APPROXIMATING THE ZEROS OF
ACCRETIVE OPERATORS BY
THE ISHIKAWA ITERATION PROCESS

ZHOU HAIYUN AND JIA YUTING

ABSTRACT. Some strong convergence theorems are established for the Ishikawa
iteration processes for accretive operators in uniformly smooth Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Let X be a real Banach space with a dual X* and normalized duality
mapping J : X — 2%X", defined by

Jr={feX" : < fix>=|fll=l, I£] ==},

where < -,- > denotes the generalized duality pairing.

It is well known that if X™* is strictly convex, then J is single-valued and
such that J(tx) = tJx for all t > 0, x € X. If X is uniformly smooth, then
J is uniformly continuous on bounded subsets of X.

An operator A with domain D(A) and kernel N(A) is said to be “ac-
cretive” if, for every =, y € D(A), there exists j(z —y) € J(x — y) such
that
(1.1) < Az — Ay, j(z —y) >> 0.

It is said to be “strongly accretive” if, in addition, there is a strictly increas-
ing function ¢ : R — R* such that 4(0) = 0 and
(1.2) < Az — Ay, j(z —y) >= ([l = ylDllz -yl

The operator A is “uniformly accretive” if there is a fixed positive constant
k > 0 such that
(1.3) < Az — Ay, j(z —y) >> kllz — y]|.

Furthermore, if N(A) # ¢ and the inequalities (1.1), (1.2) and (1.3) hold
for any z € D(A) but y € N(A), then the corresponding operator A is said
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to be “quasi-accretive”, “strongly quasi-accretive”, and “uniformly quasi-
accretive”, respectively. Such operators have been extensively studied and
used by various authors (see, e.g., [1]-[3]).

A quasi-accretive operator A is said to satisfy “Condition (I)” if, for any
x € D(A), pe N(A), and any j(x — p) € J(x — p) the equality < Az, j(z —
p) >= 0 holds if and only if Az = Ap = 0.

Recently, Xu and Roach [29] studied the characteristic conditions for the
convergence of the steepest descent approximation process

xg € X,
(%
Tptl = Tp — tpAx,, n > 0,

o0

where ¢, € (0,00), > t, = o0, and t, — 0(n — o0), for all n > 0. They
n=0

proved the following two theorems.

Theorem A. ([29]) Let X be a uniformly smooth Banach space and let
A: D(A) = X — X be a quasi-accretive, bounded operator which satisfies
the condition (I). Then, for any initial value xo € D(A), there are positive
real numbers T'(xqg) such that the steepest descent approximation method (),
with t, < T(xg) for any n, converges strongly to a solution x* of the equation
Az = 0 if and only if there is a strictly increasing function ¥ : Rt —
R*, 4(0) = 0, such that

< Axy — Az™, (g — %) >> (||lzn — 2%|) ||z — 27|
In what follows, F'(T') is the fixed point set of the operator T

Theorem B. ([29]) Let X be a uniformly convex Banach space, D C X a
nonempty closed convex subset of X, and T : D — D a quasi-nonexpansive
mapping (that is, F(T) # 0 and ||Tx — Ty|| < ||z — y|| for all z € D and
y € F(T)). Then, for any initial value xg € D, the Mann type iterative
process

xg €D,
o0
Tny1 = (1 —tp)xy +tTan, n>0,0<t, <1, Y t,=+00,
n=0
converges strongly to a fized point x* of T if and only if there is a strictly
increasing function f: R™ — R, f(0) = 0, such that

|#n — Tan| = f(d(zn, F(T)), n = 0.

One question arises naturally: Can the Ishikawa type iterative process be
extended to the above theorems A and B?

In this paper we give an answer to this question.

To establish our main results, we need some special geometric properties
of Banach spaces. Recall that a Banach space X is said to be “uniformly
convex” if dx(€), the modulus of convexity of X |, which is defined by

. 1
x(e) =in {1= Zllo-+ 9l ol =1, ] =1}z = 1] = ¢},
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satisfies 6x(0) = 0 and dx(e) > 0 for any 0 < € < 2. A Banach space X is
said to be “uniformly smooth” if the modulus of smoothness of X, defined

by
1 1
px(r) = swp{zlz +yll + 5o —yll = 1+ floll = 1]}y < 7},
satisfies
(1.4) lim 22X _
7—0 T

It is well known that every Hilbert space H, the Lebesgue spaces LP (1 <
p < 00), and the Sobolev spaces WP (1 < p < 00) are uniformly convex and
uniformly smooth.

Lemma 1.1. (Xuand Roach [28]) Let X be a real uniformly smooth Banach
space. Then

c
(15) Az +yl* < lall* +2 <y, Jz > +K max{||z]l + [|yll, 5 }ex Iyl
for all x,y € X, where K and c are positive constants.

Remark 1.1. In [19, p. 89] Reich established an inequality analogous to
(1.5). Reich’s inequality reads as follows.

Let X be uniformly smooth. Then there is a continuous nondecreasing
function g : [0,00) — [0, 00) such that 5(0) = 0, 5(ct) < ¢f(t) for ¢ > 1,
and

(RI) e +yl?* < ll2l* +2 <y, Jo > +max{||z], 1}yl 5(ly])

forall z and y in X. =

We point out that, in some sense, Reich’s inequality (RI) is a special case
of inequality (1.5). To see this, take

_ Kmax{l—l—t,%}pxt(t), ift >0,
W)_{ 0, ift =0.

It is easy to verify that 3 : [0,00) — [0,00) is a continuous nondecreasing
function satisfying B(at) < a?coB(t) for a > 1, where ¢ is a fixed pos-
itive constant. For such a function f3, inequality (1.5) implies inequality
(RI). Since px(t) possesses many more nice properties than [3(t), inequality
(1.5) reveals much more information.

Lemma 1.2. (Xuand Roach [28]) Let X be a real uniformly convex Banach
space. Then

(1.6) 2z +yl? = z* +2 < y,j(2) > +o(z,y),
where j(z) € Jx, and
(e + tyll v l])? tllyl|
O'(:E,y):C/ 5X< )dt
0 t 2([lz + tyl| V[l]])

with ¢ a positive constant.
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Lemma 1.3. Let X be a real uniformly convex Banach space. Then
(1.7) lz = ylI* < 2] =2 <y, j(z —y) >,
for all x,y € X.

Proof. Inequality (1.7) follows from the fact that the normalized duality
mapping is the subdifferential of ||z||?/2.

Lemma 1.4. Let {p,}>2 be a nonnegative real sequence satisfying
Pnt1l < (1 - )\n)pn +on

with A\, € [0,1], § An = 00, and o, = 0o(\y). Then p, — 0, as n — oo.
n=0

Proof. See [20, Theorem, p. 336].

We denote by B(0,r) the open ball with center at zero and radius r > 0.

2. MAIN RESULTS

Theorem 2.1. Let X be a real uniformly smooth Banach space, and let
A : X — X be a bounded quasi-accretive operator. Assume that there exists a
strictly increasing and surjective function 1 : [0,00) = Rt — Rt 4(0) =0,
such that

e { S AT e) 2 bl el

< Ayn — Az, J(yn — %) >Z Y([[yn — 27| lyn — 2",
for any x* € N(A), where {x,}°%, is defined by

xg € X,
(IS) Tn+1 = Tn — anAyn - aanAxnv
Yn = Tp — ﬂnAxny n = 07

where {a,} and {B,} are two real sequences satisfying the following condi-
tions.

(i) 0 < an < T(xg) = min{ﬁ,%fxfg“)} and 0 < B, < Ti(xg) =
min {ﬁ, %,T(azo)} for all n > 0;
(ii) ioj Q= 00;
n=0
(iii) ap — 0, B, — 0 as n — co. where

M(zo) = sup { [ Ayl - [ly = wol| < 607" ([Azo]])} ,
_ Azo||yp~ (|| Azol|)
= max >0 : ! 28M (xg)) < H ,
and & is some fized positive constant such that

| Azo||y~ (|| Aol])
2M (xo)

whenever ||z —y|| < & for all z, y € B(0,v%~1(||Axol])).

[Tz = Jy|| <
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Then the Ishikawa iteration process {x, }52 defined by (IS) converges strongly
to a solution x* of the equation Az = 0.

Proof. Since ¢ : R™ — R is strictly increasing and surjective, 1) is certainly
bijective. Hence ¥~ 1(||Azo||) is well-defined. Let

M (20) = sup{||Ay]| : [ly — xol| < 6%~ (|| Azo])}.
Clearly, ||Azo|| < M(zg). If M(z9) = 0, then Azg = 0, and, by (I5), we
know that vy, = x,, = xg. From (2.1) we have
0 =< Azo— Az", J(xo — ") >= ¥(||zo — 2™|))[|zo — 27,
so that x* = zg and hence z,, —» 2* as n — co.
Suppose that ||Azg|| > 0. Then M (xo) > 0. Since p%m is continuous and

nondecreasing, and pr(ﬂ — 0 as 7 — 0, we can choose the largest § such
that

o W (|| Azo|) || Azol|
B px (2BM(@0)) < g 6w ([ Azol), 53

Let

-1 z
T(zp) = min {ﬁ, v~ (lAzol)) 4}5}{;0())‘) } )

Since X is uniformly smooth, J is uniformly continuous on the open ball
B(0,471(||Azo|)). Hence, for

_ [ Azolly~ (Il Azoll)
2M (xo)

there is some fixed § > 0 such that for all z,y € B(0,9~(||Az¢]|), and
|z —y|| <0, we have

>0,

[Azollv~" (| Azol)

Let T (xp) = min{f, m, T(xo)}. We now consider two possible cases.

Case 1. There exists positive integer ng such that
(C1) lzn — 2*|| > 2071 (|| Azo]))

for all n > ny.

It follows from (2.1) that [|zg — 2*|| < ¥~ 1(||Azo|). Without loss of
generality we may assume that ||xp,—1 — 2*| < 2¢71(]|Azol]). Thus, we
have

|no-1 = @oll < lleng—1 — 2™ || + [|l2* — o]l < 3y~ (|| Azoll)-
So, ||Azpy—1|| < M(zp). By (IS) we obtain
[2no—1 = @[ + Bng -1l Ano -1
20~ (|| Azol) + v~ (| Azo))
= 3¢ (|| Azol))-

Hyno—l - ‘T*H

VARVA
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Therefore, ||yn,—1 — xol| < 49p~Y(||Azo]|) and hence | Ayno—1ll < M(zo).
Consequently,

[ 2o — 2| [Zng—1 = 27| + ang—1[| AYng—1 [l + tng—18ne—1[| AZng 1|

4y~ (|| Azo)),
and ||z, — 2ol < 5¥71(||Azol]). So, ||Azn, | < M (z0). Thus, we get that

<
<

[yng — 2"l < lwng = 27| + Bng | Ay |
< 5y~ (|| Azol)-

and ||yn, — wo| < 697 1(||Axol]). Hence ||Ayn,| < M(wp). On the other
hand,

1Y9no = 2*1| = [[2ng — 27| = no | Ao |
> 207 (| Azoll) — ¥~ (|| Azol))
= ¢~ (|| Azoll)-

Since v is increasing, we have

Pllyne = =*[) = [[Azo-

Using the inequality (1.5), we obtain
[Zngt1 — =%
= ||xn0 -z — ano(Ayno - ASL‘*) - anoﬂno(Axno - A‘T*)”2
< |#n, — 1:*||2 — 20, < Ayp, — Az*, J(Tp, — ) >
" c
+ Kmax{”:vno -z + O‘noHAynoH + O‘noﬁno”AxnoHa 5}
anno(HAynoH + BNOHAQ:NOH)
— 20, < Aypn, — Ax™, J(Tpy — ) — J(Yn, — %) >
— 20, < Ayn, — Ax™, J(yn, — ) >

+ K max{66 (| Azo ). 5hox (20000 (a0))

(2.2)

< g = 2711 + 200 any = 2000% ([Yno = 2 IDllyne — 27|
_ C
+ K max{69 (| Azoll), 5 }px (20, M (w0)),

where an, =< Aypn, — Az*, J(xn, — %) — J(Yn, — %) >.
Noting that ||Zn, — Ynell < BrollA%Tn, || < J, we know that

|ano| < N[ Ayno[[[[T (20 = 2%) = T (yno — 7|

Azol|p~1(|| Az
(2.3 < Mg HA220Y {1 Az

1

= 5 llAzollv ™" (| Azo ).
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Substituting (2.3) in (2.2) yields
o1 — 2% < llng — 21 + ano || Azoll ™ (|| Azol))
— 20, | Azoll ™ (|| Azol))
+ K max{6~" (| Azoll), 5 }px (20, M (a0))
< [lwng — 27II* = omg ([ Ao |9~ ([l Azo]))

_ Cc _
= K max{6y~" (|| Azo)), 5 }px (26M (0))8™")
< [lzng — 27|,
In the same way, we can prove that
[Zn1 — 2% < lan — 2" < - < lang — 27
for all n > ng. Hence lim |z, — z*| exists, and let
n—oo
[ = lim ||z, —z"|.
n—oo
Now we want to show that [ = 0. If not, assume that [ > 0 , then, by
(IS), we have
B B BRI
I = nlggo(Hxn || = BpllAznl|)
< lim inf [y, — 27| < lim sup [y, — 27

< (lzn — 2| + BullAzpll) = L.

lim
n—oo
So, lim [lyn — 2| = L.

We can choose positive integer Ny such that ||y, — 2*|| > £ and ¥(||y, —
z*||) > ¢(%) for all n > Nj.

From (IS) we know that {Ay,} is a bounded sequence.

Let My = sup{[|Aynl|}, M2 = sup{||z, — 2*[|}, M3 = sup{[|Aya||}, My =

n>0 n>0 n>0

M+ M3, and M5 = K max{Ms+ My, §}. Again, using the inequality (1.5),
we have

|Zns1 — 2 < |20 — 2| = 20 < Ayp — Az*, J(x) — %) >
— 20,0, < Axy — Ax™, J () — ) >
+ K max{||z, — ™| + an||Ayn||
+ o || Azn |, %}PXan(HAyn” + Bnl|Aznpl])
<l — 2|1 + 200 || Ayl (25 — 2) = T (yn — 27|
— 2009 ([lyn — 27() llyn — 27|
+ K max{M, + Ma, %}px(2anM4)

l
< |lxn — :U*H2 + 20,0y, — Oénl1/1(§) + Mspx (20, My)

l
= llzn = 2"|* + 20mbn — anltp(5) + Mspx(anMa),
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where b, = M| J(x, — 2*) — J(yn, — x*)||. Observing that |y, — z,|| =
Bnl|Azy| — 0 as n — oo, we see that b, — 0 as n — oo, since J is uniformly
continuous on bounded sets of X.

At this point we choose positive integer No such that

Mspx (o, My) - I 1

2by,
+ oy, 272
for all n > Ny. Then (2.4) yields

¥ « L1
701 = 7] < llow = 2| = anzw(3),

thus

I 1 . .
S0(5)an < o — 72 = anp — "

o0
for all n > N, and hence L9)(L) > an < |vn, — 2*||%, which contradicts
n=Ns

io: a, = 00. So, I = 0. From (C;) we see that 0 > 2y~ (|| Azo||). Hence
Zz_ol(HAon) = 0 and ||Axg|| = 0, which contradicts ||Azg|| > 0. This con-
tradiction shows that Case 1 is impossible.
Case 2. There exists an infinite subsequence {z,, } of {z,} such that
(C2) 2, — 2| < 207 (|| Azo]))-

We are going to show

|2 n4m — 2 < 207 (|| Azoll)

for all positive integers m > 1.
First of all, we prove that

41 — 27| < 207 (|| Azo]))
If not, ||an,+1 — 2*|| > 217 1(||Azo||). Observing
. = @oll < llwn, — 27|l + lla* = zo]| < 3¢~ (|l Azol)),
we have ||Azy, || < M(zo). Hence
lymi = 2™ < llwm,, — %[l + By | Az, || < 397 (|| Azol))
and

9, = @oll < gy, — 2™ || + ll2* — woll < 497" (]| Awol]),

so that || Ayy, ||) < M(zo).
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On the other hand, by (IS) we have

1Yyny, = 2" = llzn, — 27| = By | Az, |
> |znt1 — 27| — an, [[Ayn, |

1
> 207 ([[Azo)) = ¥ ([[Aol)
1

1
= 307 (1 Aoll) = 57 (Aol

= ¢~ (]| Awol])-

Hence ¢ ([|yn,, — 2*(|) = || Azo]-

Using the inequality (1.5), we get

Hxnk-‘rl - x*HZ < Hxnk - ‘T*HQ - 2ank < Aynk - A.CC*, J('rnk - x*) >
— 20, B, < Axy, — Ax™, J(2y, — %) >
+ K max{||zp, —z"||

c
+ an | AYn, | + any B | Az ||, 5 3ox (20, M (20))
< Nwng, = 27 + ang | Ayn, 1 (@0, — %) = T (Y, — 27|
= 20, Y ([[yn, — "D lyny, — 27|
_ c

+ K max{69~" (|| Azo||), 2 1Px (205, M (20))

| Aol|%~" ([ Azol])

< lm, =" I+ 200, M (a) =05

— 200, 9™ (|| Azo )| Azo |
_ C
+ K max{6y ™" (|| Azol|), 21Px (205, M (20))
<l — 2% = an, (|| Azol 1™ (1| Azoll)

¢, px(26M (o))

— Kmax{6y™ (| Azoll), 3} ===

< Jlan, — 2%

Hence, ||[Zn,+1 — 2*|| < ||Zn, — 2% < 2¢p7 (]| Azo]]), which is a contradiction.
By induction, we can prove that

|2 ngrm — 2| < 207 (|| Aol))

for all m > 1. Hence {z,} is a bounded sequence, so are {Ax,}, {y,} and

{Ayn}-
Let a = iI;fOHyn — 2*||. Then o = 0. If not, assume that o > 0. Then
n

V(l|yn — 2*||) = Y(a) > 0.
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Again, using (1.5), we have
|1 — 2"
< lan — 2¥]? = 20 < Ay, — Ax*, J(z, — 2*) >
— 20,0, < Axy — Ax™, J (), — %) >
+ K max{||z, — z*|| + an||Ayn||
c
+ anfnl|Azall, 5 }ox (an(l| Aynll + Bull Aza])))
< lzn — 2*|* + 2an || Ayall| T (20 — %) = T (yn — 27|
(2.4) — 2an¥([lyn — 27 |)llyn — 27|
c
-+ KmaX{M4 + M, i}px(ZanMQ
< lzn — 2| + 200 M || T (2 — 27) = T (g — 27) |
— 2anay)(@) + c1px (an)
<l — 2** = an(209(a)

pX(Oén) )’

n

= 2My||J (20 — 27) = J(yn — 27)[| — 1

where ¢; is some positive constant.
Since ||J(zn, — 2*) — J(yn — 2)|| — 0 and W — 0 as n — 0o, we can

choose a positive integer N3 such that

PX (an)

n

2M || I (2, — ) — J(yn — 27)|| + 1 < a)(a)

for all n > N3. Thus (2.5) yields

lzns1 = 2"|* < lan — 27||* — agp(a)am, n > Ns.

o o
Hence atp(a) Y. a, < |lvn, — z*||?, which contradicts with > o, =
n=N3 n=0
oo. This contradiction shows that a = 0. Consequently, there exists an
infinite subsequence {yy,} of {y,} such that y,, — 2* as j — oo, and hence
Tp; — x* as j — oo. As in the proof of the boundedness for {z,} we can
prove that z,, = x* asn — oco. =

Remark 2.1. In the same way, as [29], we can prove that if z,, — 2* € N(A)
asn — oo and A : X — X is quasi-accretive and satisfies condition (I), then
there exists a strictly increasing function v : [0,00) — [0,00), 1(0) = 0,
such that

< Ayn — Az", I (yn — 27) > P(lyn — 27 llyn — 27|

But, such a function % is not surjective. From our Theorem 1, we can deduce
the sufficiency of the Theorem 1 of [29]. In fact, the proof of the sufficiency
of Theorem 1 of [29] has some mistakes. The authors of [29] did not require
that the function 1 be surjective. Since xg is arbitrarily chosen, it is possible
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that ||Axg|| € R(1) (the range of 9). In this case, ¥~ 1(||Azo||) is not well
defined.

Remark 2.2. From our Theorem 1, we can deduce the relevant results of
Tan and Xu [23] and Chidume [6-11].

Remark 2.3. We would like to point out that Theorem 2.1 is closely re-
lated to the well known strong convergence theorems in [4], [18]. Although
they can’t be deduced directly from Theorem 2.1, we can yield those results
with our new approach. The detailed discussion of the relationship between
Theorem 2.1 and the corresponding strong convergence theorems will be
presented in a subsequent paper.

In the sequel, we prove the convergence theorems of the Ishikawa iteration
processes for quasi-nonexpansive operators.

Let C' be a nonempty bounded closed convex subset of Banach space X.
An operator T : C' — C is said to be quasi-nonexpansive, if the fixed point
set F(T') of T is nonempty, and

[Tz =Tyl < llz -yl

for all z € C but y € F(T).

The operator T is said to satisfy “Condition (A)” if there is a nonde-
creasing function f : R™ — RT, f(0) = 0, f(r) > 0 for all » > 0, such
that

le = Tz|| = f(d(z, F(T))), © € C,

where d(z, F(T)) = inf{||z — z|| : 2 € F(T)} (see, e.g., [16]).
We study the following Ishikawa iteration process:

z9 € C
(I/) Tn+1 = (1 - O‘n)xn + anTyn
Yn = (1 - /Bn)xn + ,BanI?n, n >0

where {a,} and {,} are real sequences satisfying:
(1) 0 < ap, Bn < 1;
o0
(i) >° ap = oo;
n=0
(iii) o, — 0, B, — 0asn — 0.
Let A= 1 —T. Then (I') yields

xo € C,

(I”) Tni1 = Tpn — QA AYn — anBr A,
Yn = Tn — /BnAl"r“ n > O

We also need the following lemmas.

Lemma 2.1. For any y € F(T), li_>m lxn — yl| exists.
n—oo
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Proof. From (I'), we have

[Zn1 —yll < (1= an)llzn =yl + anllyn — Yl
< (I —an)lzn —yll + an((1 = Bo)llen — yll + BallTzn — Tyl|)
< (= ap)|lzn =yl + anllzn — yll

lzn —yll- =

Lemma 2.2. (Xuand Roach [29]) Let X be a real uniformly convex Banach
space and let C be a nonempty closed convex subset of X. AssumeT : C — C
is quasi-nonexpansive. Let A=1—"T. Then

c H?‘I—Ai‘ﬂ\ S (6)
<A.%'—Ay,j((13—y) >2> §|’$—y‘|2/ e Xe dE,
0

where j(x —y) € J(x —y), dx(€) is the modulus of convezity of X, and c is
a fized positive constant.

Now we prove:

Theorem 2.2. Let X be a real uniformly convex Banach space, and let C
be a nonempty bounded closed convex subset of X. Assume that T : C — C
is quasi-nonexpansive. If T satisfies the condition (A), then the Ishikawa
type iteration sequence {x,}22, defined by (I") converges strongly to some
fized point of T'.

Proof. We consider the following two possible cases.
Case a. 11;% |lzn —y|| =0,y € F(T).
n
In this case, there exists subsequence {z,,} of {x,} such that z,, — y as
j — oco. By Lemma 2.1, we know that z, — y as n — oo.
Case b. ir;fo lzn —yll =a >0,y e F(T).
n
In this case, we again consider two possible cases.
Case bj. ir;% ||Azy| = 0.
n

In this case, there exists subsequence {Axy,} of {Ax,} such that Az, — 0
as j — oo. Since T satisfies the condition (A) we have

Hence f(d(xy,;, F(T)) — 0 as j — oo.

Since f : Rt — R™ is nondecreasing and f(r) > 0 for all » > 0, so,
d(xn;, F(T)) — 0 as j — oo. By Lemma 2.1, we see that nh—>H<}o d(xp, F(T))
exists. Hence d(x,, F(T')) — 0.

At this point we can choose a subsequence {z,, } of {z,} and {p} C F(T),
respectively, such that

@0, — pill < 27 forallk > 1.
By Lemma 2.1, we see that

sy = Prll < ln, = prll <275,



APPROXIMATING THE ZEROS OF ACCRETIVE OPERATORS 165

so that
141 = Prll < l2ngis = Prgall + Zng 0 — pil
< o—(k+1) 4 ok
< 27k+1
for all k > 1. Hence {p} must be a Cauchy sequence. Thus we can assume
pr — p as k — oo.

Since F(T) is closed, we know that p € F(T). Therefore, x,, — p as
k — oo and hence z, — p as n — 00, since lim ||xn, — pl| exists.
n—oo

Case ba. in% |Azy| =7 > 0.
n>

Let Q = sup ||z, —y|| > 0, y € F(T). Then
n>0

0< " < | Az, — Ayl
2Q = 2[lzn —yll
Applying Lemma 2.2 we obtain

<1

) ¢ 3¢ dx(¢)
A n - A n - >3 n 2/ —=d
> k|2, — yll?,
where
20 dx(€)

0<k‘<min{1,£/ de}.
2 Jo

Using Lemma 1.3, (I”) and (2.6) we have

|1 —yll?
< lwn = ylI? = 200 < Ayn — Ay, j(@nt1 —y) >
— 20,8 < Az, j(Tpe1 —y) >
< lwn — yH2 — 20, < Ayn — Axpy1, j(Tny1 —y) >
(2.6) — 20,30 < Az, j(Tpy1 —y) >
=20y < Azpi1 — Ay, j(Tns1 —y) >
— 20, 0n < Az, j(Tp1 —y) >
< lzn — yHQ = 2ancy — 2ank||Tn11 — y”2

- 2anﬁn < A$n7j(xn+1 - y) >,

where ¢, =< Ayn, — Axpy1, j(Tni1 — y) >.
We show ¢, — 0 as n — oo. Indeed, since

”Ayn - A$n+1H
< 2”yn - $n+1||

< 26, Azp || + 20 [| Ayn || + 2000 8n || Az ||
— 0asn — oo,

(2.7)
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and [|j(@n+1 — )| = ||Znt1 — y|| is bounded, ¢, — 0 as n — oo. Let
dp =< Azp, j(xn+1 —y) > and

_2an(cn + ﬁndn)

In = 14 2ka,
From (2.7) we get
[Znt1 — yl” < mu% —ylI* +on
4k202
= (1 — 2]{30471 + HTZ{)Hxn — yH2 + op
n

< (1 = ko) ||zn — y|? + on.

o0
Set pn = ||vn — yl|?, A\n = kay,. Then, \, € [0,1], > A\, = oo, and o, =
n=0

o(A\n

). By Lemma 1.4, we see that p, — 0 asn — oo, i.e., &, — y as n — 00,

which contradicts with ir;% |zn =yl = o> 0.
n

From the above discussion, we know that {x, } converges strongly to some
fixed point of 7" =
In the same way, we can prove

Theorem 2.3. Let X and C be as in Theorem 2.2, and let T : C — C be
a quasi-nonexpansion with T(C) compact. Then the conclusion of Theorem
2.2 1s still true.
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