only on the coins (&;);>0, it is easily seen that they are i.i.d.
geometric with parameter 8. Hence, fori > 1, s € (0, 1),

[esﬂLi] _ pe’? < !

28) Eo TI1—(1—-pBef —1—s

[0

Moreover, for 1 <k <K — 1,

(Xs§ey — Xs)-e1 =N o, + Lit1/M1.
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2. We will show that

(29)  E[exp(sBri X, -eD)] =) E[exp(sBriXs, - e1), Sk < 00]pa.
k>1

By the definition of X,
Ek[exp(sﬁ)\lX,] -e1)]
> Ep[Ey[exp(spriX, - e1+sB). S < 00, X, =x]
k>1,x,y
X @l (x + ) P (T2 = 00)].
Since
l[eXP(S,3A1X~ -e1+sB), S < 00, XS =x]
is ({212 €1 <x - ey)-measurable, and u7, | (x +y)Px+y(T | =00)iso(s iz
e1 > x - e;)-measurable, they are 1ndependent under P. Therefore
E)\[exp(s,b’)an -e1)]

(30) = Y Eilexp(sBrMXg -e1+5B), Sk < 00, Xg =x]

k>1,x,y

x Ep[il (x4 y) PP (T = 00)].

Equation (29) follows.
3. Next, we will show that for k > 1,

I_Ex[exp(sﬂ)quk -e1), Sk < 0]

(31 o
A(s, A, B) -
= 11— Ey[exp(sBr1 X5, - e1), S1 < 0],
where
AGs, 2, B) = Ep [Z oy 1OVE [PV T, < oo]]
y
By definition,

Ex[exp(sBriXs,., - €1), Sks1 < <]
= E; [exp(sBr1Xs, - e1 + BN 005, +sBLi+1), Sk < 00, T—1 0605, < 0].
Noting that L is independent of o {Ry, X1, ..., Xg,}, we get
Ex[exp(sBriXs,,, - €1), Skt1 < 9]
= E; [exp(sBr1 Xs, - e1 + BN 06s,), Sk <00, T—1 065, <]
G e

(28)
< E;[exp(sBr1Xs, - e1 + BN 06s,), Sk <00, T_1 065, <oa]/(1 —s).
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Further, by the same argument as in (30),
E;[exp(sBr1Xs, - e1 4+ sBN 08s,), Sk < 00, T_1 085, < 0]

= ZI_EA[eXp(s,BMx -e1 +sB), Sk < oo, Xz, = x]
X,y

X Ep[,ui‘)k’l(x + y)EZ)jy[esﬁN, T_; < o0]]

= E; [exp(sBri Xs, - €1), Sk < 0] A(s, A, B).

Combining the above equality and (32), ineqaulity (31) follows by induction.
4. By (29) and (31), we have

i B o0 A e k
Ex[exp(sBri Xz, -e1)] < paEalexp(spriXs, - e1), S1 < o0] Z( (f—sﬂ)> '

k=0
Since p; <1, and [by (27) and (28)]

Ex[exp(sBriXs, - e1), St < 00] = E; [ePF1] < —
— S

to prove Theorem 19, we only need that when s > 0 is small enough,
(33) A(s, A, B) < C < 1.
For any m e N,
A(s, &, B) < PPy (T < o0)
o
+> esﬂ”Ep[Z o 1 (NP (N =n,T_ < oo)]
n=m y
Hence [note that Py (T_; < o0) < e P21, to prove (33), it suffices to show

(34) Ep [Z Rt P (N =0, Ty < oo)] <Ceem,
y

5. Recall the definition of N in (23):
Ep| Xt VP (N =n. Ty < 0)|
y
< CEp|[ Y P (Xn =)L (N =n. Ty < o0)|
~y

< CEp| ¥ Py (X1, = 0P, (X1, =DP5 (T < T1) |
2

=CEp|) Py(X1, =2)P5, (T 1 < Tl)]-
- Z
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For k > 0, let zx := (ne; + kez)/A; and

A —{ S —<‘X - —
. z€H: el <
k A T, )ull

Then by the Harnack inequality, for any x € Ay,

k—i—l}
ro

P (T-n-1 <T1) < CoP A (T_p1 < Th),

where C; is the constant in (18). Hence,

Ep [Z P (X1, = 2)P%, (Top1 < Tl)}

n
§Px< EA—)
1
n—1

FC Y Ep| X P (Xs, =P (T <Th)|
k=0 7EAL

e n
T, — 7€l
n )\1

L 14 n!
e CzEP[Z P (T < Tl)}
k=0

=Ce "+ ConPy(T_p—1 <T1) <Ce™“".

Inequality (34) is proved. [l

COROLLARY 20. Assume (i). Foralln >0, A € (0, Lg) and B € (0, 1),
(35) Ex[exp(caBr(Xz,,, — Xz,) -€1)] < C,
(36) By(Br3(Tng1 — 1) > 1) <Ce™ VT Vi >0.

Here, c4 > 0 is a constant.

PROOF. 1. First, we consider the case n =0, 1,41 — T, = 71. Ineqaulity (35)
is the conclusion of Theorem 19. To prove (36), note that for any m € N,

37) Py (BriT1 > 1) <Pu(Xy, - e1 = m/hy) + Po(BAT T > 1).
By Theorem 19,
Py (X, -e1 > m/A) < Ce P,
By Proposition 11 and Theorem 12,
Py (BAT T > 1) <Py (T > Top) + Py (BAT T, > 1)
< Ce ™ 4 Ce=c1/Bm),
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Coming back to (37), we get
]f”x(,B)»%‘cl >1) < Ce=Pm 4 ce—ct/Bm) Vm e N.

Ineqaulity (36) (for n = 0) follows by letting m = | /t/B].
2. Next, we will prove (35) forn > 1. By Lemma 17,

By [exp(sBri(Xy,,, — Xz,) - e1)]

=Ep [Z toi t D E?, [exp(sBri Xy, - e1), Ty = OO]}/PA
y

<Ep [Z tor 1 NE [exp(sBri Xy, - 61)]}/17»
y
By the same argument as in (29) and (31), we get

Ep [Z tor 1 (DE, [exp(sBri Xy, -el)]}
y

= Z EP[Z uwx,l(y)EiA[exp(sﬂlesk -ey), Sk < oo]}pk,
k>1 y

and

EP[Z Mo 1 (DE [exp(sBr1 X, - e1), Sk < OO]]
y

Als, h, P! 2y
= (T) EP[Zuwx,uy)E;x[expwﬂMXSI e1), 51 < °°]]
y
27),(28) A(s, A k=1
CREYASHLET
(1—s)*
Therefore,

i A(s, &, B)F!
Ex[exp(sp (Xr,., = Xr) - en)] < 3 ==

k>1
By (34), ineqaulity (35) is proved.
3. Finally, we will prove (36) for n > 1. Similar to (37), for any m € N,

Py (BAT (Tn g1 — T) > 1)

(33) _ _

<Py ((Xg,y, — Xu,) €1 = m/A1) + P (BATTy 0 6g, > 1).
By (35),
(39) Pi((Xs,,, — Xz,) -1 =m/hi) <Ce™ ™ VmeN,
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By Lemma 17,
Py (B23Ty 06y, > 1)

=Y Eplity (VP (BMTw > 1, T-1 = 00)]/pa
y

< Ep[pyr 1 ()P (BAT T > 1))/ p
y

Applying Theorem 12 to the above inequality, we have
(40) Py (BA3 Ty 06, > 1) < Ce™ /™ /p,  VmeN.
Combining (38), (39) and (40) and letting m = |/1/B],

P (A (tag1 — ) > 1) < Ce™ V1 / pj.
It remains to show that

pr>C>0 Vi e (0,1).
By (20) and (24),
pr= EP[PSASEI/M (T—o.5 = 00|To.s < T—0.5)]
= Ep[P(T—o5=00|Tp5 < T—05)]

Proposition 11 /4
>P(T_gs=00) > C(l—e "%

Our proof of (36) is complete. [

By Corollary 20, we conclude that for any p > 1, k > 0, there exists a constant
C(p) < oo such that

(41) Ex[(BATT1 067)"] < C(p)
and

(42) E[(BA1 Xz, 062)7] < C(p).
Moreover, by the law of large numbers,

ED)L-a.S. . X‘[n - €1 EK[X‘L’Z _X‘L’l]
=" lim = — .
n—eo Ty, Ey[r2 — 7]

V)

On the other hand,
Ex[(Xe, — Xz) - e1] = 1/A1,
vy e = )»EQ)\[d(é)] cep <2\

Hence,

_ 1/A
43) Boler— 11> % > /2.
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5. Proof of Theorem 1. Let o, = o, (B, 1) = E,7,. Note that by (41)
and (43),

(44) — <oy < —-
LEMMA 21. Assume (i). Let f be a function that satisfies (1). Then for B > 0
and A € (0,1/Ny),

1= [ &, -
Eo, f— i EA[Zf(Ci)}
n Lizo

<C|flloo/n foralln e N.
A

PROOF. The lemma is trivial when n = 1, so we only consider n > 2. Recall
that 7o = 0. For k > 0, set

Tet1—1

Zi=Zi(H= Y, f&).

=1

Since Ny < % < I_EA[XT2 — X¢,1, we see that (Zy)r>0 is an 1-dependent sequence.
On one hand,

1 - |& -
(45) —LE, [Z f(Ci)] =
E i=0

A Tn

(n — DE; Z1 + E; Zo
(n—DE [0 — 1]+ By

On the other hand, since the IP;-law of ¢, converges weakly to Q;, by (22),

) _ 1 n—1 _
Uf= nlggoEx[; X(:) f(é“i):|-
=
Hence, by the law of large numbers,

E;[Z1]
46 O f = —~""—.
(46) 24 E)lt — 1]

The lemma follows by combining (45), (46) and using the moment bounds (41)
and (43). U

LEMMA 22. Assume (i). Let f be a function that satisfies (1). Then

Lo & | Cllflse
a B L @=L G| == 2= neNAcOUN).

PROOF. Noting that the left-hand side is less than

”fHOOI_ExIrn—anIS ”f”oo\/m’
(67 o

n n
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by (44), it suffices to show
47) Vart, < Cn/A*.
Indeed, by the inequality (a + b)? < 2(a? + b?), we have

n—1
Vart, = Var|:Z(Tk — Tk—l):|

k=0

[(n—1)/2] ln/2)
< 2<Var[ > (Tt — Tzk)] + Var[ > (- T2k—1):|)-

k=0 k=1
Since (tox+1 — T2k)k>0 and (Tox — T2k—1)k>1 are i.i.d. sequences, we conclude that
L(n—1)/2] n/2]
Vart, <2 Z Var[tog+1 — Tor] + 2 Z Var[to — Tox—1] < Cn/k4
k=0 k=1

This completes the proof of (47). [

PROOF OF THEOREM 6. Since the left-hand side is uniformly bounded (by
2|1 flloo) for all ¢, the case r < A2 < C is trivial. For t > A\2ay, we let n =
n(t,A) > 1 be the integer that satisfies

t

op = 32 <0Up+1-
Since
52 12 !
—E Z f(;,)——Efo(;,
i=0

,\z [1/221 52
[Z f(a)—Zf(;,]’ ‘(———)Efo(z,

< ||f||oo(k72<an+1 o)+ (i ! Jeu)

Op  Optl

@)
< Cllflloo/n.

Theorem 6 follows by combining Lemma 21, Lemma 22 and the above inequality.
O

PROOF OF THEOREM 1. Since the space 2 of the environment is compact
under the product topology, it suffices to show that

;\h_% Uf=9f

for all f that satisfies (1). The above equality follows immediately from Theo-
rems 5 and 6. [
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6. Proof of Theorem 2. Let us recall the regeneration structure defined by
Sznitman and Zerner [23]. For a path (X,),>0, we call t > 0 a renewal time? in
the direction £ if

X <X - b<X, -4

for all m, n such that m < t < n. For ballistic RWRE, the renewal times exist a.s.
and have finite first moments. We let

T(H<TQ2)<---

denote all the renewal times. Then (X7411) — X7®), T'(k + 1) — T'(k))r>1 is an
i.i.d. sequence under P.

LEMMA 23. Ifthe P-law of w satisfies Sznitman’s (T") condition, then there
exists a constant Ao > 0 such that for all ) € [0, Ag):

(a) o satisfies (T');
(b) EA[T(1)?] < C and E,[(T(2) — T(1))*] < C.

PROOF. Itis shown in [3], Theorem 1.6, that (T') is equivalent to a polynomial
ballisticity condition (P). Note that (P) only involves checking a strict inequal-
ity for some (finitely many) exit probabilities from a finite box (see [3], Defini-
tion 1.4). Hence, there exists Ao > 0 such that (P) holds for all 0*, A € [0, Ap), with
the same constants in the upper bounds of [3], Definition 3.2. We have proved (a).
Furthermore, by [22], Proposition 3.1 and [3], Theorem 1.6, (P) implies that the
regeneration time has finite moments. Therefore, the second moments of 7'(1) and
T(2) — T (1) (under PP;) can be bounded by the same constant [since they are de-
duced from the same (P) condition] for all A € [0, Ag). (b) is proved. [

THEOREM 24. Assume that w satisfies Sznitman’s (T') condition. If f satis-
fies (1), then forany t > 1,n € N and A € [0, Lg),

n 2

EA[(Z(}‘(G) - Qxf)) } <CNy| f13n.
i=0

To prove this theorem, we need two lemmas.

LEMMA 25. Assume that o satisfies Sznitman’s (T') condition. If f satis-
fies (1), then for any A € [0, Lg),

T (n) 2
E{[Z(f@) - Qxf)} } < CNy| flZn.

i=0

2t is usually called a regeneration time in the RWRE literature. But we use a different name to
distinguish with the regeneration structure defined in Section 4.
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PrROOFE. For k >0, let
T (k+1)—1

Zi=Z(f):= Y. (F&) —Qf)

i=T (k)
Then (Z)k>n/, 1s a N g-dependent and stationary sequence. Moreover, fork > Ny,
EyZr =0.

Hence, forn > Ny,

n n—Nyg Ny
=) B[Z]+2 ) Y ElZZl
k=Ng¢ J=Nfk=j+1

<3nN;E[Z3,] < CnNfll £ 1%

Noting that

N_f—l 2
Ex[( > Zk) ] < I fIZEL[T(Np)*] < CNyI £,
k=0

our proof is complete. [J

LEMMA 26. Let o, =a(n,r) =E,T(n). Assume that o satisfies Sznitman’s
(T') condition. If f satisfies (1), then for any A € [0, A;),

Opn

T (n) 2
E{(Z f&)— Zf@-)) } < ClflZn.
i=0

i=0
PROOF.
T(m) on B 2
E{(Z f@) - Zf(m) ] < IFIZEL[(T (n) — )]
i=0 i=0

n—1
<IfIZ D Var[T G +1) — T ().

i=0
By Lemma 23(b), the lemma follows. [

PROOF OF THEOREM 24. Set
f@©) =f@) -9of
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By Lemmas 25 and 26, for any m € N,

[(Z @) ) } < CNy|l flI3m

Forn > 1, we let m = m(s, A) > 0 be the integer that satisfies

Oy =N < Opyl-

Thus,

= [(§) ]

Um o 2
SZEA[(Zf(Q)) }+8||f||io<an+1 —ay) < CNy| f%n. -
i=0

PROOF OF THEOREM 2. Recall the definitions of G (-, -) and a(¢, e) in Sec-
tion 2. Since

T(n+1)—1 T(n+1)—1
n>1

i=T(n) i=T(n)

is an N s-dependent (under [P) stationary sequence with zero means, by Lemma 23
and the CLT for m-dependent sequences [5], Theorem 5.2, we conclude that as
n — 0o, the P-law of (ﬁA [-n]> ﬁB [-n)) converges weakly to a Brownian motion

in R2. Moreover, by the same argument as in [21], Theorem 4.1,

S N 77 S
(48) (x > f@x Y a(;,-,AXo)
i=0 i=0 t>0

converges weakly (under P, as A — 0) to a Brownian motion (1\~ft, N;) in R%. On
the other hand, by (9) and Theorem 24,

/22 3/2
E[(exp G(t/2%, 1) )»Zf(fz) }

(49) < (E[exp(6G (/2% )])/* (E [AZ (/i f(Ei>>2D3/4

i=0
< CeNyIIfIEE.
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Therefore, by the invariance principle (48) and uniform integrability (49),

1/A2 ) /A2
Jim A [Z(f(c,-) - Qf)} = Alig%)E[eXp G (/2% 1) Z i) }
i=0
(50) Q) E[N, exp(N; — EN%/2)]

=1 Cov(Ny, Ny) :=tA(f).

. TG+Ns+D—1 x - TG+Ns+D)—1 =
Setting U; = Zk:JT(jiNf) f (&) and V; = Zk:T(jj;Nf) a(&r, AXy), A also

has the expression

T (n) T (n)
A(f) = nlglgoJE[Z f@) Y a, A&-)]/E[T(n)]
51) i=0 i=0
Ny
= (E[Ul Vil+ ZE[Ul Vidi +Ul+i V1]>/E[T(2) —T(D)].
i=1
Therefore,
‘M — Cov(Ny, Ny)
52 /22 ) /22 . N
t Z F@) - Qxf‘ + ‘;E{Z(ﬂm - Qf)} — Cov(Ny, Ny)|.
i=0
Letting first A — 0 and then t — 0o, we obtain [by Theorem 24 and (50)]
(52) lim M_A(f).

A—0
Theorem 2 is proved. [
REMARK 27. 1.By (51), for any f that satisfies (1),
AN < CNgI flloo-

2. By the same argument as in [4], one can obtain a quenched invariance prin-
ciple for (48).

7. The derivative of the speed and Einstein relation. In this section, we will
apply Theorems 1 and 2 to derive the derivative of the speed.

PROOF OF COROLLARY 3. Note that

v = Qafd(0")] = Qi[d(@)] + 1 Q1 [d(§)]
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and
vy = Q[d (a))].
Thus,

— d — 9ld
Ui, . v _ 0,[d(®)] + Al (w)])L 9l (@]

Therefore, by Theorem 1 [recall that A =0 in case (i)] and Theorem 2,

. Vp—Uv
lim === = Q[d(®)] + A(d ().

[Here, we write A(f) := (Af1,..., Afy) for a function f = (f1,..., fa):Q —
R?.] Corollary 3 is proved. [

PROOF OF PROPOSITION 4. The existence of the speed is proved in Proposi-
tion 8. When w is balanced and £ (x, ¢) = w(x, e)e - £, it is straightforward to check
that Q(d(§)) =D¢. O

REMARK 28. 1. For case (ii), with Corollary 3, we can also write the deriva-
tive of the speed at A > 0O:
dvk
—= = Qud(®) + A (d(@")),
dx
where A; is as A in (51), with @, E and Q replaced by w”, E; and Q;, respec-
tively. It is not hard (by considering the Radon—Nikodym derivative) to obtain

lim A =Af.
Jim A f f

So dv, /dA is continuous at A = 0 and hence also continuous for A € [0, A¢).
2. For case (i),
dv)L

i Qud (&) + ANy (d(8)).

A, can also be expressed in terms of the regeneration times defined in Section 4.
Moreover, using Lebowitz—Rost’s argument and the moment estimates of the re-
generations, it is not hard to obtain [AA; (d(£))| < C. But it is not clear whether
limy 0 AA (d(§)) =0, that is, dvy /dA is also continuous at A = 0.

3. By (51), we get

A (Constant) = 0.

Hence when the original environment is deterministic, Corollary 3 agrees with
Sabot’s result [18]. [Note that when w and & are independent, Q(& € -) =
PE €]
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8. Questions.

1. Is the Einstein relation still true for balanced environment without the uniform
ellipticity assumption? (Recall that the quenched invariance principle for ran-
dom walks in i.i.d. balanced random environment is proved for elliptic environ-
ment [12] and “genuinely d-dimensional” environment [4].)

2. In case (i), is dv, /dA continuous at A = 0? Further, is v, an analytic function
of 1.?

3. Does the Einstein relation hold for a random environment with zero-speed but
is not balanced, for example, RWRE with cut points [6]?

4. We expect Theorem 1 to be true for general random environment (with an er-
godic stationary measure for the environment viewed from the particle process)
with general perturbations. But it is not clear how this can be proved.

APPENDIX: PROOF OF THEOREM 12

The idea of our proof is the following. Since the drift * at each point is of size
¢, the “worst case” is that all the drifts d (6*»*) point toward the level {z:z-e; =
0}. Hence, we only need to work on the “worst case” to get the upper bound. To
this end, we couple X; with a slow chain ¥; on Z™, which is defined by

Yo =1[Xo - e1l,
0, if Xjy1-e1—X;-e1=0,
1, if X;11-e1#£X;-e1and ¥Y; =0,
Yip1 =Y = .
B;(X;), ifX;11-e1—X;-eg=1and’; #0,
-1, if Xjy1-e1—X;i-eg=—1land Y; #0,

where (B;(x));cn xezd are independent Bernoulli random variables [which are in-
dependent of (X, ¥;)o<;<;] such that

N (1—x/x)
P(Bi(x)=1)= 7217()6)
and
. . 1—-x/x)
P(B,(x) = 1) =1 —Zp(x) ,
where?

p(x) =Pl (X1-e1=1X1-e1 #0).

3Note that by the uniform ellipticity assumption,

w)‘(x,el) - 1—Xx/k
ot (x,e1) + ot (x,—e) T 2

px)=
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That is, ¥; reflects at the origin and moves only when X; - e; changes. When | X -
e1| decreases and Y; # 0, Y. moves left. When | X; - ;| increases and Y; £ 0, Y. flips
acoin B; (X;) to decide where to move. (¥;);>¢ has the following good properties:

1. |X; - e1| —Y; is always a nonnegative even integer. Hence,

(53) Ty < S,
where
- ) n
Sn = {l > 0 Yl = )\—1}
Moreover,

PYit1 —Yi==£11X;,Y;,0<j <i)
_LFa/k
2
and P(Yii —Y,‘=1|X./',Yj,0§j§l.)=1iin=O.
2. (Y})i>o0 is not a Markov chain. But if we set 10 =0, t;+1 = inf{n > 1; : X, #
Xy}, then

(54)

(0" (X;, e1) + o™ (X;, —e1)) ifY; >0

Zi = Yfi s i > 0
is a nearest-neighbor random walk on Z™ that satisfies

1FA/k
2

(55) P(Zipw—Zi==x11Zj,j<i)= ifZ; >0

and P(Zi—H —Z;i= 1|Zj,j <i)=1ifZ; =0.
PROOF OF THEOREM 12. LetY;, Z;, S’i, i > 0 be defined as above, by (53), it
suffices to show that for some s > 0,
E[e™¥*$1/1)yy = 0] < 0.

By the same argument as in [20], Lemma 1.1, it is enough to show that for any
xe{0,1,...,n/A},

(56) EIS,|Yo=x] < 35
Putting

Sy :=inf{i >0:Z; =n/A},
we have

Sp—1

Sn = Z Liy1.
i=0
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Since for every i > 0, t;4+] is a geometric random variable with success proba-
bility o™ (X n>e1) + 0.4 > —e1) > k, we can stochastically dominate (#;);>0 by
a sequence of i.i.d. Geometric(x) random variables (G;);>¢ that are independent
of S,,. Thus, for any x € {0, 1, ...,n/A1},

E[Su|Yo = x] < E[S,/k|Zo = x]
< E[S,]Zo = 0]/x.

Therefore, to prove (56), we only need to show that

cn
(57) E[Sn|ZOZO]§?-
With abuse of notation, we write P(-|Zo =x) and E[-|Zg = x] as P*(-) and E*[-],
respectively.

Set

H, =inf{i > 0:Z; € {0,n/A1}}.
Conditioning on the hitting time to the origin, we have
(58) E°[S,1 =1+ E'[H,]+ P(Zy, = O E’[S,].

By (55), Z,, — Zo — mX/k is a martingale for 0 <m < H,. Thus, by the optional
stopping theorem, for any x € {1, ...,n/A},

Ex|:Z —x—&Hj|:O
H, P n .

Hence,

(59) E'[H,) <kE'[Zy,]/7.
By (55) and Proposition 10, we get

(60) cA < PY(Zy, =n/r) <A
and so

EZy1<ch-n/r <cn.
This and (59) yield
E'[H,1 <cE'[Zy,1/1 <cn/x.
It then follows by (58) and (60) that

EO[S, ] — V+E'H) T+ E'H) _n
PPN Zy, =n/r) PY(Zp,=n/r) T A2

Inequality (57) is proved. [l
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