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DISORDER CHAOS IN THE SHERRINGTON-KIRKPATRICK
MODEL WITH EXTERNAL FIELD

BY WEI-Kuo CHEN
University of California, Irvine

We consider a spin system obtained by coupling two distinct Sherring-
ton—Kirkpatrick (SK) models with the same temperature and external field
whose Hamiltonians are correlated. The disorder chaos conjecture for the
SK model states that the overlap under the corresponding Gibbs measure is
essentially concentrated at a single value. In the absence of external field,
this statement was first confirmed by Chatterjee [Disorder chaos and multiple
valleys in spin glasses (2009) Preprint]. In the present paper, using Guerra’s
replica symmetry breaking bound, we prove that the SK model is also chaotic
in the presence of the external field and the position of the overlap is deter-
mined by an equation related to Guerra’s bound and the Parisi measure.

1. Introduction and main results. The phenomenon of chaos arose from the
discovery that in some models, a slight perturbation on the parameters such as
the temperature, external field or disorder will result in a dramatic change to the
system. In this paper, we will be concerned with the Sherrington—Kirkpatrick (SK)
model [12] and study its chaotic property mainly due to the change of the disorder.
Let us begin by recalling the definition of the SK model and the formulation of
the Parisi formula. Suppose that £ : R — R is a convex function satisfying £ (x) =
£(—x), &”"(x) > 0if x #0, and £® > 0 if x > 0. For each N, we consider a
centered Gaussian process H = Hy indexed by the configuration space Xy =
{—1, +1}" with covariance

EHy(o')Hy(0%) = NE(R12)
1

for o'} =(01,...,61{,),02=(012,...,01%,)e YN, Where

1
i<N

is called the overlap of the configurations o' and o'2. Let / be a random variable
and (h;);<n bei.i.d. copies of 4. Then the SK model with external field /2 possesses
the Hamiltonian

—H(O‘)+ Z hioi

i<N
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for o = (01,07, ...,0n) € Xy and its Gibbs measure is defined as

Gn(o) = %exp(—H(a) + Z hiai),

i<N

where Zy is a normalizing factor, called the partition function. Let us also define

1 1
pN:NEIOgZN=NE10g > eXP<_H(‘7)+Zh"Gi>'

oEXN i<N

This quantity is usually called the free energy for the SK model in physics and
its thermodynamic limit limy_, o, pny can be computed by the Parisi formula de-
scribed below.

Consider an integer £ > 0 and numbers

mmy=0<mj <--- <mp <myq1 =1,

(1.1

Qgg=0<qg1 < - <qr+1 <qr+2=1.

It helps to think of the triplet k, m, q as a probability measure p on [0, 1] that has
all its mass concentrated at a finite number of points g1, ..., gx+1 and u([0, gp]) =
mp forl < p <k+1.Letz,...,zx+1 be independent Gaussian r.v.’s with Ez%, =
£'(qp+1) —&'(qp) for 0 < p <k + 1. Starting with

Xk+2=10gcosh<h+ Z Zp)v
0<p=<k+1

we define by decreasing induction for 1 < p <k + 1,
1
Xp=—logE,expmpX,y1,
mp

where E, means the expectation on the r.v.’s zp,Zp11, ..., Zk+1. If mp, =0 for
some p, we define X, = E, X ,11. Finally, we define Xo = EX;. Set

k+1
(1.2) Pe(m, q) =log2+ Xo— 5 > mp(0(gp+1) —0(ap)),
p=1
where 0 (x) = x&'(x) — £(x). This quantity is the famous Guerra replica symmetry

breaking bound of the kth level [7] that yields a fundamental inequality, for every
k,m,q,

(1.3) pN = Pr(m, q).

Let us define the Parisi functional on the space of all probability measures on
[0, 1] consisting of only a finite number of point masses by P (&, h, ) = Pr(m, q)
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if u corresponds to (k, m, q). We define P(§, h) = infy m,q Pr(m, q), where the
infimum is over all choices of (k, m, q) as above. Then the Parisi formula says that

Jim py =P, h).

This formula was first rigorously proven in Talagrand [13]. It is well known
[7] that the Parisi functional is Lipschitz continuous with respect to the metric
d(p, u) = fol | ([0, g]) — 1/([0, q])| dgq. Thus, it can be extended continuously
to the space of all probability measures defined on [0, 1] and is denoted again by
P(&, h,-). Then clearly limy_, oo py =P (&, h) = minP (&, h, n), where the min-
imum is taken over all probability measures defined on [0, 1]. Any measure that
achieves the minimum is called a Parisi measure. Heuristically, one may think of
the Parisi measure as the limiting distribution of the overlap.

We are now ready to formulate the disorder chaos problem in the SK model. Let
0<t<1.Suppose that H! = H ,{, and H* = H,%, are two centered Gaussian pro-
cesses having the same distribution as H and they are correlated in the following
way,

(1.4) EH'(c')H?(6%) = Nt£(R12).

That is, we allow a portion 1 — ¢ of independence between two systems. Consider
the coupled Hamiltonian

—Hl(al) — Hz(az) + Z hi(cril —I—aiz)
i<N

on EIZV. Proceeding as before, we define its Gibbs measure by

1
Gyl oY) = - exp(~H'(0!) = #2(6%) + T hilo! +07) ),
N i<N

where the normalizing factor Z); is the partition function of this model. As we
have already mentioned in the beginning of this section, the chaos phenomenon
is concerned with the instability occurring in some spin glass models due to the
change of some external parameters. In the SK model, one very basic way to mea-
sure such instability mainly due to the change of the disorder, or, briefly, chaos in
disorder, is to study the behavior of the overlap. A typical statement one is looking
for in this case is that if 0 < ¢ < 1, the overlap takes essentially only one value
under G’y. This is quite different from the typical lack of self-averaging property
of the overlap in the low temperature phase when ¢ = 1. The phenomenon of chaos
itself was first conjectured by Fisher and Huse [6]. Early discussion on the disorder
chaos for the SK model can be found in [3] and [9]. For further references in the
physics literature, one may refer to [8]. However, the mathematically rigorous re-
sults have appeared only lately. In the absence of the external field, Chatterjee [4]
recently proved chaos in disorder and discovered that the overlap is concentrated
at 0.
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In the present work, we aim to prove that the disorder chaos also holds in the
presence of the external field, that is, Eh? # 0. Moreover, we find that when there
is chaos, the position of the overlap can be described by an equation, which is
related to the Parisi measure and can be formulated as follows. Suppose that p
is a Parisi measure. Recall that © minimizes the Parisi functional. We can ap-
proximate u weakly by a sequence of g,-stationary measures (u,) satisfying
PE, h, uy) — P(&, h). Here, by g,-stationarity, it means that the measure w,
minimizes the kth level Guerra replica symmetry breaking bound for some k de-
pending on n and P(&, h, u,) < P&, h) + &,, where ¢, | 0 (see Definition 3 be-
low). This approximation is for technical purposes that have played a crucial role
in Talagrand’s proof on the Parisi formula [13] and will also be of great importance
in our argument. For a given (k, m, q) corresponding to u, recall the definition of
Xo from (1.2). A very nice and useful fact about this quantity is that it can be
computed as E® (&, 0), where @ :R x [0, 1] — R is the solution to the following
PDE,

e __£'() <a2_<1>

1.5 0 00)? v R x [0, 1
a5 5= o nl0a)(5) ) Veperxio

with ®(x, 1) = logcoshx. For each n, let ®,, be the PDE solution (1.5) corre-
sponding to w,. From [14], we know that (®,) converges uniformly and we de-
note its limit by . Moreover, [14] yields that the first partial derivative of ® with
respect to x exists. From this, for each fixed 0 < v < 1, we define

oD BRI
(1.6) oy, t) =E—(h+x1,v) —((h+ x2,v) —u
0x 0x

forall0 <u <vand 0 <t <1, where x| and yx; are jointly Gaussian with EX12 =
E X22 =&'(v) and E 1 x2 = t&'(u) independent of 4. The motivation of ¢, comes
from the Guerra replica symmetry breaking bound for the coupled free energy that
will be explained in great detail in Section 5 below. An important fact about the
Parisi measure j in the case of Eh% # 0 is that the smallest value ¢ of its support
is positive. This is called the positivity of the overlap (see Chapter 14 [17]). When
v=cand 0 <t < 1, we are able to determine the number of the solutions of

(pC('v t) =0.

PROPOSITION 1. For each 0 <t < 1, there exists a unique u; in [0, c] such
that ¢.(us, t) = 0. Moreover, p.(c,t) <0for 0 <t <1 and ¢.(c,1) =0.

Now, the quantitative result of the disorder chaos in the SK model is stated as
follows.

THEOREM 1. Suppose that 0 <t < 1 and Eh® > 0. Then the SK model has
disorder chaos, namely, for any & > 0, the following holds:

N
(1.7) EG’N({("I’UZ)WRLZ—MH28})§Kexp<—E),
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where K is a constant depending on t, &, h, e and .

A consequence of Theorem 1 is that even though we do not know that the Parisi
measure ( is unique, the quantity u, is independent of the choice of . However,
the convergence rate K in (1.7) does depend on w. In [14] and [15], other types of
chaos problems in the SK model are also proposed, such as chaos in temperature
and chaos in external field. Again, the rigorous results are still scarce. Theorem 1
is the first result in chaos problems of any kind in the SK model with the external
field. To the best of our knowledge, the only other two instances of chaos problems
in spin glasses are in the work of Chatterjee [4], who proved chaos in disorder
in the SK model without the external field, and in the work of Panchenko and
Talagrand [10], who established chaos in the external field in the spherical SK
model.

The approach of the present paper is motivated by Talagrand’s proof on the
positivity of the overlap in the SK model; see Section 14.12 [17]. We also refer to
a sketch of a possible proof for the disorder chaos problem discussed in Research
Problem 15.7.14 [17]. However, it is by no means clear how to implement these
approaches properly that contain several technical issues and require some new
ideas. Here is our main result.

PROPOSITION 2. Let 0 <t < 1 and Eh* > 0. For ¢ > 0, there exists some
&* > 0 such that

1
PN = NElog Z exp(—Hl(al) — H*(0?) + Z hi(o! + af))
R1’2=u i<N
(1.8)

<2P(&,h)—¢*

for all u satisfying \u — us| > €, where €* is a constant depending on t, &, h, ¢
and 4.

As an immediate consequence of the Gaussian concentration of measure phe-
nomenon (see Theorem 13.4.3 in [17] and also the argument for the positivity of
the overlap on page 449 of [17]), Theorem 1 follows from Proposition 2. Let us
continue by giving a brief description of how we proceed to prove Proposition 2.
The approach for proving (1.8) is based on the Guerra replica symmetry breaking
bound that was first used for the coupled system in [13]. We divide our discus-
sion into three cases: —1 <u <0,0<u <¢/, and ¢’ <u < 1, where ¢’ satisfies
¢’ > ¢ and is very close to c. In the presence of the external field, we adapt a
similar argument as Talagrand’s proof on the positivity of the overlap (see Sec-
tion 14.12 in [17]) to conclude (1.8) for —1 < u < 0. In the case that 0 < u < ¢/,
if there is chaos, the system should exhibit “high temperature behavior” and u;,
should be determined by an equation related to the Parisi measure, as is the case
of the original SK model in the high temperature regime; see Chapter 2 in [16].
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This observation then leads to (1.8). The most difficult part of our study is the case
when ¢’ < u < 1. We establish an iterative inequality, which is very sensitive to
the parameter ¢. From the construction of the Parisi measure, we are able to find
parameters such that (1.8) holds even in the absence of the external field.

The paper is organized as follows. Throughout the paper, we denote by E the
expectation with respect to all randomness and we assume that the external field 4
satisfies Eh? > 0 and every Gaussian r.v. is centered. In Section 2 we first give the
formulation of an extended version of Guerra’s replica symmetry breaking bound
and explain why this is applicable to our study. We then continue to carry out the
core of the proof of Proposition 2. In Section 3 we state some results that help to
control Guerra’s bound. Most of their proofs can be found in [17]. Section 4 is de-
voted to proving (1.8) for —1 < u < 0 based on the same argument as Section 14.12
in [17]. In Section 5 we study how Guerra’s bound relates to the definition of ¢,
and give the proof of Proposition 1. Together they imply (1.8) for 0 < u < ¢'. Fi-
nally, we develop an iterative inequality and prove (1.8) for ¢’ < u < 1 in Section 6.

2. Methodology. Let us first state an extension of the Guerra replica symme-
try breaking bound. Suppose that —1 <u <1 and n € {—1, 41} satisfies u = n|u|.
For a given integer « > 1, we consider numbers

1 <1<k, TeN,
2.1 no=0<n; < <ne_1 <ne=1,
po=0=<pr=---<pr=ul<pry1 = =pt1=1

For 0 < p <k, suppose that we are given independent pairs of jointly Gaussian
r.v.’s (y]lj, yfzj) with

E(yp)? =E(y2)’ =&(0p11) — '(0))
such that

Ey,y,=ni(§' (pps1) =& (0p))  ifO<p<t

and

y}, and yl,z7 are independent if T < p <«.

These r.v.’s are independent of A. For our convenience, from now on, we set
sh(x) = sinhx, ch(x) = coshx, and th(x) = tanhx. Let A be any real number.
Starting with

YK+1:log(ch<h+ > y},>ch(h+ > ylz,)chk

0<p=x 0<p=«k

+sh<h+ > y},)sh(h—i— > yg)shx>,

0<p=x 0<p=k
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we define by decreasing induction for p > 1,

1
Y,=—logE,expn,Y, i,
np

where E,, denotes expectation in the r.v.’s y,{ for n > p. In the case of n, =0 for

some p, we set Y, = E, Y, 1. Finally, we define Yo = EY.

THEOREM 2. We have

PNu <2l0g2+ Yo —du—(14+1) Y np(0(pps1) —6(pp))

O<p<rt

— > np(0oprD) —6(pp)).

T<p<k

2.2)

Recalling Guerra’s original bound (1.3), (2.2) is a kind of two-dimensional
extension. Its proof is essentially the same as that of Proposition 14.12.4 [17]
and a more generalized version can be found in Section 15.7 [17]. One might
have already observed that from the definition of py , and (1.3), py., <2pny <
2P (m, q) for any k, m, q. Before we proceed to state our main results in this sec-
tion, let us illustrate that for any given k, m, q, we can find parameters (2.1) such
that the right-hand side of (2.2) is equal to 2P (m, q). This recovers the inequality
PN.u < 2Pr(m, q). To do this, let k, m, q satisfy (1.1) and 7 with 1 <7 <k 42
satisfying

Gr—1 = |u| < gx.

Without loss of generality, we may assume that |u| is in the list of q. Indeed, we
can always consider a new triplet K + 1, m’, ' obtained by inserting |u| into q and
keeping m fixed in the following way:

m/:m/pzmpforOSpfr—l,mp_lifp:r,andmp_lift+l§p§k+2,

q:q,=qgpfor0<p<t—1,Julifp=r,and gy fort+1<p <k+3.

Then |u| is in the list of ¢" and from (1.2), one can easily check that Py (m, q) =
Pr+1(m’, q'). Let us notice that this concept, though simple, will simplify many of
our future discussions.

We specify the following values for (2.1):

k=k+1,
(2.3) ”":1m—:z ifo<p<t and m, ift<p<ck,

Pp=4dp forO<p <k +1.



3352 W.-K. CHEN
Let A = 0. From Theorem 2, it follows that

PN <2log2+Yo— > mu(0(gpr1) —0(gp)).
0<p<k+1

Let yé, yg, ey y,i e y,f 41 be jointly Gaussian r.v.’s defined in Theorem 2 and
be independent of h. For j =1, 2, we define (X ;;)05 p<k+2 in the same way as
(Xp)o<p<k+2 by using k,m, ¢, and (yé)ofpka. Since y}, and y[% are indepen-
dent of each other for each t < p <k + 1, it implies Y; = Xi + X%. To bound Yy

from above, we need the following lemma, which can be proven by following the
same idea as Proposition 12 in Section 6 below and is left to the reader.

LEMMA 1. Suppose that n is a constant which takes value 1 or —1. Consider
two jointly Gaussian rv.s y1 and y, such that Ey12 = Ey% and Ey1y; = ntEyIZ.
Consider two functions Fy and F» such that their first four derivatives are uni-
formly bounded. Then for any values of x1, xo and m > 0 we have

141¢ m
log E ex
S P

(Fi(x1 + y1) + F2(x2 + y2))
2.4)
1
< Z —logEexpmFj(xj + y;).

) m

j=172
Since y}, and ylzj satisfy Eyéyi = mE(yIl))2 = ntE(y%)Z for 0 < p < 7, using
(2.4) and decreasing induction, Yy < X(l) +X2=2X o. Hence, we conclude that for
any given numbers k, m, q, we can find parameters (2.1) such that P (m, q) can be
recovered by the right-hand side of (2.2), thatis, py , < 2Pk (m, q). Now, to prove
Proposition 2, we have to find suitable parameters (2.1) for Guerra’s bound. It turns
out that this can be done and leads to the following three crucial propositions. First,
we have the following result.

PROPOSITION 3. For 0 <t <1, there exists a number * < 0 depending only
ont, & and h such that for every u <0, py., <2P(&, h) —¢&*.

This proposition means that the overlap takes essentially nonnegative values,
which is mainly due to the presence of the external field, that is, Eh> # 0. Let 11 be
the Parisi measure and ¢ be the smallest value of its support. Recall the definition
of ¢, (u,t) corresponding to u from (1.6). Two crucial facts about Yy that will be
derived in Sections 3 and 5 below are that for arbitrary choice of (2.1), the second
partial derivative of Yy with respect to A is bounded by 1 and if we choose (2.1)
properly, the first partial derivative of Yy at A = 0 roughly gives the formulation
of ¢.. From Guerra’s bound and these facts, they imply our next proposition.
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PROPOSITION 4. ForO<u<cand0 <t <1 we have

(2.5) PN.u < 2P, ) — Spc(u, )%

If 0 <t < 1, then there exists a y > 0 depending on the Parisi measure | and t
such that

(2.6) PNu S2PE h) — feeclc, 1)’

foreveryc<u<c+y.

At last, we investigate the upper bound for py , when u > ¢’ for some fixed
¢’ > c. This strongly relies on the assumption that these two SK models use differ-
ent disorders, that is, 0 < ¢t < 1. Our main result is stated as follows.

PROPOSITION 5. Suppose that 0 <t < 1 and ¢ < ¢’ < 1. Then there exists
€* > 0 such that py, <2P(&, h) — &* for every ¢’ <u <1, where &* depends
onlyont,&,h,c.

These propositions are the main ingredients of the proof of Proposition 2 and
their proofs are deferred to Sections 4, 5 and 6, respectively. Now, let us proceed
to prove Proposition 2.

PROOF OF PROPOSITION 2. Let0 < ¢ < 1 be fixed. From Proposition 3, there
exists ¢} depending only on ¢, £ and & such that for every —1 <u <0,
(2.7 PN.u <2P (&, h) —e&].
Now, for given € > 0, we set
&= %min{goc(w, N*:0<w<c,|w—ul> e}.

Since u; is the unique solution of ¢.(-, t) in [0, c], it follows that 85‘ > 0 and from
(2.5),

(2.8) pnu <2PE h) — &3,

whenever 0 < u < c and |u — u,| > ¢. Since we also know ¢.(c, t) < 0, from (2.6),
there exists some y > 0 depending only on u and ¢ such that

(2.9) pNu <2P(&, h) — &3

for every ¢ <u < c¢ + y, where &§ = ¢.(c,1)?/16 > 0. Let us put ¢’ = ¢ + y in
Proposition 5. Then there exists €; > 0 depending only on ¢, &, &, ¢’ such that

(2.10) pNu =2PE h) — &},

whenever ¢ < u < 1. Finally, we obtain (1.8) by combining (2.7), (2.8), (2.9) and
(2.10) together and letting £* = min(e7, €5, €3, ;). [
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3. Preliminary results. Let k,m,q be given by (1.1). Suppose that
(2p)o<p<k+1 are independent Gaussian r.v.’s with Ez?7 =£&'(qp+1) —&'(gp). Start-
ing with Agy2(x) =logchx, we define

1
(3.1 Ap(x)=m—logEexpmpAp+1(x+zp)

p
forO<p<k+1.1tm, =0, wedefine A,(x) = EA,;1(x+zp). Recall X( from
(1.2). It should be clear that

Xp=Ap<h—|— Z zn)

O<n<p

for every 1 < p <k + 2 and X9 = EAo(h). Since we will be working with
(Ap)o<p<k+2 for much of the remainder of this paper, we summarize some quan-
titative results in Lemma 2.

LEMMA 2. Forevery 0 < p <k+ 2, we have
Ap0) =Ap(—x), AL <1,

C
3.2 — < A'(x <min<l,—>,
(3:2) Cch?x — p( )< ch®x

AP <4, [AP] <8,

where C is a constant depending only on &.

PROOF. The Poisson—Dirichlet cascade was of great importance in the study
of the random energy model and generalized random energy model in [5, 11]
and was put forward to the SK model, in particular, in [1, 2]. Following sim-
ilar ideas in these works, it is known from Theorem 14.2.1 [17] that A, has
a very beautiful representation via the Poisson—Dirichlet cascade [see (3.3) be-
low]. Our argument will be started with such representation and is concentrated
on the inequality A/[; x)=<cC (Chzx)_l. For the other statements, one may refer
to Lemma 14.7.16 [17]. Since A, is an even function, it suffices to prove that
A/[; (x) < Cexp(—2x) forall x > 0. Let 7y > 1 be the smallest integer with m,, > 0
and 1, < k be the largest integer with m,, < 1. Suppose for the moment that there
exists C1 > 0 such that A;;(x) < Crexp(—2x) forall x >0 and 71 < p < 1p. By
definition of A, for all x > 0 and 0 < p < 71, we have that

A,,(x):EA,l()H— > zn>

p<n<t|
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and then

A’,;(x)zEA’;l<x+ > zn)

p=n<t|

§2Clexp(—2x)Ech(2 > zn)

p=n<t

=2C1exp(2(8'(qr,) — &'(qp))) exp(—2x).
Also for all x > 0 and 1p < p <k + 2, it is easy to see that

Ap(x) = logEch<x + > zn> =logchx + %(E/(l) —&'(qp))
p<n<k+2

and so A;Q (x) = (chzx)_1 < Cyexp(—2x) for some constant Cp > 0. If we set
C = max(Ca, 2C; exp(2£'(1))),

then A/Ig(x) < Cexp(—2x) for all x > 0 and 0 < p <k + 2. So in the following,
we may assume, without loss of generality, that 0 < m,my <l and 1 < p <k.
Also, from the discussion right below Theorem 2, we may let 0 < m; < my <
cee<my < 1.

For p’ with p < p’ <k and j,, jp41,..., jy—1 € N, we consider a nonin-
creasing rearrangement (u Jpdpet-dp 1 j)jen of a Poisson point process of inten-

sity measure x ™"~V dx. All of these are independent of each other. For o =
Ups Jp+1s--es Ji) € NEHI=P e set

* . P “ e P .
Uy =UjpUjpjpr1 " Wjpipr1-jk

and

*
uOl

Xyuy
This family of random weights is called the Poisson—Dirichlet cascade associated

with the sequence 0 <m, <m,41 <--- <my < 1. For each p’ with p < p’ <k,
let us consider a sequence of independent copies of z,,

Vg =

(Zp,’jp’jpﬂwwjp/)jpvjpﬂ,---,jpfeN'
These sequences are independent of each other and of (uj,j,. .- jy_1j)jeN for
p<p <kand j,, jpt1,..., jy—1 € N. To simplify the notation, for o =
Ups Jpt1s--es Ji) € NKHI=P we write

pla =P fppttsendy
Then from Theorem 14.2.1 [17],

1
(3.3) Ap(x) = Elogy vych(x +z4) + E(E'(l) — &' (qk+1)),
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where

o = Z Zp/,Ol‘

p=p'sk
Taking derivatives, we obtain
Al =1~ E(ZO’ Vo Sh(x + Z“))z
2o Vo ch(x + 2a)

_ E(Za Ve (Ch(x +2z4) — sh(x +z4))
2o Vo ch(x + o)
y 2o Va(h(x +2¢) +sh(x + Za)))
Za Vg ch(x + z¢)

2o Vo €Xp(—2q)
> o Vo ch(x + 2¢)
Za Vo exp(—za)) exp(—2x),
Za Vo eXP(Za)
where the first inequality holds since chy — shy = exp(—y) and [shy| <chy,

while the second inequality follows from 2chy > exp y. Let us now turn to the
computation of this quantity

T )
> o Va €XP(Za)
Set F(xp, Xpt1s...,Xk) = prpfkapr for (xp, Xp41,...,Xk) € Rk+1=P Fora €
Nk+1-r_ define the random variables

F(Ol) = F(Zp,a, cee Zk,Ol)a
U(a) = exp(—2F ().

< 2E< ) exp(—x)

<4k

Then we can write

U F
) ), = g Za eV exp P @)
o Vo ©Xp F ()
Starting from

we define by decreasing induction for p < p’ <k,

1
Fp = ﬁlong/expmp/ A1
p

where E,» means the expectation with respect to the r.v.’s 2, Zpr g1, ..., 2k We
also define for p < p’ <k,

Wy =expmp (Fpi1 — Fp).
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From formula (14.27) in [17], (3.4) can be computed as

(3.5) Vp = EWpWpi1 - Wiexp(—2Fis).
Using the independence of z, Zp+1, ..., 2, it is easy to compute that
p—1 1k
Fy = Z Zn + 5 Z f (Gn+1) —§& (QH))
n=p n=p

Therefore, we obtain
2

m=,
T € () — s’<qp/)))

Wy = exp(m,,fz;, )

and from (3.5), this implies
k

k 1
Yp = Eexp( > (mpy — 2z — > > mi/(é’(anurl) - S/(Qp’)))

p'=p p'=p

1 k
=exp<5 > (=2 =m})(E <qp+1>—s(qp/)))

p'=p

k
= exp<2 Z (I =mp) (& (qp11) — 5/(C]p/))>

p'=p
< exp(2¢'(1).
Finally, we are done by letting C = 4exp(2¢'(1)). O

As a consequence of Lemma 2, we have the following lemma.

LEMMA 3. There exists a number M depending only on & and h such that for
every0<p <k+2,

1
(3.6) EA)(h+ x1)A)(h+x2) = o7
(3.7) EAL(h+ x{)AL(h+ X)) = —

where x{, x5, X1 x5 are jointly Gaussian r.v.s with the same variance §'(qp) and
E x1 x5 =0 independent of h.

PROOF. The first inequality is Lemma 14.12.8 [17] and from there a similar
argument yields the second inequality. [

Recall that the external field 4 in this paper is always assumed to satisfy
Eh?* > 0. Based on this assumption, we set up the definition for the Parisi mea-
sure.
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DEFINITION 1. Given ¢ > 0, we say that k, m, q satisfy condition MIN(e) if
the following occurs. First, the sequences

m = (mo, mi, ..., Mg, Mi+1),
q=1(q0, 91, - qk+1, Gk+2)
satisfy
mo=0<m) <---<mp <mpy1 =1,
q0=0<q1 < <qrt1 <qr+2=1.
In addition,
Pe(m,q) <P, h)+¢
and
Pr (m, q) realizes the minimum of Py over all choices of m and q.
DEFINITION 2. Suppose that u is a probability measure associated to k, m, q.

Then we say that u is e-stationary for some & > 0 if k, m, q satisfy condition
MIN(e).

Let us note from Lemma 14.5.5 [17] that for any given ¢ > 0, we can find an
&-stationary measure  associated to some k, m, (.

DEFINITION 3. We say that a probability measure w is a Parisi measure (cor-
responding to the function £ and external field £) if there exist a sequence (&;)
with &, | 0 and a sequence of probability measures (u,) such that the following
two conditions hold:

WUn 18 g,-stationary,
W is the limit of ().
Definition 1 is the same as Definition 14.5.3 [17], while our definition of the
stationarity in Definition 2 is stronger than that in Definition 14.11.4 [17]. This

is for technical purposes and it should be clear that under these assumptions, our
future arguments are still valid.

LEMMA 4. Suppose h # 0 and k, q, m satisfy condition MIN(¢g). Then for
l<p=<k+1,

(3.8) EW - Wy 1A, (p)? = qp,
(3.9) £ (g EW1 - Wy A (gp)* < 1+ Me'/°,
where {p =h + 3 o<, 2n and

Wy = expmp(Ap+l(§p+l) - Ap(gp)) =expmp(Xpt1 — Xp).
Here, M is a constant depending only on & and h.
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PROOF. These results are (14.222) and (14.461) in [17]. O

At the end of this section we will find a manageable bound for py , via Guerra’s
bound. Recall that the right-hand side of (2.2) depends on (2.1). If we keep every
parameter but A fixed, then it is a quantity depending only on A and, for clarity,
we denote it by «(X). For the same reason, we also think of Yy as a function of A.
Recall the r.v.’s (y,],)ogpf,(,jzl’z defined in Theorem 2. Suppose that (y,)o<p<«
are independent Gaussian r.v.’s with E(yp)2 =E&(pp+1) — & (pp) for 0 < p <«.
Starting with

Dy41(x) =logchux,

we define D), for 0 < p < « by decreasing induction:

1
—log E,expnpDpi1(x + yp), ift<p=<«k,
_ ]
Dp(x)—
——log E,exp(l +1¢ D , if 0 < T,
(1+l‘)l’lp gLy XP( + )np p+1(x+yp) 1 =p<

where E, means the expectation with respect to y, for p <n <«.If n, =0 for
some p, then we define D,(x) = E,Dpy1(x +yp). For j=1,2and 1 < p <
K+ 1, set

G=h+ > vl

O<n<p
PROPOSITION 6. Ifn, =0 for every 0 < p < 7, then
(3.10) Yo(0) = ED-(¢}) + ED:(¢2),
(3.11) Y5(0) = ED, () Dy (7).
For the second derivative of Yo, we have for every A,

(3.12) 0<YJ() <L

PROOF. The proofs of (3.10) and (3.11) are essentially the same as that of
part (b) of Proposition 14.6.4 [17]. Also, (3.12) and Lemma 14.6.5 [17] have the
same proof. [J

COROLLARY 1. We have

(3.13) pnu =infa(d) =a(0) — %a/(O)z-

PROOF. This is an immediate consequence of (3.12). [l
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Let us remark here that (3.13) helps us in at least two ways: First, it reduces the
difficulty of choosing parameters since we do not have to choose A now. Second,
this inequality gives us a reasonable way to choose parameters. Roughly speaking,
in many cases, we choose parameters in such a way that the quantity «(0) is very
close to P(&, h), while the term o’ (0)2 /2 is the error that we expect to obtain on
the right-hand side of (1.8).

4. Proof of Proposition 3. This section is devoted to proving Proposition 3.
Our approach is based on Talagrand’s proof of the positivity of the overlap in
Section 14.12 [17]. Suppose that u = —v for 0 < v < 1. Proposition 3 relies on the
following two results:

PROPOSITION 7. There exists § > 0 and gy > 0 depending only on § and h
with the following property. Whenever we can find k, m, q that satisfy condition
MIN(gg) and for an integer s with 1 <s <k +1,

ms_1 <6 and q5z>v—34,

then we can find parameters in (2.2) such that py , <2P&,h) —1/M, where M
depends only on & and h.

PROPOSITION 8. Consider § as in Proposition 7. Then we can find 1 > 0
with the following property. Whenever we can find k, m, q such that Pr(m, q) <
P, h) + ¢1 and an integer s with 1 <s <k +1,

mg>6 and gz <v-—§,

then we can find parameters in (2.2) such that py , <2P(&,h) —1/M, where M
depends only on & and h.

PROOF OF PROPOSITION 3. Let v > 0. Consider §, g as in Proposi-
tion 7 and e; as in Proposition 8. Suppose that k,m,q is a triplet satisfy-
ing MIN(min(eg, £1)). Here, the existence of such k, m, q is ensured by Lem-
ma 14.5.5 [17]. Let 1 <s < k + 1 be the largest integer such that m;_; <§. If
gs > v — 8, we apply Proposition 7. Otherwise we have g; <v —§. If s =k + 1,
then my =myy1 =1>46. If s <k + 1, then from the definition of s, my; > §. In
both cases, we conclude Proposition 3 by using Proposition 8 and we are done.

0

Note that since the proof of Proposition 8 is essentially the same as that of
Proposition 5, we defer it to Section 6. Now we turn to the proof of Proposition 7
and proceed with the following lemma:
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LEMMA 5. Suppose that A:R — R has uniformly bounded first and second
derivatives. Consider two independent pairs of jointly Gaussian r.v.’s (x1, x2) and
(X1» x3) all of variance a, and a standard Gaussian r.v. . These rv.s are inde-
pendent of h. Then we have

|EA'(h+ x)A'(h+ x2) — EA'(h + x{)A'(h + x5)|

4.1)
<|Exix2 = Exixa| EA"(h + x+/a)*.
PROOF. This is a typical application of the Gaussian interpolation tech-
nique and the Cauchy—Schwarz inequality. For details, one may refer to Lem-
ma 14.9.5[17]. O

Suppose that k, m, q is a triplet satisfying MIN(¢). Based on our discussion
in Section 2, we may assume, without loss of generality, that v = g, for some a.
The only thing we have to keep in mind is that when using (3.9), we will not be
able to use the value p = a. From the assumption that g; > v — &, we divide our
discussion into two cases v — 8§ < g; < v and ¢, > v. First, let us proceed with the
case that for an integer s with 1 <s <k +1,

“4.2) mg_1 <6 and v—08<gqg;<wv.

Note that s < a. We consider the following numbers:

T=1,
Kk=k+2—a,
4.3)
no =0, ny=mg, ny=mgyi,..., e =mpq1 =1,
po =0, Pl =7V =(q, P2 =dqa+1s--, Pe+1 =qr+2=1

and apply (4.3) to Theorem 2. Recall that we use o to denote the right-hand side
of (2.2).

LEMMA 6. Assuming (4.2) and (4.3), we have

4.4) a(0) <2Pr(m, q) + Mé.

PROOF. The proof is essentially the same as that of Lemma 14.12.7 in [17].
O

In view of (3.13) and (4.4), our goal is then to bound «’(0) from below. Propo-
sition 6 implies that D1(x) = A, (x) and so

4.5) @'(0) = EA,(h + x) A, (h + x2) + v,
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where x; and x» are Gaussian with E(x1)? = E(x2)? = £ (v) and Exjx2 =
—t&’(v) independent of /. Consider two independent Gaussian r.v.’s x; and x,
with E(X{)2 = E(Xé)2 = &’(v) independent of h. By using (4.1),

EA(h+ x)AL(h+ x2)

> EAL(h 4 x}) AL (h + x3) — 1€’ W EAL(h + x /&' (),

where x is standard Gaussian independent of &. Since &' (v) < v€”(v), it follows
that from (4.5),

o' (0) = EA (h+ x])AL(h+ x3) + v(1 — tE" W) EA” (h + x VEW))?)
(4.6) =EA (h+ x))AL(h+ x}) +v(1 — 1)

+1v(l — E"WEA" (h + xVEW))?).
To use (4.6), we have to bound the quantity

£ () EA}(h+ x| (v))
from above. The starting point of the proof is that from (3.9),
4.7) §" (@) EW1 -+ Won1 A{(6)% < 1+ Me'/®,
where ¢ =h 4> o<y zn and W, =expm p(Ap+1(p+1) — Ap(Ep)).

LEMMA 7. Assuming (4.2), there exists 6o > O depending only on & and h
such that when & < 8¢, we have

48) &' WEAL(h+ x5 W) <€ () EW: -+ Wy_1 AL (5)? + MA/G.
PROOF. Thisis Lemma 14.12.9in [17]. O

As a conclusion, by assuming (4.2) and using (4.3), we see that (3.6), (4.6),
(4.7) and (4.8) together imply

1
(4.9) o' (0) > e Mg — M/s
for § < éy.
Next, let us consider the other case that for some 1 <s <k + 1,
(4.10) mg_1 <6 and g5z >v=gq,.

Since gg4+1 > g4 > v — 8 and m, < my;_1 <§, we may assume, without loss of
generality, that s = a 4 1. Consider the following numbers:

T=1,
Kk=k+2—a,
(4.11)
no =0, n; =0, ny =mg4i,..., ne =mp4y =1,

pOZO’ ;Ol:v:qga pZZQu+la~-', pK+1:qk+2:1
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and apply (4.11) to (2.2).

LEMMA 8. Assuming (4.10) and (4.11), we have
4.12) a(0) <2Pr(m, q) + MS6.
PROOF. A similar proof as Lemma 6 yields the announced statement. []
Again, our goal is to bound «’(0) from below. From (3.11), we have D, (x) =
Ag41(x) and then
(4.13) a'(0)=EA, 1 (h+ x)A, 1 (h+ x2) +v,

where x; and y» are jointly Gaussian with E(x1)?> = E(x2)? = £'(gus1) and
E x1x2 = —t&'(v) independent of i. Let x{ and x} be two independent Gaussian

r.v.’s with E()({)2 = E()(é)2 = &'(gq+1) independent of /. Using (4.1), we obtain
EA, ((h+ xDA, . (h+ x2)
(4.14) > EAq iy (h+ x1)Ag (h + x2)

—t&' W EA (b + XM)z,

where x is standard Gaussian independent of /. Let us apply p =a + 1 to (3.9)
and use the fact g,41 > v. Then we have

é//(U)EWl WaA//Jrl(Ca-i-l) = 5//(Qa+l)EW1 WaA/a/Jr]({a-i-l)z

(4.15)
<1+ Mo,

LEMMA 9. Assuming (4.10), we have
(4.16) E\Wy---Ws_1 — 1| <M.

PROOF. One can find the proof from Lemma 14.12.9 [17]. O

Using (4.16) and EA”H(Q,H) =EA)_ (h+ xv& (qa+1) ))2, it follows that
from (4.15),

(4.17) E"WVEAL (h+ x € (qay1)” <1+ M+ M/
and from (3.6), (4.13), (4.14), (4.17) and &' (v) < vE”(v), we then have
o' (0) = EA,yy (h+ x1)Agpa(h+ x3) +v

—tE' WV EAL (h+ x+/&(qar1)

1

> —+v(l =)+l —§"WEA; (h+ x\/& (Gas1)’)

— M§— Mel/°.

(4.18)

§|~E
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PROOF OF PROPOSITION 7. First we complete the proof for the case (4.2).
Let M/ be the constant obtained from (4.4) and (4.9) and assume, without loss of
generality, that My > 1 and 1/16M7} < 8. Set§ = 1/16M}.If e <&y = (1/4M?})S,
(4.9) implies

, 1 M, M 1
My 4AM;  AM{  2M,
and combining this with (4.4) yields

1
infa(A) <2Pr(m,q) + M16 — —= <2P(, h) +2¢0 — .
nfo(d) % (m, q) 1 SM2 (&, h) 0 1007
Letting e¢ be sufficiently small completes our proof of this case. For the second
case (4.10), using (4.18) and Lemma 8, we may argue similarly to obtain the an-
nounced result. [J

5. Proofs of Propositions 1 and 4. Given 0 < v < 1, recall the definition of
@y from (1.6). In this section we first study how the Guerra bound relates to ¢, and
then study some of its basic properties to conclude Propositions 1 and 4.

Let k, m, q be given by (1.1). Suppose that u is the probability measure associ-
ated to k, m, q and @ is the corresponding solution of (1.5). Recall the definition
of (Ap)o<p<k+2 from (3.1). Then ® and (A,)o<p<k+2 can be related in the fol-
lowing way. Let (g,)0<p<k+1 be i.i.d. standard Gaussian r.v.’s. For g € [0, 1], we
have that ®(x, 1) = Ag42(x) if g =1 and

1
P(x.q) = ——log EexpmpApei (x +8p\& (gp41) = &'()).
P

if g, <q <qpy1 forsome 0 < p <k + 1. In particular, for 0 < p <k + 2,
(5.1) D (x, qp) = Ap(x).

For fixed # and v with 0 <u <v < 1, we suppose ¢, < vV < g4+1 for some 0 <
a < k + 1 and consider numbers

T=1,

k=k+3—a,

nog =0, n; =0, ny =mgy,
5.2)

n3 =mg4i,..., ne=mpp1 =1,

po=0, pL=u, ;P =v,
P3 =4qa+1s---, PK+1=6]k+2=1-

Let us apply (5.2) to (2.1) and recall that we use «(A) to denote the right-hand side
of (2.2). Recall that c is the smallest value of the support of the Parisi measure.
Since Eh? # 0, the positivity of the overlap implies ¢ > 0.
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LEMMA 10. For0 <6 < ¢, we have
(5.3) a(0) < 2P (m, q) + ([0, ¢ = 81)8(1) + (O (v) — O(c — 9)),..
The derivative of o at O can be computed as

(5.4) pon od od
. a(0)=E—(h+x1,v) —((h+ x2,v) —u,
ox ox

where x1 and yxp are two Gaussian rv.’s with E()(l)2 = E()(z)2 = &'(v) and
E x1x2 =& (u) independent of h.

PROOF. Without loss of generality, we may assume that v =g, and u = gqp
with 0 < b < a. Let us write

Y npop) —0(0p) = D mp(B(gpr1) —60(gp))

(5.5) 1<p=k a<p=<k+1
= > mp(6gp+1) —0(gp)) - C,
1<p<k+1

where

C= Y mpBgp+1) —0(qp)).

1<p=<a-1
If g, <c— 46, then
C <max{mp:q, <c— 8} Z (0(gp+1) — 6(qp))
0<p=<a-—1
< ([0, c — 81)6(1);
if g, > ¢ — &, then

C <max{m,:qp, <c—3)} Z (0(gp+1) —0(gqp))
0<p=a-1

+ > 0(qp+1) —0(gp)

0<p=<a—-1l:gp>c—$
< u([0,c —81)0(1) +0(v) — O(c — ).

So (5.3) holds. From (3.10), we have D>(x) = A,(x) and, consequently, Yo =
2EA4(h + x), where x is Gaussian with Ex? = £'(g,). Since x has the same
distribution as 205 p<alps from Jensen’s inequality, A,(x) > EA,1(x +z)) and
iterating this inequality implies

Eau(h+ Y 2) < B

0<p<a
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So Yg <2EAp(h) =2Xo and this together with (5.5) yields (5.3). Next, using
(3.11) and (5.1), we obtain

Yo(0) = EA) (h + x1)A,(h + x2)
P 0d
= E_(h + Xla Qa) _(h + X2, C]a),
ax ox

where x; and x, are jointly Gaussian with E(x1)? = E(x2)* = &'(qq) and
E x1x2 =t&'(gp) independent of . This completes our proof. [

Now, suppose that u is a Parisi measure and c is the smallest value of its support.
By Definition 3, u is the limit of a sequence of ¢,-stationary measures (u,) such
that P(§, h, un) — P(&, h). By Definition 2, for each u,, there exist k, m, q satis-
fying MIN(¢g,,). Here, to clarify notation, we keep the dependence of k, m, q, and
&, on n implicit. For u and v satisfying 0 < u < v < 1, we consider numbers (5.2)
associated to u, v and u,, and we use o, to denote the right-hand side of (2.2).
Suppose that ®,, is the solution of (1.5) associated to w,. Recall that we define
@ as the uniform limit of (®,). An argument similar to the proof of Theorem 3.2
[14] implies that in the sense of uniform convergence,

id D,

- = lim -
ox! n—>oo gx!

onR x [0,1] fori =1,2,3.

PROPOSITION 9.  For any u and v satisfying 0 <u <v < 1, we have

(5.6) limsupoa, (0) <2P(E, h) + (Q(U) — 9(6))+
n— 00
and
0d 0d
5.7 lim ot,;(O)=E—(h+)(1,v)—(h+)(2,v)—u,
n— 00 0x 0x

where yx1 and x2 are jointly Gaussian with E()(l)2 = E()(z)2 = &'(v) and
E x1x2 = t&'(u) independent of h.

PROOF. Using (5.3), we have for 0 < § < c,

lim sup «;, (0)

n—oo

<2P(&, h) +limsup w, ([0, c = 81)0 (1) + (0 (v) — O(c —8)) .

n—oQ
=2PE, b))+ (0@) —0(c—9)),
and this implies (5.6) by letting é tend to zero. For (5.7), we use (5.4). U
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Let us now turn to the study of some basic properties of ¢.. Recall from (1.6)
and (5.7), for fixed 0 < v < 1, ¢, is defined by

@p(u, 1) = lim a,(0)
n—>oo

for 0 <u <vand 0 <t <1, where x; and xp are jointly Gaussian r.v.’s with
E()(l)2 = E(X2)2 = &'(v) and Ex;x2 = t&' (1) independent of h. For given
k, m, q, let us recall the definition of (A;)o<p<k+2 from (3.1). We also recall the
definitions of (Wp)1<p<k+1 and ({p)1<p<k+1 from Lemma 4. Let us proceed with
the following lemmas.

LEMMA 11. Lete > 0and 0 < § < c. Suppose that | and I’ are fixed integers
with1 <l <l'<k+1.Ifm, <¢ foreveryl <p <l —1, then

(5.8) E\W\Wy---W;_1—1| < Mes.
Ifc—8<qp <qpforeveryl <p <, then
(5.9 EW Wy Wi (|[WiWiy--- Wy = 1| = Myqr —c+6.

Here, M depends only on & and h.

PROOF. Similar arguments as (14.468) and (14.469) in [17] will yield the
announced results immediately. [J

LEMMA 12. We have

P 2
(5.10) E(—(h+x,c)> =c,
ox

3P 2
(5.11) £OE(S 3G+ x0) <1,
dx2
where x denotes a Gaussian rv. with E x* = £'(c).

PROOF. Recall that each u, corresponds to k,m, q and €. Since 0 < ¢ < 1,
for each n there exists some 0 < s < k + 1 such that g; < ¢ < g5+1. Let us first
claim that

(5.12) lim E|W{---W;_1—1]=0
n—oo

and if lim,,—, o0 ¢s+1 = ¢, then we further have

(5.13) lim E|Wj---W; —1|=0.
n—oo

Let 0 < § < ¢ be fixed. Suppose that 1 </ < s + 1 is the largest integer such that
qi—1 < ¢ — 4. Since limy,_, o 1y ([0, ¢ — 8]) = 0, we have that for large n, m, < ¢
for every 0 < p <[ — 1. Using (5.8),

(5.14) E\WiWy--- W1 — 1| < Me.
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On the other hand, since ¢ —§ < ¢, < c < g,y forl < p < s, using (5.9), we also
get

(5.15) EW{Wp-- Wi |[W,Wis1 - Wemi — 1| S My/g; —c+8 < M/

and

(5.16) EWiWy-- - W |WWiq--- Wy = 1| <M/gs41 —c+6.
Using the triangle inequality, (5.14) and (5.15), it follows that
limsup E|W Wy --- Wy_1 — 1]

n—oo

<limsup EW Wy - - Wi_1|WiW;1--- Ws_1 — 1]

n—oo

+ limsup E|W Wy ---W;_1 — 1|

n—oo
< lim M~V$+ Me
n—oo
= M+3.

Similarly, if lim,_, o gs+1 = ¢, using the triangle inequality, (5.14) and (5.16), we
obtain
limsup E|W W5 --- Wy — 1]

n—oo

<limsup EW{W--- W Ej|WWpq--- Wy — 1]

n—oo

+ limsup E|W Wy --- Wi_1 — 1|

n—oo
5,1121(}0]”\/%“ —c+8+ Me
= lim M~§ + Me
n—oo
= M.

Since § > 0 is arbitrary, our claim follows.
Now, let us assume, without loss of generality, that the following limits exist:

lim g, lim g4.1, lim mg
}’l—)Oqus n—)Oqu—'_l n— o0 §

and denote them by c_, c4 and m., respectively. If c_ < ¢ < ¢, then the first in-
equality implies m,. = 0, which leads to a contradiction since the second inequality
implies m. > 0. Thus, we may assume

5.17) eitherc_=c or c4y=c.

Note that from the stationarity of 1, g, = 0 if and only if p =0, and also g, =1
if and only if p = k+ 2. If g; = O for all but finitely many n,thens +1=1<k+1



DISORDER CHAOS IN THE SK MODEL 3369

for large n and so ¢+ = c. If g;4-1 = 1 for all but finitely many », then s = k + 1 for
large n and so c_ = c. Finally, if 0 < g; and g4+ < 1 for infinitely many #z, then
these s satisfy 1 <s < k and (5.17). Hence, in the following argument, we assume
further that one of the following cases holds:

(i) 1<s<k+1forallnandc_ =c.
(i) 1<s+1<k+1forallnandcsy =c.
(ii1) 1 <s <k forall n and (5.17) holds.

If (i) holds, then from (3.8), (3.9) and (5.12), we have
e(22a T lim EA.(h 2
a( +ch) _}’ILITOIO s( +XS)
= lim EW) - W1 A{(h + Xs)°
n—oo :

= lim
n—>oo qS

=c

and

s//( E 32q> h 2_ Ii " EA// h 2
OB\ 37+ x. 0 ) = lim &g EA;(h+ xs)

< limsup&”(gs) EWy --- Wy_1 AV (h + x5)°

n—oo

<1

— ’

where x; is Gaussian with E()(s)2 = &(gy). If (ii) holds, again from (3.8) and
(3.9), we have

EWy--- VVSA;_H(h + Xs+1)2 =d4s+1,
é//(QS—I—l)EWl o Wy ;/+1(h + X5+1)2 <1+ Mel/o,

Using (5.13) and proceeding as in (i), we obtain the announced results, where
Xs+1 is Gaussian with E(xs11)> = &'(gs41). Finally, for the case (iii), the same
argument completes our proof. [

PROPOSITION 10. Foreach 0 <t <1, ¢,(-, ) is a convex function on [0, v].
ForO<u<cand0<t<1,

o

(5.18) <0;
ou
/
(5.19) dve L 5
ot M

where M is a constant depending only on & and h.
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PROOF. Define for each n,

<ﬂn,v(u,t)=01;,(0)= V) —u

n
0x
for0<u <wvand 0 <t <1, where x| and x» are jointly Gaussian with E()(l)2 =
E(x2)? = &'(v) and Exi x> = t€ (1) independent of h. Again, without loss of

generality, we may assume that v =g, forsome 1 <a <k+1.Let g, g(l), g%, 311 , 812
be i.i.d. Gaussian r.v.’s with variance &’(q,) such that fori =1, 2,

~ Fw [ Fw
= ‘Y1 — L1 — .
(vt + eV =1\ g 8~ )

Then ¢, ,(u, t) can be written as

Onot, 1) = ¢n(§((:) ) u,

where
dn(w, 1) =EA, (Vi(w,1)A,(Va(w, 1)),
and fori =1, 2,
Viw, 1) =h+ (gt + ghv/T—1)V/w + g{vV1 - w.

So for 0 <u <vand 0 <t <1, by using Gaussian integration by parts,

(5.20) a"";*” (u, 1) = t£" W)Ty (u, 1) — 1,
(5.21) - a‘”’;”( 1) =tED @)1 (u, 1) + 78" @)’ Ta(u, 1),
(5.22) “’" Y, 1) =& )y (u, 1),
8 n,v Vi
(5.23) a“’ (u, 1) = t&' WE" W) Ta(u, 1),
u ot
where

Ti(u,t) = EA)(h+ x1)A,(h+ x2),
Da(u,t) = EAD (h + x) A (h + x2).
Since Ag > 0, we have I"'] > 0. Let us also observe that

E(AD (Vi(w,1)lg. h) = E(AD (Va(w. 1))lg. ),
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which implies I'y > 0. Thus, using these and from (5.21) and (5.23), we obtain

azﬁov 82‘/7;1 v
5.24 — v >,
(5-24) ol as0 w2 —

2 2
(5.25) 000 _ iy T

= lim
dudt n—>o0 Ju ot

Thus, the convexity of ¢, (-, ) follows from (5.24). By (5.11) and (5.20), we know
88%(0, 1) <0 and from (5.25), this implies %(c, t) <0. So we obtain (5.18) by
using (5.24). Finally, (5.19) can be easily obtained from (3.7) and (5.22). [

PROOF OF PROPOSITION 1. Let 0 <t < 1. Notice that if u = 0, then x; and
x2 are independent and from (3.6), it implies ¢.(0, ) > 0. Since ¢.(c, 1) =0 by
(5.10) and aa‘/;‘ (c,t) > &'(c)/M > 0 from (5.19), we conclude that ¢.(c, r) < 0 and
S0 ¢c(+, t) has a solution in [0, c]. Suppose that uy, ur with 0 < u; < ur < c are
two solutions of ¢.(-,#) = 0 in [0, c]. From Rolle’s theorem, there exists some

u3 with u; < us < up such that %(u& t) = 0. Using the convexity of ¢.(-, t),

it implies %(u, t) >0 forall uz <u < c and so ¢.(c,t) > @.(uz,t) =0, which
contradicts to ¢.(c,t) < 0. U

PROOF OF PROPOSITION 4. Combining (1.6), (3.13), (5.6) and (5.7), we get
that foru, v,t withO<u <v<land0<t <1,

(5.26) PNu S2PE ) — 300, 0)* + (0(v) —0(0)),.

Applying v = ¢ to this inequality, we obtain (2.5). Suppose that 0 < ¢ < 1 is fixed.
It is easy to see that (u, v) — ¢, (u,t) is continuous on 0 < u < v < 1. Since
@c(c,t) < 0, there exists some y > 0 such that ¢, (u,t) < ¢.(c,t)/2 whenever
¢ <u <v <c+ y. By the continuity of #, we may also let y be small enough
such that 6(v) —60(c) < ¢.(c, 1)? /16 whenever ¢ < v < c+y. Therefore, we obtain
(2.6) from (5.26). O

6. Proof of Proposition 5. In this section our main goal is to establish an
iterative inequality that is used in the proofs of Propositions 5 and 8. Let us start
by stating our main result as follows. Suppose that y; and y; are jointly Gaussian
r.v.’s with E(y1)2 = E(y2)2 =1 and Ey;y, =t > 0 independent of 4. Define

Fi(x1, x2, w) = E(th(x; + y1v/w) — th(xa + y24/w))°,

F_1(x1, x2, w) = E(th(x] + y1</w) + th(xs — y/w))*

for x1, x € R and w > 0. For convenience, we sometimes simply denote F by F.
Recall the constant C stated in Lemma 2. Set Co = ¢ (2(1 +1)C?)~!. For 0 < lu] <
1, let n € {—1, 41} satisfy u = n|u|. Then the following inequality holds.
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PROPOSITION 11. There exists a constant K| depending only on C and &
such that the following statement holds. Suppose that 0 < c; < cy < 1 and

Y ! |
(61) 0< S (CZ) - S (C]) < m1n<§, 2(2COS,(1) + Kl))7

and k, m, q are such that for some 1 <s <k +1,
(6.2) gs <c1 and mg=>34.

Then we have

63)  pnu<2Pu(m,q) — CodK> / CEF,(h.h.&'(@)&"(q)dg

1

for every u with c» < |u| <1, where K3 is a constant depending only on &.
As consequences of Proposition 11, Propositions 5 and 8 now follow.

PROOF OF PROPOSITION 5. Set ¢ = c¢’. Let us choose ¢ € (c, ¢’) such that
(6.1) holds and p is continuous at cy. Since c is the minimum of the support of u,
w([0, c1]) > 0. From the definition of i, there exists a sequence of &,-stationary
measures (u,) such that u, — u weakly and P(&, h, u,) — P(&, h). For each n,
WUn corresponds to some k, m, . We assume that ¢y is in the list of q and ¢ = g,
for some 1 <s <k + 1. Then for large n,

Mn([o» QS]) =mg >4,

where § = ([0, c1])/2. We then apply Proposition 11 to obtain for every ¢’ <
u<1l,

PN <2Pr(m, q) —&",

where ¢* = Cod K> fcclz EF(h,h,&'(q))§"(q)dq. Since 0 < t < 1, we have that
e* > 0. Letting n tend to infinity completes our proof. [

PROOF OF PROPOSITION 8. Note that from the given condition, we have
v>6.Letcy =v — 46 and ¢ = v — §/2. Without loss of generality, we may as-
sume that § > 0 is small enough such that (6.1) holds. Since (6.2) is satisfied and
|u| = v > c», it follows that from (6.3),

PN < 2Pk(m, q) — e*(v) <2P(E, h) — (" (v) — 2&1)

for £*(v) = Co8Ky [ =3/ EF_i(h, h,£'(q))€"(q) dq. Clearly, £*(-) is a continu-

ous function on [8, 1]. Since 0 < 7 < 1 and Eh? #0,e*(v) > 0forevery v € [4, 1].
Thus, min,¢[5,1;€*(v) > 0 and the announced result follows by letting ;1 be suffi-
ciently small. [J
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At this moment, we explain the motivation of the proof of Proposition 11.
Let us apply (2.3) to Theorem 2 and recall the deﬁnltlons of (Yp)o<p<k+2 and
(y]]), yp)0<p<k+1 Using the independence of yp and yp fort <p<k+1and
decreasing induction, one may clearly derive

Y,=A,<h+ > y},)+AI<h+ > y},).
O<p<rt O<p<rt

For 0 < p < 7, from Lemma 1 and again using decreasing induction, we also have

1+¢
Y,= logE), exp Yp+1
p
1+4+1¢ m
(6.4) < logE,,exp—p(Aerl(X;+y;7)+Ap+l(x;27+y127))
m, 141

< LE expmpAppr(x) +yl)+ LE expmpA,y1(x2 +y2)

= m, 4 paAp+1Ap p m, p pap+1Ap p)e
where xlj, =h + ZO§r<p—1 yrj for j = 1,2. In particular, if p =0, Yy <
2EAg(h) = 2Xo. To prove (6.3), we expect that when 0 < ¢ < 1, equality will
not hold in (6.4) and, with the help of the condition (6.2), the small difference
between the two sides will keep accumulating over p. Let us emphasize that this
should be true even in the absence of the external field. A similar approach is also
presented in Section 14.12 of Talagrand’s book [17], where he considered the case
t = 1 and used the Cauchy—Schwarz inequality to quantify the difference. How-
ever, in the case 0 < ¢ < 1, his argument no longer holds. We then resort to another
approach using the Gaussian interpolation technique.

Before we state our main estimate, for convenience, let us set up a definition.
Let C1 > 0 be a constant and y be a standard Gaussian r.v. Suppose that m and
are two fixed numbers with 0 <m <1 and w > 0 and A is a real-valued function
defined on R such that

EexpmA(x + ys/w) and EA(x + yJw)
exist for x e R and 0 < w < w. We define
1
(6.5) T(x,w)=—log EexpmA(x + yJ/w),
m

where y is standard Gaussian. Here, if m = 0, T (x, w) is defined as EA(x +
y+/w). Then we say that A satisfies condition A(m, w, Cy) if

T 1 32T ) C,
ox Cich“x 3x ch” x
(6.6)
93T 94T
- — <8
ox3 ox4 |~

forallx eRand 0 <w < w.
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PROPOSITION 12.  Suppose that A satisfies A(m, w, C1). Let y1, y» be jointly
Gaussian rv.s with Ey% = Ey% =1and Ey;y=t>0. Let K >0and L € N
be fixed constants. Suppose that o, a1, ..., > 0. Then there exist constants
C?, CL}, e, Cf satisfying

12
(6.7) 0<CP.Cf,....CL <4 an+Ki

n=0
for some constant K| depending only on Ci and L such that for any given
numbers x1,x0 € R, 0 <m <1, 0 < w < min(1/8, w, 1/2C2), wo = 0, and

0<wi,wy,...,we <L, the following inequality holds:
+1t m
log E exp T+ (A(xl + yivw) + A(x2 + y2/w)

L
— > F(x1 4+ yiv/w, x2 + y2/w, wn)>

n=0

log EexpmA(x; + yj/w)

£
_ Z(an(l —wCy) + %mden))F(xl,xz, (1= 30(n))w + wy),
n=0

where Co =1t (2(1 + t)Clz)_1 and we define §o(n) = 1 if n = 0 and 0 otherwise.

Let us explain how to use this inequality. Observe that the left-hand side of (6.8)
differs from (2.4) by the £ + 1 quantities

(an F(x1,x2, wn))OSnS(

at the present stage. Most of them will be preserved in the new stage by

(o (1 — wCP)F (x1, x2, (1 = 80(m))w + wn)) g <<

with the additional term
Co
7tmwF(x1 ,Xx2,0).

So after one step, we obtain (£ + 1) 4 1 terms in the new stage. Continued iterations
of (6.8) lead to a sum of these small quantities that will converge to some positive
number if w is not too small at each iteration. This is the main reason we need the
growth control on C?, Cl}, e, Cf through (6.7).

Now, we turn to the proof of Proposition 11. Let k, m, q be a given triplet. Recall
the definition of (A )o<p<kt2 from (3.1). We will need the following lemma.
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LEMMA 13. Foreach0<p <k+1, Ay satisfies A(mp, E'(gp+1), C).

PROOF. Let 0 < p <k + 1 be fixed. Suppose that 0 < w < 5/(qp+1).
Note that &’ is strictly increasing on [0,00) and &'(0) = 0. Let g satisfy
£'(q) =& (qp+1) — w. Setk’ =k + 1 — p. Consider

m':my=0,my =m,,and m), =my4,_ for2 <n <k'+1,
q:9y=0,91=q,and g, = gnyp—1 for2 <n <k'+2.

Let (Bn)o<n<k'+2 be defined in the same way as (A p)o<p<k+2 by using the triplet
k',m’, q'. Then it should be clear that B, = A, and so

1
Bi(x) = — log Eexpm| Ba(x +y\/&'(gp+1) — §'(@))
1

1
= —IlogEexpmpA,(x + yJw),
mp
where y is a standard Gaussian r.v. Since (B,)o<n<k/+2 satisfies (3.2), this com-
pletes our proof. [

PROOF OF PROPOSITION 11. Let C be the constant in Lemma 2 and L be
the smallest integer such that L > &’(1). Suppose that K is obtained from Propo-
sition 12 by using C; = C and L. Again, without loss of generality, we may as-
sume that ¢ = g,, c2 = ¢qy,, U = q, for 1 <1 <52 <a <k + 2. Moreover, for
s1<p=<s—1,

6.9) 0<&(gp+1) —§(gp) < 2 (52 —s1)

and for 0 < p < s,
1
(6.10) 0<&'(gpr1) —&'(qp) < 3
where y :=max(4, 2Co&’(1) + K). Let us note that such (gp)o<p<k+2 exists by

the discussion right below Theorem 2 and using the assumption (6.1). Let us con-
sider the following numbers:

r=0,

T=a,

Kk =k+1,

np=% if0<p<t and m, ift <p=<k,

Pp=4dqp forO<p <k +1.
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From (2.1),

pNu <2log2+Yo— Y mp(0(gpr1) —0(gp)).
0<p<k+1

Recall the definition of (yll,, yf))og p<« from Theorem 2. We define Y, (x1, x2) =
Ay(x1) + Ay(xp) andfor 1 < p <a,
1+t m

log E ex P
mp g p1+t

Yp(x1,x2) = Ypri(x1 +yp. X2+ y7).

Finally, set Yo(x1,x2) = EY1(x1 + yé, x2 + yg). It is obvious that from the def-
inition Yo = EYy(h, h). From Proposition 12, we know Y, (x1, x2) < Ay, (x1) +
Ag,y(x2). Set n, = &' (qp+1) — E'(qp) for 0 < p <k + 1. We claim that for
S1=p <8,

sp—1

n—1
(6.11) Yp(xi,x2) S Ap(x1) +Ap(x) — Z Bn,pFy (xleZ: Z 771)»
n=p l:p

1 n—p
2 —S1) '

Here, we adapt the definition Zf: plUe= 0 whenever p > p’ that remains enforced
thereafter. Let s; < p < s> and consider the following numbers:

where

C
6.12) By = Eomnnn(l _

£:S2_p_17
m=mp,
(6.13)
ap=0 and o, =PBuip pti forl <n<é¥,
n+p—1
wo=0 and w,= Z n forl <n<U¥.
I=p+1

From the definition of w;,, we know that 0 < w, <&’(1) < L for 0 <n < £. Since
A 41 satisfies A(mp, &' (qp+1), C1), applying (6.13) to Proposition 12, we obtain
(Cy)o<n<e that, from (6.7), satisfies

l sp—1
6.14)  CP.C},....C{ <4 ay+ K1 =2Co Y mun,+ K1 <y.
n=0 n=p+1

Using (6.9) and (6.14), we know for 0 <n < ¢,

1 1
< .
2(s2 —s1)  $2—S1

(6.15) Cinp <ynp<
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Take w = 1,,. Notice that from (6.9) and (6.15), w < min(1/8, £'(gp+1). 1/2C2).
If u > 0, then from (6.8), (6.13) and (6.15), we obtain (6.11) since
Yp(x1,x2) < Ap(xr) +Ap(x2)
Co ¢ "
— 5 mwF (x1,%2,0) = 3o (1 = Cw) F(x1, x2, w + wy)

n=1

Co
<Ap(x) +Ap(x) — mp’?pF(xl x2,0)

so—1 n—1
Z ﬂl’l,pF<x1’x27an>
n=p+1 I=p

If u <O, then

Ey,(=y;) =15 (@p+1) — & (@p)),
(6.16) Api(xa+y3)=Appi(—x2—y3),
Foi(x1 4y %24 y5.wa) = F(x1 + ), —x2 — y3. wy)

and it follows by applying (x1, —x») instead of (x1, x2) and (y1, y2) = (yll), —yf,)
to Proposition 12 that

Yp(x1,x2) < Ap(x1) +Ap(—x2)

C
- TomwF(xl’ —X2, 0)
14
=Y an(1 = CJw)F(x1, —x2, w + wp)

n=1

0
_mpon—l(xlsx27 0)

<Ap(x) +Ap(x2) — >

sp—1

— Y BupFoi (xl,xz, > nz>,

n=p+1

where, again, we use (6.15) for the second inequality. This completes the proof of
our claim.
Next, we claim that for 0 < p < sy,

Yp(x1,x2) < Ap(x1) + Ap(x2)

s1—1 sp—1
—exp( 2y Z m) Z Bn.si <X1 X2, Zﬁl)

n=s

(6.17)
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If p =1, then (6.17) holds by (6.11). Suppose 0 < p < s1. Let us consider the
following numbers:

L =s3 — 51,
m=nmp,
(6.18)
s1—1
ap=0 and o, = exp<—2y Z nl)lgn+s11,51 forl<n<é,
I=p+1
n+s;—2
wy=0 and w,= Z N forl<n<é¥,
I=p+1

where B, ), is defined in (6.12). As in our first claim, since 0 < w;,, < g'(1) < L for
0<n<kand A, satisfies A(m,, 5/(q,,+1), C1), we can apply Proposition 12
using (6.18) to obtain (C?)ﬁzo that, from (6.7), satisfies

¢ ¢
6.19)  CP.Cp,....CL<4Y ay+ K1 <2C0 ) munn+ K1 <y.
n=0 n=0
We conclude from (6.10) and (6.19) that
(6.20) Cynp <1/2

for 0 <n < £. Note that 1 — x > exp(—2x) if x < 1/2. Using this, (6.19), and
(6.20) yield
(6.21) 1 —Cynp =exp(—2Cy¢n,) = exp(—2ynp).

Set w = n,,. Notice that from (6.10) and (6.20), w < min(1/8, S/(qpﬂ), 1/2C?).
If u > 0, using (6.8) and (6.21), we obtain

Co
Yp(x1,x2) < Ap(xy) +Ap(x2) — Tmpon(xl,XZ, 0)

s1—1 sp—1 n—1
I=p

I=p+1 n=si
<Ap(x)) +Ap(x2)
si—1 s—1 n—1
_exp<_2)/ Z 771) Z ﬁn,SIF(xla-XQA an)
I=p n=s] I=p
If u < 0, we obtain (6.17) by using (6.16), applying (x1, —x2) instead of (x1, x2)

and (y1, y2) = (yll,, —ylz,) to (6.11), and a similar argument as in the case u > 0.
This completes the proof of our second claim.
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Now, let p = 0in (6.17) and note that m, > §/2 for n > s;. We then obtain
Yo=EYy(h,h)
<2EAo(h)

Cob
- TOCXP(—ZV%'/(D)

1 sp—s1 s2—1
X (1 - ) Y (' @nr1) = §' (@) EFy(h, 1, 8 (qn)-

§2 =81 n=si

Since we can partition [cy, c2] so that maxg, <,<s,—17p is arbitrarily small, by
passing to the limit,

Cod ¢
Yo <2Xo— TOCXP(—Z)/S/(I) - l)f 2 EF,(h,h,£" ()" (q)dq

C1

and we are done. [

At the end of this section, we will prove Proposition 12 and we proceed by two
lemmas.

LEMMA 14. Forany x;,x e R,0<w < %, and w' > 0, we have

(6.22) F(xi, x2, w +w) > %F(xl,xz,w/).
PROOF. First we prove that for x1,x2 e Rand 0 <w < 1/4,
(6.23) F(xy,x2, w) > (1 —4w) F(x, x2,0).
If (6.23) holds, then
F(x1,x2,w) > $F (x1,x2,0),
whenever x, xp € R and 0 < w < 1/8 and this implies (6.22) since for w’ > 0,
F(x1,x0, w' +w) = EF(x; + yivw', x2 + yvw', w)
> %EF(X] + yivw', x2 + yavw’, 0)
= 1F(x1,x2,w),

where y; and y, are jointly Gaussian r.v.’s with E(y;)?> = E(y2)> = 1 and
Evy1y, =t. To prove (6.23), for fixed x1, x2, let us set ¢ (w) = F(x1, x3, w). Define
G(x,y) = (thx — th y)2. Using Gaussian integration by parts, we have

¢’ (0) = 3(G11(x1, x2) + Goa(x1, x2) + 2t G12(x1, X2))
= (thxy — thxy) (th” x; — th” x2) + (th' x; — th' x,)?
(6.24)
+2(1 —t)th' x1 th' xo

> (thx; — thxp)(th” x; — th” x).
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Since
th” x; — th” xp = 2(thxy — thxp)((thxy + thxp)? — 1 — thx thxy),
using this equation together with (6.24) leads to
¢'(0) > 2(thx1 — thx)?((thxy + thxp)? — 1 — thax; thxp)
> —4(thx; — thxp)?.
We may also compute the second derivative of ¢ to see that

max |¢"(w)|/2 <C,
O<w<l

where C is a constant independent of #, w, x1, x3. So
F(xy, x2, w) = @(w)
> ¢(0) + ¢/ (O)w — Cw?
> (1 — 4w)F(x1, x2,0) — Cw>.
Set §; = wi/N. It is easy to see by induction
F(x1,x2,8) > (1 —481) F(x1, x2,0) — Cié}

for 1 <i < N. In particular, if we puti = N and let N tend to infinity, we obtain
F(x1,x2, w) > exp(—4w) F(x1, x2,0) > (1 —4w) F(x1, x2, 0) and this completes
the proof. [

LEMMA 15. Suppose that A is a function defined on R satisfying

Cy
Al<1, < A"(x) <mi (1—>
| ‘ - Cichx?2 — (x) < min ch? x

A <4, |AW| <38
for some constant C1. Let y1, y» be jointly Gaussian rv.s with Eyl2 = Ey% =1

and Ey1yp =t > 0. Let K > 0 and L € N be fixed constants. Suppose that 0 <
o, A1, ...,0p < K. Then there exist constants

K1 depending only on C1 and L,

£
CP.C},....CL <> an+Ki
n=0

and

Cf“ depending only on £ and K
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such that for any given numbers x1,x3 € R,0<m <1,0<w <1/8, wo =0, and
0<wy,ws,...,we <L, the following inequality holds:

t m
log E exp T+ (A(x1 + yivw) + A(x2 4 y2/w)

¢
=Y anF(x1 + yiv/w, x2 4 y2v/w, wn)>
n=0

2
1
(6.25) Z —log EexpmA(xj + yj~/w)

§

12
— > (an(1 = Cfw) + Comw8o(m)) F (x1, x2, (1 = 8o (n))w + wy)
n=0

+ C(—H

where Co =1t (2(1 + t)Clz)_1 and 5o(n) = 1 if n = 0 and 0 otherwise.

PROOF. The proof is based on the Gaussian interpolation technique. Suppose
for the moment that (y;, y») are jointly Gaussian with E(y;)? = E(y)*> < 1/8
and Ey y; = tE(yl)z. Let (z1,z2) be an independent copy of (y1, y2). Define
(z?, zg) =(0,0) and for 1 <n < ¢, (z}, z5) = (21, z2). For convenience, we set for
j=12,

Aj(x)=A(x; +x),
thj(x) =th(x; +x),
Uju) = y;j/u
andfor j=1,2andn=0,1,2,...,¢,
Vi, j) = yju+ 21— u,
Gn(u) = F(x1 4+ Va1 (u), x2 + Vi 2(u), wy),
Gn,j(u) = Fj(x1 + Va1 (), x2+ Vi o(u), wy),
Gn,ij(w) = Fij(x1 + Vi1 (u), x2 + Vi o (), wy),

where F; is the partial derivative of F with respect to the jth variable and Fj;
means the second partial derivative of F' with respect to ith and then jth variables.
Define the interpolation functions

pu) = E; ¥ u),
@) =yju), j=12,
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where
vy =1 “Llog B, T (@),
wj(u)_ logE T;(u)
and
T(u)=e><p1 <A1(U1(u))+Az Uz (u)) — ZanG (u)>
Tj(u)=expmAj(Uj(u)).
Then
1) = iog Eexp " (Ar(y) + As(y)
% = og CXP1+I 11 2(y2

¢
— Y anF(x1 +y1, %2+ y2, wn)>,
n=0

4

9(0) =1(0) + ¢2(0) = Y anE-F(x1 + 21, x2+ 25, wy).
n=0

In the following, we will try to find an upper bound for ¢’(0). Consider

2

/ 1 / /
V'(u) = mEy LZ::I (Uj ) A (U;jw))
4
- Zan V, @Gy, ,~<u>)T(u>}

1
= 2 Jolu) - Zan I ) + J3 (w)),

nO

where

Jo(u) = [—(ylA (U1 ) + yzAZ(Uz(u)))nu)}

7

andfor j=1,2andn=0,...,¢,

EyT (u) Ey

) = — Ey[(ﬁ—zij)Gn,j(u)T(u)]
J E,T(u) Vu o JT—u
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Using Gaussian integration by parts on y, we have

2 l
Jo(0) = Ey(1)* Y. (A/; )+ 175 450 (A;-(O) e j(0)>)
n=0

j=1

l
+1tlEy(y1)2( /1(0)( 5(0) — ZanGn,z(O))
t+1 n=0

l
+ A/2(0)< 100) = OlnGn,l(O))>
n=0

_ Ey<y1>2(J01 O = (730 + 103(0))),

where

2
I3 0) = 22 (A7(0) + mA507) - " (410) = 4,00)".
Jj=1
£
J5(0) = (A1(0) — A5(0) Y (G, 1(0) + G 2(0)),
n=0

L
J50) = (1+1A50) Y an(Gn,1(0) + Gy 2(0)).
n=0

Let us try to find an upper bound for Jyo(0) first. Since

<A"(x) <

Cych®x ch®x’

it is easy to see from (6.22) that

1 / / 2
EF(M,XL wo) < (A}(0) — A5(0))
1

(6.26) < CIF(x1, x2, wo)
<28 E F(xy + 27, xa + 25, wy).
Since

d
o (th x —thy y)? =2(1 — th}x)(thy x — thy y),

d
5(th1 x —thy y)> =2(1 — th3 y)(thy y — th; x)
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from the Cauchy—Schwarz inequality, we have
E;Gp j(0)® = E-Fj(x + 2}, x2 + 25, w,)°
2

= E.2Ey[(1 — th} (2} + ¥ v/wn))
(6.27) x (thy (2} + y{/wn) — tha (2 + Yo/wn))])

< 4EEy (th (2} + yi /) — tha (5 + ¥5 /)

=4E F(x1+ 2}, x2+ 25, wy),
where y/, y} are jointly Gaussian r.v.’s with E(y})?> = E(y5)*> =1 and Ey|y} =t.
Straightforward computation yields

ad d
o (thix — thyy)” + 5, (i x —the ) = =2(thy x — thy y)* (thy x + thy )
and this implies
(6.28) E;|Gp1(0) 4 Gn2(0)| <4E F(x1 + 21, x2 + 25, wn).
Now, combining (6.26), (6.27), (6.28), and using Jensen’s inequality,
2

E:Jg(0) < ) (A}(0) +mA}(0)%) -

n=1

———5 F(x1, x2, wo),
2
(1+nCy

l
E|730)] <|A10) — A50)] Y en((E-Gu1 D) + 1(E,.Gup (%))
n=0
L
<2(1+0)|A}(©0) = A O)| Y o (E-F(x1 + 2}, x2 + 28, wa))'/?
n=0

¢
<2MPRC A+ ayE-F(x1 + 27, 52+ 25, wy)
n=0
and

¢
E|J3(0)] <40+ anE F(x1 + 2}, x2 + 25, wy).
n=0
To sum up, we obtain that

2
E;Jo(0) < Ey(yn)* > (A (0) + mA’;(0)%)
j=1

l
6.2 E 2 (,, MLA20 gy L s )
(6.29) +mEy(y1) go ot ( 1 +4) e 0(n)

x E.F(x1 + 2}, x2+ 25, wp).
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Next, let us turn to the computation of J{'. By using Gaussian integration by
parts on y, we obtain

1
\/_ﬁEy (71Gn,1 )T (w))
= Ey()’l)zEy[Gn,ll(”)T(u)] + Ey(y1y2) Ey[Gn12)T (u)]

L
+?E yO1)’E [ n,1(u)<A/1(U1(u))—Zasz,l(u))T(u)]
=0

¢
+ﬁE YOI E) [ n,l(u)<A/2(U2(u))_ZalGl,Z(u))T(u)i|’
1=0

and this implies that

_ 1
Jm & [[ET() y

— 2 moon n
=E,(y1)°| E;Gn,11(0) +tE;Gp,12(0) + 1+t(11 +1t17) ),

(G, 1<u>T(u))}
(6.30)

where for0 <n < ¢,

¢
I =E, [Gn,1(0)< 10) — Zale,l(O))},

=1

¢
I} =E |:nl(0)<A/(0) ZazGl,z(O))]

I=1
On the other hand, letting # — 0 and then using Gaussian integration by parts on z,
we also have

Jim £ [mlEyT(u)EY(Z?Gn’l(M)T(u))]
(6.31) =E, [E ;(O)ZIG,, 1(0)Ey T(O)] E [z1Gn1(0)]
= E(2})*(E:Gn.11(0) + 1 -Gy, 12(0)).
So from (6.30) and (6.31),
lim EJ} (u)
(6.32) = Jfb @{ﬁ(% - %)Gn,l(u)T(u)]

= £, 17 (8000 (Go,1(0) +1G0,1200) + 15— (17 +113) ).
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We may also compute lim, .o E;J5 (1) and this yields

lim E J{' (u) + E.J5 (1)
u—>

(6.33) 5
mEy(yl)
1+1¢

where Iy = Go.11(0) + Go.22(0) +2tGo,12(0) and for 0 <n < ¢,

12
I} =E, [GH,Z(O) (A/Z(O) - Za/Gz,z(O))}

=1

=80 Ey(y1)* o + (I + 1) + (1 + 1)),

£
I =E; [Gn,zm) (A’1<0> - Zasz,m))}.

=1
Let us now try to find a suitable lower bound for (6.33). Observe that
th’ (0), th5(0) > 0,
th (0) — th)(0) = —(th; (0) — th(0))(th; (0) + th2(0)),
th{ (0) — th%(0) = 2(th; (0) — th2(0))
x ((th1 (0) + thg(O))2 — 1 —th;(0) thy(0)).

This implies
Ip = 2(th; (0) — th2(0))(th} (0) — th3(0))
+2(th} (0) — th/z(O)) +4(1 — 1) th} (0) th,(0)
(6.34) > 2(th; (0) — th2(0))(th{ (0) — th}(0))

> —4(th; (0) — thy(0))°
= —4F(x1, x2, wp).
As for the upper bounds for |I}' 4+ I3| and |13 + I}/|, we write
It + I =1, + I + 1,
Iy + 1) =13 + I + I3,
where
I} = E;[G,1(0)(A}(0) — A5(0))],
I3, = E;[Gy, 2(0)(A' ) — A/Z(O))]
Iy = E;[A3(0)(G,1(0) + G 2(0))],
E[

1}, = E-[A5(0)(Gp,1(0) + G 2(0))],
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¢

Iy == aE;[(Gn1(0)G1,1(0) + G1.2(0)G1 2(0))],
1=0

)4
By ==Y oE.[(Gn1(0)G12(0) + Gy 2(0)Gy,1(0))].
[=0

Using (6.26), (6.27) and Jensen’s inequality, we have

635 17| < (EyGa,;(0)%)' | A} (0) — 45(0)]
' < 2MH2CIEF(x) 420 x2 + 2 wy).

From (6.28), we also have
(6.36) |15 <4E F(x1 + 2, x2 + 23, wy).
To bound |1]’.’3|, we use ab < (a® + bz)/Z and (6.27). Then this leads to

1 Z
153 = 5 2 eu(Gua (0 + G2 (0 + GLi(0)* + G1.2(0)%)
[=0

¢
(6.37) 54(2051)EZF(X1 + 21, x2+ 25, wy)
1=0
¢
+4Y E F(x +24, x2 + b, wy).
1=0
Now, combining (6.34), (6.35), (6.36) and (6.37) together, we obtain from (6.33),
¢

> o (ELJ(0) + E.J5(0))
n=0

> —4apdo(n) Ey(y1)*F (x1, x2, wo)
(6.38)

4 4
—mEy(y)* ) ay (8 o + 22, +4>
n=0 =0

x E;F(x1+ 21, x2+ 25, wy).
From now on, we replace (y1, 2) by (y14/w, y2/w) with E(y;)> = 1. Combining
(6.29) and (6.38), we get
2
w
¥ < ZI(A/;«» +mA’(0)?)
J:

(6.39) .

+w Y (anC} — Comdo(n)) F (x1, x2, (1 — 8o(n))w + wy),
n=0
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where Co =1 (2(1 + t)Cf)_1 and for0 <n < /¢,

4
Cl=4mY oy + 22y + dm + 28 (n).
=0

It is easy to compute that
¢;(0) = (A”(O) +mA’;(0)).

We may also use Gaussian integration by parts and the given conditions on the first
four derivatives to compute the second derivatives of ¢, @2 and ¢ and this yields

1
5 max (|of @] + o5 ()] + [¢" @) = €; " Tw?

where C E’L depends only on £ and K. Finally, we finish by using the mean value
theorem and (6.39),

1
P(1) < 9(0) +¢'(0) + 5 max [ ()|

<o1() +e2(1)
— Z(an(l — CJw) + Comw8o(n)) F (x1, x2, (1 — 8o(n))w + wy,)

+ CZ+1 . O

PROOF OF PROPOSITION 12. Recall that Lemma 15 guarantees the existence
of constants Cy, C?, - Cf, which satisfy (6.7). From (6.25), we only need to
prove that CH1 can be eliminated. To do this, let «p, ..., ay > 0 and let Cf“ be
obtained by using K = Cow +max(«p, ..., o) in Lemma 15. Letuskeep 0 < m <
1,t>0,0 <w <min(1/8, w, 1/2C2), wog=0, and 0 < wy,...,wp < L fixed.
We use ¢(x1, x2, w) to denote the left-hand side of (6.8). Recall the definition of
T (x, w) from (6.5) using A and m. Set §; = wi/N for 1 <i < N. We claim that
for large N, the following inequality holds:

@(x1,x2,8;) = T(x1,68;) + T (x2,8)
(6.40)

— Zﬂnl X1, X2, 1—80(}1))8 +wn)+lC£+1812

forall 1 <i < N, where
i
Bui = 80(n)Comd Y (1= C281) ™" + (1 — C181)'.
j=1
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If i =1, then (6.25) implies (6.40). Suppose that (6.40) holds for some i with
1 <i < N. Then by using the induction hypothesis,

@(x1,x2,8i+1)

141t m

= log E exp I +t(<0(x1 + y1v81, x2 + y21/81, 81))
+1 m

< log E

< og exp1+t

(6.41)
X <T<x1 + y1v/81, 81) + T (x2 + y21/81, 8))

¢
- Z Bn.i F(x1 4+ y1v/81, x2 4+ y2v/81, (1 — 80(n))8; + w,,))
n=0

+icitlsl.

Observe that from the definition 8, ; < Cowi/N 4+, < K forlarge N and 7'(-, ;)
satisfies A(m, Sy_;, C1) since 0 < w < w. Also, notice

5 w<1_(1 1><'<18 1)
=—<—mn|-,w, — ) <min|{ =,0n—j, —= |.
Applying (6.25) to (6.41), we obtain

©(x1,x2,8i41)

<T(x1,0i4+1) +T(x2,8i+1)
¢

— > (80(n)Comsy + Bni(1 — C}81))F (x1, x2, (1 = 80(m))Sit1 + wy)
n=0

, 4152
+ G+ DC,8.
Since

8o(n)Com8y + Bni(1 — Cyé1)
i . .
= 80(n)Com31 + 80(n)Comd1 Y_ (1 — C981) + an(1 — C51)"™
j=1
i+1 ) )
= So(m)Comd1 (1 = CP81)" " +au(1 — Cay)*!
j=1

= Bui+1,
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this completes the proof of our claim. Letting i = N in (6.40) and then N — oo,
we obtain that

px1,x2, w) <T(x1,w) + T (x2, w)
4

(6.42) — > " (80(n)Comw exp(—Cyw) + oy exp(—Cyw))

n=0
x F(x1, x2, (1 = 8o(n))w + wy).

Since exp(—C{w) > 1//e > 1/2 for 0 < w < 1/2CY and also exp(—CJw) >
1 — Cjw using exp(—x) > 1 — x for x > 0, plugging these results inside (6.42),
we are done. [J
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