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REGULARITY OF THE ENTROPY FOR RANDOM WALKS ON
HYPERBOLIC GROUPS!
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We consider nondegenerate, finitely supported random walks on a
finitely generated Gromov hyperbolic group. We show that the entropy and
the escape rate are Lipschitz functions of the probability if the support re-
mains constant.

1. Introduction. This paper is an extension of [17] to finitely generated Gro-
mov hyperbolic groups; see [9] and Section 2 below for the definition of hyperbolic
groups. Let p be a finitely supported probability measure on an infinite group G,
and define inductively, with p(® being the Dirac measure at the identity e,

PP =[p" PV xpl) =D p" PV (xy ) p().
veG

Define the entropy &, and the escape rate Zf, by

1 1
hy = lign—; > pP () Inp®(x), £ = lim - > Jxp ™ (x),
xeG xeG

where | - | is the word metric defined by some symmetric generating set S. The
entropy h, was introduced by Avez [2] and is related to bounded solutions of
the equation on G f(x) = ZYGG f(xy)p(y); see, for example, [14]. Erschler and
Kaimanovich have shown that, on Gromov hyperbolic groups, the entropy and the
escape rate depend continuously on the probability p with finite first moment [8].
Here we are looking for a stronger regularity on a more restricted family of prob-
ability measures. We fix a finite set ' C G such that | J, F" = G, and we consider
probability measures in P(F), where P(F) is the set of probability measures p
such that p(x) > 0 if, and only if, x € F. The set P(F) is naturally identified with
an open subset of the probabilities on F, which is a contractible open polygonal
bounded convex domain in RF1=1. We show:

THEOREM 1.1. Assume G is a Gromov hyperbolic group, and F is a finite
subset of G such that |J,, F" = G. Then, with the above notation, the functions
pr> hpand p — Ef, are Lipschitz continuous on P(F).
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If the infinite hyperbolic group G is amenable, G is virtually cyclic, and the
entropy is vanishing on P(F’). Moreover, it follows from the formula in [15] that
the escape rate is Lipschitz continuous in on P(F); see the remark after Formula
(4) below. If G is a non-Abelian free group, and F a general finite generating
set, then p — h, is real analytic ([17], Theorem 1.1) and p > Ei as well [10].
This holds more generally for free products; see [10] and [11] for the precise con-
ditions. A general nonamenable hyperbolic group has many common geometric
features with non-Abelian free groups, and our proof follows the scheme of [17].
For Gromov hyperbolic groups, Ancona [1] proved that the Martin boundary of
the random walk directed by the probability p is the Gromov geometric boundary.
Let K¢ (x) be the Martin kernel associated to a point & of the geometric boundary.
Our main technical result, Proposition 4.1, uses the description of the Martin ker-
nel by Ancona (see also [12, 21]) to prove that In K¢ (x) is a Lipschitz continuous
function of p as a Holder continuous function on the geometric boundary. Then,
like in [17], we can express &, in terms of the exit measure p™° of the random
walk on the geometric boundary dG and the Martin kernel. Unfortunately, it is
not clear in that generality that the measure p>°, seen as a linear functional on
Holder continuous functions on the geometric boundary, depends smoothly on the
probability in M (F). We use a symbolic representation of G (see [6]) to express
p° as an combination of a finite number of symbolic measures. Each of these
symbolic measures depends Lipschitz on p, and the entropy 4, is the maximum
of a finite family of Lipschitz functions. The escape rate is expressed by an anal-
ogous formula: it is the maximum of the integrals of the Busemann kernel with
respect of the stationary measures on the Busemann boundary. It turns out that the
Busemann boundary can be described in terms of the same symbolic representa-
tion, and the Lipschitz regularity of the escape rate follows. It is likely that both
entropy and rate of escape are more regular than what is obtained here, but this is
what we can prove for the moment. Observe that for G =7Z, S = {£1}, and F afi-
nite generating subset, the function p Zf, = |>_ ripi| is Lipschitz continuous on

P(F), but not C'. For another example in the same spirit, we recall that Mairesse
and Matheus [19] have shown that for the braid group B3 = (a, blaba = bab) and
F = {a,a‘l, b, b_l}, p 65 is Lipschitz, but not C' on P(F). The entropy is
constant O in the case of Z; the regularity of the entropy for the braid group is
unknown.

In this note, the letter C stands for a real number independent of the other vari-
ables, but which may vary from line to line. The lower case cg, c; will be constants
which might depend only on p € P(F). In the same way, the letter O, stands for
a neighborhood of p in P(F) which may vary from line to line.

2. Preliminaries.

2.1. Hyperbolic groups. We first recall basic facts about hyperbolic groups
[9]. Let G be a finitely generated group with a symmetric finite set of generators S.
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Letd(x,y)= Ix_1 y| be the word metric on G associated to S. For a subset F C G,
we denote

N(F,R):={xeG:d(x,F)<R} and dF={xeG:d(x, F)=1}.
For x, y, z € G, the Gromov product (x|y), is defined by the formula

1Y) = 5(d(x,2) +d(y,2) —d(x, ).

We write (x|y) for (x|y)e, where e is the unit element. Let § > 0. The group G is
said to be §-hyperbolic if, for all x, y, z, w € G,

() 1Y)w = min{(x|2)w, (2w} — 8.

If G is §-hyperbolic, then every geodesic triangle A = {«, 8, ¥} in G is 45-slim,
that is,

a CN(BUy,46), BCN(yUa,4d), y C N(aU B, 49).

A sequence {x,},>1 is said to converge to infinity if lim, ;,— oo (Xn|Xm) = 00.
Two sequences {x,},>1 and {y,},>1 converging to infinity are said to be equiv-
alent if lim,_, 5o (x,|yn) = 00. The geometric boundary dG is defined as the set
of equivalence classes of sequences converging to infinity. The Gromov product
extends to G U dG by setting

(&|m) = sup liminf Cea|ym),

where the sup runs over all sequences {x,},>1 converging to & and {ym}m>1
converging to 1. Recall that G U dG is compact when equipped with the base
{N({x},nN}U{V, (&)}, where

Vi) :={neGUIG:(n§) >r}.

One can introduce a metric p on dG such that, for some a > 1 and C > 0,

a~C€N=C < (g )y < g~ ENHC

Another boundary is the Busemann boundary 05 G. Define, for x € G, the func-
tion W (z) on G by

D,(z)=d(x,z) —d(x,e).

The assignment x — W, is continuous, injective and takes values in a relatively
compact set of functions for the topology of uniform convergence on compact
subsets of G. The Busemann compactification G of G is the closure of G for that
topology. The Busemann compactification G is a compact G-space. The Buse-
mann boundary 3G := G \ G is made of Lipschitz continuous functions 4 on
G such that h(e) = 0, and such that the Lipschitz constant is at most 1. More-
over, they are horofunctions in the sense of [6]: they have the property that for all
A < h(x), the distance of a point x to the set A~ (}) is given by h(x) — A; see
Section 5.1 for more about horofunctions.
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2.2. Random walks. Let E be a compact space. E is called a G-space if the

~

group G acts by continuous transformations on E. This action extends naturally

to probability measures on E. We say that the measure v on E is stationary if
Y rec(xxv) p(x) = v. The entropy of a stationary measure v is defined by

)= (/ tn 5 (é)dV(%‘)>p(X)
xeG

The entropy h, and the escape rate £, are given by variational formulas over
stationary measures (see [14], Section 3, for the entropy and [15], Theorem 18,
for the escape rate)

[a]

2) hp(

3) hp =max{h,(E, v); EG-space and v stationary on Z},
4) Eg = max{ Z ('/Eh(x_l)dv(h)>p(x); v stationary on 5}.
xeG

Moreover, the stationary measures in (4) are supported by dpG. In particular, in
the case when G is virtually cyclic, dpG is finite and not reduced to a point,2 and
ZIS, is given by the maximum of a finite number of linear functions of p.

Let © = GY be the space of sequences of elements of G, M the product prob-
ability p~. The random walk is described by the probability I on the space of
paths €2, the image of M by the mapping

(Wn)nez = (Xn)n>0 where Xg=¢ and X,, = X,,_ 1w, forn > 0.
In particular, the distribution of X,, is the convolution p. We have:
THEOREM 2.1 ([1], Corollary 6.3, [13], Theorem 7.5). There is a mapping
Xoo: Q2 — 0G such that for M-a.e. w,
1irrlan(a)) = Xoo(w).
The action of G over itself by left multiplications extends to dG and makes 0G

a G-space. The image measure p® := (X~o)«M is the only stationary probability
measure on 4G, and (0G, v) achieves the maximum in (3) ([13], Theorem 7.6)

®) hp=hp(dG, p>) (f R (S)dp (%‘))p(X)

xeF

The Green function G (x) associated with (G, p) is defined by

Gx)=Y p™

n=0

2The restriction of each limit function to a Z coset is of the form =x -+ a, where a can take a finite
number of values, and there is at least one Z coset where both signs appear.
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(see, e.g., Proposition 2.2 for the convergence of the series). For y € G, the Martin
kernel K is defined by
Gy

G(y)

Ancona ([1], Théoreme 6.2) showed that y, — & € dG if, and only if, the Martin
kernels K, converge toward a function K¢ called the Martin kernel at £. We have

Ky(x)=

dx,p™

(©6) s

(§) = Ke(x).

2.3. Differentiability. We are going to use formula (3) and first show that the
mapping p — — In K¢ (x) is Lipschitz continuous from a neighborhood O, of p in
‘P(F) into a space of Holder continuous functions on dG. The following properties
are obtained exactly in the same way as in [17].

For x, y € G, let u(x, y) be the probability of eventually reaching y when start-
ing from x. By left invariance, u(x, y) = u(e,x~'y). Moreover, by the strong
Markov property, G(x) = u(e, x)G(e) so that we have
u(x,y)
ule,y)

By definition, we have 0 < u(x, y) < 1. The number u(x, y) is given by the sum of

the probabilities of the paths going from x to y which do not visit y before arriving
at y. The next two results are classical:

(7 Ky(x) =

PROPOSITION 2.2. Let p € P(F). There are numbers C and {,0 < ¢ < 1
and a neighborhood O, of p in P(F) such that for all g € O, all x € G and all
n>0,

g™ (x) < cen.

PROOF. Let g € P(F). Consider the convolution operator P, in £7(G,R),
defined by

Pof) =Y flxy Ha(.
yeF

Derriennic and Guivarc’h [7] showed that for p € P(F), P, has spectral radius
smaller than one. In particular, there exists ng such that the operator norm of P;,’ in
£>(G) is smaller than one. Since F and F"'0 are finite, there is a neighborhood O,
of p inP(F) such that forall ¢ € O, ||P,;l°||2 < A forsome A < 1 and ||P§||2 <C
for 1 <k < ny. It follows that for all g € O, all n > 0,

|71, < cabnim

In particular, for all x € G, g™ (x) = [P}'8.1(x) < |P}}8.l2 < CAl?/™l|5,; <
ciln/ml O
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COROLLARY 2.3 ([7]). Let p € P(F). There are numbers C and § > 0 such
that forall g € Oy, all x,y € G,

G(x,y) < Ce I,
PROOF. We have g™ (x~'y) =0 forn < %|x‘1y|; take § = %ln % O

Fix p € P(F), and let A be a subset of G. We can define Ga(x, y),ua(x,y)
by considering only the paths of the random walk which remain inside A. Clearly,
GA<G,upn<u.Forxe G,V asubsetof Gandv eV, let a;/(v) be the prob-
ability that the first visit in V of the random walk starting from x occurs at v
(oz;/(v) =ug\vuip)(x,v)). Wehave 0 <} .y af(v) <1 and the following:

PROPOSITION 2.4. Fix x and V. For all s > 1, the mapping p > a;/(v) isa

|4
C® function from P(F) into £°(V). Moreover, || % Ils is bounded independently
ofx and V.

PROOF. By Proposition 2.2, there is a neighborhood O, of p in P(F) and
numbers C, ¢,0 < ¢ < 1, such that forg € O), and forall y € G,

g™ (y) < Ce.

The number o ;/ (v) can be written as the sum of the probabilities o/’ V(v) of enter-
ing V at v in exactly n steps. We have

V() <q™ (") <Ce".

Moreover, the function p ag’v(v) is a homogeneous polynomial of degree n
on P(F), since

WV _
v W) =494, iy
&
where £ is the set of paths {x, xiy, xi1i2, ..., xi1i2- i, = v} of length n made

of steps in F which start from x and enter V in v. It follows that for all ¢ =
{ni,n2,....ng,n; eNU{0}},allveV,

o o] lot]
‘a—a"’v(v e —— ) P .Cniﬁ,
ap* " = (infier pp)lel ~ (infier pi)!
where |«| =} ;. n;. Therefore,
3 ﬁan,v(v) ’ < Cn’l*! =D 3 Y () < Cn*l! 6=bn,
lope T ~ (infier pi)sle! ol = (infier pi)*le!

Thus, g — (gy—aaay (v) is given locally by a uniformly converging series in ¢°(V)
of derivatives. It follows that g — oz)‘c/ (v) is a C* function from P (F) into £5(V).
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. a slal
From the above computation, it follows that II%%‘C’ s <X, _ G

(inficF p;)slel
¢6=bn independently of x, V. O

PROPOSITION 2.5. There exists T large enough that for t > T, for any y
and V , the mapping p — a,{)y}(y) is a C* function from P(F) into £' (V). More-

{r}
over, v > a“g—pi(y) is bounded in ¢' (V) independently of y and V .

PROOF. It suffices to show that there is T such that the function v a,{)y } (y) €
£7(V) and to apply the same arguments as in the proof of Proposition 2.4. Con-
sider the probability p with support F~! defined by p(x) = p(x~!), and define
all quantities ()™, G (x), ii(x, y). Observe that, since it is the sum of the same
probabilities over the same set of paths, G(v, y) = G(y, v). Therefore, we have,
using Corollary 2.3 for the p random walk,

Ol]{)y}(y) < G(U, y) = é(y’ v) < e_g‘yilm‘

The group G has exponential growth: there is a v such that there are less than
Ce'R elements of G at distance less than R from y. It follows that for T > v/§,
the function v — a,{)y}(y) ett(vy). O

2.4. Projective contractions on cones. In this subsection, we recall the
Birkhoff theorem about linear maps preserving convex cones. Let C be a con-
vex cone in a Banach space, and define on C the projective distance between half
lines as

9(f, &) :=In[t(f, &g, ]

where t(f, g) :=inf{s,s > 0,sf — g € C}. Let D be the space of directions in C.
Then, ¥ defines a distance on D. Let A be an operator from C into C, and let
T : D — D be the projective action of A. Then, by [3],

(8) 9(Tf,Tg) <PV(f,g)  where B = tanh(} Diam T (D)).

In some cases, ¥-diameters are easy to estimate: for example, in C' = {f €
£'; f >0}, the set U(g,c) :== {f:c_lg < f <cg}, where g € C and ¢ > 1, has
¥ -diameter 4 In c. Moreover, the following observation is useful:

LEMMA 2.6 ([18], Lemma 1.3). Let f,g €C', | fll; = llgll;. Then,

If —glle < (Y = D) £l
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3. Obstacles. In this section, we show that the function ® on 0G defined
by ®(§) := —In K¢ (x) is Holder continuous for any fixed x € G. This is not a
new result [12]. Nevertheless, we present the construction and the proof in order
to introduce the notation used in the next section to show that @ is Lipschitz in
p as a Holder continuous function on dG. Like in [12], the proof is based on
Ancona’s Harnack inequality at infinity (see [1] and [12], Proposition 2.1, for the
form used here): there exist a number R and a constant ¢ = ¢(p) such that if [x, y]
is a geodesic segment and z € [x, y], then for any A C G, N([x, y], R) C A, we
have

) ¢ lun(x, Dua(z,y) <ua(x,y) <cuax, 2)ua(z, y),

where ua (v, w) is the probability of ever arriving at w starting from v before
reaching G \ A. Moreover, from the proof of (9) in [12] or [21], it follows that
there exists a neighborhood O of p in P(F) and a constant C such that c¢(p) < C
for p € O.

3.1. Obstacles. Without loss of generality, we may assume that F' contains
the set of generators, and § is an integer. Set r = max{|x|; x € F, §}.

Fix M large. In particular, M > R + 12r, where R is given by (9). For a
geodesic y, we call an obstacle a family U, C Uy C U, C U; of subsets of G
such that

Uy ={xeG:d(x,y(=2M)) <d(x, y(0))},
Up={x € G:d(x,y(—2M)) <d(x,y4r))},
Uy ={xe€G:d(x,y(0) <d(x,y2M))},
Uy={xeG:d(x,y0) <d(x,y2M +4r))}.
The subsets Ul.ﬂE are connected and satisfy U, C Uy C U, C U;. More precisely,

we have the two following elementary facts:

LEMMA 3.1. If x € Uy and [x,y(=2M)] is a geodesic segment, then
Lx, y(=2M)] C Uy -

PROOF. Assume not. Then there is a z € [x,y(—2M)] such that d(z,
y(—2M)) > d(z, y(0)). Adding d(z, x) to both sides of this inequality, we ob-
tain

d(x,y(—2M))=d(x,2) +d(z,y(=2M)) > d(x,z) + d(z, y(0)) > d(x, y(0)),

a contradiction to x € U, . [

The statements and the proofs are the same for all U l.i.
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LEMMA 3.2. Ifx € Uy, then B(x,r) C Uy; if x € Uy, then B(x, M — 3r) C
U,.

PROOF. Letx € U, and x" € B(x, r). Writing (1) with x =x', y =y (0),z =
y(4r) and w =y (—2M), we get

d(x',y(=2M)) —d(x', y(0)) +2M
> min{d(x', y(=2M)) —d(x, y (4r)) + 2M + 4r,4M} — 25.
Since d(x", y (=2M)) —d(x', y(4r)) <d(x,y(=2M)) +r —d(x,y(0)) + 5r <
6r <2M — 4r, we get
d(x',y@r))>d(x',y(0)+4r —28 > d(x, y(0)) +r
>d(x,y(=2M)) +r >d(x',y(—2M)).
Analogously, if x € Uy and x” € B(x, M — 3r), we get, writing now (1) with z =
y(2M),
d(x",y(=2M)) —d(x', y(0)) +2M
> min{d(x', y(—2M)) —d(x',y 2M)) + 4M,4M } — 25.
Since the right-hand side is smaller than 4M — 2r, it cannot exceed 4M — 2§, and
we get
d(x',y(0) <d(x',y2M)) —2M + 25 <d(x', y 2M)). O

Lemma 3.2 implies that any trajectory of the random walk going from U, to
G \ U1 has to cross successively Up\ U, , U;” \Up and Uy \ U, . For V1, V; subsets
of G, denote A“% the (infinite) matrix such that the row vectors indexed by v € V
are the ozX 2(w), w € V,. In particular, if V, = {y}, set a){,] for the (column) vector

w)\;l = A{\Z} = (O‘z{;y}(y))vevl = (M(U, y))vevl :

Fix t > T. By Propositions 2.4 and 2.5, w{,] is a vector in €/ (V) and a.t? € £5(Vp),
with 1 /s +1/t = 1. With this notation, the strong Markov property yields, if U, C
Up C U, CUjisanobstacleand x € Uy, y ¢ Uy,
u(x,y) =y a0 (o) Ayl (vo, v)u (v, y) =@}, Ayley, )
Vo, V1

with the natural summation rules for matrices and for the (¢*, £') coupling. All

series are bounded series with nonnegative terms, and we set V; = U; \ U; .
Observe that an obstacle is completely determined by the directing geodesic

segment [y (—2M), ...,y (2M + 4r)], so that there is a finite number of possible

obstacles and therefore a finite number of spaces £/ (V), of (infinite) matrices AV('),

of vectors w%,l and oe)‘c/o if the distances d(z, y QM +4r 4+ 1)) and d(x, y (—2M))
are bounded.
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3.2. Properties of the matrix Agé. Recall that the general entry of the matrix

A= A“% is A(vg, v1), the probability that starting from vg € Vy, the first visit in
V1 occurs at vy. In particular, assume A(vg, v{) = 0. Then, all paths from vg to vy
with steps in F have to enter V) elsewhere before reaching v;. Since the support F
of p contains the generators of the group, A(v, v1) =0 for all v’s in the connected
component of v in U, . By Lemma 3.1, all paths from y (0) to v; with steps in
F have to enter V| before reaching v;. Therefore this property depends neither on
vo ¢ U, noron p € P(F). We say that vy is active if A(vo, v1) # 0. In the sequel
we will call Vi the set of active elements of Uy \ U; . We have:

PROPOSITION 3.3. Let y be a geodesic, Uy C Uy C U C Uy an obstacle,
Vo=Uo \ Uy , V1 the active part of Uy \ U, . There exists a neighborhood O, of
p in P(F) and a constant ¢\ such that, for all p € O, all vo € Vp, vy € V1,

(10) e 'ugyy-(vo, ¥ )y fg, (v1) < A(vo, v1) = crug - (vo, ¥ () fg (v1).

PROOF. Introduce the set U, —, U~ ={x € G:d(x,y(0)) <d(x,y(2M —
4r))}. By a variant of Lemma 3.2, we may write, for vg € Vp, v1 € V1,

Awov) = Y ugy-Wo, whay! (D).
welU\U; ~

Using that a;/}o)(vl) = ZweUl_\Ul__ UG\UT (y(0), w)oz;j1 (v1), we see that it suf-
fices to prove that, forall p € O, allvg € Vo,w e U; ~ \ U,
Cl_luG\Ul_ (vo, V(O))”G\Ul_ (v (0), w)
= MG\UI_ (vo, w) < CluG\Ul_ (U(), V(O))MG\UI_ (V(O)a w)-

This will follow from a variant of (9) once we will have located the point y (0)
with respect to the geodesic [vg, w].
Observe that if vg € Uy, then d(vg, y(0)) > M — 3r. Indeed, writing that

(]/(—ZM), V(47’))v0
> min{(y (=2M), y (=M +2)) ., (y 4r), y (=M +27)), } = 8
= (y(=2M), y(—M +2r)), -8,

we get that d(vg, y(4r)) > M + 2r — § > M — 3r and the claim follows. Since,
by Lemma 3.1, the whole geodesic [vg, y(—M + 2r)] lies in Uy, we have
d(y(0), [vg, y (=M + 2r)]) = M — 3r. But we know that y(0) € N([vg, y(M)] U
[vo, y(—M + 2r)],46). It follows that there is a point z| € [vg, y(M)] with
d(y(0),z1) < 44. In the same way, since w € G \ U; ~, d(y(0), [w,y(M —
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2r)]) > M — 3r and therefore d(z1, [w, y(M — 2r)]) > M — 3r — 44. It follows
that there is a point z € [vg, w] such that d(z, v (0)) <d(z, z1) +d(z1, y(0)) < 83.
Let yo be the point in [vg, w] at distance R from w. Then G \ U, contains
N ([vo, yol, R), and the point z belongs to [vg, yo].3 So we may apply (9) to the
points v, z, yo and the domain A = G \ U, to obtain, for all p € O, all vy €
Vo, v1 € V1,
c(}luG\U; (0, Dy (2, ¥0) = Uy (V0 Y0) = cott - (vo, z)uG\U; (z, yo)-

By changing the constant, we can replace yg by w [since d(w, yo) = R] and z by
y(0) [since d(z, ¥ (0)) < 83]. We obtain the desired inequality. [

For V asubsetof G, 1 > 0, denote C}, the convex cone of nonnegative sequences
in £/ (V) and define on C}, the projective distance between half lines as

9(f, ) :=In[t(f,g)t(g, /],

where 7(f, g) :=inf{s,s > 0,sf — g € C},}. Represent the space of directions as
the sector of the unit sphere D}, = Ci, N S},; then, ¥ defines a distance on D}, for
which D, is a complete space (Lemma 2.6). We fix ¢ > T such that the sequences

ol }(y) € ¢'(V) and we consider the matrix AV as an operator from £’ (V}) into
the space of sequences indexed on Vj. We have:

PROPOSITION 3.4. Choose t > T and s such that 1/s + 1/t = 1. For any
obstacle Uy C Uy C Uy C Uy, all p € Op, the operator A“;(l) sends C{,] into C{,O,

the adjoint operator (A“%)* sends Cf,o into Cy, and
. V . V X
Dlamci/o (AV(') (C’{,1 )) <4lncy, Dlamcf/] ((AV('))*(C{,O)) <4lncy,

where c| and O, are the ones in (10).

PROOF. By definition, Y, cy, oyl (1) < 1 so that o)l (v1) € £5(Vy).
By (10), for any vy € Vy, any f € £'(Vy),

Avof(vo) < crug\v, (vo, V(O))||ay(())(vl)”5”f||t-
By the same argument as in the proof of Proposition 2.5, we see that vy +—

ug\y- (o, y(0) € 2" (Vp). It follows that for any f € £'(V}), Agéf belongs to
e (Vo).

By (10), we know that for any f € Cy,
vof(UO)

(11) et ug\u, (v0, Y (0)) < — 24—
oo rO) = m o)

< crug\v, (vo, ¥ (0)).

3Since w ¢ Ul__,wehave dw,z) >d(w,y0) —8>M—-3r—8>M—11r > R.
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It follows that Diamcvt A“% (Cﬁ,l) < 4lInc. The same argument works for the ad-
0

joint operator (A“;(l))*, since we know that vy = ug\y, (vo, y(0)) € £'(Vp) and
v el () € £ (VY). O

PROPOSITION 3.5. Chooset >T+1,ssuchthat1/s+1/t = 1. The mapping
p A“;(l) [resp., p — (Avo) ] is C*® from P(F) into L&' (Vy), L' (Vy)) [resp.,
L Vo), £ (V)]

PROOF. We follow the scheme of the proofs of Propositions 2.4 and 2.5. By
Proposition 2.2, there is a neighborhood O, of p in P(F) and numbers C, ¢,0 <
¢ < 1, such that forg € O, and forall y € G,

g™ (y) < Ce.

We write ozx)l (v1) as the sum of the probabilities ozl’j(; Vi (v1) of entering Vj at vy in
exactly n steps. We have, for all vg € Vy, v1 € V1,

a1 (1) < g™ (vy 'or) < €L

As before, the function p — ag; Vi (v1) is a homogeneous polynomial of degree n
on P(F) and for all @ = {nl,ng, ...,ng,n; € NU{0}}, all vg € Vp, vy € V7,

Cnlel LV Cnlel

[ < ____ @ xn
~ (infiep pi)l*! (1) = (infier Pi)"’"g

‘ al-Vi(u)| <

aerO

Let f € £'(V}). Then,

ad
Z oV (v1)

80(”0

o

Cnlel Y
- 1
(infiep pi)le! @y (1)

< Cnlalg-(s—l)n/s (uG\Ul_ (UOa V(O)))]/S“f”t-

To obtain the last inequality, we use that

1/s
Jo Vi), <C(c“ ””Za” V'm)) :

|fn)]| <

”f”t

(10) and ¥, @)}y (v1) < 1. Therefore,

2|50

V1

3 g (1)

ool

1/t
< Cnllgs=Dn/s <Z(MG\U1 (vo. y(O)))’“) 1 £ 1.

vo
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Sincet > T +1,t/s > T, the series ZUO(MG\Ul (v, y(O)))’/s converges, and the
operator

f+—>Z - ’J(,V%vl)f(vl)

has norm smaller than Cn!®lz =D/ in £(¢1(Vy), £ (Vp)). The series of operators
which defines %A“% is converging.
The proof is the same for the adjoint operator. We estimate, for g € £°(Vp),

80{
Z ap Vi (v1)

80{”0

[
(i flEFpl)lal

V -1
< Ccnle o)ty ) T lglls.

ap V(o)

g (vo)| = IIglls

As before, we find that the operator
g Z - ﬁov' (v1)g(vo)

has norm smaller than

—1
Cnlalg.n/t Z(a}‘:}o)(vl))s(f )/t < Cnla\é.n/t
v
in L(ES (Vo), £5(V1)) (recall that s“== = 1). The series of operators which defines
dp“ (A Vo * is converging as well. D

3.3. Holder regularity of the Martin kernel. Fix x € G and a geodesic y with
¥ (0) = e. Consider the family U, C Uy C --- C U,” C U, such that for all j =
l,...,n=1,U; CU; CUj, | CUj41 isanobstacle for y 00 2/M+K The integer
K is chosen so that x,e € U, for example, K = 4M + |x|. With that choice,
y(n) ¢ Uy as soon as n > K + 2kM + 4r. Iterating the strong Markov property,
we get, for z ¢ Uy,

Vo 4V v
u(r,z) (e Ay Ay o)

1 Vi Vi ’
ule,z) (@, Ay - Ay o)

Z
“Vi .
Hw” ll:’

ae 0 B:= ozxo For all z ¢ Uy, fi(2) € D and o, B € C% — {0}. By Proposi-

2
tion 2.4, if z,7' ¢ Uy, ﬁct(AVQlfk(z), Akalfk(Z/)) <4lIncy. Set T = 2; By
1

Choose t > T + 1 and s such that 1/s + 1/t = 1. Set fx(z) :=




ENTROPY FOR HYPERBOLIC GROUPS 3595

repeated application of (8), we have, as soon as z, 7’ ¢ Uy,

9o (Ay - AV fe(@), Ay AV (@)
(12) =7 e (A i@, Ay (@)
§4lnclrk_1.

We are interested in the function ®:0G — R,

DE) = —In Ky (§) = —In Lim L)
xa—& u(e, X))

If we choose the reference geodesic y converging toward &, then setting ®,(§) =
wx.y () e have lim, ®,(€) = ®(&). More precisely, as soon as n,m > K +

u(e,y(n))> ’
2kM + 4r, we may write

(o, Tj() T Tjk—l Je(y(n))) (B, Tj() T Tjk—l Jie(y (m)))
(B.Tjy - Tj_, fuly ) (o, Tjy -+ Tj_, fr(y (m)))’

where T is the projective action of A“;;“. By (12) and Lemma 2.6, we have, as
soonasn,m > K +2kM +4r, |®, (&) — ,(&)| < C 7. For the same reason, for
any fixed family of fi € Dy, , the sequence Tj, - - Tj, , fi converge in Dy, toward
some foo, independent of the choice of f; and a priori depending on the geodesic
y converging toward £. In any case, we have

P, (§) — Pp(§) =1In

n (@, foo) ‘

{1, foo)

Consider now two points £, 7 € 3G such that p(£, ) < a~"~C. Then there is a
geodesic y converging to & and a sequence {y;}¢>1 going to n such that for £, m
large enough, (y(m), v¢) > n. For fixed x and K =4M + |x|, consider the same
family Uy C Up C --- C U, C Ui suchthatforall j=1,...,k—1, Uj_ cU;C
U, i+1 C Uj+1 is an obstacle for y o o 2IM+K We have:

(13) ITjy - Tj_, fx — foolls <CT* and @(&) =1

LEMMA 3.6. Assume 2kM <n — K — 4r — 226 and ¢ large enough. Then,
ye ¢ Ur.

PROOF. Choose ¢ large enough that lim,,—, - (y (m), y¢) > n, and we choose
a geodesic [yg, &] such that (y¢, &) > n. By definition of U;, we have to show
that d(ye, vy Q(j — DM + K)) >d(ye, y2jM + K +4r)) for2jM + K +r +
228 < n. By continuity, there is a point so where the function s — d(y¢, Y (s))
attains its minimum. We are going to show that so > n — 12§. By 8§ convexity of
s+ d(ye, ¥ (s)) ([9], Proposition 25, page 45), this proves the claim.*

4Indeed, since 2iM+K +r+228 <n,y(2jM + K 4+ 4r 4+ 106) lies between y 2(j — )M + K)
and sq and thus, by 8§ convexity of the distance, d(y;, y 2jM + K + 4r + 108)) <d(ye, y 2(j —
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By continuity, there is a point s; such that d(y (s1), [y (0), ye]) = d(y (s1), [ye,
&]) <44. On the one hand,

s1=d(y(0), [ye, £]) —48 =n —48
[recall that (&, y;) > n]. On the other hand, we know that

d(ye, y(s1) < (v(0),&),, +85 <d(ye, y(s0)) + 83
(see the proof of Lemma 22.4 in [21]). It follows that s > s; — 85 >n — 125. [

We have that ®(£) — (1) = limy, ¢,y In(14&5 LE20 ) With the above

. . u(x,xm) u(e,ye)
notation, assume that & is such that 2kM <n — K —4r —226. If £ and m are large

enough, y,, y(m) ¢ Uy and

PE)—d(n) = lim In (B, TJIO'“TJkalfk(V(m))) (a, TJ'O"'Tjkflfk(yﬁ))‘

Xm—>&,ye—>1n <0[» T]o T Tjkflfk(y(m)» (ﬂv Tjo te Tjk,lfk(ﬂ))

Since as above, we have (T}, --- Tj,_, fx(y(m)), Tjy---Tj._, fr(ye)) < Ct*, and
o, B take a finite number of values, we have

@) — ()| = CT* < Cp

for a new constant C and po = !/ . This shows that for all x € G, the func-
tion £ — —In K (&) is Holder continuous on dG. Moreover, the Holder exponent
[In pg|/Ina and the Holder constant C are uniform on a neighborhood of p in
P(F).

Let us choose k¥ < 1,k < —g}r‘:g, and consider the space I', of functions ¢
on dG such that there is a constant C,, with the property that |¢p(§) — ¢ ()| <
C(d(&,n))<. For ¢ € I'y, denote ||¢ ||, the best constant C, in this definition. The
space ['; is a Banach space for the norm ||¢|| := ||@ ||« + maxys |@|. In this subsec-
tion, we showed that for p € P(F), x € G, there exist ¥ > 0 and a neighborhood
O, of p in P(F) such that for p’ € O,,, the function @/ (£) = —In K¢ (x) belongs
to I', and that the mapping p’ > ®,, is bounded from O, into T';.

4. The Martin kernel depends regularly on p.

PROPOSITION 4.1. Fix x € G. For all p € P(F), there exist k > 0 and a
neighborhood O, of p in P(F) such that the mapping p — ®(§) = —In K¢ (x) is
Lipschitz continuous from O, into T'.

)M + K)) + 86§ [recall that s achieves the minimum of d(yg, y (s))]. The inequality follows by
writing the §-hyperbolicity relation (1) withx = yp, y=yQ2jM+ K +4r),z=y2jM + K +4r +
108) and w =y (2(j — )M + K).
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PROOF. Let p € P(F) and choose k = «(p) given by Section 3.3. We have to
find a neighborhood O of p in P(F) and a constant C such that, for p’ € O,

[Py — Pyl = mSaX}CDp(E) — @@+ 1P — @plle = COp, p'),

where, for convenience, we use on P(F) the already defined projective distance
on RY. We treat the two terms separately.

CLAIM 1. maxg [P, (&) — P, (§)| < CO(p, p).
Choose the geodesic y converging to &. Applying Section 3.3 and (13), there
are vectors foo(p), foo(p") € £'(Vy) such that

(Ol(p), foo(P)) (:B(pl)y foo(P/»
b — b, =1 )
[©p&) = @y )] '“ @) foo(P)) (B foo()) ‘

By Proposition 2.4, we make an error of order C¢ (p, p’) when replacing B(p’) by
B(p) and a(p’) by a(p). The remaining term is

/
(a, Tj, - Jk 1f/< B jo 'Tjk—lfk>

(14) ; ,
(o, TJO ]k lfk) (B, T]o "Tjk—1fk)

In
k

where T is the projective action of A&j*'(p), T;s the projective action of

A“é“ (p) and we have chosen once for all fi € ¢/(Vj), independent of p € O.
We have

0(TJ'0 T Tjkflfk’ Tj{o T T;k—lfk)
1
ﬁ(TJ'O"'TJ'i—lT, Jk 1fk’ jor Tj; TJ/+1 ]k 1fk)

IA IA
T IMT

i—1 /
T ﬂ(Tji' Jk 1fk’ J+1 jk 1fk)
1

where we used (12) to write the last line If the neighborhood O is relatively

compact in P(F’), all points ijl_ o ]k 1 fr are in a common bounded subset

of D’Vj - By Proposition 3.5, there is a constant C and a neighborhood O such
i+
thatfor p' € O0,i=1,...,k—1,

ﬁ(T TJ+1 Jk 1fk’ J+1 jk lfk) Cl?(PvP/)-

Finally, we get that for all k, & (T}, - - - T}, _, fx» TJ{O . ]k i) =12 Tﬁ(p ). Re-
porting in (14) proves Claim 1.

CLAM 2. [|®, — Dy, <CV(p, p).
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Let &, € 3G be such that p(&, n) < a™"~¢. We want to show that there is a
constant C and a neighborhood @, independent on n such that, for p’ € O,

[@p(E) = @p(§) = Pp(n) + Dy ()| < Ca ™3 (p, p').

Choose as before a geodesic y converging to £ and a sequence {y;}¢>1 going to
n such that for £, m large enough, (y (m), yg) > n. For fixed x and K =4M +
|x|, consider the same family U, C Uy C --- C U, C Uy such that for all j =
l,...,k=1,U; CU;j CU;}; CUj4 is an obstacle for y oo 2IM+K By Lem-
ma 3.6, for £ large enough ye & U, and we may write @ ,(§) — @ (§) — P, (n) +
D, (n) as

(B, Tjo"' i1 8K) (o, Tj,o T//k 1gk>

lim In
(15) sm—Eyen (o Ty Ty, 8k) (B T &0
(c, Tjo : jk 1 ></3 TJ/k 1hk>
(ﬂ’ T]O ]k lhk> < ! Tj/() Tj{k_lh;(>

where o = a(p),a’ =a(p’), B = B(p), ,3/ B(p), Tj, is the projective action of
V.:H(p)’ T} the projective action of AV;“(p) and g, g; are fi(y(m)) calcu-
lated with p and p’, respectively, i, h) are fi(y¢) calculated with p and p’.

Recall that g = fi(y (m)) is the direction of a)y( ™ in ¢! (Vk). It can obtained by
a series of obstacles along y between Uy and y (m). Let us show that we can choose
m large enough (depending on p’) such that we have ¥ (gi, g,) < C9(p, p). In-
deed,

gk, &) = 2 (fi(y (), f (v (m)))
= l?(T]k T ij—lfm’ Tj/k U T]{mfl f’;/l)
We have ¢ (fi, f,,) < C and for m large enough,
ﬂ(T]{k“.T]{m—lfm’T]{k ’ T]/m lf )<Tm kC<l9(p p)
By the same computation as in Claim 1, we then have
ﬁ(T]k U ijflfm’ T]/k e T]{m_lfm) = Cﬁ(p’ p/)

Since ¥ (g, g;) < CY(p, p’), using the contraction of the T';, we can replace g; by

gk in (15) with an error less than Crkz?(p p) < C,ooz‘}(p p’). In the same way,
following obstacles along the geodesic between y (r) and y,, we have, for £ large
enough, ¥ (hg, h}) <9 (p, p'), and we can replace hj by hy in (15) with an error
less than Cpy ¥ (p, p’).
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Observe also that all terms & = «/||c||s, /8 = B/l1Bls belong to Di,jo. We may

write, considering, for instance, (&, TJTO- Jk ] 81
(o, Tj - Tj &) (A% - AL gg)
(@ Tj - Tj &) (o, A ---AL g)
((A/]k DAL gg)
((A’Jk DE (AL, )

_ ”a/”€ <(T]/k 1) (T/ )*d/ />
= Nl (T, (T gy

Jk—1
where (T )* denotes the projective action of (A/ )* on D5 Observe that if we
replace o’ by «, 8’ by B in (15) and use the above equatlon and its analogs, the
ratios 1¢0s 1Bl cancel one another, and using the contraction of the (Tj)*, we

llells > 1Bl
make an other error of size at most Cp 9 (p, p’).

We find that, up to an error of size at most Cpj ¥ (p, p'), the difference @, (&) —
@, (&) — P,(n) + P (n) is given by
3 : / /
lim In (B Ajo -~ Aje18k) <a’Aj A]k 1gk>
xm—>E.ye—>n (B, A/j AL ) (6, Ay A gk)

Ji—1
(d’Ajo ’ Jk 1 ><'B A A/]k 1hk>
X — )
<avA/j A/ ) <137A_]0"' kalhk>

Jk—1

where we reordered the denominators to get a sum of four terms of the form

(o, Ajo--+Aj_,8)
(o, Ao+ AL 8)

Jk—1

+In

with o € D‘{,j ,8 € Dﬁ,j . We can arrange each such term and write
0 k

(o, Ajy -~ Aj_,8)
(o, AL - AL 8)

Jk—1
=, Ajy - Ay A, A]+1 A/jk 8)
LAy Ay ALAL AL )
K20 (A Y (A e Alyg) R (A e AL A g)
B ﬂ (A, ) (A, A b (e, AL AL )

k/2 —
_[li[] (Ajyeg) (e Ajs)
(A%, gi) (i, A, gi)

i=[k/2]+1
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where o = (T'i_l)*"'(Tj())*a, 8i = T/ T/ gset ﬁi = (T'i_l)*"'(Tj())*ﬂa

Ji+1 Jk—1

h; =T, ---T! h.We are reduced to estimate
Ji+1 Jk—1

“ﬁ] ((Aj)*Bi. gi) (AL ) i, &) ((Aj)*au, hi) ((A%)*Bi, hi)
ico (AL)*Bi, i) ((Aj)*ai, gi) ((A)) e, hi) ((Aj)*Bi, hi)

% kl:[l (,Bi,Ajigi) (ai»A/jigi> (O[,',Ajihl') <,3i’A/jl.hi>.
i—te/aren B AGgi) (i, Ajigi) (i, Alhi) (Biy Ajihi)

Since, g;, h; remain in a bounded part of the Dy: and «;, §; in a bounded
part of the Dys, using Propositions 2.4 and 2.5, one gets a constant C such
that 9 (Ajgi, A’ 8), O (Ajhi, A% hi), 9 ((Aj)*e, (A}) ;) and O ((A})*Bi,
(A;.i)* Bi) are all smaller than C¥(p, p’). Furthermore, using the contraction of
T; and (T;)* (Proposition 3.4) we see that

P, Bi) <Ct', V(g hi) <CT*

Moreover, all products in the formula are approximations of (&, fo) and thus are
uniformly bounded away from 0. It follows that for i < k/2,

‘ln ((Aj)*Bi, i) ((A))* Bi, hi)

((A})*Bi, gi) ((Aj)*Bi hi)
((A}) ai, gi)((Aj) ati, hi)
((Aj)*ei, gi)((A})*ai, hi)

’

< Ctk_iz?(p, r)

‘ln

and fori > k/2,

(Bi, Ajigi)ai, Al gi) n(Oli,Aj,-hi)(ﬁi,A}ihi)
(Bi, A gi){atis Ajigi) (i, A% hi)(Bis Ajihi)
so that finally the main term of (15) is estimated by

[k/2] k—1

Yoo (pp)+ Y. Cilo(p, p') < CTo(p, p') < CopPo (p, P).
=0 i=[k/21+1

<Ct'o(p. p).

’

i

Claim 2 is proven (recall that x < —gir'fg sothat p'/2 <a=*). O

5. Markov coding and regularity of p*°. In this section, we discuss the reg-
ularity of the mapping p — p> from P (F) into the space I'} of continuous linear
forms on T'y. By Theorem 2.1, p® is the only p-stationary measure for the ac-
tion of dG, and thus depends continuously on p. In the case of the free group,
p° appears as the eigenform for an isolated maximal eigenvalue of an operator on
[, (see [16], Chapter 4¢) and therefore depends real analytically on p. This argu-
ment does not seem to work in all the generality of a hyperbolic group, and we are
going to use the Markov representation of the boundary which was described by
M. Coornaert and A. Papadopoulos in [6].
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5.1. Markov coding. Following [6], we call horofunctions any integer valued
function on G such that, for all A < h(x), the distance of a point x to the set =1
is given by /(x) — L. Two horofunctions are said to be equivalent if they differ by a
constant. Let @ be the set of classes of horofunctions. Equipped with the topology
of uniform convergence on finite subsets of G, the space ®¢ is a compact metric
space. G acts naturally on ®p. The Busemann boundary dpG is a G-invariant
subset of ®¢. For each horofunction 4, sequences {x,},>1 such that

d(Xn, Xn1) = h(xp) — h(xpy1) =1

converge to a common point in dG, the point at infinity of 4. Two equivalent
horofunctions have the same point at infinity. The mapping = : &9 — dG which
associates to a class of horofunctions its point at infinity is continuous, surjective,
G-equivariant and uniformly finite-to-one. Fix an arbitrary total order relation on
the set of generators S. Define a map o : ®y — D¢ by setting, for a class ¢ =
[h] € g, a(p) = a‘1<p, where a = a(¢p) is the smallest element in S satisfying
h(e) — h(a) = 1. In [6] is proven:

THEOREM 5.1 ([6]). The dynamical system (®g, o) is topologically conjugate
to a subshift of finite type.

We assume, as we may, that the number Ry used in the construction of [6] satis-
fies Ry > r. In order to fix notation, let (X, o) be the subshift of finite type of Theo-
rem 5.1. That is, there is a finite alphabet Z and a Z x Z matrix A with entries O or 1
such that ¥ is the set of sequences z = {2, }»>0 such that foralln, A;, , ., =1and
o is the left shift on . We can decompose X into transitive components. Namely,
there is a partition of the alphabet Z into the disjoint union of Z;, j =0, ..., K
in such a way that for j =1,..., K, X; :={z,z0 € Z;} is a o-invariant transi-
tive subshift of finite type and Uf: 1 X is the w-limit set of X. By construction,
G-invariant closed subsets of X are unions of X; for some j € {1,...,K}. We
denote such G-invariant subsets by X, where J is the corresponding subset of
{1,..., K}. In particular, the supports of stationary measures on G are subsets of
dp G which are identified with such ;.

For x > O consider the space I', of functions ¢ on X such that there is a
constant C, with the property that, if the points z and z’ have the same first
n coordinates, then |¢(z) — ¢(z')| < Cy x". For ¢ € I'y, denote |||, the best
constant C, in this definition. The space I', is a Banach space for the norm
¢l :=ll¢ll, + maxy |¢|. Identifying X with &g, we still write 7 : X — 0G the
mapping which associates to z € ¥ the point at infinity of the class of horofunc-
tions represented by z.

PROPOSITION 5.2.  The mapping w : ¥ — 0G is Holder continuous.
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PROOF. Let z and z’ be two elements of ¥ such that z; = zg for1 <i <n.De-
note & and A’ the corresponding horofunctions with h(e) = h’(e) = 0. Let {x,},>0
be define inductively such that xg = e and (xp—1) " Lx, is the smallest element a in
S such that 4 (x,—1) — h(x,—1a) = 1. The sequence {x,},>0 is a geodesic and con-
verges to 77 (z). By [6], Lemma 6.5, h and A’ coincide on N ({xo, ..., Xn+L,}, R0),
where Ly and Ry has been chosen as in [6], page 439. In particular, if one as-
sociates {x, },>0 similarly to 4’, the sequence {x]},>0 is a geodesic which con-
verges to 7 (z’), and we have x; = x; for 0 <k <n + Lo. It follows that for all
m,m’ >n-+ Lo,

(Xm, Xm)e =0+ Lo + (X, xm’)x,1+L0 >n+Lo>n.
Therefore

(n(é)’ n(z_,))e Z llmlr/lf(xm, xm’)e Z n and p(j‘[(g)’ j'[(Z_/)) S e—an+61 .

In the same way, we have:

PROPOSITION 5.3. Let x be fixed in G with |x| < Ro. Then the mapping z —
h;(x) depends only on the first coordinate in ¥, where h; is the horofunction
representing z in Theorem 5.1.

PROOF. As above, if zo = z; and &, i’ are the corresponding horofunctions
with h(e) =h'(e) =0, h and &’ coincide on N (e, Rg) D {x}. O

Let v be a stationary probability measure on ®¢. By equivariance of &, the mea-
sure 7T,V is stationary on dG and, by Theorem 2.1, we have m,v = p>°. Actually,
there is a more precise result:

PROPOSITION 5.4. Let v be a stationary measure on ®g. Then, for v-a.e.
@ € ®g, all x,
dxyv

(16) 7

() = Kn((o) (x).

PROOF. Since the mapping 7 : &9 — dF is G-equivariant and finite-to-one,
the measure v can be written as

[roaw=[( ¥ vwaw)w=e.
@ (p)=¢
where a is a nonnegative measurable function on ®¢ such that } . )=z a(p) =1
for p®-a.e. £. Moreover, since dG is a Poisson boundary for the random walk
([13], Theorem 7.6), the conditional measures a(¢) has to satisfy a(x¢) = a(p)
p-a.s. ([14], Theorem 3.2). Formula (16) for the density then follows from for-
mula (6). [
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Identifying ®¢ with X, we see that, for z € ¥, o1 z is given by some az, where
a is one of the generators. We can describe the restriction of a stationary measure
to X ;. More precisely, we have:

PROPOSITION 5.5. Foreach j=1,..., K, there is a unique probability mea-
sure v such that any p-stationary measure on X has the restriction to X.; propor-
tional to v;. Moreover, for all p € P(F), there exist x > 0 and a neighborhood
O, of p in P(F) such that the mapping p > v; is Lipschitz continuous from O,
to F;k( (= j)-

PROOF. Consider a p-stationary probability measure on X that has a nonzero

restriction to X ;. Let v; be this (normalized) restriction. By (16), for all x such that

x~ Iz j = Xj, we have d:;zjf' (2) = Kz (z)(x). We shall show that there is a unique

d;:;-’ (2) = Kr(»)(z0) and that it depends
Lipschitz continuously on p as an element of F;‘( for some suitable .

We use thermodynamical formalism on the transitive subshift of finite type X ;.
For x <1 and ¢ € I'y with real values, we define the transfer operator Ly on
Iy (Z)) by

probability measure on X; satisfying

Loy )= Y Py,
neo~1&
Then, Ly is a bounded operator in I'y, . Ruelle’s transfer operator theorem (see [4],
Theorem 1.7, and [20], Proposition 5.24) applies to L, and there exists a number
P(¢) and a linear functional Ny on I', such that the operator EZ on (I',)* satis-

fies £§,N¢ =ef (¢)N¢. The functional Ny extends to a probability measure on X;
and is the only eigenvector of E;“, with that property. Moreover, ¢ > Ly is a real
analytic map from I',, to the space of linear operators on I', ([20], page 91). Con-
sequently, the mapping ¢ +— N is real analytic from I, into the dual space I'};
see, for example, [5], Corollary 4.6. For p € P(F), define ¢,(z) = In K (;)(z0)-
By Propositions 4.1 and 5.2, we can choose x such that the mapping p |—>_¢p is
Lipschitz continuous from a neighborhood O, of p in P(F) into the space I', . It
follows that the mapping p > Ny, is Lipschitz continuous from O, into I'}.

. dow; .. .
From the relation ;V‘ff (z2) = Ky (z)(z0), we know that v; is invariant under L;p.
;& z

This shows that v; is the only probability measure satisfying this relation, that
P(¢p) =0 and that vj extends Ny,. [

Let ¥; be a minimal, closed G-invariant subset of X. We know that X; is a
finite union of transitive subshifts of finite type. We have:

COROLLARY 5.6. For p € P(F), there is a unique p-stationary probability
measure vy(p) on Xj. There is a x and a neighborhood O of p such that the
mapping p — vj(p) is Lipschitz continuous from O into F;“( (=y).
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PROOF. Let vy be a p stationary measure on ;. We know by Proposition 5.5
that the conditional measures on the transitive subsubshifts are unique and Lips-
chitz continuous from O into Fj‘( (2r). We have to show that the v;(X;) are well
determined and Lipschitz continuous in p. Write again equation (16), but now for
elements x € G that exchange the ¥; within X; and write that ), v;(Zx) = 1.
We find that the v; (%) are given by a system of linear equations. By Proposi-
tions 4.1 and 5.5, we know that the coefficients of this linear system are Lipschitz
continuous on O. We know that there is a solution, and that it is unique, since
otherwise there would be a whole line of solutions, in particular one which would
give vy (X)) = 0 for some k and this is impossible. Then the unique solution is
Lipschitz continuous. [

6. Proof of Theorem 1.1. Choose x small enough and O a neighborhood
of p in P(F) such that Proposition 4.1 and Corollary 5.6 apply: the mappings
p > InK;)(x) and p — v, are Lipschitz continuous from O into, respectively,
I'y(X¥) and f; (2). Then, by definition (2), the function p — h,(X;, v) is Lips-
chitz continuous on O. By (3) and (5), the function £, is the maximum of a finite
number of Lipschitz continuous functions on O; this proves the entropy part of
Theorem 1.1.

For the escape rate part, recall that the Busemann boundary dg G is made of ho-
rofunctions so that it can be identified with a G-invariant subset of 3. Stationary
measures on dgG are therefore convex combinations of the v/, where J' are such
that vy (9pG) = 1. Formula (4) yields £5 = max ;{3 ¢ ( Is, h(x=YYdvy(h)) x
p(x)}. By Proposition 5.3, for a fixed x € F the function A(x) is in I'y (X))
for all x. Therefore, Corollary 5.6 implies that each one of the functions
fzj/ h(x~Ydv(h) is Lipschitz continuous on O. This achieves the proof of The-

orem 1.1 because the function p — Eg is also written as the maximum of a finite
number of Lipschitz continuous functions on O.
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