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We show that the convex hull of a large i.i.d. sample from an absolutely
continuous log-concave distribution approximates a predetermined convex
body in the logarithmic Hausdorff distance and in the Banach-Mazur dis-
tance. For log-concave distributions that decay super-exponentially, we also
have approximation in the Hausdorff distance. These results are multivariate
versions of the Gnedenko law of large numbers, which guarantees concentra-
tion of the maximum and minimum in the one-dimensional case.

We provide quantitative bounds in terms of the number of points and the
dimension of the ambient space.

1. Introduction. The Gnedenko law of large numbers [11] states that if F is
the cumulative distribution of a probability measure x on R such that for all ¢ > 0

. Fi+e)—F@)
(D) lim =
t—oo 1 —F(t+¢)
then there are functions §, T and P defined on N with

2 Jim 8, =0,
® Jim Py=1

such that for any n € N and any i.i.d. sample (y;)} from u, with probability P,,
we have

|max{y;}] — Tn| < én.

We define 0/0 = oo to allow for the trivial case when u has bounded support. The
condition (1) implies super-exponential decay of the tail probabilities 1 — F(¢),
that is, for all ¢ > 0,

: ct _ _
Jlim e“'(1 = F(1) =0.

The converse is almost true and can be achieved if we impose some sort of regular-
ity on F. One such regularity condition is log-concavity; see Section 3. Of course

Received November 2010; revised May 2012.
MSC2010 subject classifications. Primary 60D05, 60F99; secondary 52A20, 52A22, 52B11.
Key words and phrases. Random polytope, log-concave, law of large numbers.

3051


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/12-AOP804
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

3052 D. FRESEN

all of this can be re-worded in multiplicative form. Provided 1 — F (¢) is regular
enough and decays super-polynomially, that is, for any m € N,

[lim (1-F(@))=0,
then (2) and (3) hold, and with probability P,,
‘max{)/i}’f
T,

n

—1

<.

Note that rapid decay of the left-hand tail provides concentration of min{y;}/, and
that [min{y;}}, max{y;}|1 = conv{y;}].

In this paper we extend the Gnedenko law of large numbers to the multivariate
setting. We consider a large collection of i.i.d. random vectors {x;}] in R that
follow a log-concave distribution p with density function f. The object of interest
is the convex hull P, = conv{x;}, which is called a random polytope. It is shown
that with high probability, P, approximates a deterministic body Fi,, called the
floating body, which is what remains of R? after deleting all open half-spaces
9 such that u($) < 1/n. As in the one-dimensional case, the way in which P,
approximates F1,, depends on how rapidly u decays. Of primary interest is a
quantitative analysis in terms of the number of points, and in this regard our results
are essentially optimal; see Section 8.

The fact that the floating body can be used in order to model random polytopes
is well known in the setting where w is the uniform distribution on a convex body;
see, for example, [4] and [3]. Our main contribution is to study this approximation
in the more general setting of log-concave measures. Unlike the former case, the
objects that we study can have many different shapes as n — oo and are not limited
to lie within a bounded region of space.

The notion of a multivariate Gnedenko law of large numbers has also been con-
sidered by Goodman [12] in the setting of Gaussian measures on separable Banach
spaces. In his paper he shows that with probability 1, the Hausdorff distance be-
tween the sample {x;}] and the ellipsoid \/2logn& converges to zero as n — oo,
where £ is the unit ball of the reproducing kernel Hilbert space associated to .

2. Mainresults. Letd > 1,n>d + 1 and let i be a log-concave probability
measure on R? with a density function f = du/dx. This means that f is of the
form f(x) =exp(—g(x)) where g is convex. Let (x;)] denote a sequence of i.i.d.
random vectors in R¢ with distribution y, and consider the random polytope P, =
conv{x;}}. For any x € R4, define

fx) = i%fu(f)),

where 9 runs through the collection of all open half-spaces that contain x. For any
8 > 0, the floating body is defined as

€] F5={xeRd:f(x)28}.
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Note that Fj is the intersection of all closed half-spaces $ such that w($) > 1 -3,
and is therefore convex. If §) is any open half-space that contains the centroid
of 1, then () > e~ ! (see Lemma 5.12 in [16] or Lemma 3.3 in [8]); hence Fj is
nonempty provided that § < e~!. Such a floating body was defined by Schiitt and
Werner [24] in the case where u is the uniform distribution on a convex body. We
define the logarithmic Hausdorff distance between convex bodies K, L C R? as

de(K,L)=inf{ > 1:3x €int(K N L), A" (L —x) +x C K C A(L —x) +x},

where we use the convention that inf(&) = co. The main result of the paper is as
follows:

THEOREM 1. There exist universal constants ¢, c’,¢ > 0 with the following
property. Let ¢ > 1, d € N and n > cexpexp(5d) + ¢’ exp(q>). Let . be a prob-
ability measure on R with a log-concave density function, (x;)] an i.i.d. sample
from ., P, =conv{x;}| and Fy,, the floating body as in (4). With probability at
least 1 — 3413 (logn)~4,

loglogn

) de(Py, Fijn) < 1+cd(d+q) ]
ogn

The strategy of the proof is to use quantitative bounds in the one-dimensional
case to analyze the dual Minkowski functional of P, in different directions. The
idea is simple; however, there are some subtle complications. The lack of symme-
try is a complicating factor, and the fact that the half-spaces of mass 1/n do not
necessarily touch Fy,, adds to the intricacy of the proof.

We define f to be p-log-concave if it is of the form f(x) = cexp(—g(x)?)
where g is a nonnegative convex function and ¢ > 0.

THEOREM 2. Forall g >0, p > 1 and d € N, and any probability measure |1
on R with a p-log-concave density function, there exist ¢, ¢ > 0 such that for all
neNwithn >d+2,if (x;)| isan i.i.d. sample from ., P, = conv{x;}| and Fy,,
is the floating body as in (4), then with probability at least 1 — ¢(logn)~9 we have

loglogn
(6) dH(Pn,Fl/n)Ecw-

Theorem 2 can easily be extended to a much larger class of log-concave distribu-
tions. Using Theorem 1, any bound on the growth rate of diam(F7,,) automatically
transfers to a bound on dy(Py, Fi/,).

Our prototypical example is the class of distributions introduced by Schecht-
man and Zinn [22] of the form f(x) = cg exp(—||x||§), where 1 < p < oo and
cp = p/QT(p~"). For these distributions, P, ~ (log(c%n))!/? B4. Of particu-
lar interest is the Gaussian distribution, where p = 2. In this case (actually for
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the standard Gaussian distribution), Bardny and Vu [5] obtained a similar approx-
imation (see Remark 9.6 in their paper) and showed that there exist two radii,
R and r, both functions of n and d, such that for any fixed d > 2 both r, R =
(2logn)'/2(1 + o(1)) as n — oo, and with “high probability” rB{ C P, C RBS.
Their sandwiching result served as a key step in their proof of the central limit
theorem for Gaussian polytopes (asymptotic normality of various functionals such
as the volume and the number of faces).

In the setting where u is the uniform distribution on a convex body, the floating
body is usually denoted by Ks. In this context it is trivial that lim,,_, o d1( Py,
K) = 0 (almost surely), and the phenomenon of interest is the rate at which P,
approached the boundary of K. Bardny and Larman [4] proved that for n > ny(d),

¢'volg(K \ Ki/n) <Evolg(K \ P,) <" (d)volg(K \ Ki/n).

The reader may be interested to contrast our results with the results in [9]. The
results presented here require a very large sample size and guarantee a precise ap-
proximation, somewhat in the spirit of the “almost-isometric” theory of convex
bodies. On the other hand, the results presented in [9] describe a type of approx-
imation in the spirit of the “isomorphic” theory, and are most interesting, specifi-
cally in high-dimensional spaces.

We also study two other deterministic bodies that serve as approximants to the
random body. Define

riw =inf [ F)dn0.

where H runs through the collection of all hyperplanes that contain x, and dy
stands for Lebesgue measure on H. For any § > 0, define the bodies

Ds =Cl{x eR?: f(x) > 8},
Rs =Cl{x e R?: f*(x) > 8},
where CI(E) denotes the closure of a set E. By log-concavity of f, both Ds and

Rs are convex.

THEOREM 3. Let d € N, and let ju be a probability measure on R¢ with a
continuous nonvanishing log-concave density function. Then we have

@) gif%ds(Fa, Ds) =1,
3) Blil%d):(Fa, Rs) = 1.

Similar results hold in the Hausdorff distance for log-concave distributions that
decay super-exponentially.
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Let X € RY be a random vector with distribution w. The random variable
—log f(X) is a type of differential information content; see [7]. The differential
entropy of u is defined as

h(w) = —Elog f(X)

_ _f £0) log f(x) dx
R4

and the entropy power defined as N (u) = exp(2d _lh(u)). Note that the distribu-
tion of —log f(X) can be expressed in terms of the function § — ©(Dy),

P{—log f(X) <t} =p(Ds):6=¢".

Because of the rapid decay of f, the body Ds acts as an essential support for
the measure . For 8 = e~¢, this was studied by Klartag and Milman [14]; see
Lemma 2.2 and Corollary 2.4 in their paper. Bobkov and Madiman later provided
a more precise description. In [7] they show that the variance of —log f(X) is at
most Cd, where C > 0 is a universal constant, and that in high-dimensional spaces,
f(X)?/4 is strongly concentrated around N (;1). Theorem 1.1 in their paper can be
written as

plx e RN ()28 < f(x) < N(u)™42671) > 1 — 28P@

provided § € (0, 1), where p(d) = 16='d=Y2, In Lemma 16 we show that if s
isotropic and has a continuous density function, then for all § < exp(—10d logd —
7,

©9) ufx €RY: £(x) = 8} = 1 — agd(logs™"),

where ay = c1 exp(3d*logd). In a fixed dimension, inequality (9) displays the
natural quantitative behavior of u(Ds) as § — 0 and is sharp up to a factor of
logs™!.

Let /C; denote the collection of all convex bodies in R?. For all K, L € Ky,
define

(10)  dpm(K,L)=inf{A>1:3x e R, 3T, K C TL C MK —x) + x},

where T represents any affine transformation of R¢. This is a modification of the
classical Banach—Mazur distance between normed spaces (origin symmetric bod-
ies).

THEOREM 4. For all d € N, there exists a probability measure n on R? with
the following universality property. Let (x;){° be an i.i.d. sample from v, and for
eachneNwithn>d+1, let P, = Conv{xi}’f. Then with probability 1, the se-
quence (Pn)zo+1 is dense in IKCq with respect to dgw.
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Throughout the paper we will make use of variables ¢, ¢, c1, ¢z, ng, m, etc.
At times they represent universal constants, and at other times they depend on
parameters such as the dimension d or the measure . Such dependence will al-
ways be clear from the context, and will either be indicated explicitly as ¢z, c(d),
no(d), etc., or implicitly as in Theorem 2, where ¢ and ¢ depend on ¢, p, d and u.
Half-spaces shall be indexed as $g; = {x € R?: (x,0) >t} and hyperplanes as
Ho,={x eR¥:(x,0) =1}, where § € S~ and t e R.

3. Background. Most of the material in this section is discussed in [1, 2, 17]
and [18]. We denote the standard Euclidean norm on R? by || - ||2. Forany € > 0, an
e-netin S9! is a subset A such that for any distinct w1, w» C N, w1 — w22 > €,
and for all 6 € S9! there exists @ € N such that |0 — w||» < &. Such a subset can
easily be constructed using induction. By a standard volumetric argument, we have

(an E (g)d

By induction, any 8 € S4~! can be expressed as a series

o0
(12) 0=wo+ ) siw;,

i=1
where each w; € A and 0 < &; < ¢'. To see this, express 8 = wg + rog, where
wy € N and |rgll2 < &. Then express lroll~'ro € S4~! in a similar fashion, and

iterate this procedure.
Define the functional

x|l n = max{(x, w) :0 € N}.

As an easy consequence of the Cauchy—Schwarz inequality, provided ¢ € (0, 1)
we have

(13) (I =a)xll2 < llxlla < llxll2,
which implies that
(14) BYcByc(1—e) !B,

where Byr = {x: ||x||ar < 1}. The body B,s is what remains if one deletes all open
half-spaces that are tangent to Bg at points in .

A convex body is a compact convex subset of Euclidean space with nonempty
interior. For a convex body K C R¢ that contains the origin as an interior point, its
Minkowski functional is defined as

lx||g =inf{l >0:x € AK}

for all x € R?. By convexity of K, one can easily show that || - || x obeys the triangle
inequality. The dual Minkowski functional is defined as

|yl ke = sup{(x,y):x € K}
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for all y € R?, and the polar of K is
K°={yeR’:|lyllx- <1}.

By the Hahn—-Banach theorem, K°° = K.
The Hausdorff distance dy between K and L is defined as

dr(K,L)= sup ]supuc,e) —sup<1,9>|
peSd—1'keK leL

= sup |(I0llke — lI6]Iz°)
fesd-1

We define the logarithmic Hausdorff distance between K and L about a point
xeint(K NL) as

de(K,L,x)=inf{A>1:2"1(L —x)+x C K C ML — x) + x}
provided int(K N L) # &, and
de(K, L) =inf{dg(K,L,x):x €int(K N L)}.
Note that

logde(K,L,0)= sup |log|l0]lx —logllf]|.
fesd-1

The following relations follow from the definitions above,
de(K,L,0)=dg(K°, L°,0),

(15)
de(TK,TL)=de(K, L),

where T is any invertible affine transformation. In addition, one can check that

dem(K, L) <dg(K, L)?,
(16)
dny(K,L) < diam(K)(dg(K, L) — 1);

hence all of our bounds in terms of dg apply equally well to dgm. For large bodies,

dy is more sensitive than dg. More precisely, if » > 1 and ng + x C K for some
x € R4, and if dy(K, L) < 1/2, then

(17) de(K,L)<1+42r"'dy(K,L).

By a simple compactness argument, there is an ellipsoid of maximal volume
Ex C K. This ellipsoid is called the John ellipsoid [1] associated to K. It can be
shown that & is unique and has the property that K C d(& — x) + x, where x is
the center of &. In particular, de (&, K) <d.
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In [10] it is shown that provided A < 8~ we have
(18) de(K, Ky, x) <1+8114,

where x is the centroid of K and K is the floating body inside K.
The cone measure on dK is defined as

g (E) =voly({r6:6 € E,r €0,1]})

for all measurable E C d K. The significance of the cone measure is that it leads to
a natural polar integration formula (see [19]); for all f € L1(R%),

(19) /Rdf(x)a’x:dfo /aKrd_lf(rG)d,uK(G)dr.

A probability measure p is called isotropic if its centroid lies at the origin and
its covariance matrix is the d x d identity matrix.
A function f: R4 — [0, 00) is called log-concave (see [14]) if

fOx+A=0y) = f@ o'

for all x, y € R? and all A € (0, 1). Any such function can be written in the form
f(x) =e 8% where g :R? — (—o0, oo] is convex. If f is the density of a proba-
bility measure u, then it must decay exponentially to zero. In this case g lies above
a cone, that is,

(20) g(x) =mlxllz2 —c¢

with m, ¢ > 0. As a consequence of the Prékopa—Leindler inequality [2], if x is a
random vector with log-concave density, and y is any fixed vector, then (x, y) has a
log-concave density in R. Log-concave functions are very rigid. One such example
of this rigidity (see Lemma 5.12 in [16]) is the fact that if § is any half-space con-
taining the centroid of u, then w($) > e~ !. Another example (see Theorem 5.14
in [16]) is that if y is isotropic, then

1) 2771 < £(0) <d(20d)?72,
(22) (4me) % < || flloo <2%a?/2,

and if || x| < 1/9, then

(23) 278 < £(x) <d2?(20a)/2.

Letl <p<oo. If g:Rd — [0, oo] is convex and lim,_, 5 g(x) = 00, then the
probability measure with density given by

f(x)=ce 80

will be called p-log-concave. This is a natural generalization of the normal distri-
bution. If f is p-log-concave, then it is also p’-log-concave for all 1 < p’ < p.
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Let H; denote the collection of all (d — 1)-dimensional affine subspaces (hy-
perplanes) of R?. The Radon transform of an integrable log-concave function
f: R4 — [0, 00) is the function Rf :Hy — [0, 0o) defined by

(24) Rf(H) = /;{ F) dn(y),

where d; is Lebesgue measure on H. The Radon transform is closely related to
the Fourier transform. See [15] for a discussion of these operators and their con-
nections to convex geometry.

4. The one-dimensional case. Let f be a nonvanishing log-concave proba-
bility density function on R associated to a probability measure w. In particular,
f(t) =e 8® where g: R — R is convex. For ¢ € R, define

t
7 =/_OO F(s)ds,

u(t) = —log(l — J(1)).

The cumulative distribution function J is a strictly increasing bijection between R
and (0, 1). The following lemma is a standard result; see, for example, Theorem 5.1
in [16] for the statement, and the references given there. However, we include a
short proof here for completeness.

LEMMA 5. u is convex.

PROOF. Assume momentarily that g € C 2(R). For t € (0, 1) define

)= A=1).
Note that

—g"U~ A=) _
V(1) B
Hence v is concave. In addition, lim;_.g ¥ (¢) = lim;— 1 ¥ (¢) = 0. Hence, the
function «(¢) = ¥ (¢)/t is nonincreasing on (0, 1), and the function f(¢)/(1 —
J(t)) =« (1 — J(t)) is nondecreasing on R. Since u'(¢) = f(¢)/(1 — J(t)), u is
convex.
If ¢ ¢ C>(R), then the result follows by approximation (convolve u with a
Gaussian). [

V(1) = 0.

LEMMA 6. IfT >1andx > 2T logT, then (logx)/x < T~
PROOF. Since the function y = e~ !x is tangent to the strictly concave func-
tion y = logx, the function y = (logx)/x has a global maximum of ¢~! and is
decreasing on [e, c0). We now consider two cases. In case 1, T < e and therefore
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(logx)/x < e ! < T Incase?2, T > e. Since (logT)/T < 2-1 it follows that
log(2logT) <logT.For x' =2T logT,
logx"  logT +log(2logT) 1

< —.
x/ 2T logT T

Since x > x" > e, (logx)/x < (logx”)/x’ and the result follows. [J

The following lemma is a quantitative version of the Gnedenko law of large
numbers for log-concave probability measures on R.

LEMMA 7. Letq > 1andn > 120g*(2+logq)?. Let i be a probability mea-
sure on R with a nonvanishing log-concave density function and cumulative dis-
tribution function J, and let (y;)] be an i.i.d. sample from w. With probability at
least 1 —2(logn)™14,

1Yy — 711 = 1/n) - 6qloglogn
J-1'1—=1/n)—Eu logn

where y(,y = max{y;}| and Eu denotes the centroid of t.

(25)

PROOF. We shall implicitly make use of Lemma 6 several times throughout
the proof. Let a = (logn) 9 and b = ¢ logn. It follows that 0 < a < b < ne~!. Set
s=J711 - b/n)and t = J7(1 - a/n). As mentioned in the preliminaries (see
also Lemma 3.3 in [8]), 1 — J(Eu) > ¢!, hence u(Eun) < 1. Since b/n < e 1,
we have Eu < s < t. By convexity of u we have the inequality (s — E/L)_l (u(s) —
u(Ewp)) < (¢t — )~ (u(t) — u(s)) which can be rewritten as

J'A—a/n)y—J A =b/n) __logh—loga
J=Y1—b/n) —Eu ~logn —logh—1'

(26)

Since 2gelog \/n < \/n, it follows that log(ge logn) < % logn which implies that
logh —loga - 3gloglogn - loglogn

logn —logh —1 ~ logn —log(gelogn) — i logn
By independence,
P{J (1 —b/n) < ywy <IN (1 —a/n))
(-2
n n
>1—a-— e b
>1—2(logn)™1.

If the event {J ' (1 — b/n) <ym =< Jta - a/n)} occurs, then the event defined
by inequality (25) also occurs. [
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Although Lemma 7 applies to the multiplicative version of the Gnedenko law
of large numbers, it also recovers the additive version as long as

1
@7 11(1—1/n)=o< g >
loglogn
If, in the proof, we take a ™' = b = log,,) n (the mth iterate of the logarithm), then

the probability bound becomes 1 — 2(log,,) n)~!, and the right-hand side of (25)
becomes

4loggyiyn
logn

provided n > ng(m).

5. Main proofs. Since Lebesgue measure depends on the underlying Eu-
clidean structure of R?, so does the definition of f = du/dx, and therefore also
the definition of Ds = Cl{x : f(x) > §}. A natural variation of the body Ds which
does not depend on Euclidean structure is the body

D! =Cl{x eR?: f(x) > t;'9¢|detcov(u)| %5},

where the quantity

1
(28) fdzvold_l(Bg—l)f (1 -2V gy
1/2

represents the volume of the set {x € R?:|x|l2 <1, x; > 1/2}. Associated to Dg

are three ellipsoids that play a central role in our proof. The John ellipsoid of Dg
is denoted £ ,.» and the centroid of £ Dt will be denoted Og. We also consider
)

D
(29) & =3d(€: — O5) + Oy
and
(30) € = 5(Ep: — O5) + Os.

The advantage of using Dg is that we may place u in different positions at various
stages of our analysis. We first position u to be isotropic and then position it so
that & » = Bg . We include the proofs of Lemmas 8 and 9 in Section 6.

8

LEMMA 8. There exists a universal constant ¢ > 0 with the following property.
Let d e N, let u be a log-concave probability measure with a continuous density
function f, and let § < cexp(—8d?logd). Let $) be a half-space (either open or



3062 D. FRESEN

closed) with () =6, and let £ an and € g be defined by (29) and (30), respectively.
Then

31 SNEl 2o,
(32) 9NE =0.
Consequently,

& CFsCE;.

We shall use the Euclidean structure corresponding to & ; in order to compare
Fy/, and P,. The following lemma together with Lemma 8 allows us to do so.

LEMMA 9. Let d € N and let K and L be convex bodies in R¢ such that
0 €int(L) andng CKC RBgforsome rnR>0.LetO<p<1/2and 0 < e <
(16R/r)~', and let N be an e-net in S, Suppose that for each w € N/,

(33) (I =plelr <lollxk <A+ p)lolL.

Then for all x € R we have

(34 (1+2p+28Rr™"e) " xllL < Ik < (1+20 +28Rr~'e) x| .
In particular,

(35) de(K,L)<de(K,L,0)<1+2p+28Rr e

PROOF OF THEOREM 1. By convolving p with a Gaussian measure of the
form

G.a(x) =27 pa (A1),

where ¢4(x) = Qm) exp(—2_1 ||x||%) is the standard normal density function,
and taking A — 0, we may assume that the density of u is continuous and nonva-
nishing. This is possible because the bounds in the theorem do not depend on .
The condition n > cexpexp(5d) + ¢’ exp(g>) (with sufficiently large ¢ and ¢’) in-
sures that the probability bound is nontrivial. It is also sufficiently large so that we
may use Lemma 8 with § = 1/n and Lemma 7 with ¢’ = d + ¢. In fact we will im-
plicitly make use of this bound repeatedly throughout the proof. Let ¢ = (logn)~!.

By applying a suitable affine transformation, we may assume that £,,; = Bzd. By
1/n

Lemma 8, if §)p ; is a half-space with (9g,;) = 1/n, then
(36) 1/2<t<3d.

This implies that 1/2B¢ C Fy, C 3dBY. For each 0 € S~ the function f (1) =
—%,u(f)g,,) is the density of a log-concave probability measure g on R with
cumulative distribution function Jy () =1 — u($g,;). Furthermore, the sequence
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({6, x;))!_, is an i.i.d. sample from this distribution. Recalling the definition of the
dual Minkowski functional, for any y € R?,

Iyllpe = sup{(x, y):x € Py}

We use this notation even when 0 ¢ int(P,). Let N denote a generic -net in S d=1,
and consider the function

v @) =inf{u(Hp.0) 0 e N, t = (0, x)).
For all § > 0, define the discrete floating body
FV ={x eR?: fiy(x) > 8).
Note that f (x) =infpr fN(x) and Fs =y F N where A runs through the col-

lection of all e-nets in $4=!. By (36), BY C F{}, C 3d By, and by (14) we have

1/2B§ C F{Y, C 4dB§ which implies that (4d)~' B§ C (F{},)° C 2Bj. For each
0 € 971 we have

Epg > Jy ' (e7")

> J, N (1/n).
Combining this and (25), with probability at least 1 — 2(logn) ™%~ we have that
Ollpe — J; (1 —1/n loglogn
ILIIPn p ( 71/ )] < 6(d + q)02108"
Jo (1 —=1/n)—J, (1/n) logn

Since both —Jg_l(l/n) and J9_1(1 — 1/n) lie in the interval [1/2, 3d], both have
roughly the same order of magnitude, and we have

(A=p)Jg A =1/n) < |6llpe < (1 +p)Jy ' (A= 1/n),

where

loglogn

p=42d(d + q) <1/8.

logn

With probability at least 1 — =439+ (logn)=4=7 = 1 — 39+ (logn) 4, this holds
for all € NV. Hence,

(1+p) 7' P C FY,,
which implies that

A =P)0llp; =101 p )
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for all & € S4~!1. On the other hand, for all w € N we have
lollpe > (1= p)Jy ' (1 —1/n)

= (=Pl g

(37

As || - || pe is the supremum of Lipschitz functions, Lip(|| - || pe) < sup{|lx[2:x €
Py} < 8d. Since (37) implies that ||| pe > 1/4 (simultaneously for all w € N with

high probability), for all & € S9~! we have [|0]| po > 1/8. Using the Hahn-Banach
theorem, O € int(P,). This also implies that 0 € int(P;). By (34),

(38) (1 +4p+224de) x|l ps < IIx ey = (14 4p +224de) 1% g

for all x € R, Let M be any other e-net in S¢~!. By the calculations above, with
probability at least 1 — 3¢+ (logn)~4,

(39)  (1+4p+224de)™" lxllpe < ||x||(Fl/>/l)o < (1 4+4p+224ds)| x| po

for all x € R?. By the union bound, with probability at least 1 —3¢*2(logn)~7 > 0,
both (38) and (39) hold, which implies that

(40) (1+4p+ 224dg)—2F{\/n CFic(+4p+ 224ds)2F1/\/n.

However both F: 1/\//;1 and F 1/\//,‘1 are deterministic bodies, and (40) therefore holds

unconditionally. Since Fy/, =\ F 1/7,‘1, where the intersection is taken over all
g-nets in S9!, we have

(1+4p +224de) 2 F{y, C Fi/n C (1 +4p +224de)* Fy,.

Combining this with the polar of (38) gives that with probability at least 1 —
34+1(logn)~4, we have

(14+4p +224de) P, C Fiymc(l+4p+ 224de)’ P,
from which the result follows by the inequality (1 + &’)? < 1+ 12¢/, valid if 0 <
g<1. O

LEMMA 10. Let g: R? — [0, 0o] be convex with limy_, o gx)=o00,let K C
R? be a convex body containing 0 in its interior and let p > 1. Then there exist
c1, ¢ > 0 such that for all x € R4,

(41) )P =crlxlly —ca
PROOF. We leave the easy proof of this to the reader. [

LEMMA 11. Let p > 1,d € Nand let u be a p-log-concave probability mea-
sure on R9. Then there exist c1, ¢2, to > 0 such that for all 0 € SV and all t > 1o,

(42) w($Ho.) < cit'Pem
where $9,; = {x e R?: (x,0) > t}.
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PrROOF. Forall t > 1 we have

d
—tP -1 . 1-p —tP
e < —— t e
=——(p )
=p'(p=DrPe "+’

p

<p'@p—De".
Hence, by the fundamental theorem of calculus,

=l dep P o _p 1 1—p —1P
43) Rp—-1)""t""Pe < e ds<p 't Pe .

t

Since the image of a p-log-concave probability measure under an orthogonal
transformation is p-log-concave, we may assume without loss of generality that
0 =e;=(1,0,0,0,...). By (41), there exist c1, c2 > 0 such that for all x € R4,

14
fx) < ey,

where ||x||§ = Zidzl |x;|?. Hence,

G 5/ cre= Il gx
(44) ’

ot
o0
cze= " ds.
t
The result now follows from a change of variables, (44) and (43). UJ

PROOF OF THEOREM 2. Let cq, ¢2 and #y be the constants appearing in
Lemma 11. Let ng > ¢; + exp(2*1c2téj ). Without loss of generality, o > 1 and
n > ng. Set o = (2c27l logn)l/p and consider any x € R? with ||x|l» > «. Let
0= ||x||2_1x and r = (@ + ||x]]2)/2. Since t > a > tg and n > ¢, Lemma 11 im-
plies that

1w($e) <cin 2 <n”.
Since |lx|2 > ¢, x € int(£g ). By definition of the floating body, x ¢ Fy/,. Since
this is true for all such x, diam(Fy,,) < 2a = c4(log n)1/P. The result now fol-
lows from Theorem 1 and relation (16) between the Hausdorff and the logarithmic
Hausdorff distances. [

6. Technical lemmas. This section contains some technical results on the
rigidity of log-concave functions that enable us to obtain a lower bound on the
sample size.

LEMMA 12. There exist universal constants c1, ¢y > 0 such that for all d € N,

c4d=? < voly(BY) < 4d=2.
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PROOF. This follows from Stirling’s formula and the expression VOld(Bg )=
742(I'(1 +d/2))~"; see Corollary 2.20 in [15] or page 11 in [20]. O

LEMMA 13. There exists a universal constant ¢ > O with the following prop-
erty. Let d € N and let ju be an isotropic log-concave probability measure on R?
with density function f. For all x € RY,

fx) < e*ad“x”ZJrﬂd,
where ag = c4d=? and Ba = 10d log(d) + 7.
PROOF. We first consider the case d > 2. The volume of a cone in RY
with height & and base radius r is d‘lrd_lhvold_l(Bgfl). For any x € R?,
let Ay be the cone with vertex x and base (1 /9)Bg N x*. Then voly(A,) =

d=1974H x| VOld_l(Bg_l) > e~ %3 x|, VOld_l(Bg_l). By log-concavity of
f and inequality (23), forall y € A,

(45) f(y) = min{f(x),27%}.
If £(x)>278, then
1= f FOdy =278 voly(Ay) > e 13 x|y vola—1 (BT,
A

and it follows that
10d—3
lxll2 < W-
Hence, if ||x |2 > ¢'%=3/voly_1(B{™"), then
(46) fx) <278

For any such x we have the convex combination

1043 X 1043 1043
a—1 = yare a—1
volg—1(BS™ ) llxll2  Jlx[lavoly—1 (BS™) lxll2voly—1(B; ")
Set
. 1043 N
X =

volg—1(B$™") llxll2”
Using concavity of log f and inequality (46),

e10d=3 e10d=3

—8dln22< >logf(x)+(1— >logf(0).

llxll2vola—1 (B~ lx[l2 voly_1 (BT
After some simplification, and using inequality (21), we get

f(x) <exp(—de 1% 3vol,_1 (BS™)|1x]l21n2 — 7d In2).
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If, on the other hand, ||x||2 < ¢'%~3 /vol,;_1(BS ™), then by (22)
fO) <[ flloo <d¥?2%
—exp(27'dInd 4 8d1n2).
Using Lemma 12, it follows that for all x R4,
F(x) <exp(—de %3 vol,_1 (B~ In2||x |2 + 9dIn2 + 27 d Ind)
<exp(—c4d™?|x|l2 + 10d Ind).

The case d = 1 is simpler, and we leave the details to the reader. First show
that f (2% < 278, and then proceed as in the case d > 2 to obtain f(x) <
exp(—2 x| +7) forallx eR. O

COROLLARY 14. There exist universal constants c1, ca > 0 with the following
property. Let d € N, and let . be an absolutely continuous isotropic log-concave
probability measure. For all § < ¢~ 10d10gd=7

Ds c cdd??(logs~")BY
In particular, volg (Ds) < 2 exp(d2 logd)(log s,

PROOF. By (21), Ds # &. By the bounds on §, it follows that 10d logd + 7 <
log8~!. The result now follows from Lemmas 13 and 12. [

LEMMA 15. There exists a universal constant ¢ > 0 with the following prop-
erty. Let d € N, and let u be an isotropic log-concave probability measure with
density f.Letr > 1 and x e R If f(x) <278 then

(47) frx) < f(x)exp(—cd™*(r — DIx|2).

PROOF. Let g =—log f. By Lemmas 13 and 12, there exists a universal con-
stant ¢» > 0 such that f(¥) <2784 for all ¥ with ||X]» > cddd/2 see in partic-
ular (46). Let x € R? be the point specified in the statement of the lemma. We
consider two cases. In the first case ||x| > cgdd/z. Let X = cgdd/2||x||2_lx. By
inequality (21), £(0) > 2774, By convexity of g and the definition of ¢,

g(rx) — g(x) Zg(37)~—g(()) 15" In SO _ > ;9" 1n2.
(r = Dllxll2 %12 fx)

In the second case, ||x]2 < cgdd/ 2 Recall that, by hypothesis, f(x) < 28
Therefore,

glrx) —g(x) - gx) — g(O)
(r—="Dlxll2 = lxl2

£(0)
f()‘2

from which the result follows with ¢ = (2¢;)~!. O

> ||lx[l5 ' In 4q'=4/21n(2)
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LEMMA 16. There exists a universal constant ¢ > 0 with the following prop-
erty. Let d € N, and let u be an isotropic log-concave probability measure with a
continuous density function f. For all § < ¢~10410gd=7,

(48) (B Ds) < ags(logs)’,

where ag = c1 exp(3d*logd).

PROOF. Since f is continuous, for all # € dDs we have f(6) = 4. By the
polar integration formula (19) and inequality (47),

p®A\Dy)= [ fedx
R4\ D
o0
=d/ / r?=Lf(r0) dup, (0) dr
1 dDg
o0
gd/ / ri=tsexp(—cdd=2(r — 1)||01l2) dip, () dr.
1 dDg
By (23) and the fact that § < 278 we have 1/9B¢ C Ds. By Corollary 14,
o
w(R?\ Ds) sd/ / rd=1sexp(—c?d=4(r — )97V dup,©)dr
1 dD;
x
< 8vold(D5)d/ rd=texp(=cdd=?(r — 1)) dr
1

< Bad(logs ") dexp(d*logd + c3),

where
o0
Ba :f pd—1 exp(—cgd_d/z(r —1)dr.
1

Set wy; = cgd_d/ 2 and t = wyr. Recall the definition of the gamma function
INCGIEN e "r*~!dr. By a change of variables and Stirling’s formula,

o0
Ba < exp(a)d)/ P exp(—wgr) dr
0
d o0
<cwy / 4ot dy
0

< csexp(d®logd)

from which the result follows. [

Lemma 16 is optimal in § up to a factor logé~! as can be seen from the ex-
ample f(x) = ¢gexp(—||x|l2), in which case ,u(Rd \ Ds) > cd(S(logS_l)d_l for



LAW OF LARGE NUMBERS 3069

8 < 8o(d). To see this, apply the polar integration formula as in the proof of
Lemma 16 and use the equation

o0
/ rd e " dr = (1 —|—0d(1))Rd_le_R
R

with d fixed and R — oo.

LEMMA 17. There exists a universal constant ¢ > 0 such that for all d € N, if
t > d>, then \/t > c(logt)“.

Note that the inequality fails for r = d*¢.

PROOF OF LEMMA 17.  First, consider any d > 16. For any such d, (2d)* <
d>. Set T =2d and x =logt. Since (2d)* < d>? <1, it follows that 2T log T <

x. By Lemma 6, (logx)/x < T~!, or equivalently

loglogt 1
<,
logt 2d

which is in turn equivalent to /7 > (logt)d. By elementary analysis, the number
¢ =inf{t"?(logr)™:d < 16,1 > d°?)

is strictly positive. The result now follows for all d € N with ¢ = min{c¢/, 1}. 0O

LEMMA 18. There exists a universal constant ¢ > 0 with the following prop-
erty. Let d € N and let u be an isotropic log-concave probability measure with a
continuous density function f. For all § < Texp(—8d*logd),

(RN 2D, —1g45) < 8,

where T =14 =volg_1(B§ ") [},,(1 — )@=V 4z,

PROOF. Consider the quantity oy = ¢ exp(3d*logd) from Lemma 16. By
concavity, 1 — 2 > 3(1 —1)/2 forall 1/2 <t < 3/4. By a change of variables and
Lemma 12, one sees that T > ng—d/z. Let k = 11948, Consider any y € 0(2D,).
Then x = y/2 € d D, and we have the convex combination x = %0 + %y. By log-
concavity, f(x) > £(0)'/2 f(y)!/? and by inequality (21),

and y ¢ D, with ¢ = 28442 Since this is true for all y € d(2Dy), D; C2D,. For
a sufficiently small choice of & (chosen independently of d), & < ¢~ 104102d=7 By

S =
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Lemma 16 and the inequality %4 < 28dg2d < ,10d

w(RI\2D,) < u(RY\ D) < ads(loge_l)d
<e%a 7252 (21ogs ™! + log(e_gdrz))d
< 8(c_l(Sl/zadZdeIOdt_z)cél/z(log5_1)d,

where ¢ is the constant from Lemma 17. By the bound imposed on §,
¢ 181204296104 =2 1 The result now follows from Lemma 17. O

Recall that £ denotes the John ellipsoid of a convex body K and that £ C
K Ccd(Ex — xo) + xg, where xg is the center of Ex.

LEMMA 19. Let K C RY be a convex body with 0 € K. Then 2K C 3d(Eg —
x0) + xo.

PROOF. By applying a suitable linear transformation, we may assume that
Ex = Bg + xo. Take any x € K. Since max{||xo — x||2, ||xoll2} <d, it follows that
|xll2 < llxoll2 + llx — xoll2 < 2d and that |lxo — 2x|l2 < [lxo — x[l2 + llx — 2x]]2 <
3d. O

LEMMA 20. Let € be an ellipsoid with centroid O, and let §) be a half-space
with volg(HNE) x VOld(Bg ) < tgvolg(E). Then $H and %(8 —O)+ O are disjoint.

PROOF. The truth of the lemma is invariant under affine transformations of &£,
and we may therefore assume that £ = Bg. The result now follows from the def-

inition of 74 [see equation (28)] and the fact that t; = volg{x € R?: x|l» < 1,
x1>1/2}. O

PROOF OF LEMMA 8. Consider T = 74 defined by (28). We may assume that
W is in isotropic position, which implies that DE = D,-19¢5. Lemmas 18 and 19
together imply that $ N Eg # @. Foreach x € Du, f(x) > 171998 Therefore § >
w®HnN EDE) > 71998 voly(H N ng) which implies that vol;($ N SD{;) <1974,
Since the density function f is continuous and T 1998 < 278 inequality (23) im-
plies that (97! + K)B2d C D; for some « > 0. Since £ D is the unique ellipsoid of

maximal volume inside Dg, we have voly (€ D;) >9d VOld(Bg ). From the defini-
8

tion of £ g and Lemma 20, we see that $ N 5; = . Finally, the claim that Sg C Fs
follows from the definition of Fs while the claim that F5 C 5(? follows from the

Hahn-Banach theorem [any x ¢ 5§ lies in an open half-space $) with $ N Eg =0
and therefore u($H) < and x ¢ Fs]. U
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PROOF OF LEMMA 9. Note that 1 + p< (1 —p) ' <1+4+2pand1—p <
(I+ ,0)_1 < 1— p/2, and the same inequalities hold for . Since ng CKC RBd,
we have that

R7Mxlha < lIxllx <r Mixla
for all x € RY. Combining this with (33) gives
R +p <ol <r H(1-p)!

for all @ € V. Consider any 8 € S?~!. Let wg be the element of A that minimizes
|6 — wol|2, and consider the series representation (12). By the triangle inequality,

ol <r-'a—p~'a—e"
Hence |x|z <r~'(1 — p)~1(1 — &)~ ||x||> for all x € R?. Using the triangle in-
equality in a bit of a different way,
-
101 = llwollL — Y &illwillL
i=1
>R'0+p) ' =r el -1 = p)7!
>RV 2—4rle
=R '(1-8Rr 1¢)/2
> (4R,
which holds since 8Rr—le < 1 /2. Thus
1011 < lwollz + 116 — wollz
<1 =p) Maolg +r A -p)'A—e) e
<A=pI0lk +llwo—0llk) +r 1 —p) (1 —e)7 e
<A-p "olk+r'A=-ple(1+ A -7
<(I=p) "0lx + R A =p) le(1+ 1 —2)")Olk
<(1+2p)(1+3Rr te)|0lx
<(14+204+6Rre))0|k.
On the other hand,
101 < lwollx + 116 — wollx
< +plwollL +r e
<+ p)(101lL + llwo — OllL) + 7 'e
<A+plole+r'A+pU—p ' d—e)le+r'e
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<(L+p)8llL +7r e -4R)0|
<(14+p+28Rr e |0
The result follows by positive homogeneity. [
7. Proof of Theorem 3. Fix i and d as in the statement of Theorem 3. Let f

be the density of u, and let g = —log f. All variables in this section depend on
both d and .

LEMMA 21. There exist c, g9 > 0 such that for all ¢ € (0, &9),

(49) (R D) < ce(loge™")".

PROOF. Since u has a log-concave density, it necessarily has a nonsingular
covariance matrix, and there exists an affine map T such that 4’ = T p is isotropic.
The density of u’ is

fx)=det(T7H £(T7 %)

and D, = T~ 'Dz, where ¥ = edetT~! and Dz = {x:f(x) > Z}. Since u’ is
isotropic, we may use Lemma 16, which gives

PRI\ D) = ' (R \ D)
< C/E(logg_l)d
< ce(logs_l)d. O

LEMMA 22. Forany x € R there exist ¢/, 8y > 0 and a function p: (0, 69) —
(0, 00) such that for all 5 € (0, §p),

loglog§~!
(50) p@s) <2080
logs—!
and
(51) Fs C (14 p)(Ds — x) + x.

PROOF. Let ¢ > 0 be the constant in (49). A brief analysis of the function
t — ct(logt—")? shows that there exists 8o > 0 and a function & = &(8) defined
implicitly for all § € (0, §p) by the equation § = ce(log e~ 1)4. We can take 8y
small enough to ensure that ¢ < 8 and that logé~! < loge™! < 2logs~!. If we
define

loge~! —logs™!
logs—! ’

p@) =3
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then 8!17/2 < ¢, and (50) holds. Since D, is both compact and convex, for any
point y ¢ D, there exists (by the Hahn—Banach theorem), a closed half-space $
with y € $ and H N D, = &. Since H C R4 \ D¢, (49) implies that u($) <
and by definition of Fs, y ¢ Fs. This goes to show that Fs C D,. Let x € R?.
For any 6 € §9=1 consider the function fot) = f(x +1t0) = e 8™ ¢ e R.
This notation differs slightly from that in the proof of Theorem 1. By continu-
ity and log-concavity, if ¢ is small enough, then for all & € S?~! there is a unique
v > 0 such that fy(v) =¢; we denote this number by fg_l(s). We may assume
that 8o < min{l, f(x)?}. Note that 1 < §/¢ < 877/> and logé™! + log f(x) >
1/2log s By convexity of gy, for any 0 < s < v we have s‘l(gg (s) —go(0)) <
(v — s)_l(g@ (v) — go(s)). Taking v = fe_l(e) and s = f9_1(8), this becomes

£t @) — £, _ loge™! —logs™!
£ T logsTl+log f(x)

(52)

< p.
Inequality (52) reduces to f; () < (1 + p)f, ' (8). Since this holds for any 6 €
41 D, c (1 + p)(Ds — x) + x, and (51) follows. [

LEMMA 23. There exists 5o > 0 such that for all § € (0, 6g) we have the rela-
tion

(53) (1484~ (Ds — x') +x' C Fs,

where A = VOld(D(g)_l , and x' is the centroid of Ds.

PROOF. Let §p be such that vol,(Ds,) > 8¢. We use the notation (Ds),, for the
convex floating body with parameter A > 0 corresponding to the uniform probabil-
ity measure on Dj. If §) is any half-space with u($) < §, then vol;(H N Dj) < 1.
Hence (Dj), C Fs, where A = voly (D(;)_l. The result now follows from inequal-
ity (18). O

LEMMA 24. Let K,L C R? be convex bodies such that there exist x,x’ €
mt(KNL)yandO <r < (Sd)_lfor which

(54) (I4+r)" YK —x)+xcLc(+r)(K—x)+x.
Then
(55) de(K,L)<1+8dr.

PROOF. Since the statement of the lemma is invariant under affine transforma-
tions that act simultaneously on K and L, we may assume without loss of general-
ity that the John ellipsoid of K is Bzd. Hence Bg CKC ng and ||x]|2,]|1x"]l2 <d.
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Note also that L C 3d Bg . Using these facts and manipulating (54) in the obvious
way, we see that both of the following relations hold:

L CK +2drBY,
K C L+4drBY.

By definition of the Hausdorff distance, d» (K, L) < 4dr < 1/2. Since Bg CcK,
inequality (17) implies that de (K, L) <1+ 8dr. O

PROOF OF EQUATION (7). Since lims_ g p(§) = lims_oA(§) = 0, equa-
tion (7) now follows from (51), (53) and (55). O

REMARK 25. There is no lower bound on the growth rate of vol, (Ds); indeed
the function could grow arbitrarily slowly. However in the case of the Schechtman—
Zinn distributions, voly(Dj) = (log (cg / 8))a/r VOld(Bg ), and we leave it to the
reader to combine this with (51), (50) and (53) to obtain a quantitative upper bound
on dg(Fs, Ds).

PROOF OF EQUATION (8). Let ¢ > 0 be given. Using the notation from the
proof of Theorem 1, for any 6 € S¢~! we define

d
Jo(0) = —Zu(ﬁe,z)-

This function is the density of a log-concave probability measure on R with cu-
mulative distribution function Jg(¢) = 1 — u($g ;). Using Fubini’s theorem we
have

fo(t)=Rf(Hg,),

where Rf is the Radon transform of f as defined by (24). For all ¢ € R, the func-
tion @ — f5(¢) is continuous and nonvanishing on S?~!. This follows using the
properties imposed on f, together with Lebesgue’s dominated convergence the-
orem and (20). Define a = inf{f3(0):60 € S¢~'}, and note that & > 0. By (20)
there exists fo > O such that if 8 = sup{fg(#y):60 € Sd_l}, then B < «. Define
g0(1) = —log fp(1), and let A = 7, ' (logw — log B) and A = max{1, 2~ logr~"}.
By definition of o, f and 2, for all 8 € S~ we have 7, ' (gq(to) — g0(0)) > .
By convexity of gg, if u > v > fg, then gy(u) > go(v) + A(u — v), which trans-
lates into fp(u) < fo(v)e ™V Let 8y < inf{ fy(to + 1):6 € S?~!} be such that
As_lBg C Fy,. Consider any 6 < 8, and momentarily fix 6 € gd-1 By definition
of @ and B,

0< fo(to) =B <= fo(0).
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Since fj is log-concave, it must be strictly decreasing on [#y, 00). Let s = JQ_1 1-
8) and denote by 1 = fe_l (6) the unique positive number such that fj(¢) = §. Con-
sider the hyperplane Hy ; and the half-space )y ;. Note that

u($e,s) = Rf (Hg,1) = 6.

By definition of §p and the equation fy(—u) = f_g(u), we have min{ fs(t9 +
1), fo(—to — 1)} > 6o. By log-concavity we have fy(u) > &g for all —f5 — 1 <
u <tp+ 1, hence t > ry + 1. By the fundamental theorem of calculus and the fact
that fo(u) > 6, forall u € [t — 1, t], we have

w(®.-1) > p{x eR?:1 —1<(6,x) <1}

t
= [ fotwau
t—1
> 4.
Hence $9s C $9,s—1 and s >t — 1 > t9. Thus, if s <¢, then |s —¢| < 1. If s > ¢,

then

8=£00f9(u)du

o0

< fo(s) / M=) gy
S

< e~ M50 -1

from which it follows that s — ¢t < )\_llog)»_l. Either way, |s — ¢] < max{l,
A1 log)ﬁl} = A. Since AsilBg C Fs,, it follows that s > Ae~!and (I—-¢)s<
r < (1 + ¢)s. Since this holds for all § € S9!, and recalling the definitions of Fj
and Rg, we have

(1 -8)Fs <Rs <(1+¢)F;. 0

8. Optimality. Let ® denote the cumulative standard normal distribution
on R,

t

(1) = (2n)—1/2/

/D5 g
o0

By (43) there exists ¢ > 0 such that for all n > 3,

(56) @~ '(1—1/n) = c(logn)'/?.

LEMMA 26. Forall g > 0and all d € N, there exists ¢, ¢ > 0 such that for all
n>d+1,if (x;)] is an i.i.d. sample from the standard normal distribution on R4
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and P, = conv{x;}], then with probability at least 1 — c(log n)~2@4=D/2 poth of
the following events occur:

(57) dy(Py. Fijn) = c(logn) = /274,
(58) dg(Pu, Fijn) = 1+ c(logn) ™' 4.
PROOF. The probability bound is trivial when d = 1 and we may assume that

d > 2. It follows from a result of Schneider [23] (see also [13], page 326) that for
any polytope K,, C R? with at most m vertices,

) 1\ 2/@=
(59) dri(Km, BY) > cd(;) .

Since Fi/p = 11— l/n)Bd, inequality (56) implies that

1\2/(d-1
dr (K, Fipm) > cd<logn)1/2(—> .
m

By a result of Baryshnikov and Vitale [6] (see also [1]), the number of vertices
of P,, denoted by fo(P,), obeys the inequality E fo(P,) < ¢4(log n)@-b/z, By
Chebyshev’s inequality we have

Ef O(P n)

P{ fo(Py) > (logn)@~D@+D/2) < Togm@ DT < 1(logn)~1@d=D/2,

and if the complement of this event occurs, then so does (57). By (59) and (16),
we get

4 1\2/(d=1
dg(Km,B2)> 1+cd<a) .

Since dg is preserved by invertible affine transformations [as per (15)], the same
inequality holds for all Euclidean balls. This gives (58). [

We can choose ¢ to be arbitrarily small, in which case (57) and (58) complement
Theorems 1 and 2.

9. Proof of Theorem 4. Let K; denote the collection of all convex bodies
in R¢ (compact convex sets with nonempty interior), and let ng =Kq U {{0}}. If

Q2 is a convex subset of a real vector space, then we define a function « : Q2 — ICE,
to be concave if for all x, y € Q and all A € (0, 1), we have

e (x) + (1 =k (y) Cr(Ax + (1 =2)y).

If 2 has an ordering, then we define « to be nondecreasing if for all x, y € Q with
x <y, we have k(x) C k(y).
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LEMMA 27. If «:[0,00) — ICE, is concave, nondecreasing and
Ut e[0.00) 6 (1) = R, then the function g :R% — [0, 00) defined by

(60) g(x)=inf{t >0:x €k (1)}

is convex. Furthermore, k is continuous on (0, 00) with respect to the Hausdorff
distance, and for all t > 0,

(61) k() ={xeR?:g(x) <t}.

PROOF. By hypothesis, «(0) # &. If 0 ¢ «(0), then we define k() =k (t) —
x0, where xg € «(0). The function «? enjoys all of the properties that ¥ does, and
the function

g (x) =inf{t > 0:x € k" (1)}

is related to g by the equation g°(x) = g(x + x¢). Note that 0 € «*(0). If the
lemma holds for the functions x“ and g%, it will necessarily hold for « and g. We
may therefore, without loss of generality, assume that O € ¥ (0). Forany 0 < ¢ < ¢,
we have the convex combination

t
f=——0+——(t+e).
r+e¢ t+e¢
Exploiting the concavity of «, this leads to
t+e¢
k(t+¢)C ; k().
Similarly,
t—e¢

k() Ck(t—e).

Hence « is continuous with respect to the Hausdorff distance. By definition of g,
k() Cl{x e R g(x) <t}. Since k (¢) is a closed set, if x ¢ «(¢), then d(x, x(¢)) >
0 and by continuity of «, g(x) > ¢. This implies (61). Consider any x, y € R¢ and
A€ (0,1). Let t =g(x) and s = g(y). For all ' >t and s’ > s, x € k(¢') and
y € k(s). Therefore

A+ (1 =21y € rc(t')+ (1 —1)k(s")
Cr(M' + (1+2)s")

This implies that g(Ax + (1 —1)y) < At' 4+ (1 —A)s’. Since this holds for all such
and s’, it follows that g is convex. [J

Note that the function g is a generalization of the Minkowski functional of a
convex body K, in which case «(¢) =t K. The converse of the preceding lemma
also holds; if we are given a convex function g and define « via (61), then « is
concave.
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If (K,,);2  is a sequence of convex bodies such that the partial Minkowski sums

Sy = anl K, converge in the Hausdorff distance to a convex body S, then we
write S = )", K, and refer to this as a Minkowski series. Note that S can also
be defined by the equation

llxlse = Z llx | ke

Basic properties of a Minkowski series are easy to prove, and we leave such an
investigation to the reader. The following lemma is also fairly straightforward.

LEMMA 28. For eachn € N, let oy, : [0, 00) — [0, 00) be a concave function,
and let K, be a convex body with 0 € K,,. Provided that

> oy (1) diam(K,,) < 0o

n=1

forall t > 0, then the function k : [0, c0) — ICEI defined by

Kk(t) = Zan(t)Kn

n=1

is concave.

The space Ky is separable with respect to dgm, and we shall use a sequence
(Kp);2, that is dense in Ky. Since dpy is blind to affine transformations, we can
assume that the John ellipsoid of each K, is Bg . As coefficients, we shall use the
functions

2 2
2", 0<t<2¥,

a,(t) = 2
2n 2207 <t < o0.

Note that for large values of n, the dominant coefficient at the value t = 227 ig ay.
In fact Y jn O (22”2) is much smaller than «;, (22”2),

Z 22'1 Zz] +22n Z 2~ ]2

j#n j=n+l
<Zzn]+22n Z 2= nj
j=n+1
<on 2_n42

= 272, (227,
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Hence,
dem(c(227), K,) < 1+27"2d.

Thus the sequence (k (n))52 ;| is dense in Ky. Since each coefficient «;, is nonde-
creasing and concave, k is concave and the function g as defined by (60) is convex.
Clearly, lim,_, o g(x) = 0o. For some ¢ > 0, the function

fx)= 2—8(cx)

is the density of a log-concave probability measure 1 on R?. For each n € N,
Dy ={xeRe: f(x) >27"} = {x e R?: g(cx) < n} = c 'k(n). Hence the se-
quence (Dj/,)52, is dense in 4. By (7), the sequence (Fl/,,);’oz3 is also dense
in ICy.

We now use Theorem 1 with ¢ = 1. Let K4 denote a countably dense subset of
K4, and let K € ICy. For any ¢ > 0, there exists an increasing sequence of natural
numbers (k,)$° such that lim,— o dgm(F1/x,, K) = 1 and 352 393 (log k) 7! <
. By (5),

lim dBM(Pkn, K) =1
n— 00

with probability at least 1 — €. Since this holds for all ¢ > 0, K e clgm{P,:n € N,
n > d + 1} almost surely, Whgre clBM~denotes closure 1~n K4 with respect to dgm.
Since this holds for all K € K; and K, is countable, Ky C clgm{P,:n € N, n >
d + 1} almost surely. The result now follows since K4 is dense in K.
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