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We consider the derivations on noncommutative Banach algebras, and we will first study the conditions for a derivation on
noncommutative Banach algebra. Then, we examine the stability of functional inequalities with a derivation. Finally, we take the
derivations with the radical ranges on noncommutative Banach algebras.

1. Introduction and Preliminaries

Let o/ be an algebra over the real or complex field F. An
additive mapping f : o/ — o is called a ring derivation if
the functional equation f(xy) = xf(y) + f(x)y is valid for
all x, y € &/. In addition, if the identity f(Ax) = Af(x) holds
forall A € Fandall x € &, then f is said to be a linear
derivation.

Singer and Wermer [1] obtained a fundamental result
which started investigation into the ranges of linear deriva-
tions on Banach algebras. The result states that every con-
tinuous linear derivation on a commutative Banach algebra
maps into the radical. They also made a very insightful
conjecture that the assumption of continuity is unnecessary.
This conjecture was proved by Thomas [2]. So, in this paper,
we will take into account the problems in [1, 2] for the
derivations on noncommutative Banach algebras.

On the other hand, the stability problem for ring deriva-
tions on Banach algebras was considered by Miura et al.
in [3]: under suitable conditions every approximate ring
derivation on Banach algebra is an exact ring derivation. Semrl
[4] obtained the first stability result concerning derivations
between operator algebras. As just mentioned, the study of
stability problem has originally been formulated by Ulam
[5]: under what condition does there exist a homomorphism

near an approximate homomorphism? Hyers [6] had answered
affirmatively the question of Ulam under the assumption that
the groups are Banach spaces. A generalized version of the
theorem of Hyers for approximately additive mappings was
given by Aoki [7] and for approximately linear mappings
was presented by Rassias [8] by considering an unbounded
Cauchy difference. Since then, many interesting results of the
stability problems to a number of functional equations and
inequalities (or involving derivations) have been investigated
(see, e.g., [9-16]). The reader is referred to the book [17] for
more information on stability problem with a large variety of
applications.

In this paper, we will establish the stability of functional
inequalities with ring derivations and will deal with the prob-
lem for the radical range of these functional inequalities on
Banach algebra by considering the base of noncommutative
versions for the result of Singer and Wermer: Mathieu and
Murphy [18] verify that every continuous centralizing linear
derivation on a Banach algebra maps into the radical and
Bresar [19] proved that every centralizing linear derivation on
a semiprime Banach algebra maps into the intersection of the
center and the radical. Moreover, Chaudhry and Thaheem
[20] showed that two ring derivations on semiprime ring with
suitable property map into the center.
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2. Functional Inequalities for
a Derivation and Its Applications

Theorem1. Let & be a normed algebra. Assume that mappings
® : o’ — [0,00) and ¢ : A* — [0,00) satisfy the
assumptions

(1) D(x/s,0,—x/u) =
O(—x/s,x/t,0) =0, (x € A),
(2) [lim,, _, o (/)" ®((s/u)"(ux/s), (s/u)" (uy/t),
(s/u)'(-=x - ) = 0,
lim,, _, oo (/)" p((s/u)"x, (s/u)"y) = 0,
(x,yed)

lim,, _, o (/)" ®((u/s)" ' x, (u/s)"(uy/t),
(u/s)"(-x - y)) =0,

lim,, _, o (s/1)*"@((u/s)"x, (u/s)"y) = 0,
(x,yed),

(0, x/t, —x/u) =

or

where s, t, and u are fixed positive real numbers with s > u and
s+t+u> 1. Supposethat f: d — o isa mapping subjected
to the inequalities

lsf () +tf () + uf (2)]
< | f (sx +ty + uz)| + @ (x, ,2),

If (xy) = xf (v) = f () y]
<¢(xy)

)

forall x,y,z € o. Then f is a ring derivation.

Proof. By letting x = y = z = 0in (1), we get f(0) = 0. And
by putting x = x/s, y = 0, and z = —x/u in (1), we obtain

() o

for all x € /. Also, by letting x = 0, y = x/t,and z = —x/u
in (1), it follows that

(@) e

for all x € . Replacing x by —x/s and setting y = x/t and
z = 01in (1), we have

-x x
()= (3) ©
for all x € o. From (3), (4), and (5), we arrive at

f=x)=-f(x) (6)

for all x € . So the relations (3), (4), (5), and (6) give

(@) o

Abstract and Applied Analysis

for all x € o/. Replacing x by x/s and letting y = x/t and
z = z/u in (1), the following yields

v (5) e () ()]

<lf (xeyra)vo(%25)

y
s t u

for all x, y,z € 9. Due to (7) and (8), we conclude that
If )+ f () +f )
)
1
< [If @l yeap]+ o2 2.2)]

forallx, y,z € o.

Next we are in the position to show that f is a ring
derivation. We will consider two different cases for the second
assumption of ®.

Case I. Assume that

an (3 o (G) 5 7 () x-0)

2n n n (10)
Jm (5) o ((G) = (2) )
forall x, y € o/. We get by (7)
o= (=2 1 ()~
(11)

u\" s\
-(5) () +)
for all positive integers n and all x € &f. Therefore, one can

obtain that
o () w

for all x € &/. Due to (6) and (9), we see that

£+ f ()= fx+y)
=, () 1 () )+ () )
¥ f((i) ()| (13)

() 2 o)

forall x, y € o/. Thus f(x + y) = f(x) + f().
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By (2), we find that
If (xy) = xf (y) A y||

:lim -

?’l—?OO

(G )

G (G))
()G

< (£) o () = (5)2) =0

forall x, y € of. Thus f(xy) = xf(y) + f(x)y.

Case II. Assume that

i, () o ((5) = (4) 7 (5) x-)

=0, (15)
i () o ((5) =(2) ) -0
forall x, y € of. We get by (7)
oot G ()

-2 ((5) )

for all positive integers n and all x € &f. Therefore, one can

obtain that
o (A w

for all x € . The remainder of the proof is similar to the
proof of Case L. O

Corollary 2. Let of be a Banach algebra and let s, t, and u be
fixed positive real numbers with s > uand s+t+u > 1. Suppose
that mapping ® : o> — [0,00) satisfies the assumption
(1) and the first case of assumption (2) in Theorem 1. Assume
that f : o — 4 is a continuous mapping subjected to the
inequality

Joesf () + £ () + uf (a2)] )
<|f (sx+ty +uz)| + @ (x, y,2)
forallx, y,z € & and all « = 1, i, where i € C. In addition, if
a mapping f is fulfilled with the following inequalities:
| (y) =xf () - f )yl <& (19)
ILf o)l yl < 8

for somee > 0and & > 0 and all x,y € d, where [x, y] =
xy — yx, then f maps </ into its radical rad (o).

(20)

Proof. We first consider « = 1 in (18) and ¢ := ¢(x, y)
in (19). It follows from Theorem1 that f is a ring deriva-
tion. In this case, f is a mapping defined by f(x) :=
lim,, _, o, (u/s)" f((s/u)"x) for all x € & and f satisfies (7).
Since f is continuous, f(tx) is continuous in ¢t € R for each
fixed x € &/. Thus f is R-linear as in [8]. Replacing x by x/s
and putting« = i, y = 0,and z = —x/u in (18) with (7), we see
that f(ix) = if (x) and so we see that f(ux) = sf(x)+itf(x) =
pf(x)forall x € o andall y = s+it € C. Hence f is C-linear.
In view of (20), we have

o, ()G ) (C) )

for all x,y € f, which means that f is a centralizing
mapping. With the help of Mathieu and Murphy’s result [18],
we arrive at the conclusion. O

Corollary 3. Let & be a Banach algebra with identity and
let s, t, and u be fixed positive real numbers with s > u and
s+t+u > 1. Suppose that mapping ® : o> — [0,00)
satisfies the assumption (1) and the second case of assumption
(2) in Theorem 1 and suppose that f : of — 4 is a continuous
centralizing mapping subjected to (18) and (19). Then f maps
o into its radical rad ().

Proof. Welet o = 1in (18). In the proof of Theorem 1, we find
that f is an additive mapping. In this case, f is a mapping
defined by f(x) := lim,,_, o (s/u)" f((u/s)"x) for all x € o
and f satisfies (7). As in the proof of the Corollary 2, the
mapping f is linear. Since &/ contains the identity, Badora’s
result [10] implies that f(xy) = xf(y) + f(x)y forall x, y €
9. So f is a centralizing linear derivation. Based on the
result of Mathieu and Murphy [18], we conclude that f(</) €
rad (). ]

3. Approximate Derivations and
Their Applications

Theorem 4. Let of be a Banach algebra. Assume that map-
pings ® : @’ — [0,00) and ¢ : 4> — [0,00) satisfy the
following assumptions:

(1) X326 (u/s) [ (2/)@((s/w) x, 0, ~(s/u) "' x)+(2/)D(0,
—(s/u) M ux/t), (s/u)'x) o+ (1/9)D((s/u)x,
—(s/u)’* ! (ux/t),0)] < co, (x € &),

(2) lim,, _, o (u/s)"®((s/w)"x, (s/u)"y, (s/w)"'z) = 0,
(x, y,z € &), lim,,_, o, (u/s)"p((s/u)"x, y) =0, (x, y €
o),

where s, t, and u are fixed positive real numbers with s > u and
s+t+u> 1. Supposethat f: d — o isa mapping subjected
to the inequalities (1) and (2). Then, there exists a unique ring
derivation & : o — o such that the inequality

|Z () = £ ()| <1 (x) (22)



for all x € of, where
S /u\ 2 s\/ s\/*!
STOIRIORSOR
() ;’<S) [s (u x u x
j+l j+l
2ofa () ()
S u t u
j j+1
(G ) )
s u u t

N s+2t+u+3
s(s+t+u—-1)

(23)

(0,0, 0)] .
In addition, the equation

{f()-2OG)=0 (24)
holds for all x € .

Proof. By letting x = y = z = 0in (1), we get | f(0)]] <
(1/(s+t+u—-1))D(0,0,0). Replacing x by x = x/s and
letting y = 0 and z = —x/u in (1), we also have

v (5) ()]

. (25)

< @(f,o,_—x) Y 50,00

s u s+t+u-—-1
for all x € o, which implies that
u . [-sx
reo+ s (50

1 1 (26)

<- [@(x,o,ﬂ> Y 50,00,

s u s+t+u—1

Next, by letting x = 0, y = x/t,and z = —x/u in (1), we obtain

lr (7)o G

coo X, ), 3]
t u

(27)

——®(0,0,0)
s+t+u-—1

for all x € &f. Again, replacing x by —x/s and setting y = x/t
and z = 0 in (1), we find that

9 (Z) o ()

) (28)
s(l)(_—x,f,o)+L<D(0,0,0)
st s+t+u-—1
for all x € . It follows from (25), (27), and (28) that
x —x
o (3)+00 ()]
x —X x —x
<l () v GOl (3)+ ()]
x -x
el (5) o ()] @)
s@(f,o,_—x>+q><0,ﬁ,f>+q><f,_—x,o>
s u t u st
McD(o,o,o)
s+t+u—1
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for all x € ¢f. So the relation (29) can be rewritten as

If )+ f ()]
4 [o(t00)ra(n 7

u
+ ®(%,ﬂ,0>+
S t

(30)

s+t+u+3

©(0,0,0)|
s+t+u-1

e e 09 i
()
()Y ()
SIOIRIEREE
oo-(5)" ()"
Lof(2) o (2) 220

s+2t+u+3
s(s+t+u—1)

/
RS
~
~
/
/
SRS
~
x
N———
|
—
» | &
N———
3
~

(31)

@ (0,0, 0)]

for all nonnegative integers m, | with m > [ and all x € o.
This means that {(u/s)" f((s/u)"x)} is a Cauchy sequence.
Hence the sequence {(u/s)" f((s/u)"x)} converges. So one can
define a mapping & : o — d by L(x) :=
lim,, _, o, (u/s)" f((s/u)"x) for all x € of. Letting ! = 0 and
taking the limit m — oo, we arrive at (22).

Now we claim that the mapping £ is additive. By (30),
one notes

£ (x) + Z (=x)I

=l () b () )= () )l

[o(G) #5e-() ) @
ro(o-(2) () )
co((2) () 5
N s+t+u+3 ]

@ (0,0,0)
s+t+u-—1
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for all x € &. So we have £ (—x) = —Z(x). By virtue of (25),
we get

(3 (T
= () o (G 2)+wr (G5
1o 2o-()3)

s+t+u-—1

for all x € ¢f, which means that sZ(x/s) = uZ(x/u). Using
the similar way with (27), we feel that tZ(x/t) = uZ(x/u).
Therefore, we see that

(D)D) (D). oo

i () (2) #(() )
(2 ()

for all x € &/. By (1), we obtain

2 (3) ez (3) - (50

IN
g2
—
|

CD(0,0,0)] =0

< lim E)
n—00 S
() 0) -G
u/ s \ul/ s u u
;(D(0,0,0)] =0
s+t+u-1

(36)
for all x, y € /. So we know that

ug(x;y>=s$(§>+t$<%). (37)

Due to (34) and (37), we conclude that Z(x + y) = ZL(x) +

Z(y).
In particular, by (2), we note that

|1 (xy) - xf (y) - Z (x) ¥

(38)

TG 9) (Y o)
(5 o{( ) -

for all x, y € /. Thus we get

Z(xy) =xf (y)+ Z (%) y. (39)
The conditions (35) and (39) guarantee that
s

(—)nxf(y)+<£>nff(x)y

u

(2 er) oo (2)5)
() 2)+ () 7o

which implies that
xf (y) = nlgrrgo<§>nxf<<i>ny) =xZ(y). (D

Therefore, we obtain (24) and L(xy) = xZ(y) + ZL(x)y.

Now, to show uniqueness of the mapping #Z, let us assume
that T : &/ — 4 is another ring derivation satisfying (22).
Then, we have by (22) and (35)

£ (x) - T ()

#((5) )-((C) <)

Il
=>—‘
;8
//
» |
N———

By

IN
=D—‘
1E
g8
—
w |
~

=

| (42)

[ ) -+
) ()
2 (9 0((2) )=

for all x € of, which means that & =T. O

IN

From now on, we suppose that U := {z € C : |z| = 1}.

Corollary 5. Let of be a semiprime Banach algebra. Assume
that the mappings © : a? = [0,00) and @ : a* = [0,00)
satisfy the assumptions of Theorem 4. Suppose that f : of —
o is a mapping such that the inequality (18) holds for all
X, ¥,z € 9 and all « € U. Moreover, if a mapping f satisfies
the conditions (2) and (20), then f maps of into the intersection
of its center Z(&f) and its radical rad (/).

Proof. Now we take a = 1 in (18). Replacing (f(y) — Z(y))x
instead of x in (24), we see that (f(y) — Z(»)x(f(y) -
Z(y)) = Oforall x,y € . Since o is semiprime, we
conclude that f = Z. So Theorem 4 provides that f is a
ring derivation and one can obtain that f(x) := lim,_,
(u/s)" f((s/u)"x) forall x € &. Moreover, sf (x/s) = uf (x/u).
Replacing x by x/s and setting ¥ = 0 and z = —x/u in (18),
then we get

oof (3) 2 (55)

X —-X t+1
co(X0), L
S u s+t+u-—1

(43)
®(0,0,0).



This implies that

i (4 o (2 2) o (o2 2)
(e T () e

+ L<1>(0,0,0)] - 0.
s+t+u-—-1

Thus f(ax) = af(x) for all x € o/ and all « € U. Clearly,

f(0x) = 0f(x). In addition, we prove that f(Ax) = Af(x)

holdsforall x € & andall A € C (see [21]). So f islinear. Asin

the proof of Corollary 2, we find that f is a centralizing linear

derivation. Therefore Bresar’s result [19] yields our claim. [J

Theorem 6. Let of be a Banach algebra. Assume that map-
pings ® : @’ — [0,00) and ¢ : 4> — [0,00) satisfy the
assumptions
(1) plx) = Zjﬁo(l/u)(S/u)J[<1>(—(u/5)f“x, 0, (u/s)’x)
+ o (wW(@(u/s) Px,0,~(u/s) " x)  + (0,
—(u/s)*! (ux/t), (u/s)*' x) + D((u/s)"x,
—(u/s)*! (ux/1),0))] < co, (x € ),
(2) Lim, _, o (s/0)" D((u/)'(x), (wfs)'y, (u]$)'z) =
(%, y € o), lim,,_, . (s/u)"o((u/s)"x, y)
0,(x,y € ),

where s, t, and u are fixed positive real numbers with s > u
and s+t +u > 1. Suppose that f . o — o is a mapping
subjected to inequalities (1) and (2). Then there exists a unique
ring derivation & : o/ — o such that the inequality

|2 ()~ f @) < p(x) (45)
for all x € of. Moreover, (24) holds.

L

Proof. Letting x = y = z = 01in (1), we get | f(O)| <
(1/(s +t + u —1))P(0,0,0). By assumption of @, we should
have ©(0,0,0) = 0. Thus f(0) = 0. Replacing x by —ux in
(25) and then dividing u in the resulting inequality,
S —ux 1 —ux
+ — — < _(D <_) 0) ) 46
ICEIC S EFC-ID I

for all x € ¢f. Starting from (25) and employing the same
argument in the proof of the previous theorem, we obtain

If G+ f ()]

1 — -
<2 [@(ﬁ,o,—x) +®<o,ﬂ,x> +®<ﬂ,ﬂ,o)]
u S t S t
(47)

for all x € o/. The rest of proof can be carried out similarly as
the corresponding part of Theorem 4. O

Corollary 7. Let o/ be a semiprime Banach algebra. Assume
that a mapping @ : o> — [0, 00) satisfies the assumptions
of Theorem 6 and that f : o — d is a centralizing mapping
such that the inequality (18) holds for all x, y, z € of and all
a € U. Suppose that a mapping f is fulfilled with the inequality
(19). Then f maps o into the intersection of its center Z(f) and
its radical rad ().
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Proof. Employing the same method in the proof of
Corollary 5, we find that f is linear derivation. According to
Bresar’s result [19], we get the result. O

Corollary 8. Let o/ be a semiprime Banach algebra with
identity. Suppose that mappings ® : o> — [0,00) and ¢ :
A* — [0,00) fulfilled the assumptions of Theorem 4 (resp.,
Theorem 6). Assume that f, : of — o and f,: oA — o are
mappings such that, for each k = 0, 1,

lowsfy (x) + tfi () + ufy (@2)
< | fi (sx + ty + uz)| + @ (x, 3, 2),
I fi (o) = xfie () = fie ) ¥
<¢(xy)

forallx, y,z € of and all « € U. If f,(x)x + xf,(x) € Z(HA)
forall x € d, then f, and f, map < into the intersection of its
center Z(f) and its radical rad ().

(48)

Proof. Employing the same argument in the proof of the pre-
vious corollaries, we see that f; and f, are linear derivations.
Chaudhry and Thaheem’s result [20] guarantees that f, (/) €
Z(d) and f,(d) < Z(). This implies that f; and f, are
centralizing mappings. Hence, by Bresar’s result [19], we see
that f, and f, map & into Z(&/) N rad(&/). O
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