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UNIVERSALITY FOR BOND PERCOLATION
IN TWO DIMENSIONS

By GEOFFREY R. GRIMMETT1 AND IOAN 1\/[ANOLESCU2
University of Cambridge

All (in)homogeneous bond percolation models on the square, triangular,
and hexagonal lattices belong to the same universality class, in the sense that
they have identical critical exponents at the critical point (assuming the expo-
nents exist). This is proved using the star—triangle transformation and the box-
crossing property. The exponents in question are the one-arm exponent p, the
2 j-alternating-arms exponents p; ; for j > 1, the volume exponent §, and the
connectivity exponent 7. By earlier results of Kesten, this implies universal-
ity also for the near-critical exponents 8, ¥, v, A (assuming these exist) for
any of these models that satisfy a certain additional hypothesis, such as the
homogeneous bond percolation models on these three lattices.

1. Introduction and results.

1.1. Overview. Two-dimensional percolation has enjoyed an extraordinary re-
naissance since Smirnov’s proof in 2001 of Cardy’s formula (see [16]). Remark-
able progress has been made toward a full understanding of site percolation on the
triangular lattice, at and near its critical point. Other critical two-dimensional mod-
els have, however, resisted solution. The purpose of the current work is to continue
our study (beyond [6]) of the phase transition for inhomogeneous bond percolation
on the square, triangular and hexagonal lattices. Our specific target is to show that
such models belong to the same universality class. We prove that critical exponents
at the critical point are constant within this class of models (assuming that such
exponents exist). We indicate a hypothesis under which exponents near criticality
are constant also, and note that this is satisfied by the homogenous models.

We focus here on the one-arm exponent p, and the 2 j-alternating-arms expo-
nents pp; for j > 1. By transporting open primal paths and open dual paths, we
shall show that these exponents are constant across (and beyond) the above class
of bond percolation models. More precisely, if any one of these exponents, 7 say,
exists for one of these models, then 7 exists and is equal for every such model. No
progress is made here on the problem of existence of exponents.
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Kesten [11] showed that the exponents § and 5 are specified by knowledge
of p, under the hypothesis that p exists. Therefore, § and n are universal across
this class of models. Results related to those of [11] were obtained in [12] for
the “near-critical” exponents 8, y, v, A. This last work required a condition of
rotation-invariance not possessed by the strictly inhomogeneous models. This is
discussed further in Section 1.4.

It was shown in [6] that critical inhomogeneous models on the above three lat-
tices have the box-crossing property; this was proved by transportation of open
box-crossings from the homogeneous square-lattice model. This box-crossing
property, and the star—triangle transformation employed to prove it, are the basic
ingredients that permit the proof of universality presented here.

A different extension of the star—triangle method has been the subject of work
described in [2, 19, 20]. That work is, in a sense, combinatorial in nature, and
it provides connections between percolation on a graph embedded in R? and on
a type of dual graph obtained via a generalized star—triangle transformation. In
contrast, the work reported here is closely connected to the property of isoradiality
(see [3, 8]), and is thus more geometric in nature. It permits the proof of relations
between a variety of two-dimensional graphs. The connection to isoradiality will
be the subject of a later paper [5].

The paper is organized as follows. The relevant critical exponents are summa-
rized in Section 1.3, and the main theorems stated in Section 1.4. Extensive refer-
ence will be made to [6], but the current work is fairly self-contained. Section 2
contains a short account of the star-triangle transformation, for more details of
which the reader is referred to [6]. The proofs are to be found in Section 3.

1.2. The models. Let G = (V, E) be a countable connected planar graph, em-
bedded in R2. The bond percolation model on G is defined as follows. A config-
uration on G is an element w = (w, : e € E) of the set Q = {0, 1}£. An edge with
endpoints u, v is denoted uv. The edge e is called open or w-open (resp., closed)
if we =1 (resp., w, =0).

Forw e Qand A, B C V, wesay A is connected to B (in w), written A <> B (or
A &2 B), if G contains a path of open edges from some a € A to some b € B.
An open cluster of w is a maximal set of pairwise-connected vertices, and the open
cluster containing the vertex v is denoted C,. We write v <> oo if v is the endpoint
of an infinite open self-avoiding path.

The homogeneous bond percolation model on G is that associated with the prod-
uct measure P, on € with constant intensity p € [0, 1]. Let O denote a designated
vertex of V called the origin. The percolation probability and critical probability
are given by

0(p) =Pp(0 < 00),
pe(G) =sup{p:0(p) =0}.
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FI1G. 1. The square lattice and its dual square lattice. The triangular lattice and its dual hexagonal
lattice.

We consider the square, triangular, and hexagonal (or honeycomb) lattices of
Figure 1, denoted, respectively, as 72, T and H. It is standard that pC(Zz) = %,
and p.(T) =1 — p.(H) is the root in the interval (0, 1) of the cubic equation
3p — p> — 1 = 0. See the references in [4, 6] for these and other known facts
quoted in this paper.

We turn now to inhomogeneous percolation on the above three lattices. The
edges of the square lattice are partitioned into two classes (horizontal and verti-
cal) of parallel edges, while those of the triangular and hexagonal lattices may be
split into three such classes. We allow the product measure on €2 to have differ-
ent intensities on different edges, while requiring that any two parallel edges have
the same intensity. Thus, inhomogeneous percolation on the square lattice has two
parameters, pg for horizontal edges and p; for vertical edges, and we denote the
corresponding measure ]P’E where p = (po, p1). On the triangular and hexagonal
lattices, the measure is defined by a triplet of parameters p = (po, p1, p2), and we
denote these measures IP’ﬁ and P9, respectively. Let M denote the set of all such
inhomogeneous bond percolation models on the square, triangular, and hexagonal
lattices, with edge-parameters belonging to the half-open interval [0, 1).

These models have percolation probabilities and critical surfaces, and the latter
were given explicitly in [4, 6, 10]. Let

ko) =po+p1—1, p = (po, p1),
ka(P) = po+ p1+ p2— pop1p2 — 1, p = (po, p1, P2),

ko(P) = —ka(l — po, 1 —p1,1—p2), p = (po, p1, P2)-

It is well known that the critical surface of the lattice Z? (resp., T, H) is given by
kg = 0 [resp., ka(p) = 0, ko (p) = 0]. Bond percolation on Vi may be obtained
from that on T by setting one parameter to zero.

The triplet p = (po, p1, p2) € [0, 1)3 is called self-dual if kx(p) = 0. We write
o =+ p for the triplet (¢ & po, ¢ £ p1, @ & p2), and also N = {1,2,...} for the
natural numbers, and Z ={..., —1,0, 1, ...} for the integers.
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1.3. Critical exponents. The percolation singularity is believed to be of
power-law type, and to be described by a number of so-called “critical exponents.”
These may be divided into two groups of exponents: at criticality and near criti-
cality.

First, some notation: we write f(t) < g(t) as t — fg € [0, oo] if there exist
strictly positive constants A, B such that

Ag(t) = f(1) = Bg(1)

in some neighbourhood of 7y (or for all large ¢ in the case fyp = 0o0). We write
f @) = g@) if log f(1)/logg(r) — 1. Two vectors p; = (pi(e)), p2 = (p2(e))
satisfy p; < p2 if pi(e) < pa(e) for all e, and p; # p>.

For simplicity, we restrict ourselves to the percolation models of the last section.
Let L = (V, E) be one of the square, triangular, and hexagonal lattices, with origin
denoted 0. Let p= (p(e) :e € E) € [0, 1) be invariant under translations of L as
above, and let w € Q. The lattice L. has a dual lattice L* = (V*, E*), each edge
of which is called open™ if it crosses a closed edge of IL. Open paths of L are said
to have colour 1, and open™* paths of IL* colour 0. We shall make use of duality as
described in [4], Section 11.2.

Let A, be the set of all vertices within graph-theoretic distance n of the origin 0,
with boundary A, = A, \ A,—1. Let A(N,n) = A, \ Ay—1 be the annulus cen-
tred at 0, with interior radius N and exterior radius n. We call A, (resp., dAy)
its exterior (resp., interior) boundary. We shall soon consider embeddings of pla-
nar lattices in R?, and it will then be natural to use the L metric rather than
graph-distance. The choice of metric is in fact of no fundamental important for
what follows. For v € V, we write

rad(Cy) =sup{n:v < v+ JIA,}.
Let p¢ be a vector lying on the critical surface. Thus, p. is critical in that

=0, ifp<pe
9(p);=19>p(0<—>oo){>0 if§>§§.

Let k € N, and let 0 = (01,07, ...,01) € {0, l}k; we call o a colour sequence.
The sequence o is called monochromatic if either o = (0,0,...,0) or 0 =
(1,1,...,1), and bichromatic otherwise. If k is even, o is called alternating if
either 0 =(0,1,0,1,...) oro =(1,0,1,0,...). For 0 < N < n, the arm event
Ay (N, n) is the event that the inner boundary of A(N, n) is connected to its outer
boundary by k vertex-disjoint paths with colours oy, ..., ok, taken in anticlock-
wise order. (Here and later, we require arms to be vertex-disjoint rather than edge-
disjoint. This is an innocuous assumption since we work in this paper with alter-
nating colour sequences only.)

The choice of N is in part immaterial to the study of the asymptotics of
Pp.[As(N,n)] as n — oo, and we shall assume henceforth that N = N (o) is
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sufficiently large that, for n > N, there exists a configuration with the required
k coloured paths. It is believed that there exist constants p (o) such that

Pp[As (N, n)] ~n= P,

and these are the arm-exponents of the model. (Such asymptotics are to be under-
stood in the limit as n — 00.)

We concentrate here on the following exponents given in terms of Pp , with
limits as n — oo:

(a) volume exponent: Pp (|Co| =n) ~ n—1=1/8,

(b) connectivity exponent: Pp (0 <> x) ~ |x|77,

(c) one-arm exponent: Py (rad(Cp) =n) ~ n—1=Vr,

(d) 2j-alternating-arms exponents: Py [As (N, n)] &~ n~2, for each alternat-
ing colour sequence o of length 2.

It is believed that the above asymptotic relations hold for suitable exponent-values,
and indeed with ~ replaced by the stronger relation <. Essentially the only two-
dimensional percolation process for which these limits are proved (and, further-
more, the exponents calculated explicitly) is site percolation on the triangular lat-
tice (see [16, 17]).

The arm events are defined above in terms of open primal and open* dual paths.
When considering site percolation, one considers instead open paths in the primal
and matching lattices. This is especially simple for the triangular lattice since T
is self-matching. It is known for site percolation on the triangular lattice, [1], that
for given k € N, the exponent for p(c) is constant for any bichromatic colour
sequence o of given length k. This is believed to hold for other two-dimensional
models also, but no proof is known. In particular, it is believed for any model in
M that

Pp.[Ac(N,n)] ~n=r2

for any bichromatic colour sequence o of length 2, and any j > 1.

We turn now to the near-critical exponents which, for definiteness, we define as
follows. Letp = (p(e):e € E) €0, 1)E and ¢ € R, and write Pp+¢ for the product
measure on €2 in which edge e is open with probability

(p + ¢€) := max{0, min{p(e) + ¢, 1}}.

By subcritical exponential-decay (see [4], Section 5.2), for ¢ > 0, there exists £ =
£(pc — €) € [0, oo) such that

1
——logPp. (0 <> 0A,) — 1/§ as n — oo.
n

The function £ is termed the correlation length.
Here are the further exponents considered here:
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(a) percolation probability: 6 (p. 4+ &) ~ P as e | 0,

(b) correlation length: £(p. — &) e " ase | 0,

(c) mean cluster-size: Pp, - (|Col; |Co| < 00) ~ |77 as e — 0,
(d) gap exponent: fork > 1,as e — 0,

Ppete(|ColFF1; |Col < 00)
Pp.+¢(|Col¥; |Col < 00)

o —A
~ el

We have written P(X) for the mean of X under the probability measure P, and
P(X; A) =P(X14) where 14 is the indicator function of the event A.

As above, the near-critical exponents are known to exist essentially only for site
percolation on the triangular lattice. See [4], Chapter 9, for a general account of
critical exponents and scaling theory.

1.4. Principal results. A critical exponent 7 is said to exist for a model
M e M if the appropriate asymptotic relation (above) holds, and 7 is called M-
invariant if it exists for all M € M and its value is independent of the choice of
such M.

THEOREM 1.1.  For every m € {p} U {p2;:j > 1}, if m exists for some model
M e M, then it is M-invariant.

By the box-crossing property of [6], Theorem 1.3, we may apply the theorem
of Kesten [11] to deduce the following. If either p or n exists for some M € M,
then:

(a) both p and n exist for M,
(b) § exists for M,
(c) the scaling relations np =2 and 2p = § + 1 are valid.

Taken in conjunction with Theorem 1.1, this implies in particular that § and 5 are
M-invariant whenever either p or 1 exist for some M € M.

We note in passing that Theorem 1.1 may be extended to certain other graphs
derived from the three main lattices of this paper by sequences of star—triangle
transformations, as well as to their dual graphs. This includes a number of tessel-
lations (see [7]) and, in particular, two further Archimedean lattices, namely those
denoted (33, 4%) and (3, 4, 6, 4) and illustrated in Figure 2. The measures on these
two lattices are as follows. Let p = (po, p1, p2) € [0, 1) be self-dual. Edge e is
open with probability p(e) where:

(a) p(e) = po if e is horizontal,

(b) p(e) = py if e is parallel to the right edge of an upward pointing triangle,
(c) p(e) = py if e is parallel to the left edge of an upward pointing triangle,
(d) the two parameters of any rectangle have sum 1.
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FI1G. 2. Isoradial embeddings of the Archimedean lattices (33,42) and (3,4,6,4). The second
may be transformed into the hexagonal lattice by one sequence of star—triangle transformations as
marked. An edge parallel to one labelled i has edge-parameter p;, and the two parameters on any
square have sum 1.

Theorem 1.1 holds with M augmented by all such bond models on these two lat-
tices. The proofs are essentially the same. The methods used here do not appear to
extend to homogeneous percolation on these two lattices. Drawings of the eleven
Archimedean lattices and their duals may be found in [14]. We note that the re-
maining six Archimedean lattices may not be embedded isoradially in the plane
(see [5,9)).

There is a simple reason for the fact that Theorem 1.1 concerns the alternating-
arm exponents rather than all arm exponents. We shall see in Section 2 that the
star—triangle transformation conserves open primal and open*® dual paths, but that,
in certain circumstances, it allows distinct paths of the same colour to coalesce.

The box-crossing property of [6] implies an affine isotropy of these models at
criticality, yielding in particular that certain directional exponents are independent
of the choice of direction. For example, let 6 € [0, ), and consider the probability
of an open path from the origin to a line with gradient tan 6 and distance £n from
the origin. The associated exponent equals the undirected exponent p. A similar
statement holds for arm-directions in the alternating-arm exponents. These facts
follow by the box-crossing property (in conjunction with the separation theorem
of Section 3.5), in particular by its consequence that any annulus comprising rect-
angles of given aspect-ratio contains an open cycle with probability bounded away
from 0.

Kesten has shown in [12] (see also [13]) that the above near-critical exponents
may be given explicitly in terms of exponents at criticality, for two-dimensional
models satisfying certain hypotheses. Homogeneous percolation on our three lat-
tices satisfy these hypotheses, but it is not known whether the strictly inhomoge-
neous models have sufficient regularity for the conclusions to hold for them. The
basic problem is that, while the box-crossing property of [6] implies an isotropy
for these models at criticality, the corresponding isotropy away from criticality is
unknown. For this reason, we restrict the statement of the next theorem to homo-
geneous models.
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THEOREM 1.2. Assume that p and p4 exist for some M € M. Then B, y, v,
and A exist for homogeneous percolation on the square, triangular and hexagonal
lattices, and they are invariant across these three models. Furthermore, they satisfy
the scaling relations

P =, py =v(—1), PA =16,

The proof is an adaptation of the arguments and conclusions of [12, 13], and is
omitted here.

Other authors have observed hints of universality, and we mention for exam-
ple [15], where it is proved that certain dual pairs of lattices have equal exponents
(whenever these exist).

2. Star-triangle transformation. Consider the triangle G = (V, E) and the
star G’ = (V’, E'), as drawn in Figure 3. Let p = (po, p1, p2) € [0, 1)3. Write
Q = {0, 1}¥ with associated product probability measure Pﬁ , and ' = {0, 1}£'
with associated measure Plcip, as illustrated in the figure. Let @ € Q and o’ € Q.
For each graph, we may consider open connections between its vertices, and we

abuse notation by writing, for example, x Lo, y for the indicator function of the
event that x and y are connected by an open path of w. Thus, connections in G are

described by the family (x PEICN y:x,y € V) of random variables, and similarly
for G'.
It may be shown that the two families

of random variables have the same joint law whenever xa (p) = 0. That is to say,
if p is self-dual, the existence (or not) of open connections is preserved (in law)
under the star—triangle transformation. See [4], Section 11.9.

The two measures ]P’ﬁ and ]P’?_p may be coupled in a natural way. Let p € [0, 1)*

be self-dual, and let Q (resp., ') have associated measure Pﬁ (resp., ]P’Rp) as
above. The random mappings 7 :Q — Q' and S: Q" — Q of Figure 4 are such

A A
1—
Do n Po
(0]
1_p1 1—p2
B Do C B C

FI1G. 3. The star-triangle transformation when k p (p) = 0.
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FIG. 4. The “kernels” T and S and their transition probabilities. The constant P is given by
P:=0-po)d—ppd—p).

that: 7' (w) has law ]P’lo_p, and S(w') has law Pﬁ . Under this coupling, the presence
or absence of connections between the corners A, B, C is preserved.

The maps S and 7" act on configurations on stars and triangles. They act simul-
taneously on the duals of these graph elements, illustrated in Figure 5. Let w € €2,
and define w*(e*) = 1 — w(e) for each primal/dual pair e/e* of the left-hand side
of the figure. The action of T on €2 induces an action on the dual space 2%, and
it is easily checked that this action preserves w*-connections. The map S behaves
similarly. This property of the star—triangle transformation has been generalized
and studied in [2] and the references therein.

FIG. 5. The star-triangle transformation acts simultaneously on primal and dual graph elements.
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+ +
/I\ 1_p2 // \\ L» p2 P1
/ \
P2 p1 T \ 1-p1 T 7x Do
‘ 1—po
PO 1pg
P2 P1 // \\ T

S~ TN oy
Po ‘\/ |

FIG. 6. The transformation St o T (resp., S~ o T ™) transforms LY into 1.2 (resp., L2 into LY.
They map the dashed graphs to the bold graphs.

So-called mixed lattices were introduced in [6]. These are hybrid embeddings of
the square lattice with either the triangular or hexagonal lattice, the two parts being
separated by a horizontal interface. By means of appropriate star—triangle trans-
formations, the interface may be moved up or down, and this operation permits
the transportation of open box-crossings between the square lattice and the other
lattice. Whereas this was suited for proving the box-crossing property, a slightly
altered hybrid is useful for studying arm exponents.

Let m > 0, and consider the mixed lattice ™" = (V™, E™) drawn on the left of
Figure 6, formed of a horizontal strip of the square lattice centred on the x axis of
height 2m, with the triangular lattice above and beneath it. The embedding of each
lattice is otherwise as in [6]: the triangular lattice comprises equilateral triangles
with side length v/3, and the square lattice comprises rectangles with horizontal
dimension /3 and vertical dimension 1. We require also that the origin of R? be a
vertex of the mixed lattice.

Let p € [0, 1)3, and let IP’:," be the product measure on Q" = {0, 1}E" for which
edge e is open with probability p(e) given by:

(a) p(e) = pg if e is horizontal,

(b) p(e) =1 — pg if e is vertical,

(c) p(e) = p; if e is the right edge of an upward pointing triangle,
(d) p(e) = pa if e is the left edge of an upward pointing triangle.

Suppose further that p is self-dual, in that kA (p) = 0, and let 0™ € Q™. We
denote by T (resp., T") the transformation T of Figure 4 applied to an upward
(resp., downward) pointing triangle. Write T for the transformation of @ obtained
by applying TV to every downward pointing triangle in the upper half plane, and
T similarly in the lower half plane; sequential applications of star—triangle trans-
formations are required to be independent of one another.

Similarly, we denote by S* (resp., S™) the transformation S of Figure 4 applied
to an upward (resp., downward) pointing star. Write ST for the transformation of



UNIVERSALITY FOR BOND PERCOLATION 3271

(TTL™, T*(w™)) obtained by applying S* to all upward pointing stars in the up-
per half-plane and similarly S” in the lower half-plane. It may be checked that
"t = 8T o TT(w™) lies in Q"1! and has law }P’g’“. That is, viewed as a trans-
formation acting on measures, we have (S* o TH)Py = IP’;,’H'].

The transformations 7~ and S™ are defined similarly, and illustrated in Fig-
ure 6. As in that figure, for m > 0,

(StorhHL"=L"*  (stoThHPy =Pyt
(SToTHL™ =L",  (SToTHPyH =Py,

We turn to the operation of these two transformations on open paths, and will
concentrate on ST o T; similar statements are valid for S~ o 7. Let 0™ € Q"
and let 7 be an w™-open path of IL”*. It is not difficult to see (and is explained
fully in [6]) that the image of 77 under S* o 7+ contains some ™! -open path 7’
Furthermore, 7’ lies within the 1-neighbourhood of 7 viewed as a subset of R?,
and has endpoints within unit Euclidean distance of those of . Any vertex of
in the square part of " is unchanged by the transformation. The corresponding
statements hold also for open™ paths of the dual of IL”*. These facts will be useful
in observing the effect of ST o T on the arm events.

Arm exponents are defined in Section 1.3 in terms of boxes that are adapted
to the lattice viewed as a graph. It will be convenient to work also with boxes
of R%. Let L = (V, E) be a mixed lattice duly embedded in R?, and write Vp
for the subset of V lying on the x-axis. Let w € Q = {0, 1}£. For R € R? and
A,BC RNV, we write A e&& B (with negation written A e% B) if there
exists an w-open path joining some a € A and some b € B using only edges that
intersect R. Let D be the unit (Euclidean) disk of R? and write R + D for the
direct sum {r +d:r € R,d € D}.

PROPOSITION 2.1. Letm>0,we Q", RCR2, andu,ve RNV,y. Fort €
(StoT*, S~ 0T ):

. R, R+D,
@) ifu <% v then u <= rw)

v
(b) ifuﬁ—,Mvthenue&Mv

PROOF. (a) Let T = ST o T; the case T = S~ o T~ is similar (we assume
m > 1 where necessary). If u JLEN v, there exists an w-open path 7 of I from u
to v using edges that intersect R. Since u, v are not moved by 7, the image t ()
contains a t(w)-open path of tlL from u to v. It is elementary that 7 transports
paths through a distance not exceeding 1 (see [6], Proposition 2.4). Therefore,

every edge of 7(rr) intersects R + D.
(b) Suppose u K@, By considering the star—triangle transformations that
constitute the mapping t [as in part (a)], we have that u LKibo O
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3. Universality of arm exponents. This section contains the proof of Theo-
rem 1.1. The reader is reminded that we work with translation-invariant measures
associated with the square, triangular and hexagonal lattices.

3.1. The arm exponents. Let k € N and o € {0, 1}". The arm event A, (N, n)
is empty if N is too small to support the existence of the required k disjoint paths
to the exterior boundary of the annulus A(N, n). As explained in [13], for exam-
ple, for each o, there exists N = Ny(o) such that the arm exponent (assuming
existence) is independent of the choice of N > Ny(o). We assume henceforth that
N is chosen sufficiently large for this to be the case.

It is a significant open problem of probability theory to prove the existence and
invariance of arm exponents for general lattices. This amounts to the following in
the present situation.

CONJECTURE 3.1. Let p € [0, 1)3 be self-dual. For k € N and a colour se-
quence o € {0, 1}¥, there exists p = p (o, p) > 0 such that

Pﬁ[AU(N, n]~n"".

Furthermore, p (o, p) is constant for all self-dual p.

This is phrased for the triangular lattice, but it embraces also the square and
hexagonal lattices, the first by setting a component of p to 0, and the second by
a single application of the star—triangle transformation. (See also [15].) We make
no contribution toward a proof of the claim of existence in this conjecture. The-
orem 1.1 amounts to the proof of the claim of constantness, for an alternating
sequence o of length k € {1,2,4,...}.

Hereafter, we consider only the one-arm event with o = {1}, and the 2j-
alternating-arms events with o = (1,0, 1,0, ...), with associated exponents de-
noted, respectively, as p and p2;. Thus, p; = 1/p with p as in Section 1.3.

3.2. The arm events. Let I be one of the square, triangular, and hexagonal
lattices, or a hybrid thereof as in Section 2. We embed L in R? in the manner
described in that section. Let x; = (i V3, 0), i > 0, denote the vertices common to
these lattices to the right of the origin, and y; = ((i + %)\/g , %), i > 0, the vertices
of the dual lattice IL* corresponding to the faces of L. lying immediately above the
edge x;x; 1. Forr € (0, 00), let B, =[—r, r]2 C R2, with boundary 9 B,-. We recall
that C, (resp., C;‘) denotes the open cluster of I containing x (resp., the open®
cluster of IL* containing y). For n > 1 and any connected subgraph C of either L
or L*, we write C N 3B, # @ if C contains vertices in both B, and R?\ (—r, r)2.
Note that we may have C N d B, = & even when no vertices of C lie in 0 B;.
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For j,n € N with j > 2, let
Ai(n) = {Cxo N 0B, # T},
Az(n) ={Cx, N 3B, # 3, Cy NIBy, # T},

By,
Azj(n)= () {Cx, N3B, # @, and x; <4 {x0,x1,...,xi—1}}.

O<i<j

We write A%(n) when the role of IL. is to be stressed. Note the condition of discon-
nection in the definition of Aj;(n): it is required that the x; are not connected by
open paths of edges all of which intersect B;,.

An alternative proof of the second inequality of the next lemma may be ob-
tained with the help of the forthcoming separation theorem, Theorem 3.5, as in the
final part of the proof of Proposition 3.7. The latter route is more general since it
assumes less about the underlying lattice, but it is also more complex since it relies
on a version of the separation theorem of [12] whose somewhat complicated proof
is omitted from the current work.

LEMMA 3.2. Let p € [0, DE be self-dual. Let k € {1,2,4,6, ...}, and let o
be an alternating colour sequence of length k (when k =1 we set o = {1}). There
exists No = No(k) e Nand c = c(p, N, k) > 0 such that

3.1) P2 [Ac(nv/3)] < PSTAG (N, )] < cP5 [Ac(m)]
forn> N > Nj.

PROOF. First, here is a note concerning the event Ay;(n) with j > 2. If w €
Ajj(n), vertices x;,0 < i < j, are connected to d B, by open paths. We claim that j
such open paths may be found that are vertex-disjoint and interspersed by j open™
paths joining the y; to d B,,. This will imply the existence of 2 j arms of alternating
types joining {xo, Yo, X1, Y1, ..., Xj—1} to d By, such that the open primal paths are
vertex-disjoint, and the open* dual paths are vertex-disjoint except at the y;. The
claim may be seen as follows (see also Figure 7). The dual edge e with endpoints
vo, Yo — (0, 1) is necessarily open*. By exploring the boundary of Cy, at e, one
may find two open™ paths denoted g, 716, joining yg to 9B, and vertex-disjoint

except at yg. Let 1 <r < j — 2. Since x,, x,41 JLICN 0B, and x, ﬁ/& Xr+1s
we may similarly explore the boundary of Cy, to find an open™ path =, of B, that
joins y, to d By, and is vertex-disjoint from either o or né, and in addition from
7, s < r. The dual paths rr(’), 7o, 71, ..., Wj_2 are the required open™ arms.

The set A, induces a subgraph of T whose boundary is denoted d A,. We denote
the inside of d A, (i.e., the closure of the bounded component of R2 \dA,) by A,
also. It is easily seen that A, C B, N and the first inequality of (3.1) follows
immediately.
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\ 0B,

FIG. 7. The vertices xy (resp., y;) may be connected by open (resp., open™) paths to the a, (resp.,
by) in such a way that the event Ag(n) results.

For the second inequality, we shall use the fact that B, C A,, together with
a suitable construction of open and open® paths within Ay. Let k = 2j €
{2,4,6, ...} and suppose A, (N, n) occurs. On an anticlockwise traverse of d Ay,
we find points ag, by, a1, b1, ...,aj—1,b;j—1 such that the a; (resp., b;) are end-
points of open (resp., open™) paths crossing the annulus A(N, n). Note that the b;
are not vertices of IL*, but instead lie in open™ edges. Write a = (ag, a1, ..., a;—1),
b= (bo,b1,...,bj_1).

As illustrated in Figure 7, for sufficiently large N and all vectors a, b of length j,
there exists a configuration w, p of primal edges of Ay such that x, N a, for
0<r<j—1 andy, <% b, and y, <2%* b, for 0 <r < j — 2. That is, con-
ditional on A, (N, n), if w, p occurs then so does Ax(n). Assume for the moment
that p; > O for all i. The configurations ws, 1, may be chosen in such a way that

¢ =c(p,N, k) := ﬂigpﬁ (Wap | Ao (N, n))

satisfies ¢’ > 0. Note that ¢’ does not depend on n. The details of the construction of
the wy p are slightly complicated but follow standard lines and are omitted (similar
arguments are used in [4], Section 8.2, and [18], Chapter 2). It follows as required
that

¢'Py[As (N, m)] < Py [Ax(m)].

Whereas a naive construction of the w, p, succeeds when p; > 0 for all i, a minor
variant of the argument is needed if p; = 0 for some i. The details are elementary
and are omitted.

The case k =1 is similar but simpler. [
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3.3. Proof of Theorem 1.1. Let p € [0, 1)? be self-dual with py > 0, and con-
sider the two measures ]PE?O,I— 20) (resp., IP’I% ) on the square (resp., triangular) lat-
tice. The proof of the universality of the box-crossing property was based on a tech-
nique that transforms one of these lattices into the other while preserving primal
and dual connections. The same technique will be used here to prove the following
result, the proof of which is deferred to Section 3.4.

PROPOSITION 3.3. Forany k € {1,2,4,6, ...} and any self-dual triplet p €
[0, 1)3 with po > 0, there exist cg, c1, ng > 0 such that, for all n > ng,

cOPSTAR(M] < PG 1 o [Ak(m)] < i PR[A(m)].

PROOF OF THEOREM 1.1. Suppose there exist k € {1, 2,4, 6, ...}, a self-dual
p € [0, 1)3, and o > 0, such that

(3.2) PO[Ag(N.m)]~n™*

with o the alternating colour sequence of length k (when k = 1, we take o = {1}).
By Lemma 3.2, (3.2) is equivalent to

(3.3) Pﬁ[Ak(n)] ~nT,

We say that “P satisfies (3.3)” if (3.3) holds with Pﬁ replaced by P.
By self-duality, there exists i such that p; > 0, and we assume without loss of

generality that pg > 0. By Proposition 3.3, ]P"(jpo’lf 20) satisfies (3.3). Similarly, IPs,

satisfies (3.3) for any self-dual p’ € [0, 1)3 of the form p’ = (po, P}, P5). The claim
is proved after further applications of the proposition. [

3.4. Proof of Proposition 3.3. A significant step in the arguments of [12] is
called the “separation theorem” (see also [13], Theorem 11). This states roughly
that, conditional on the arm event A, (N, n), there is probability bounded away
from O that arms with the required colours can be found whose endpoints on the
exterior boundary of the annulus are separated from one another by a given dis-
tance or more. A formal statement of the separation theorem is included in Sec-
tion 3.5 as Theorem 3.5; the proof is rather technical and very similar to those
of [12, 13] and is therefore omitted. The proof of Proposition 3.3 relies on arm-
separation techniques. More specifically, it relies on Proposition 3.7, which is an
application of the separation theorem, Theorem 3.5.

The proof of Proposition 3.3 uses the following lemma, in which the probability-
vector p helps define the star—triangle transformations comprising the map t.

LEMMA 3.4. Let L. = (V, E) be a mixed lattice, let p € [0, 1)3 be self-dual,
and let k € {1,2,4,6,...}. Forn/3>k+2and t € {ST o T, 5" o T}, we
have (“surely”) that TA%(n) - A,?L (n—1).
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PROOF. Letk €{l1,4,6,...}, we shall consider the case k = 2 separately. Let
1e{SToT",S oT }andwe A%(n). Note that the points x,, r =0, 1, ..., are
invariant under 7.

It is explained in Section 2 (see also [6], Section 2) that the image t () of
an w-open path 7 contains a t(w)-open path of tlL lying within distance 1 of .
Therefore, for n/~/3 > 2r +2, if Cy, (w)NIB, # T, then Cy, (t(w))NIB,_1 # S.
The proof when k =1 is complete, and we assume now that k > 4. Let j =k/2
and n/+/3 > k + 2. By Proposition 2.1, x, M xgfor0<r<s<j—1,
whence 7(w) € AT%(n — 1).

Finally,letk=2.Lett € {StoT*,S oT }andw € Ag‘(n). Let I" (resp., I'*)
be an open primal (resp., open® dual) path starting at xo (resp., yo) that inter-
sects dB,. Since xg and yo are unchanged under 7, they are contained, respec-
tively, in 7(T") and t(I"*). By the remarks in Section 2 concerning the operation
of T on open* dual paths, we conclude that Cy, N 0B,_1 # & in tLL, and similarly
Cy, NdBy—1 # & in TL*. The proof is complete. [

PROOF OF PROPOSITION 3.3. Let ¢ and N be as in Proposition 3.7. By mak-
ing n applications of T = S o T* to IL?, we deduce that t”A%O(2n) C A (n).
Therefore, for n > Ny,

Py 1 poy [AR(M)] = PAL AL ()]
> P[Ac(2n)] by Lemma 3.4
=P [Ac(2n)]
> C]P’ﬁ[Ak(n)] by Proposition 3.7.

This proves the first inequality of Proposition 3.3.

Let n > max{k\/g, N1}, and consider the event Ai(n) on the lattice L". If we
apply n times the transformation S~ o 7~ to ", we obtain via Lemma 3.4 applied
to the event A;(2n) that:

Py 1 poy [ Ak ()] =Pi[ A ()]
< c_IIP’g[Ak 2n)] by Proposition 3.7
<c 'Py[Ac(m)] by Lemma 3.4
= ¢ Py [Ac(m)].

The proof is complete. [

3.5. Separation theorem. The so-called “separation theorem” is a basic ele-
ment in Kesten’s work on scaling relations in two dimensions. It asserts roughly
that, conditional on the occurrence of a given arm event, there is probability
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bounded from 0 that such arms may be found whose endpoints on the interior and
exterior boundaries of the annulus are distant from one another. The separation
theorem is useful since it permits the extensions of the arms using box-crossings.

Kesten proved his theorem in [12] for homogeneous site percolation models,
while noting that it is valid more generally. The proof has been reworked in [13],
also in the context of site percolation. The principal tool is the box-crossing prop-
erty of the critical model. In this section, we state a general form of the separation
theorem, for use in both the current paper and the forthcoming [5]. The proof fol-
lows closely that found in [12, 13] and is omitted.

Let G = (V, E) be a connected planar graph, embedded in the plane in such a
way that each edge is a straight line segment, and let P be a product measure on
Q = {0, 1}£. As usual we denote by G* the dual graph of G, and more generally
the superscript * indicates quantities defined on the dual. We shall use the usual
notation from percolation theory, [4], and we assume there exists a uniform up-
per bound L < oo on the lengths of edges of G and G*, viewed as straight line
segments of R2.

The hypothesis required for the separation theorem concerns a lower bound
on the probabilities of open and open™ box-crossings. Let w € € and let R be a
(nonsquare) rectangle of R2. A graph-path 7 is said to cross R if 7 contains an
arc (termed a box-crossing) lying in the interior of R except for its two endpoints,
which are required to lie, respectively, on the two shorter sides of R. Note that
box-crossings lie in the longer direction. The rectangle R is said to possess an
open crossing (resp., open* dual crossing) if there exists an open path of G (resp.,
open* path of G*) crossing R, and we write C (R) [resp., C*(R)] for the event that
this occurs.

Let 7 be the set of translations of R%, and t € 7. Let H, = [0, 2n] x [0, n] and
V., =10, n] x [0, 2n], and let ng = no(G) < oo be minimal with the property that,
for all T and all n > ng, T H, and tV,, possess crossings in both G and G*. Let

(3.4) b(G,P) =inf{P(C(tHy)),P(C(tVyp)):n>ng,t €T},
(3.5) b*(G,P) =inf{P(C*(tHy)), P(C*(tV,)):n >ngp, 1 €T}
and

(3.6) B = B(G,P) =min{b, b*}.

The pair (G, P) [resp., (G*,P*)] is said to have the box-crossing property if
and only if b(G, P) > 0 [resp., b*(G, P) > 0]. In [6], the box-crossing property is
given in terms of boxes of arbitrary orientation and aspect-ratio. It is shown there
that it suffices to consider only horizontal and vertical boxes. It is a consequence of
the FKG inequality that the box-crossing property does not depend on the chosen
aspect-ratio (so long as it is strictly greater than 1). By [6], Theorem 1.3, Pﬁ has
the box-crossing property whenever p € [0, 1)3 is self-dual.
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Let k e N and o € {0, l}k . Rather than working with the arm events A, (N, n)
of Section 1.3, we use instead the events A, (N, n) defined in the same way ex-
cept that A, is replaced throughout the definition by B, = [—n, n]?, and arms are
required to comprise edges that intersect B;. All constants in the following state-
ments are permitted to depend on the colour sequence o.

Let A(N,n) = B, \(=N,N )2 be the annulus with interior boundary d By and
exterior boundary d B,,. We shall consider open and open* crossings between the
interior and exterior boundaries. We emphasize that the endpoints of these cross-
ings are not required to be graph vertices.

For clarity, we concentrate first on the behaviour of crossings at their exterior
endpoints. Let n € (0, 1). A primal (resp., dual) n-exterior-fence is a set I' of con-
nected open (resp., open™) paths comprising the union of:

(i) a crossing of A(N, n) from its interior to its exterior boundary, with exte-
rior endpoint denoted ext(I"),

together with certain further paths which we describe thus under the assumption
that ext(I") = (n, y) is on the right-hand side of 9 B;:

(ii) a vertical crossing of the box [n, (1 + /m)n] x [y —nn, y + nnl,
(iii) a connection between the above two crossings, contained in ext(I") + B Jin-

If ext(I") is on a different side of d B,,, the event of condition (ii) is replaced by an
appropriately rotated and translated event. This definition is illustrated in Figure 8.

One may similarly define an n-interior-fence by considering the behaviour of
the crossing near its interior endpoint. We introduce also the concept of a primal
(resp., dual) 5)-fence; this is a union of an open (resp., open*) crossing of A(N, n)
together with further paths in the vicinities of both interior and exterior endpoints
along the lines of the above definitions.

2nn

n

FI1G. 8. A primal n-exterior-fence I'{ with exterior endpoint e, and a dual n-exterior-fence I';.
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An n-landing-sequence is a sequence of closed sub-intervals I = ([;:i =
1,2,...,k) of dBj, taken in anticlockwise order, such that each /; has length n,
and the minimal distance between any two intervals, and between any interval and
a corner of By, is greater than 2, /5. We shall assume that

(3.7) 0 < k(n+2yn) <8,

so that n-landing-sequences exist.

Let n, n’ satisfy (3.7), and let I (resp., J) be an n-landing-sequence (resp., n’-
landing-sequence). Write A{,’J (N, n) for the event that there exists a sequence of
n-fences (I';:i = 1,2,...,k) in the annulus B, \ (—N, N)2, with colours pre-
scribed by o, such that, for all i, the interior (resp., exterior) endpoint of I'; lies in
NI; (tesp., nJ;). Let AL?(N, n) [resp., A2/ (N, n)] be given similarly in terms
of n-interior-fences (resp., n’-exterior-fences). Note that

(3.8) ALY (N,n) c AZT(N,n),  ALZ(N,n)C As(N,n).

These definitions are illustrated in Figure 9.

In the proof of the forthcoming Proposition 3.7 (and nowhere else), we shall
make use of a piece of related notation introduced here. Let k =2j > 2, and let
n and [ be as above. As explained in the proof of Lemma 3.2, the event A (n) of
Section 3.2 requires the existence of an alternating sequence of open and open*
paths joining the set {xo, yo, X1, y1,...,xj—1} to the boundary 3 B,. Let A,IC (n) be
the sub-event in which the exterior endpoints of the open (resp., open*) paths lie in
I, Iz, ..., Ir— (resp., I3, 14, ..., I), and in addition these exterior endpoints have
associated paths as given in (ii) and (iii) of the above definition of an n-exterior-
fence.

We now state the separation theorem. The proof is omitted, and may be con-
structed via careful readings of the appropriate sections of [12, 13]. There is a

\
Pl |
2\/mn < 1 "‘
'/L‘~62 \
1
es 1 TLJQ ’
nn 1 ’
nJs OL. > 2.,/in
€1
TLJl

n

FI1G. 9. The event A?’J(N, n) with o = (1,0, 1) and n-landing-sequence J. Each crossing T'; is
an n-exterior-fence with exterior endpoint e; € nJ;.
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small complication arising from the fact that the endpoints of box-crossings are
not necessarily vertices of the relevant graph, and this is controlled using the uni-
form upper bound L on the lengths of embeddings of edges.

THEOREM 3.5 (Separation theorem). Let k € N, and o € {0, l}k. For By > 0,
M e N, and ng > 0, there exist constants ¢ > 0 and n| € N such that: for any pair
(G, P) with B(G,P) > By and no(G) < M, for all n,n' > no satisfying (3.7), all
n-landing-sequences I and n'-landing-sequences J, and all N > n| and n > 2N,
we have

P[ALY (N, n)] > cP[A, (N, n)].

Amongst the consequences of Theorem 3.5 is the following. The proof (also
omitted) is essentially that of [13], Proposition 12, and it uses the extension of
paths by judiciously positioned box-crossings.

COROLLARY 3.6. Suppose that p = B(G,P) > 0. For k e N and o € {0, 1}¥,
there exists c = c(B,0) > 0 and Ny € N such that, for all N > No and n > 2N,

P[Ay (N, 2n)] > cP[As (N, n)].

The proof of Proposition 3.3 makes use of the following application of Corol-
lary 3.6 to the pairs (L™, Pp).

PROPOSITION 3.7. Fork e {l1,2,4,6,...} and a self-dual triplet p € [0, 1)3
with po > 0, there exist ¢ > 0 and N1 € N such that, for m > 0 and n > Ny,

Pr[Ac(2n)] = P2 [Ar(n)].

PROOF. The box-crossing property has been studied in [6] in the context of
hybrids of Z?/T or Z>/H type. The arguments of [6] may be adapted as follows to
obtain that, for given self-dual p € [0, 1)3 with po > 0, the pairs (L™, ]P’Z*) satisfy
a uniform box-crossing property in the sense that: there exists Sg > 0 such that

(3.9) BIL", M) > fo,  m=0.

Write By, y = [0, M] x [0, N], and denote by C (B, n) [resp., Cyv(By . n)] the
event that there exists a horizontal (resp., vertical) open crossing of By n (with a
similar notation C}, C; for dual crossings). Since every translate of By 3y con-
tains a rectangle with dimensions M x N lying in either the square or triangular
part of I,

Py [Ch(T B 3w)] = min{Py[Ch(Bar.n)], IP’8,0,l_po)[Ch(BM,N)]}
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for all T € 7. The dual model lives on a mixed square/hexagonal lattice with pa-
rameter 1 — p, and the same inequality holds with Cy, replaced by C}'. By [6],
Theorem 1.3, there exists by = b1 (p) > 0 such that

(3.10) PYICn(r By 3m]. PYIC (tBusn) = b1, m>=0M,N>1,teT.
Adapting the proof of [6], Proposition 3.8, we obtain that
PyICy(tBin M) = PRICy(Byan)]l,  m=0,N>1,7€T.

The same inequality holds with Cy replaced by C;, as above, and therefore there
exists by = ba(p) > 0 such that

(G.1D)  PYICy(zBan, v, PRICT (T B3y, N)] = b2, m>0,N>1,te7.

Inequalities (3.10) and (3.11) imply as in the proof of [6], Proposition 3.1, that
(3.9) holds for some ng < oo and By > 0, and we choose these accordingly.

Let o be an alternating colour sequence of length k (we seto = {1} when k = 1),
and denote A, (N, n) by Ar(N,n).

Let n satisfy (3.7) and let I be an n-landing sequence. Let ¢ = ¢ and n be as in
Theorem 3.5. By Corollary 3.6, there exists co = co(Bo, k) > 0 and No > n such
that

(3.12)  PplAL(N,2n)] = coPy [Ak(N,n)],  m>0,n>2N >2No.
Therefore,
(3.13) P [Ak(n)] < P AN, )] < cg ' Py TAR(N, 2n)].

By an elementary consideration of paths of I.”*, there exist N; > 2N and ¢| =
c1(p, N1) such that

(3.14) PrlALGN)]=c1.  m=0.
By Theorem 3.5 and (3.8),
(3.15)  PRIAZ (N1 2] = Py [Ag(N1,20)],  m=0,n= Ny,

Furthermore, by the uniform box-crossing property as in [13], Proposition 12, there
exists c3 = c3(p, n) > 0 such that

Pr A (2n)] = c3PR AL (3N) PR TAL D (N1, 2n)]
> c1c2c3Py [Ak(N1,2n)] by (3.14) and (3.15).

The claim follows by (3.13) with ¢ = coc1c2c3. U
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