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The existence and uniqueness of a mild solution to nonlinear fuzzy differential equation constrained by initial value were proven.
Initial value constraint was then replaced by delay function constraint and the existence of a solution to this type of problem was
also proven. Furthermore, the existence of a solution to optimal control problem of the latter type of equation was proven.

1. Introduction

Fuzzy logic is originated by Zadeh in 1965. It is primarily
based on the fact that “all things happening in real world
are unstable and unpredictable.” This idea was put forward
and successfully applied to many fields of research—such as
medicine, computer science, engineering, and economics—
owing to its remarkable effectiveness at solving problems that
could not be solved by traditional logic; see [1-3] and refer-
ences therein. In particular, fuzzy logic has long been applied
to dynamic systems expressed in differential equations; see
[4-15] and references therein. Moreover, dynamic system
with time delay can be advantageously applied to many
important problems such as determining the current position
of a particle from the history of its past movement; see [16-
19] and references therein. In this study, fuzzy differential
equation of dynamic system constrained by time delay was
investigated. The objectives of this investigation were to
delineate the definitions of and theorems on fuzzy control
system with time delay and to find the necessary conditions
for the existence of a solution to this type of system by
functional analysis.

2. Preliminaries

This section discusses the definitions and theorems pertain-
ing to this research.

Definition 1. Let Ry be a family of fuzzy subset of R, called a
fuzzy number space. It satisfies the following conditions, for
eachu € Rp:

(1) u is normal; that is, there exists x, € R such that
u(x,) = 1.

(2) u is a convex fuzzy set; that is, u(tx + (1 — t)y) >
min{u(x),u(y)} forallt € [0,1] and x, y € R.

(3) u is upper semicontinuous on R; that is, for each
x € R and for all sequences x,, € R, if x, — x then
lim, _, o sup u(x,) < u(x).

(4) {x e R | u(x) >0} is compact; that is, for all
sequences x,, € {x € R | u(x) > 0}, there is a subse-
quence x; such that X, — Y€ {x e R | u(x)> 0}

Notice that R = {y,; | x is real} and R ¢ Rp.

Definition 2. Letu € Rpand 0 < r < 1. The set of r-cut of ,
denoted as [u],, is defined by

[ul, ={xeR|u(x)>r} for0O<r<l,

)

[ulp ={x e R | u(x) > 0}.

According to Definition 1, conditions (1)-(4) imply that
[u], for all 0 < r < 1 is a compact set. Hence, we can denote
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[u], by a closed interval [u(r), u(r)], where u,u : [0,1] — R
is a function satisfying the following conditions:

(1) u is a bounded, left continuous, and nondecreasing
function on [0, 1].

(2) u is a bounded, right continuous, and nonincreasing
function on [0, 1].

(3) u(r) < u(r) forall r € [0, 1].

Next, we define addition and scalar multiplication for the
set in the sense of Minkowski.

Definition 3. Let A and B be any nonempty subsets of R and
A € R; addition between A and B denoted by A + B is defined

by
A+B={a+blacA, beB}. 2)
Multiplication of A by a scalar A denoted by AA is defined by
AM ={lalac A}, (3)

where, for A > 0, summation of A + (-~AB) is denoted by A —
AB; that is,

A—AB=A+(-AB). (4)

Definition 4 (see [18]). Let A and B be any nonempty subsets
of R. A nonempty subset C is called a Hukuhara difference
between A and Bif A = B + C. A Hukuhara difference
between A and B is denoted by A © B.

Note the following: (1) A © B may not exist even when
A — B definitely exists, so, for any A and B, A6 B # A— Band
(2) Ae A ={0}.

Definition 5. Let g : RxR — R.Zadeh’s extension of g is the
function g : Ry x R — Ry (again, labeled as g) defined by

gw,v)(z) = sup min{u(x),v(y)} VzeR. )
glxy)=z
Theorem 6. Let g : Rp x Ry — Ry be Zadekl's extension of
g. Then, the set of r-cut of g(u, v) is of the form

g9 w)], = g([ul,,.[v],) (6)

forallu,v e Rpand0 <r < 1.

Definition 5 together with Theorem 6 is called Zadeh’s
extension principle. Following Zadel’s extension principle
and Minkowski’s definition, addition and scalar multiplica-
tion can be defined by the next definition.

Definition 7. Let u,v € Ry and A € R; addition between u
and v, denoted by u @ v, is defined by

(u®v)(z) = sup min{u(x),v(y)}

x+y=z

Vz € R, (7)

and multiplication of u by a scalar A, denoted by A © u, is
defined by

“(%) A#0 ®8)

(Aou)(z) =
0, A=0.
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Theorem 8. Letu,v € Ry and A € R. Then, one has
[uev], =[ul, + V], = [u() +v (), u() +v(r)],
[Au(r), Au(r)],
[Au(r), Au(r)], A<0
{0}, A=0,

A>0
9)
Aou], =Au], =

where 0 = xyo, is the addition identity on Rp.

Theorem 9 (see [20]). Under addition & and multiplication ®,
one has the following:

(1) No element of Ry, \ R, except 0, has an inverse under
@.

(2) Forall a,b € R such that both a and b < 0 or > 0 and,
forallu € Ry,

(a+b)ou=acuebou. (10)

(3) Forall A € R and for allu,v € R,

Ao(udv)=A0oud Ao (11)

(4) Forall A, B € R and for allu € Ry,
A+B)ou=rousfou (12)

Definition 10. Let u,v € Ry. If there exists w € R such that
u = v & w, then w is called a Hukuhara difference (fuzzy)
between 1 and v, denoted by w = u o v.

Next, we define the distance between any two elements in
Rp. R, denotes [0, c0).

Definition 11 (see [15]). Letu, v € Rp. The distance (Hausdor(f
distance) between u and v is defined by dy; : Rp xRy — Ry,
where
dy (u,v) = sup max {|u(r) —v(r)|,[u(r) -v(r)}. (13)
re(0,1]
Hence, according to the property of the distance dy,
(Rp, dyy) is a complete metric space.

Definition 12. A function f : [a,b] — Ry is called fuzzy
function and the r-cut of f(t) for allt € [a,b] is denoted by

[f®)], = [f()(r), f(1)(r)] forall r € [0,1].

Definition 13. Let f : [a,b] — Rp be a fuzzy function. f is
called fuzzy continuous on [a, b] if for all ¢, € [a, b] and for all
€ > 0 there exists § > O such that forallt € [a,b]if [t—t,| < §,
then d (f(t), f(t,)) <e.

Definition 14. Let f : [a,b] — R be a fuzzy function. f is
called fuzzy uniform continuous on [a, b] if for all € > 0 there
exists & > 0 such that for all s,t € [a,b] if |s — t| < §, then

dy(f(s), f(t) <e.

Definition 15. Let f : [a,b] — Rp be a fuzzy function. One
says that f is bounded on [a, b] if there is M > 0 such that
dy(f(t),0) < M forall t € [a,b].
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Definition 16 (see [18]). Let f : [a,b] — Ry be a fuzzy
function. One says that f is fuzzy differentiable at x, € (a,b)
if there is y € Rz and 8 > 0 such that for all A < § if
f(xg+h)e f(x,) and f(x,) © f(x, — h) exist, then

h)e
hling+dH(—f(x+ )h f(x()),y)=o

i (e f-n
h—0* H h V)

The fuzzy number y € Ry is called fuzzy derivative of f at x,
and is denoted by f’(xo) or (df /dx)(x,); that is,

(14)

) . h
f (%) =hling+f(x+ )hef(XO)
(15)
— i f(xo)e f(x~h)
= lim ————,
h—0* h

For the extremes of the interval [a, b], the fuzzy derivative of f
atais f'(a) =limy, _, o« (f(x+h)e f(a))/h) iflimy, _, o+ ((f(x+
h)e f(a))/h) exists, and the fuzzy derivative of f atbis f ") =
lim;, _, o+ ((f(b)© f(x—h))/h) iflim;, _, o (f(x+h)e f(a))/h)

exists (the multiplier 1/h denotes a scalar fuzzy multiple).

Theorem 17 (see [15]). Let the following be true: A € R; « :
[a,b] — R is differentiable; and f,g : [a,b] — Ry is fuzzy
differentiable on [a, b]; then the following is true:

M (feg'®) =f®eg®.

2 o Hty=>r0f'@).

B (aog)®) =ai)o f't)@ad () o f(t).
Definition 18. For each f : [a,b] — Rp, one says that f is
integrable if there exists a fuzzy function F : [a,b] — Rp

such that F'(¢) = f(t) for all t € [a,b]. The fuzzy function
F is called fuzzy antiderivative of f and is denoted by F(t) =

_[; f(s)ds.

Theorem 19 (see [15]). Let f : [a,b]
differentiable; then

— Ry be fuzzy

fo=f (“)@J f'(s)ds. (16)

Theorem 20 (see [15]). Let f : [a,b]
integrable and c € [a, b); then

—  Rp be fuzzy
b c b
J £(s)ds =J f(s)dseaj £(s)ds. 1)
Theorem 21 (see [15]). If f : [a,b]
differentiable, then f is fuzzy continuous.

—  Rp is fuzzy

Definition 22. A fuzzy sequence is a function from N to Rp.
A fuzzy sequence f (where f(n) = u, € Rforalln € R) is
denoted by {u,,} or more briefly by u,,.

Definition 23. Let {u, } be a fuzzy sequence and u € Rj. One
says that {u,} converges to u if and only if for all € > 0 there
exists n, € N such that d;(u,,u) < € for all n > n,, denoted
by lim,, _, U, = u.

Definition 24. Let {u,} be a fuzzy sequence. One says that {1, }
is bounded if there is N > 0 such that dy;(u,,0) < N for all
neN.

3. Fuzzy Initial Value Problem

In this section, we discuss initial value problem of fuzzy
differential equation, give the definition of a solution and
sufficient conditions for its existence, and prove the relevant
theorems and lemmas and then the existence of the solution
by using the method of successive approximation.

In this paper, C([0, T], Rg) denotes {f : [0,T] — Rp |
f is fuzzy continuous} with a weighted metric defined by
do(u,v) = supte[O,T]e_’\th(u(t), v(t)), where A > 0 (which
can be any given value). Since (R, dy;) is complete, the space
(C([0,T], Rp), d) is also complete; see [15]. For convenience,
we denote C([0, T], Rg) as c’.

3.1. Fuzzy Differential Equation. Consider an initial value
problem of a fuzzy differential equation:

X (t)=at)oxt)® f(tx (), telo,T],
(18)
x(0) = x°,

where x is a fuzzy state function of time variable ¢, f(t, x)
is a fuzzy input function of variable ¢ and x, x' is the fuzzy
derivative of x, x(0) = x" is a fuzzy number, and a : [0,T] —
R is a continuous function. Throughout this paper, we denote
x by [x,x] and its r-cut by [x(¢)], = [x(¢)(r),x(¢)(r)] for all
0<r<1 _

The fuzzy function f(t, x) denotes [ f(t, x), f(t, x)] with

f (t,x) = min {ft,u) luex®),},

_ (19)
f(t,x)=max{f (t,u) | u e [x(t)],}.
The r-cut of f(t, x) fort € [0,T] is given by
[f tx )], = [f & x®) (1), f (& x (1) ()]
a (20)

YOo<r<l.

Consider the fuzzy derivative of S(s,t) ® x(s) for all s €
[0,t], where S(s, t) = el 6T 1f o i fuzzy differentiable, that
is, a solution to (18), using Theorem 19, we get

ds (s,t)

d '
a(S(s,t)Ox(s)):S(s,t)ox(s)EB s

O x(s)



=S8(s,t)
ola)ox(s)® f(sx(s))]
® (=S(s,1))a(s) @ x(s)
=S(s,t)a(s)ox(s)@®S(s,t)
© f(5,x(s)) ® (=S (s, 1)) a(s)

Ox(s)=S(st) 0 f(s,x(s)).
(21)

Using Theorem 20 and an initial value x(0) = x°, we obtain
t
x()=S0,0)0x" @J S(s00 f(sx($)ds.  (22)
0

Hence, (22) is a fuzzy integral that corresponds to the
fuzzy differential equation (18). Solution to (22) is a type of
solutions to (18) that we define next.

Definition 25. Let x € C([0,T],Rp). x is called fuzzy mild
solution of the fuzzy differential equation (18) if x satisfies the
fuzzy integral equation

x(t)=S0,)ox’e Jt S(s,t)0 f(s,x(s))ds,  (23)
0

t
where S(s, t) = els adr,

In the next section, we prove the existence of a fuzzy mild
solution of (18) under the following assumption.

Assumption H. It declares that if f(t,x) = [f(t, x),?(t, x)] is
a fuzzy function with i(t,x) = min{f(t, u) |ue [x(H)],} =

F(t,x,%), f(t,x) = max{f(t,u) | u € [x(t)],} = G(t, x,%),

dy (f (t,x (1), f (tex(£))) = sup] max {|F (t, x (t) (r) , X (t) (r)) (r) = F (to, x (t,) (r), % (t,) (1) ()] »

re(0,1
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where F,G [0,T] x [C([0,T],C([0,1], Rp)]* —
C([0,1],Rp), then there is [ > 0 such that IMT < 1
and [F(t, x,(t))(r), y,(t)(1) = F(ty, x,(t,)(1), yo(£,) (1)),
|G(t1,x1(t1)(1’), yl(tl)(r)) - G(tza xz(tz)(”)r)’z(tz)(r))(r)| <
11t —t,] + max{|x, ()(r) %, () (F), |, () (1)~ 3, () (P,
forall (¢, x,, y1), (t5, X5, ¥5) € [0, TIxC([0, T], C([0, 1], R))x
C([0,T],C([0,1],R)), where M = sups)te[o)T]IS(s,t)I and

S(s,t) = ejst a(dr

3.2. Existence of a Solution. In this subsection, we prove
the existence of a mild fuzzy solution to system (18) under
Assumption H by using the method of successive approxima-
tion. Let us begin by defining a sequence of function {x,,} for
an initial value x° € Ry, as

x,(t)=S0,)ox’® Jot S(s,t)® f(s,x,, (s))ds -

vt € [0,T],

where x, € C is a given initial function. For any x° € Ry
andt € [0,T], we have x,, : [0,T] — Rp. Next, we show that
the sequence {x,} has the following properties:

1) x, € C’forallm e N.

(2) {x,} is a Cauchy sequence in C°.

Property 1. We show that x,, € C° for all n € N by referring
to the following statements.

Lemma26. Let f be afuzzy function that satisfies Assumption
H. Then, for each t, where t, € [0,T], there exists | > 0 such
that

di (f (6 x (1)), f (g x (t5)))
<I(|t = to] + dy (x (1), x (t5))) -

Proof. Lett,t, € [0, T]. Since

(25)

(26)

|G (£, x (£) (1), X (£) (1) (r) = G (to, x (t) (), % (o) (1) ("]}

by Assumption H, there is / > 0 such that

max {|F (t, x () (r), % () () (r) = F (0, x (£,) (1),
% (to) (M) (|, |G (8, x(£) (1), X (1) (M) (r) - G (£,
x (o) (1), % (to) () (]} < L(Jt ] 27)
+ max {|x () (r) - x (t,) ()],

|x (1) (r) =% (t,) ("]}).

Hence,

oy (7 (5 O). f (t0rx (1)) < <|t 4

+ sup max {(x (1) (r) — x (t6) ()], [ () (r)—%(to)<r>|)}> (28)

re(0,1]

= (|t = to] + dy (x (1), x (1))
O
Lemma27. Let f be a fuzzy function that satisfies Assumption

H. Then, for each x € C°, the map t — f(t,x(t)) is fuzzy
continuous.
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Proof. Lett,t, € [0,T]. By Lemma 26, there is [ > 0 such that

d (f (6, x (1)), f (g, x (£5)))
<I(Jt = to] +dpy (x (1), x (t))) -

(29)

Given any € > 0, by the fuzzy continuity of x, there exists
0, > O such that, for all t € [0,T], if |t — ty)| < &, then
d(x(t), x(t,)) < &/2l. Choose 8 = min{e/2L, 8,}. Then, for
eacht € [0,T] such that |t — £y| < §, we have

dy (f (6x(8), f (0, x (t0)))

<1(|t — to] + dyy (x (1), x (1)) < z(ﬂ + Z> (30)

=&
Therefore, the map t — f(t, x(t)) is fuzzy continuous. O

Lemma 28. If y € C° and 8 € C([0, T],R), then o y € C°.

Proof. Lett, € [0,T]. Because B € C([0,T],R) and y € c’,
there exist M; and M, > 0 such that |3(¢)] < M, and
dH(y(t),a) < M, forallt € [0,T]. Set B = max{M,, M,}.
Given any € > 0, by the continuity of y and 3, thereis §, > 0
for eacht € [0, T]. If |t — t,| < &, then

1B - B(to)] < —,
(3D

di (y (1), y (o)) < =

Choose § = min{e/2B, §,}. Then, for each t € [0, T] such that
[t —t,] < &, we have

da(B®) oy ®),B(t) 0y (t)) =du (BH) 0y (H)
+B B0y (t),Bt) oy (t) + Bt) o y(t))
<dy (B oy®),Bt)oy(ty)) +dy (B
©y(t),B(t) 0y (t)) (32)
<|B®]dy (y ),y (%))
+[B () = B(to)| it (¥ (1) ,0)

ca(i) ()

Therefore, we can conclude that the map t — S(t) © y(t) is
fuzzy continuous. O

Lemma29. If y;, y, € C°, then y, @ y, € C°.

Proof. Lett, € [0, T]. Given any € > 0, by the continuity of y,
and y,, thereis §;, > 0 for all t € [0, T] such that |t — t,| < §,,
and so we obtain d;(y, (t), y,(ty)), dg (1, (1), ¥, (ty)) < €/2.

Choose § = min{e/2,8,}. Then, for each ¢t € [0, T] such
that |t — ;| < 8, we have

di (y, (1) @ y, (), ¥, (to) @ ¥, (t,))
<dy (@), 3 (8)) +d (3, (1), 3, (89)) (33)

Hence, y, ® y, € C°. O

Lemma 30. If y € C°, then the map t + _[; y(s)ds is fuzzy
continuous.

Proof. Since y € C°, there is M > 0 such that d;(y(s),0) <
M foralls € [0,T].

Lett, € [0,T]. Given any & > 0, choose § = ¢/M. Then,
for each t € [0,T] such that |t — )| < §andt > t, by
Theorem 20, we have

dy <Lt y(s)ds, Lto y(s) ds)

=dy <Lt0 y(s)dse L: y(s)ds, Jto y(s) dseaﬁ)

0

<dy <Jto y(s)ds, rﬂ y(s) ds) (34)

0 0
+dH<jt y(s)ds,6> < Jt dH(y(s),ﬁ)ds

SM(t—t0)<M<%):s.

Ift < ty, by Theorem 21, we have

diy (j y(s)ds, j y©)ds)

t ot t
= dH(L y(s)dseO0, L y(s)ds@L y(s)ds)

<dy <Jt y(s)ds, Jt y(s) ds) (35)

0 0
to to
+dH<5,J y(s)ds)gj dH(y(s),a)ds

s—M(t—t0)<M(A—iI>:e.

Hence, the map ¢t — Iot y(s)ds is fuzzy continuous. O

Lemma 31. Assuming that f is a fuzzy function satisfying
Assumption H, for a given initial function x, € C°, one has a
sequence of fuzzy function {x,} as defined in (24).



Proof. We show that x,, is fuzzy continuous for all n € N by
using mathematical induction.

Basis Step. Because x,, € C° and x, is defined as

x, (1) =S(0,H)ox’® Lt S(s,t)© f(s,x, () ds o)

vt € [0,T],

by Lemmas 26-30, x, is fuzzy continuous.

Induction Step. For k > 1, assuming that x, € C°, since
X1 (1) = S(0,1) © Lo Iot S(s,t) © f(s,x,(s))ds, by Lemmas
26-30, we have x;,, € C°.
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Therefore, by mathematical induction, x,, € C° foralln €
N. O
Property 2. We show that {x,} is a Cauchy sequence in C°.

Lemma 32. Let f be a fuzzy function satisfying Assumption H
and let x, € C° beagiven initial function. Then, d(x,, x,_,) <
AP" foralln € N with P = IMT and A = d(x,, x,).

Proof. We show that d(x,, x,,_,) < AP"' foralln € N by
mathematical induction.

Basis Step. For k = 1, da(x,, xo) = AP°.

Induction Step. For k > 1, assuming that d(x;, x;_;) <
AP*! we have

Ay (x50, (1), % (1) = dy (s 0,nox’e Lt S(s,8)® f (s, %, (5))ds,S(0,8) o x’ @ Lt S(s,8)® f (s, x5, (5)) ds)

t t
=dy <I S(s,8) © f (s, % (5)) ds, J S(s;t) @ f (s, % (5)) ds)
0 0

>

= sup max{

ref0,1]

¢ t
L S(s,t) @i(s, Xk (8)) (r) ds - L S(s,t) @i(s, Xp_y (5)) (r) ds

t _ t _
Jo S(s,t) 0 f (s, %, (s)) (r)ds — L S(s,t) O f (s, %, (5)) (r)ds

} (37)

< sup max {J IS (5, ) |F (5, x5 (5) (1), X (5) (1)) = F (5, x4, (5) (1), Xy (5) ()| s,

ref0,1] 0

JO IS (5, )] |G (5, 25 (5) (1), % (5) (1) = G (5, x5, () (1), %y (5) ()] dS}

< M “ sup max {|x, (s) (1) = x,_, () ()], [e () (1)~ %y (5) (r>|}ds} < Ml(j dyg (%11 () %, (s>)ds)

0 ref0,1]

< MITd (x;, x;,_,) < PAP*™ = AP,

Thus, by mathematical induction, dc(x,, x,,_,) < AP"™" for
alln e N. O

Lemma 33. Let f be a fuzzy function satisfying Assumption H
and let x, € C° be a given initial function; one has d(x,, x,) <
A(l -P"/(1-P)foralln € Nwith P = IMT and A =
deo(xy, xp).

Proof. We show that d(x,,, x,) < A(1 = P")/(1 — P) for all
n € N by using mathematical induction.

Basis Step. For k = 1, the above statement is true since
de(xy,x) = A(1 - P)/(1 - P).

Induction Step. For m > 1, assuming that d(x, xo) < A(1 -

PH/(1 - P)forall j € {1,2,...
[0, T], we have

,m}, by Lemma 32, for t €

0

A (X1 (6), %0 (1)) = dpg (Xy (D @ X, (1) -+
®x; (1), xo(t)®x,, 1)@ ®x, (1))

< dH (xm+1 (t) > X (t)) + dH (xm (t) > Xin-1 (t))

(38)
+ootdy (x, (8), %, (1) < AP™ + AP™ ' 4.
A 1_Pm+1
+A: M,
1-P

implying that d(x,,,1, o) < A(1 = P™™)/(1 - P).
Therefore, by the principle of mathematical induction,
de(x,,x9) < A(1-P")/(1 - P)foralln e N. O

Lemma 34. Assume that Assumption H holds. Given an initial
function x, € C°, {x,} is a bounded sequence.
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Proof. Assumption H implies that there is / > 0 such that P =
IMT < 1.

Therefore, there is B > 0 such that A(1 - P")/(1 - P) < B
for all n € N. By Lemma 33, we have

A(1-P"
e (50 0) ~ e (,0) < d (5, ) < 202
<B.
Hence, d(x,,,0) < B+ d(x,,0) foralln € N. O

Lemma 35. Assume that Assumption H holds. Let R, = A(1 -
P")/(1 = P)and 0 < ¢ < 1. Then, for a given initial function
x, € C" and foreache > 0, thereis N € N such that 2R,cN*" <
e foralln > N with P = IMT and A = d-(x,, x).

Proof. By Assumption H, there is [ > 0 such that P = IMT <
1. Hence, there is B > O such that R, = A(1-P")/(1-P) < B
for all n € N. Given any € > 0, choose N > log_(¢/2Bc).

Then, 2R, cN*! < 2BcN¢ < 2Bcc'®8¢/259 = 2Bc(e/2Bc) =
E. ]

Next, let us define a mapping g with an initial value x° €
Ry to be

g)()=S(0,t)0 Lo r S(s,t) @ f(s,u(s)ds (40)
0

forallu € C([0,T], Rp).

Lemma 36. Suppose that Assumption H holds. Then, g is a
mapping from C° to C°.

Proof. Let u € C([0,T],Rg). Similar to the proof of
Lemma 31, we have g(u) € C([0,T],Rg). Let u;,u, €
C([0,T], Rg) such that u; = u,.

Forany t € [0,T], we have

t

g(u) ) =S0,t)ox° GBJ S(s,t) 0 f(s,uy (s))ds

0

=s0,)ox’e JtS(s, 1o f(s,uy(s)ds (41)
0
=g(u) ().
Therefore, g : C([0,T],Rp) — C([0,T], Rp). O

Lemma 37. Suppose that Assumption H holds. Then, g is a
contraction mapping.

Proof. By Assumption H, thereis! > O suchthatP = IMT < 1
and

max {|F (s,u (s) (), u(s) (r)) (r)
~F(s,v(s)(r), v (s) () (r)],

|G (s,u(s) (r),u(s)(r) (r) (42)
=G (5,v(s)(r),v(s) () (r)|} < I max {[u(s) (r)
—v () @), [ (s)(r) =v(s) (NI}

Forall t € [0,T], choose ¢ = IMT. Then,

dy(gw)@®),g» @) =dy (L S(s,t) 0 f (s,u(s))ds, L S(s,0) 0 f(s,v(s) ds)

= sup max{

ref0,1] 0

0

J S(s,t) Oi(s,u (8))(r)ds — L S(s,t) o i(s, v(s))(r)ds

r S(s,8) 0 F (s,u(s)) () ds - Jt S(s,6)0 7 (5, v(s)) (r) ds
0

>

}

(43)

< sup max {J IS(s, DI |F (s,u(s) (r),u(s) (r) = F (s, v(5) (r), v (s) (r))| ds,

re0,1] 0

t
L IS (s, DG (s, (5) (1), () (1) = G (5,2 (5) (), ¥ (5) ()] dS}

t
< i |

0 ref0,1]

Therefore, g is a contraction mapping.
O

sup max {|u (s) (r) = v (s) (r)|, [t (s) (r) =V (s) (N)|} ds < cd (u,v).

Theorem 38. Suppose that Assumption H holds. Then, {x,} is
a Cauchy sequence in C°.



Proof. Given any € > 0. By Lemma 35, for all 0 < ¢ < 1,

there is N > 0 such that 2R c™*! < e forall n > N, where

R,=A(1-P"/(1-P)with P =IMT and A = d(x;, x,).
Let m,n € N be such that m,n > N. WLOG, assume that

n > m. By Lemma 33, we have
dc (xm—N—l’ Xp-N-1)
= dc (Xp-n-1 © Xo» X N1  Xp)
< dc (Xpon-1> %) + de (Xon-15 X0)

A(1-PNY A (1 PN

< + (44)
1-P 1-P
A(1-PNY)  A(1-pN
< 1-P 1-P
_ pn—N-1
-2 AQ-r )]<2[A(1_Pn)]=2Rn.
1-P 1-P

By definition of sequence {x,} and mapping g, we can write
x, and x,, as a composition of g,

xm:9°9°"'°g(xm—N—1)’

N+1

(45)
X,=gege-og(X,n-1)-

N+1
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Since g is a contraction mapping, there is some ¢, where 0 <
c<1

de (%, x,) =dc(geoge--og(xun1)-gege-

o g(x,n-1)) < CNHdc (%-N-15Xn-N-1) (46)

< 2RncNJrl <e

Hence, {x,} is a Cauchy sequence in C([0, T], Rp). O

By using Properties 1 and 2, we prove the existence of a
mild fuzzy solution to system (18) in the following theorem.

Theorem 39. If Assumption H holds, system (18) has a mild
fuzzy solution; that is, there is x € C([0,T],Rg) such that

x(t) = 8(0,0) 0 x" @ [/ S(s,1) © f(5,x(s))dls.

Proof. Given an initial function x, € C([0,T],Rg) and a
sequence {x,} defined by

x, () =S(0,t) 0 x’ @ Jot S(s,t)© f (s, %, (s))ds
(47)

Vt € [0,T],

by Theorem 38, {x,} is a Cauchy sequence in C([0, T], Rp).

Since C([0,T],Rg) is complete, {x,} converges in
C([0,T], Rp); that is, there is x € C([0,T],Ry) such that
lim, , x, = x.

Given any ¢ > 0, since lim,, _, . x,, = x, thereis N; € N
such that d(x,_;,x) < ¢/IMT for allm > N,. Let w(t) =
S(0, t)@xOEBJ; S(s,1)of (s, x(s))ds. We show thatlim,, _, . x,, =
w as follows. For each t € [0, T], choose N = N;. Then,

dy (x, ), w(t) =dy <L S(s1) 0 f(s,x,,(s)ds, L S(s,0) 0 f(s,x(s)) ds)

= sup max {
ref0,1]

0 0

J:S(S, B0 f (5%, (5)) () ds - L S0 f (5,%(9) () ds

J S(s,t)© f(s,%,., (5)) (r) ds—J S(s,t)® f (s,x(s)) (r) ds

t

>

}

(48)

¢
< sup max {J 1S (s, )| |F (s, x,,_, (8) (), X, (s) (r)) = F (5, x (s) (r) , X (5) ()| ds,

ref0,1] 0

L IS (5, |G (5,2, (5) (), X,y (5) (1) = G (5,2 (5) (1), X (5) (1)) dS}

t

lej

0 ref0,1]

sup max {|x,,_; (s) (r) = x(s) ()], [%,_ () (r) =% (s) ()|} ds < IMTdc (x,,_1,x) < e.
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Hence, x(t) = lim,_, . x,(t) = w() = S(0,t) © x, &
t . . .
.[0 S(s,t) © f(s, x(s))ds, implying that system (18) has a mild
fuzzy solution. O

4. Fuzzy Delay System

In this section, we investigate a fuzzy system with delay:

X(t)=a®oxt)® f(t,x(),x,), 0<t<T,

x()=¢(),

(49)
-1<t<0,

where x is a fuzzy state function of variable f and x, = x(t+0),
for —I < 0 < 0, is the state that is time-delayed. We may con-
sider x, as a state in the past, before time t. Here, ¢ is a given
fuzzy function of past state, before or at t = 0. In this system,
we assume that the fuzzy input function f(t, x, x,) depends
ont, x,and x,, and the scalar functiona : [0,T] — Riscon-
tinuous. The fuzzy derivative of x with respect to t is denoted
by x". All functions are defined using the following notation.

The fuzzy functions x and ¢ are denoted by [x,X] and
[@, @], respectively, with their r-cuts denoted by

[x ()], = [x(®) (), X ®) (1],

(50)
)], =[e®) 1), 51 ("] Vo<rsl,
respectively.
The fuzzy function f(t,x(t),x,) is denoted by
[i(t) X, xt)> 7(t, X, xt)] with
f(txx,)
= min {f (t,u,v) u € [x(®)],, ve[x]},
_ (51)
ftxx)

=max {f (t,u,v) |u € [x(t)],, ve[x]}.
The r-cut of f(t,x(t),x,) is denoted by [f(t,x(t),x,)], =
[i(t, x(t),xt)(r),?(t, x(t), x,)(r)], forall 0 < r < 1.

Let S(s,t) = el %47 414 assume that x is fuzzy
differentiable that satisfies the conditions of system (49).
Consider the fuzzy derivative of S(s, t) © x(s) for all s € [0, ¢].

By Theorem 17, we have

d

s (S(s,t) @ x(s))

ds (s,t)
ds

=S(s,p)ofals)ox(s)e f(sx(s),x,)] (52)

6S(s,t)a(s)®x(s)

=S(s,t)ox (s)@ © x(s)

=S(s,t)a(s)Ox(s)®S(s,t) 0 f (s, x(s),x;)

eS(s,t)a(s)ox(s)=S(s1)0 f(s,x(s),x,).

By Theorem 19 and the initial value x(0) = ¢(0) = ¢,, we get

x(s) = S(O,t)@gooeaJ:S(s,t)ef(s,x(s),xs)ds (53)

as a fuzzy integral equation satisfying system (49).

Definition 40. Let x € C([-L,T],Rp). x is called a mild
fuzzy solution to system (49), if x satisfies the fuzzy integral
equation

x (t)

) {S(O,t)@cpoeajtS(s,t)of(s,x(s),xS)ds, o<t<T (54

0
(1), -1<t<0.

Next, we prove the existence of a mild fuzzy solution to
system (49) under the following assumption.

Assumption A. Let M = sup (o 11IS(s, £)| and

B([0,T],Rg) = {x¢y: [0,T] — R | x

(55)
eC([-LT],Rg), x, =x(t+0), -r<0<0}.
Assume that f satisfies the following conditions:
(A-1) There is a constant k > 0 such that
diy (f (6% ), 21),0)
(56)

<k[1+dy (x(®,0) + dys (3,0)]

for all ¢t €

(A-2) There is a constant L > 0 such that

di (f (6%, (1), 31 (), f (5,2, (5), 5 (5)))
S L[|t = sl +dp (x, (t), %, (1) + d; (3, (), 3, (1))]

[Os T]; X € C([_l) T]) RF)) y() €

(57)

foralls,t € [0,T], xy,x, € C([-1,T], RE)s yiey Y2y €
B([_l> T]) RF)

Definition 41. If there exists 7, > 0 such that x €
C([-1, 7,], Rp) satisfies the fuzzy integral equation

x(t)

:{S(O,t)@(poe)jtS(s,t)Of(s,x(s),xs)ds, 0<t<T, (58)

0
P (1), -1<t<0,
one says that system (49) is mildly fuzzily solvable in [0, 7,]
and x is called a mild fuzzy solution in [0, 7,].
For each 7 > 0. Let us denote a weighted metric space
C([-1, 7], Rg) by C". Its metric is defined by

de (u,v) = sup e Mdy (u(t),v (1)), (59)

te[0,7]
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for some given A > 0. The metric space (C([-], 7], Rp),d) is
a complete metric space.
For each y > 0, define Q(y, T) to be

a(p7)= {y € C" | maxdy (y (1), ¢9) <> y (1)
(60)

=¢(t), —lstso}.

Then, Q(y, 7) is convex and closed.
Let 7 > 0. We define a mapping Q : Q(y,7) — C’ to be

Qy(®)
t
S(O,t)@(poeaj SN f(sy(s),y)ds, 0<t<T (61)
= 0
O -1<t<0

for all y € Q(y,7). Then, Q is a bounded mapping. By
assumption (A-1), there is a constant k > 0 such that

d; (f (5,7 (), 55),0)
(62)

<k [1 +dy (y(s),a) +dy (ys,a)] .

Abstract and Applied Analysis

Since y € C([-], 7], Rp), thereis N > Osuchthath(y(s),6)+
dp(y,,0) < N forall s € [-], 7]. Hence, for each t € [0, 7], we
have

dy (Qy (t),0) = dy (s (0,£) © @,

t
® J S0 f(s,y(s), ) d5,6> < Mdy (%,6)
’ (63)

+Mk<J: 1+dy (y(5),0) +dy (1,,0) ds)

< M[dH(g00,6)+k(l +N)T] < 0.

Lemma 42. The mapping Q : Q(y, 1) — C" is well-defined
and there is Ty > 0 such that Q(Q(y, 1,)) € Q(y, 15)-

Proof. Lety,7 > 0, {y,} be a sequence in Q(y, 1), and let y €
Q(y, 7) be such that y, — .
By condition (A-2), there is L > 0 such that

A (f (55, 5)s (3)s) > f (5 ¥ (5) 5 v5))
<L{dy (7,(8),y(9) +dy (3,),>55)] (64)
Vs € [0, 1].

Given any € > 0, since y, — ¥, there is n, € N such that
dc(y,, ¥) < €/2ML for all n > ny,. Therefore, for t € [0, 7], we
obtain

t t
dy (Qy, (1),Qy (1) = dy <L S(s,5) @ f (89, (5),(y,),) ds, L S(s,t)0 f (s, y(s), ) d5>

t
< [ 1501y (F (53092 00)) £ (5.7 ). 7)) ds (65)

< ML dig (59,3 9) + iy ((5),9,) ds < 2MLedc (3,0 9) < e

This implies that the mapping Q : Q(y,7) — C7 is well-
defined.
Next, we show that there exists 7,

Q(Q(y, 19)) € Q(y, 79)-
By conditions (A-1) and (A-2), there exist L, and L, > 0
such that

> 0 such that

dy (f (0’}’(0)’)’0)76) <L, (1 +dc ((P,a)),

dy (f (s 7()5 95, £(0,¥(0), ) (66)

< L,maxdy (y(v),9,) Vse€l[0,1].

vel0,7]

Hence,
dy (Qy (1), 9p) = dyy (S (0,1) @ ¢, ® JO S(s,t)
© £ (5,9, () (yu),) ds, ‘Po) < dy (S(0,1) © ¢y,
t p—
%) +dy (Jo S(s,t)@ £(0,y(0) >)’o)’0>
+dH<J S(s,t)@f(s,y(s),ys)ds,J S(s,t)
0 0

© f(0,y(0), ) d5>
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< sup max {'S (0,1) ?, (r) - ?, (r)| ,

ref0,1]

|S 0,8) @, (r) — @, (T)|]’ + ML, <L 1+dc ((PO’

0)ds) 43 [ diy (£ (5760, 2). £ (0.0,
¥))ds < [S(0,7) - 1] dc (9,,0) + MLy (1

+dc(90,0)) + MLzTUg}gf]dH (y ), 9) =q(7).
(67)

Since g(t) — 0Oast — 0, there exists 7, > 0 such that
0 <q(t) < L.

Therefore, we can conclude that there is 7, > 0 such that
QO ) € Oy, 7). 0

Lemma 43. Assume that conditions (A-1) and (A-2) hold.
Then, there exists T, > 0 such that system (49) is mildly fuzzily
solvable in [0, 7,] and its mild fuzzy solution is unique.

Proof. Let 7 > 0. Define Q(1,7) = {y € C° |
maxy,..d(y(t), @) <1, y(t) = ¢(t), t € [-,0]}.

Then, Q(1, 7) is convex and closed. Define a mapping Q :
Q(1,7) — C7 as thatin (61).

By Lemma 42, the mapping Q is well-defined on Q(1, 7)
and there is 7, such that Q : Q(1,7,) — Q(1, 7). Let 7, < 7.
We show that Q is a strong contraction mapping on Q(1, 7,)
for some 7, > 0. Let y,, y, € Q(1,7;). By condition (A-2),
there is a(r;) > 0 such that

dy (f (5’ y1(8)s ()’1)5) f (5) ¥, (8)s (J’z)s))
<a(r)[dy (7 ), 92 9)) +dy (), (7),)]  (68)
<2a(r))dc(y1y2) Vse[0,7].

Hence, dy(Qy,(t),Qy,(t)) < 2Ma(r)1dc(y1>y,)
p(r))dc(yy, y,) for all t e [0,1;] with p(t;) = 2Ma(t))T,.
Since p(1;) = 2Ma(t))T; — Oast, — 0, thereist, > 0
such that p(z,) < 1. This implies that Q is a strong contraction
mapping on Q(1,7,) for some 7, > 0. By the contraction
mapping principle, there exists a unique x € Q(1,1,) such
that Qx = x; that is,

x (t)

t

S(O,t)oq)oe)[ S(s,t) @ f(s,x(s),x,)ds,
= 0
@,

(69)

0<t<T

Theorem 44. Assume that conditions (A-1) and (A-2) hold.
Then, system (49) is mildly fuzzily solvable in [0, T].

Proof. Let [, T,,,,) be the biggest interval where system (49)
is mildly fuzzily solvable.

1

We show that 7,,,, > T by contradiction. Suppose

that 7,,,, < T. Then, lim, . dpy(x(t),0) = co because if
limtﬁTmade(x(t),a) < 00, then there exists a sequence {t, }

and k > O such thatt — 7, and dy(x(t),0) < « for all n.
So x can extend beyond [0,t, + 8] for some § = (t,) > 0.
This implies that system (49) is mildly fuzzily solvable in
[, Tpmax + 6), Which contradicts the definition of [-7, 7,,,,).
However, the case that limt_)rmde(x(t),ﬁ) = oo also
contradicts the a priori boundary property of solution x.
Hence, 7,,,, > T’ that is, system (49) is mildly fuzzily solvable

max

on [0,T]. O

5. Fuzzy Control Problem

In this section, we study a fuzzy differential equation system
with time delay and regulation:

X =a®)ox®t)e f(tx(t),x,u(t)),
0<t<T, (70)

x(t)=¢(t), -1<t<O.

In the above equations, x is a fuzzy function of time variable
t; x, (equaling x(t + 0) for some -/ < 0 < 0) is a state of
time delay (consider x, as a state in the past before time t);
@ is a fuzzy history function before start time t = 0; u is a
fuzzy controller function of time variable t; and a : [0,T] —
R is a given continuous function. In this study, we assume
that the input function f (¢, x, x,, u) is a fuzzy function of time
variable t, state variable x, delay variable x,, and controller
variable u € U,y (U,q is an admissible control set). The fuzzy
derivative of x is denoted by x'.

From now on, we denote x, ¢, and u by [x, X], [¢, ¢], and
[u, u], respectively.

The fuzzy function f(t, x,x,u) is
Lf(t, x, x,,u), f(t, x,x,,u)] with

denoted by

£ (6%, x,u) = min {f (£, %, %, %3) | %

€[x®)],, x, € [x],, x5 €[ul,},
(71)

F(t,x,x,u) = max { f (t, %), %5, %3) | %,
€[x(],, x, € [x,],, x5 € [ul,}.

In this research, we investigate equation system (70)
under the following assumptions.

Assumption B. (B-1) Let B([0,T],Rz) = {x., : [0,T] —
Rp | x € C([-L, TL,RE), x, = x(t +0), —-r < 0 < 0} and
U,q = C([0,T],Rp) and let f be a fuzzy function; there exists
a constant k > 0 such that

du (f (tx(®), y2(1)),0)
<k[1+dy(x(®),0)+dy(y,0)+dy(2(t),0)]

forallt € [0,T], x € C([-],T], Rp), Yo € B([0,T],Rp), and
z € Uy.
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(B-2) There exists a constant L > 0 such that
dy (f (5,21 (8)5 y1(9> 21 () f (662 (£) 5 y200 22 (1))
< L{ls—t] +dg (x,(5), %, (1) + dir (0106 Vo) (73)
+dy (2, (5),2, (1))]

0

X(0) = {S(O,t)@gooeaJtS(s,t)Of(s,x(s),xs,u(s))ds, 0<t<T

@),

Theorem 46. Assume that Assumption B holds. Then, for each
u € U,y system (70) has a mild fuzzy solution with respect to
control u.

Proof. Let u € Uyy. Define f, (¢, x(t), x,) to be f(t,x(t), x,,
u(t)). By Assumption B and the continuity of u, f,, satisfies
Assumption A. Therefore, by Theorem 44, system (70) has a
mild fuzzy solution with respect to u. O

Note that for each solution x with respect to a control
u, we can denote x by x* and call the ordered pair (x*,u) a
pairwise control pair, sometimes written shortly as (x, u).

Next, we investigate an optimization control problem,
problem (B), or Bolza problem.

Problem P. Problem P is to find the pairwise control pair
(x°,u°) € C([-1, T],Rp) x U,q such that

] (xo,uo) <J(x",u) VueU,, (75)

where J(x*,u) = IOT r(t, x", xi,ut))dt + g(x"(T)) is a
Bolza cost functional. The multivariable function r is called
a running function and the function g is called a terminal
function. For convenience, J(x",u) is written as J(u). We
prove the existence of a solution to Problem P constrained
by system (70) under the following assumptions.

Assumption U. Assume that U,y = C([0, T], Rp):

(U-1) The running function r : [0,T] x C([-, T],Rp) x
B([0,T],Rp) xU,qy — (—00,00] is Borel measurable.

(U-2) The terminal function g : C([-,T],Rp) — R is
nonnegative and continuous.

(U-3) The running function r(t,-,-,-) is sequentially lower
semicontinuous on C([-], T], Rp)xB([0, T], Rp)xU,q
for almost every t € [0,T].

(U-4) The running function r(t,x, y.,,-) is convex on
C([0,T],Rp) for all x € C([-LT]LRp), y, €
B([0,T],Rp) and almost every t € [0,T].

(U-5) There are constants a,b,c > 0 and A € L([0,T],R)
such that

r(t, %,y u) 2 A(t) + ady (x ®) ,6) +bdy (yt,ﬁ)
(76)
+cdy (u (t),a)
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for all s,t € [0,T], x;,x, € C([-LTLRR), yi) ya) €
B([0,T],Rg), and 2,2, € U,q.

Definition 45. Let x € C([-I,T],Rp) and u € U,y. x is called
a mild fuzzy solution of system (70) with respect to control u
in [-1, T, if x satisfies this system of fuzzy integral equation:

(74)
-I<t<O.

for all t € [0,T], x €
B([0,T],Rp), and u € U,4.

C([_l) T]) [RF)) y() €

Theorem 47. Under Assumptions B and U, Problem P con-
strained by system (70) has at least one solution; that is, there
exists a pairwise control pair (x°,u®) e C([-1,T], Rp) x U,y
such that J(x°,u°) < J(x"*,u) for all (x*,u) € C([-1, T], Rg) x

U,a-

Proof. Let m = inf{J(x",u) | u € Uyl f m = +oo,
the theorem is already true. Assume that m < +oo. By
assumption (U-5), there are a,b,c > 0 and A € L([0,T],R)
such that

r(t,x", x,u) > A (t) + adc (x”, 6) +bdc (x,0)
(77)
+cde (u, 6)

forallt € [0,T], x*, x; € C([-1,T], Rg), and u € U,q. Since g
is a nonnegative function, we have
T
J(x*,u) = J r(t,x", xu(t))dt + g (x*(T))

0

T T
> [ A@dtral du(x©).0)a

0 0

+b JT dyy (x40 dt 78

0
T

+CJ dH(u(t),ﬁ)dt+g(x“ (7)) = ~w
0

> —0o, forsome w >0, Yu e U,,.

Som > w > —oo. By the definition of minimum, there
is a sequence of the minimum point, say {u,}, of the cost
functional J such that lim,, _, . J(x"",u,) = m and

T T 3
J(x" u) > L A(t) dt +ch'0 dy (x™ (£),0) dt

+b JT dyy (x,0) dt (79)

0

T
+c L dy (un (1) ,6) dt + g (x" (T)).
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Thus, there is N, > 0 and m; > 0 such that m +

> (e u,) > c ) dyyu,(t),0)dt for all n > N,. This
implies that (m + m,)/c > IOT dy;(u,(t), 0)dt. Consequently,
dc(u,,0) < (m+ m;)/Tc for all n > N,. Hence, {u,} is a

bounded sequence in U,y ¢ L,([0,T], Rg) with respect to
the norm | - || defined by | x| = d(x,0). Since L,([0,T], Ry)

X, (t) =
@ (),

By assumption (B-2), for all 0 < t < T, there is a constant

a > 0 such that
dy (x,, (8),x° (1)) < 2Ma Ht dyy (%, (5),x" (5)) ds
0

+ Lt dy (unk (s),u’ (s)) ds]

. (81)
<2Ma “O dy (xnk (s), x° (s)) ds
+Tde (unk, uo)] .
By Gronwall lemma, there is M, > 0 such that
de (xnk,xo) < M,d¢ (unk,uo). (82)

Since u,, 2, X 20 . By using assumptions (U-2) and
(U-3), we obtain

. unk
m= lim ](x,,k ,unk)
1y — 00

T
. uﬂ qu
= lim J r (t, X s xnk’(‘t), Uy, (t)) dt

n, — 00 JO

+ g (en* (1)

[\

T
J hm r (t xnk > xn ]Et)) u”k (t)) (83)

0 m— 00

+g< lim x,,* (T))
T

> J r (t, xo,x?, u° (t)) dt+g (xo (T))
0

= ](xo,uo).

Thus, J(x°,u°) = m; that is, J(x°,u°) J(x*,u) for all
(x*,u) € C([-1, T], Rp) x U,g. O

t
S(0,t) © @ GBJ S(s,t) ®f(s,xnk (s) > X (5> U, (s))ds, 0<t<T
0
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is a reflexive Banach space there ex1sts a subsequence {u,, } of
{u,} such that Uy, 2, 40 for some u° € U

Let x° € C([O, T1,Ry) be a mild fuzzy solution with
respect to a control u° and let {x,,} be a sequence of mild
fuzzy solution corresponding to the sequence of control {u,, };
that is,

(80)
-l<t<o.

6. Conclusion

This paper is concerned with proving of the existence and
uniqueness of a mild solution to nonlinear fuzzy differential
equation constrained by initial value. Then, we already proved
the existence of a solution to the system that the initial value
constraint was then replaced by delay function constraint.
Furthermore, we prove the existence of a solution to optimal
control problem of the latter type of equation. Last but not
least we should be interested in studying applications and
numerical method of these problems. Even though it seems
likely that efforts in this direction can be successful, there is
no guarantee for that. Therefore, we can only hope for the best
and prepare for the worst.
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