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We introduce the unified biunivalent function class .Z°(y, @) defined based on quasi-subordination and obtained the coefficient
estimates for Taylor-Maclaurin coefficients |a,| and |a,]. Several related classes of functions are also considered and connections to

earlier known and new results are established.

1. Introduction

Let o/ denote the class of functions of the form
fl)=z+ Zanz" (1)
n=2

which are analytic in the open unit disc U = {z : z € C and
|z| < 1}. Further, by & we denote the family of all functions in
&f which are univalent in U. Let h(z) be an analytic function
in U and |h(z)| < 1, such that

h(z) =hy+hz+hz" +hz’ +---, )

where all coefficients are real. Also, let ¢ be an analytic and
univalent function with positive real part in U with ¢(0) = 1,
¢'(0) > 0 and ¢ maps the unit disk U onto a region starlike
with respect to 1 and symmetric with respect to the real axis.
Taylor’s series expansion of such function is of the form

(p(z):1+Blz+Bzz2+B3z3+~~, (3)
where all coefficients are real and B; > 0. Throughout this

paper we assume that the functions h and ¢ satisfy the above
conditions one or otherwise stated.

For two functions f and g are analytic in U, we say that
the function f(z) is subordinate to g(z) in U and write

f@@)<gz) (zel) (4)
if there exists a Schwarz function w(z), analytic in U, with
w (0) =0,
(5)
lw(z)| <1 (z€l),
such that
f@)=gw(z) (zel). (6)

In particular, if the function g is univalent in U, the above
subordination is equivalent to

f(0)=g(0),
fFW)cg).

For two analytic functions f and g, the function f is
quasi-subordinate to g in the open unit disc U if there exist
analytic functions h and w, with |h(z)| < 1, w(0) = 0, and
|w(z)| < 1, such that f(z)/h(z) is analytic in U and written as

/(2

O

7)

(zelU). (8)
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We also denote the above expression by

f@)<,9((=) (z€) )

and this is equivalent to
f (@) =h(z2)gw(2)

Observe that if h(z) = 1, then f(z) = g(w(z)), so
that f(z) < g(z) in U. Also notice that if w(z) = z, then
f(z) = h(z)g(z) and it is said that f is majorized by g and
written by f(z) <« g(z) in U. Hence it is obvious that quasi-
subordination is a generalization of subordination as well as
majorization (see [1]).

In [2] Ma and Minda introduced the unified classes §™* (¢)
and F (@) given below:

(zel). (10)

S (9) = {f:fesz{, Z}C(S) <9 (2); ze[U},

(11)

FH (¢) = <1f:fesz¢, 1+ZJ]:,((ZZ)) <@(z); ze[U}.

For the choice
¢(Z)=w O0<a<l) (12)
or
B

<P(Z)=<1i§> (0<B<1) (13)

the classes $*(¢) and F(¢) consist of functions known as
the starlike (resp., convex) functions of order « or strongly
starlike (resp., convex) functions of order f3, respectively.

Recently, El-Ashwah and Kanas [3] introduced and stud-
ied the following two subclasses:

* 1 Zf,(Z)
Sq (1) = {f:f@% ;(W_l)<q¢(2)
—l;ze[U,OqéyeC},
(14)
1zf" (2)
%q(%q’) = {f:feﬂ, )—/ [0 <q<p(z)—1; z

G[U,O;EyEC}.

We note that when h(z) = 1, the classes é’; (y>9) and
H ,(y, ¢) reduce, respectively, to the familiar classes §™ (y, ¢)
and F(y, p) of Ma-Minda starlike and convex functions of
complex order y (y € C\ {0}) in U (see [4]). For y = 1, the
classes cS’;‘ (y>9) and H q(y, @) reduce to the classes oS’; (¢) and
F 4(), respectively, that are analogous to Ma-Minda starlike
and convex functions, introduced by Mohd and Darus [5].
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It is well known that every function f € & has an inverse
f ~1 defined by

1 (f@)=2
FF @) =w (ol <n(in(f)> i)

(zel),
(15)

where
Fw) = we zbnw" (el <n(f). a6

where
b= O | )

and |A ;| is the (n — 1)th order determinant whose entries are
defined in terms of the coefficients of f(z) by the following:

i—j+1l)n+j-1|a,_;, i+1>7;
'A"jz{([)f AR i+1<j’. 19
For initial values of 1, we have
b, = —a,,
by = 2a; — as, (19)

b, = 5a,a; — 5a23 - ay,

and so on. A function f € ¢ is said to be biunivalent in U if
both f and ' are univalent in U. Let o denote the class of
biunivalent functions in U given by (1). For a brief history and
interesting examples of functions which are in (or which are
not in) the class o, together with various other properties of
the biunivalent function class o, one can refer to the work of
Srivastava et al. [6] and references therein. Recently, various
subclasses of the biunivalent function class o were introduced
and nonsharp estimates on the first two coefficients |a,|
and |a;] in the Taylor-Maclaurin series expansion (1) were
found in several recent investigations (see, e.g., [7-17]). But
the problem of finding the coefficient bounds on |a,| (n =
3,4,...) for functions f € o is still an open problem.

Motivated by the above mentioned works, we define the
following subclass of function class o.

A function f € o given by (1) is said to be in the class
./%g:ﬁ(y, 9),0# 7y €C, 8§ >0, if the following quasi-subordi-

nation conditions are satisfied:
‘G/TH
2y (2) 1
F! (2)

%((1—6) 27, @) +8(1+

F(2)
<qq>(z)—l (z e ),
(20)
1 w, (w) ( w?;’(w)> )
-la-¢ Sl1+—=2—]-1
y(( Zw P\ o w
<qg0(w)—1 (wel),
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where
F(2)=(1-N f(2)+Azf (2),
©, (W) = (1-21) g(w) + Awg' (w) (21)

(0<A<),

and the function g is the extension of ™' to U.
It is interesting to note that the special values of 6, y, A,
and ¢ and the class /4 g:g(y, @) unify the following known and

new classes.

Remark 1. Setting A = 0 in the above class, we have

Moo (yp) =My, (1,9). (22)

In particular, for y = 1, we have

Mo, (1,9) = My, (p) (23)

which was introduced and studied by Goyal and Kumar [18,
Definition 2.3, p. 541]. Also, we note that for h(z) = 1 the class

%‘; o) = /ﬂﬁ((p) was introduced and studied by Ali et al.
[7] (see also [19]). If we take ¢(2) by (12) in the class ﬂg((p),
we are led to the class which we denote, for convenience,

by %i(a), introduced and studied by Li and Wang [12,
Definition 3.1., p. 1500], and upon replacing ¢ by (13) in the

class /ﬂg(go), we have /%g(ﬁ); this class was introduced and
studied by Li and Wang [12, Definition 2.1., p. 1497].

. . )
Remark 2. Taking A = 0 and 6 = 0 in the class A q’g(y, @), we
have

MY (:9) =St (1,9). (24)
q q

In particular, for y = 1, we have
Sgo (1,9) =S (9). (25)

The class S;’J((p) is particular case of the class /%g)a((p),
when § = 0 and it was introduced and studied by Goyal and
Kumar [18, Definition 2.3, p. 541]. We note that, for h(z) = 1,
the class ¢ ,(y, ¢) = 8, (y, ¢) was introduced and studied by
Deniz [10]. Further, for h(z) = 1, the class é’;’a((p) =&, ()
was introduced by Ali et al. [7] and Srivastava et al. [16]. For
¢(z) given by (12), the class &, (&) was introduced by Brannan
and Taha [20] and studied by Bulut [8], Caglar et al. [9], Liand
Wang [12], and others.

Remark 3. Setting A = 0 and § = 1 in the class ﬂg;’} (> p), we

have

ML (ys9) = H g (1:9). (26)

In particular, for y = 1, we get

L%q,a (1’ (P) = ‘%q,a (SD) . (27)

The class # q’g(q)) is particular case of the class .%2’0(90),
when § = 1 and it was introduced and studied by Goyal
and Kumar [18, Definition 2.3, p. 541]. We note that, for
h(z) = 1, the class &, (y,9) = F,(y,¢) was introduced
and studied by Deniz [10]. Further, for h(z) = 1, the class
V4 qﬂ(q)) = K ,(p) was considered by Ali et al. [7]. For
¢(z) given by (12), we get the class J(«), introduced by
Brannan and Taha [20] and studied by Li and Wang [12] and
others.

. A -
Remark 4. Taking § = 0, we have the class /ﬂg)a(y, Q) =
P o015 A, @) as defined below.

A function f € o is said to be in the class &, ;(y, A, 9),

0# yeC,0< A < 1, if the following quasi-subordinations
hold:

1 ( zf' (2) + A\Z2f" (2)

y\(1-1)f(2)+Azf' (z)

1 ( wg' (w) + /\wzg" (w)

y <1—A>g<w>+Awg'(w)_1)<q"’(w)_l’

1) <q(p(z) -1,
(28)

-1

where g(w) = f~ (w). A function in the class g’q,o(y, A @) is
called both bi-A-convex functions and bi-A-starlike functions
of complex order y of Ma-Minda type. For h(z) = 1, the class
P A @) = Pi(y, A, 9) was introduced and studied by
Deniz [10].

Remark 5. Putting 6 = 1, we have the class /%;:;\(y, Q) =
F 00(V> A, @) as defined below.

A function f € o is said to be in the class #,(y, A, 9),
0#yeC,0< A < 1, if the following quasi-subordinations
hold:

1 (zf’ @) +1+20)2°f" () + A2 " (2) 1)
y zf' (z) + Az f" (2)

1 wg' (w) + (1 +2A) wzg" (w) + /\w3g'" (w) )
y wg' (w) + \w?g" (w) B

(29)

where g(w) = fﬁl(w).

Remark 6. For h(z) = 1, the class ./%g:ﬁ(y, Q) = M5, A,
¥, @) was introduced in [21].

In this paper we introduce the unified biunivalent
function class /%2,’(’}()/, @) as defined above and obtain the
coefficient estimates for Taylor-Maclaurin coeflicients |a,|
and |a,| for functions belonging to ﬂgzﬁ(y, @). Some inter-
esting applications of the results presented here are also
discussed.



In order to derive our results, we need the following
lemma.

Lemma 7 (see [22]). If p € P, then |p;| < 2 for each i, where
P is the family of all functions p, analytic in U, for which
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where

p()=1+pz+pz +--- (zel). (31)

2. Coefficient Estimates for the Class ./Z ig(y,(p)

Theorem 8. Let f(z) given by (1) be in the class /%g::}(y, Q),

Ri{p(@)}>0 (zeU), (30) 0<A<1,0#y€C, andd >0. Then
[l 17| BBy
|a,| < - - - > (32)
\/|y[2(1+25)(1+2A)—(1+35)(1+A) | hoB2 — (1+8)* (1+ 1)* (B, - By)|
las| < |yl [P | By |yl |hol [B, — By|
T2 +20)(1+20) (1 +8)(1+21) - A2 (1 +39)]
(33)
Y] 1] By [(1+38) (1 + A)° + |3+ 58) (1 +21) = 1> (1 + 38) ]
4(1+28) (1+20)|(1+68) (1 +21) — A2 (1 + 39)|
Proof. Since f € /%Z:g(y, @), there exist two analytic func- Using (36) in (34), we have
tions r, s : U — U, with 7(0) = 0 = s(0), such that
PR 2T (@) 1((1_5) z%(z>+5<1+z%;’<z>)_l>
y((l V%@ +8(” %uz)) 1) v 73 (@) F3 (@)
=h(z)(¢p(r(2)-1), -1
I oo rale(EETE) )
1((1_(3) “’%(w)m(uw% “‘”)—1) (37)
Y g) (w) g (w) 1(( B )wg;(w)+8(l+wf;’(w))_ )
=hw) (p(sw))-1). g, (w) ) (w)
- s (32)
Define the functions u and v by =h(w) [(p(q @) 11 1.
u(z) = 1+r(2) :1+u1z+u2z2+u3z3+--- ,
1-r(2) (35) Again using (36) along with (3), it is evident that
v(z)=ith;=1+vlz+vzzz+v3zs+~- o 1
h(z)[q)(u 2 )—1] = —hyB,u,z
or equivalently u(z)+1 20
1 1 15\ 1 2\ 2
u(z) _1 1 ( ( uf) , + (511131141 + EhOBl (1/!2 - Eul) + :}hOBzul) z
r(z) = =—|lwyz+|lu,-— )z
u(z)+1 2 2
4+ ... N
u uu (38)
o (5] 1)) :
2\ 2 2 qw)-1 1
(36) h(w) [(P<q(w) 1 > - 1] = EhoBﬂ’lw

-1 1 .
s(z) = :Z;‘Fl :5(vlz+(v2—%)zz

1 1 1 1
+ (EhlBlvl + EhoBl <v2 - Evf) + ZhoBsz w?

+..-.
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It follows from (37) and (38) that From (39) and (41), we find that
LA+ +Na, = hyBuuy, (39) P T
Y 2 2T2(1+8)(1+A) 2(1+8)(1+A)
1 1
~[20+28) (1420 a; - (1+38) 1+ 1) 3] = 3 it follows that
Y (40) (44)
“hyByuy + %hOBl (”2 a %”ﬁ " ihoBzui o
8(1+8)° (1+ M)’ a; =hyBry (uf +v7).  (45)
1 1
== (1+8) (1 +A)a, = ~hyBvy, (41)
Y 2 Adding (40) and (42), we have
1 2\ 2
14
—2(1+26)(1+2A)a]—1h3v +1h3<v (42) h he (B, — B (46)
3 5 PV 5P V2 _ OBl(u2+v2)+ 0( ) — 1)(uf+vf).
2 4
1 2) 1 2
- = ~hyB,v;.
2 /1)t gt Substituting (43) and (44) into (46), we get
22 g3 +
2 Y hoB; (uy +v,) (47)

% 4y[2(1+28) (1 +21) = (1+38) (1 +A)’| hyB} =4 (1 +8)* (1 + 1)* (B, - B,)

Applying Lemma 7 in (47), we get desired inequality (32).
Subtracting (40) from (42) and a computation using (44)
finally lead to

yhoB; (’/‘2 - Vz)
8(1+28)(1+2)1)°

2 yhy By,

T a0 +20)(1+20) (48)

as =

Again applying Lemma 7, (48) yields desired inequality (33).
This completes the proof of Theorem 8. O

In light of Remarks 1-5, we have following corollaries.

Corollary 9. If f € S (y,9), 0 # y € C, then

|Y| |ho| B, \/B—l

|ay| < - ,
|YhoBl - B, + Bl|

(49)

|a3| <

h,|B
% + |y| |ho| [B, + |B, = By|] -

Remark 10. Corollary 9 reduces to [23, Corollary 2.3, p. 82].
Corollary 11. If f € H,(y,9), 0 # y € C, then

|v] [1o| B, /By
\/lz)’hoB% -4(B, - B))|

|Y| |h1| B, + |Y| |ho| (B, + |Bz - Bl|]
6 2 '

|a2| <

>

(50)

|as| <

Corollary 12. If f € /%gﬂ(y, @), 0#yeC,and >0, then
[l 17| B, VB,
V[¥hoB; (1+8) - (B, - B,) (1 +06)’]

|Y| |h1| B, + |Y| |h0| [B, + IBz - Bl”
2 +468 1+6 '

|a2| <

(51)

|as| <

Corollary 13. If f € P ;(y; A, 9), 0y € C,and 0 < A < 1,
then

< ]l B, VBr
V| (1+21 = 22) BB} — (1 +4)* (B, - B,)|
las| < [y[1f] By |yl |ho| B, = By (52)
T 2442 [1+21 -2

[yl o] By [(1+ 1) +[3 + 64 - A|]
4(1+21)[1+21 -2

Corollary 4. If f € (1,4, 9),0#y € C,and0< A <1,
then
|a|

< |y| |ho| Bi /By (53)
VI (2 + 41 - 422) By B2 — 41+ 1) (B, - B))|




|‘13|

|Y| |ho| le - Bl|

AL
- |2 + 41 - 422 (54)

6+ 121

[y| 1| By [(1+2)7 + |2+ 41 - 2]
3(1+2M) |2 +41-42?

Remark 15. Taking h(z) = 1 in Corollary 9, we get estimates
in [10, Corollary 2.3, p. 54] and setting h(z) = 1 in Corollary 11
we have bounds in [10, Corollary 2.2, p. 53]. For h(z) = 1 and
y = 1, the inequalities obtained in Corollary 11 coincide with
[7, Corollary 2.2, p. 349]. For h(z) = 1 and y = 1, the estimates
in Corollary 12 reduce to a known result in [7, Theorem 2.3,
p. 348]. Further, for h(z) = 1, y = 1, and ¢ given by (12) the
inequalities in Corollary 12 reduce to a result proven earlier
by [12, Theorem 3.2, p. 1500] and for h(z) = 1,y = 1,
and ¢ given by (13) the inequalities in Corollary 12 would
reduce to known result in [12, Theorem 2.2, p. 1498]. Also, for
h(z) = 1, the estimates in Corollary 13 provide improvement
over the estimates derived by Deniz [10, Theorem 2.1, p. 32].
For h(z) = 1, the results obtained in this paper coincide
with results in [21]. Furthermore, various other interesting
corollaries and consequences of our results could be derived
similarly by specializing ¢.
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