Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 738682, 9 pages
http://dx.doi.org/10.1155/2014/738682

Research Article

Stability and Hopf Bifurcation Analysis of a Gene Expression
Model with Diffusion and Time Delay

Yahong Peng' and Tonghua Zhang’

! Department of Mathematics, Donghua University, Shanghai 200051, China
? Department of Mathematics, Swinburne University of Technology, Melbourne, VIC 3122, Australia

Correspondence should be addressed to Yahong Peng; pengyh.mail@163.com

Received 24 February 2014; Accepted 13 March 2014; Published 14 April 2014

Academic Editor: Weiming Wang

Copyright © 2014 Y. Peng and T. Zhang. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We consider a model for gene expression with one or two time delays and diffusion. The local stability and delay-induced Hopf
bifurcation are investigated. We also derive the formulas determining the direction and the stability of Hopf bifurcations by

calculating the normal form on the center manifold.

1. Introduction

The study on dynamics of a biological model is one of
the dominant subjects in mathematical biology due to its
universal existence and importance. In this paper, we con-
sider a mathematical model of intracellular regulatory system
which began with the work of Goodwin [1]. Since then,
many researchers developed this work [2-5]. However, it
is Monk who developed the first mathematical model for
the Hesl system and validated it with biological data [6].
In order to describe the intracellular process more precisely,
he introduced time delays to account for the processes of
transcription and translation. If we denote by M(¢) and
P(t) the concentrations of Hesl mRNA and Hesl protein,
respectively, the basic reaction kinetics for this system can be
expressed in the form of

PO fe-n)-eMw,
dP () g
It =aM(t—Tp)—bP(t),

where f(P) = a/(1 + (P/P,)"). The parameter a is the rate
at which Hesl protein is produced from Hesl mRNA and b
and c are the decay rates of Hesl protein and Hesl mRNA,
respectively. f(P) is the rate of production of new mRNA
molecules, with « and P, as constants, to represent the rate
of transcript initiation in the absence of Hesl protein and

the reference concentration of protein, respectively, and # is
the Hill coefficient. 7,, and 7, represent the transcriptional
and translational time delays. The units of the parameters are
as follows. a is measured in protein molecules per mRNA
molecule per minute; b and ¢ are measured in molecules per
minute; « is measured in mRNA molecules per diploid cell
per minute; P is measured in molecules and time delays 7,
and 7, are measured in minute.

In order to reduce the number of parameters, [7] intro-
duced transformations

M P P,
= — = — = — 2
" o’ P aa’ Po aa’ @

under which system (1) takes the following form:

dm(t) 1
= - —cm(t),
. 1+(p(t-1,)/p)
3)
dp(t) _

i m(t—rp) -bp(t).
Recently, Zhang et al. [8] investigated the stability and Hopf
bifurcation of the equilibrium of system (3). By using the
method of multiple time scales, they also obtained the normal
form on the center manifold of delay differential equations
(3).

The diffusion process comes naturally in biology as
pointed out by Murray in [9]. Experimental data also suggests
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that many pathways exhibit oscillation in concentrations
of substance involved, both temporally and spatially. For
example, a type diffusion process appears in a process of
assemblage of particles, which is due to the particles spread
out as a result of an irregular individual particle’s motion.
In these cases, a partial differential equation or system of
partial differential equations will be employed to describe
the processes. Nowadays, models involving delays and also
spatial diffusion are increasingly applied to the study due to
more appropriate biological justification. Reference [10] gave
plausible biological explanations for the delays appearing in
the model (3). In what follows, spatial diffusion will be applied
to the model (3) to gain new information about the precise
spatiotemporal dynamics of mRNA and proteins. In fact,
Sturrock et al. [11] derived a system of partial differential
equations to capture the evolution in space and time of
the variables in the Hesl and p53-Mdm?2 systems. In this
paper, we extend previous mathematical model (3) into its
spatial version by considering spatial interactions within the
cell explicitly (of course, the clear biological explanation
will be given behind the model (4) of promotion); namely,
we consider the delayed reaction-diffusion system with the
following initial and boundary conditions:

om (x,t) O’m (x, 1) 1
=d, — + -
ot 0x L+ (p (%t =7,)/p,)
—-cm(x,t), t>0, x€(0,m),

op (x,t) *p (x,t)
TR T

(x,t—‘rp) -bp(x,t),
t>0, x€(0,m),

om(x,t) dp(xt)
ox  ox

m(x,t) =¢(x,t) >0,

0, x=0,mt=0,

p(xt)=y(xt) =0,
(x,t) € [0, 7] X [-T,0],
(4)

where d; and d, are the diffusion coefficients for Hesl mRNA
and Hesl protein, respectively, with unit such as cm/min. The
initial function ¢(t, x), y(t,x) € € = C([-, 0], L*([0, 7])).
The imposed Neumann boundary condition here implies
that mRNA and protein are not exported across the nuclear
membrane or the cell membrane.

Obviously, (4) is a system of reaction-diffusion equations
modeling the spatiotemporal evolution of the Hesl system.
The same reaction kinetics from the ODE model (3) are
retained but are now also coupled with diffusion to model
explicitly protein and mRNA transport in a cell. That is to say,
molecules move from the nucleus to the cytoplasm and from
cytoplasm to nucleus across the nuclear membrane. Here,
we use a system of PDEs (4) to reflect the reality that the
mRNA is transcribed from DNA exclusively in the nucleus
and that protein is translated from mRNA exclusively in the
cytoplasm. The main advantage of using systems of PDEs (4)
to model intracellular reactions is that the PDEs enable spatial
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effects to be examined explicitly. The main object of this paper
is to investigate the effect of the delay and diffusion on the
dynamics of system (4). In addition, in order to determine
the direction and the stability of Hopf bifurcations, we use the
normal form procedure for functional differential equations
(FDEs) with diffusion due to Faria [12, 13].

This paper is organized as follows. In Section 2, stability
of positive equilibrium and existence of Hopf bifurcation are
studied using 7 as a parameter. In Section 3, the effect of
diffusion on the Hopf bifurcation will be investigated. Using
the normal form technique for partial functional differential
equations, the formulas for determining the direction and
stability of Hopf bifurcation are presented in Section 4.
Finally, in Section 5, we will illustrate the theoretical results
by numerical simulations along with some discussion.

2. Stability of Positive Equilibrium and
Existence of Hopf Bifurcation

It is easy to verify that system (4) has a unique positive
equilibrium E*(m", p*) determined by

% -cm” =0,
1+ (p*/po) (5)
m* —bp* =0.

The object here is then to relate the dynamics of (3) and
(4) in the neighborhood of E*, at the first critical point of the
parameter 7. To this end, we letm = m —m*, p = p - p*.
With the help of (5), after dropping the bars for simplicity of
notation, (4) is transformed into the following system:

om (x,t) _

o’m (x, 1) 1
ot i

0x? 1+ ((p(x.t—1,) + p*)/py)”

—c(m(x,t)+m"),

d,

2
P8 _ g TPOOD b))~ bp ()

ot > ox?
(6)
with the origin as its equilibrium.
Let
1
F (m,p) = ;
L+((p (ot =1,) + p*)/po)
—c(m(x,t)+m"), )
@ (m,p) =m (x,t - Tp) —bp (x,t).
Define fl.;l)(i +j>1)and fé.z)(i +j > 1) as follows:
A A (RV) o _ 9?0 (8)

i omiopl "’ i omiopi
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where i and j are the nonnegative integers. Then system (6)
can be rewritten as

om (x,t) *m (x,t)
S =i +aym(x,t) +ap,p (x,t-1,)
+z |]| l]l) ('xt)p (xt— )
i+j>2
op (x,t) p (x,1)
Pat =d, I;xz +a21m(x,t— )+a22p(x,t)
1 .
+ ) Hfl?)m (xt-1,)p (5,1,
i+j>2
9)
where
d
N
(1) 2b2 x\n+l
ap =f(§1 = f (0,0) = %’
’ (10)
af(Z)
@ = fiy = 53— 0,0 =1,
@ af(Z)

6122 = 01 = g(0,0) = —b

For simplification of notation, we use m(t) for m(-, t) and p(t)
for p(-,t) and (m(¢), p(t)) = (m(- 1), p(-,t)) is in a suitable
Hilbert space X

=—=0atx=0,m.

om Op }
ox Ox

={(m,p) m, p e W (0,7), =—

(11)

By setting U(t) = (m(t), p(t)) € X, we further write (9) as an
abstract equation in € := C([-7, 0], X):

au (t)

ke dAU (t) + L(U,) + F(U,), (12)

where dA = (d,A,d,A)and L : € — R’ and F: € xR —
R? are given by

L(g) = (‘111‘P1 (0) + a9, (_Tm)>
i D191 (_Tp) +axe, (0)
> 5 f‘“ ©0) ¢} (~,,) (13)
F ((P) _ 1+]>2 '
5 ,,J,fm o1 (-5) ¢ ©
i+j=2

for ¢ = (¢, ¢,) € 6. Obviously, L is a linear operator. The
linearization of (12) is
% =dAU (t) + L(U,). (14)

It has a characteristic equation given by

2T

AAT) =+ pr+r +Ke? =0, k=0,1,2,...,

(15)

where p, = (d, + d,)k* + (b + c), 1, = (d,k* + ¢)(d,k* + b),
K =ncb*(p*)""'/py, and 27 = 1, + T, is the total time delay.
When there is no diffusion effect, namely, d, = d, = 0, (15)

can be written as

M+b+o)d+be+Ke M =0, (16)

which is equivalent to (12) of Zhang et al’s work in [8], and the
related stability and Hopf bifurcation have been investigated.

In what follows, we will analyze the effect of diffusion
terms by the distribution of the roots of (15) with d; > 0,
d, > 0. We first consider the case when the delay is zero. For

(15), if T = 0, then we have
Nrpr+rn+K=0, k=0,1,2. 17)

Since p, > 0,1, > Oforany k € N and K > 0, it is easy
to verify that (17) has a pair of roots with negative real parts.
And, for T > 0, we have the following lemma.

Lemma 1. Assume that
(dy+¢)(d, +b) =K (H)

holds. Then all the roots of the characteristic equation (15) have
negative real part for T > 0.

Proof. Ifthe conclusion is not true, namely, (15) admits at least
one root A = y + iw with y > 0, then we obtain

(p+ iw) + pp (4 + iw) + 1y + Ke 2709 — (18)
Separating the real and imaginary parts yields

W -+ pu+ 1+ Ke #* cos (w-271) = 0,

(19)
2w + prow — Ke ** sin (w - 27) =
It implies that
(‘uz — W+ Prp + rk)2 + (2uw + pkw)2 = K2 2?7 (20)

namely,

y4 +ot+ pi//tz + ri + 2‘142(1)2 + 2pk[43
(21)

+ 20’0 + (pp - 21y ) @’ + 2pypur = Ko 242,

Since pi -2, = k4(df + d%) +2(bd, + cdl)k2 +b2+c% >0,
we can easily verify
r,i < K2 7 < K2, (22)

That is, r, < K. Notice that (d; + ¢)(d, +b) < ri, fork > 1,
k € N, gives

(d, +¢)(d, +b) <K. (23)

It is a contradiction. Thus the conclusion follows. O



Notice that when 7 = 0, all roots of (15) have negative
real part and the roots of (15) continuously depend on the
parameter 7, and we can summarize our conclusion as
follows.

Theorem 2. Assume that (H) holds. Then the equilibrium
point E* of system (4) is asymptotically stable for T > 0.

3. Effects of Diffusion on the Hopf Bifurcation

Assume that iw (w > 0) is a purely imaginary root of (15);
then we have

—w’ + 1, +Kcos(w-21) =0,

(24)
prw — Ksin(w - 27) = 0,
which implies that
w'+ P’ +R =0, k=0,1,2,..., (25)

where
P = Pi - 21y
= (d} +d5) k' +2(bd, + cd)) K +b* + 7 > 0,
Ry =1 —K* = (r, + K) (r, - K)
= [(d\k* +¢) (dyk* +¢) + K]

x [(d & +¢) (dyf* +¢) - K.
(26)

Equation (25) implies that R, should be negative for some k €
N. It is equivalent to the fact that

Ry = (dy* +¢)(dyk* +¢) - K (27)

should be less than 0 as it is easy to see that R has the same
sign as that of R,. Rewrite R, into the following form:

R, = d\d,k* + (d,b +d,c) k* + bc - K. (28)

It is obviously a quadratic polynomial in terms of k*. Equation

(28) implies that there exists a k; € N such that ﬁkl < Oifand
only if bc — K < 0. Furthermore, we have

R <0 for0<k<k,
_ (29)
R, >0 fork>ky,keN.

From (29), we obtain that, for each k € {0, 1,...,k;}, (25) has
only one positive real root wy, which is given by

)
w, = g\/—Pk + [P - 4R,. (30)

We now can make the following conclusion.

Abstract and Applied Analysis

Lemma 3. Assume that (H) is not true. Then (15) has a pair of
purely imaginary roots tiwy for each k € {0, 1,...,k} and has
no purely imaginary roots for k, < k € N, where k, and w,_ are
defined as above.

In the rest of this section, we will discuss the case of k <

k.
From (24), we have
. Prw W T
sin (w - 27) = N cos (w-21) = . (31)
Then, for k € {0, 1, ..., k,}, define
k1 wp - .
7; = — | arccos +2jm |, j=0,1,2,.... (32)
Wy

In the following, we will order the sequence of 7% depending
on the diffusion coefficients d, and d, for k € {0,1,...,k;}.

Lemma 4. Ifd, = d, and (H) holds, then

0_ . [k .
TO_mln{Tj}ke{o,l ..... e j=0,1,2,.... (33)

Proof. If d, = d,, from (30), we have

W = %[—(b+c)2—2(b+c)dk2—2d2k4+2bc

+ \/(b —o)*[2dk* + (b + c)]2 + 4K2] ,
(34)

W 1 = [—(b+c)2—4(b+c)dk2—4d2k4

0| =

(b -2 2dk + b+ )] + 41<2] .

Let x = \/(b —0)’[2dk2 + (b + ¢)]* + 4K?; it is easy to verify

x> (b-c¢) (35)
5 1[ x? — 4K? (b—c)z]
we=-|x- T + ,
2 2(b-c) 2
(36)
W —r —l[x——xz_u(z]
koTkT 2b-0? |

Thus, according to (32), we obtain
Tj-c =71(x)
arccos [(x - ((x2 - 4K2) /(b - c)2) /ZK) + 2]’71]

(V2/2) [x - (x> - 4K2) )20 = o) + (B - o12)]
(37)

In addition,

d(c-((@ -4 p0-cP) o« 69
dx (b-0)
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From (35), we know that x—((x>—4K?)/2(b—c)?) is decreasing
with respect to x. Then we obtain Tj.‘“ > Tj.‘ itd, = d,. Clearly,

Tk

1> 7, s0 we have

J

0 . k
Ty, = MmN T

j}kE{O,l,z,...}’ j=0,12,.... (39)

O

According to Lemma 4 and the continuous dependence
of Tj.‘ on d; and d,, we summarize the following lemma.

Lemma 5. For any d > 0, there exists an €(d) > 0 such
that, for any d\,d, € (d — e,d + ¢€) satisfying (H), 15 =

.k .
mln{‘[] }kE{O,l K} _] = 0, 1, 2, e

.....

Let A (1) = (1) +iwy () be the roots of (15) near 27 = T;-‘

satistfying yk(rj.‘) =0, a)k(‘rj.‘) = wy. By using the method in
[14, 15], we can prove the following transversality condition.

Lemma 6. Ifd, and d, satisfy the condition in Lemma 5, then,
fork €{0,1,...,k,} and j € Ny, dRe(A)/dt],,_« > 0.
J

Proof. Differentiating equation (15) with respect to 7, we
obtain

(40)

(d)L >1 _(@r+py) M
20K A

dr

From (24), we have

dx 2wy cos (wk‘r;‘) + Py sin (wk‘r;.c)
Re| — =
dr 2=tk 2kwy,
2w ((wf = r¢) IK) + pi - (prewy/K)
- 2kwk
Zwi + (pi - 2rk)
S MR . S TANNY
2K?
(41)
since p,% -2, > 0. O

Combining the above analysis and the qualitative theory
of partial functional differential equations in [16], we have the
following results on the stability of equilibrium E* of system
(4) and existence of Hopf bifurcation near E*.

Theorem 7. Assume that d,, d, satisfy the condition in
Lemma 5. Then, for system (4),

(i) the positive equilibrium E™ is asymptotically stable for
T € [0, Tg) and unstable for T € (1’8, +00);

(ii) it undergoes Hopf bifurcations near the positive equilib-
rium E* at 21 = T;(fork €{0,1,...,k;} and j € N,.

Remark 8. If d;, = d, = 0, Theorem 2 and Theorem 7 are
the conclusion of Theorem 1 in [8]. That is, assuming either

condition (H) or (H), Theorem 2 and Theorem 7 show that

the local stability of E* for 0 < 7 < 7 is the same for
system (3) and system (4). Here we can know the effect of the
diffusion coefficients d, and d,, or, in order to more clearly
understand the effect of diffusion, we take b = ¢ = 0.03,
po = 0.4,n = 2,and then we get p* = 5.6134,K = 17.91x10™*
by calculation. In the absence of diffusion, bxc = 9x10™* < K,
it is known that the equilibrium E* of system (3) is stable
when 7 < Tg according to Theorem 1 in [8]. In the presence
of diffusion, for example, taking d, = 0.008, d, = 0.02, which
implies (d, + ¢)(d, + b) = 19 x 10™* > K, we know that the
equilibrium E* of system (4) is stable for 7 > 0 by Theorem 2.

4. The Direction and Stability of
Hopf Bifurcation

In this section, we assume the hypotheses of Theorem 7 hold
and 7,, = 7, = 7. For the case of 7,, #7,,, which is not our
concern in this paper, the calculation of the normal form
should follow the method developed in [17]. By using the
normal form method in [12] for partial differential equations
with time delay, we will investigate the stability of these Hopf
bifurcations. For standard notations and classical results on
partial functional differential equations, please refer to [12,
13,17]. More details on techniques for computing the normal
form can also be found in recent work [18].

Now, normalizing by the time-scalingt — ¢/, then (12)-
(13) can be rewritten as

du (t)
dt

=1dAU (t) + L(7) (U,) + f (U, 1),  (42)

where

L) () =1 (“11‘/’1 (0) + a9, (_1))

@1 (=1) + a9, (0)
¥ =10 O g) -1 (43)

i+j>2""

1 i i
> ﬁf,-?%pl (-1) 93 (0)

itjz2t)

flor)=1

In the following, we denote any one of these critical values
by 7, at which the characteristic equation (15) has a pair of
simply purely imaginary roots tiw,. Let T = 7, + o, & €
R, and consider only the case A, = {-iT,w,,iT,0,} is the
set of eigenvalues on the imaginary axis of the infinitesimal
generator associated with the flow of

WO _ o gau @) +L(x,) (U). .

Equation (42) is now written as

du (t)
dt

=1dAU (t) + L(7) (U,) + F (U, ),  (45)

where F(¢p, «) = adA¢@(0) + L(x)(¢p) +‘f(cp, T, +a),forp € 6.
The eigenvalues of 7,dA on X are i = —d,7,k>,i = 1,2,



k € Ny, with corresponding normalized eigenfunctions f,
where

preo=("5) B = ()

_ _cos(kx) (46)
Ve ) = eoskly

k e N,.

Let B, = span{(v(-),ﬁ;()ﬁ;c | v € €, i = 1,2}. Assume that
z,(0) € C = C([-1,0], R*) and

(B
2 (6) € By (47)
B

Then linear PFDE (44) restricted to 3, is equivalent to the
FDE on C([-1,0], R?)

1
2(t) = <‘g< %) z()+L(1,)(z,) (48)

with the characteristic equation given by (15).

Suppose that there exists a k € N, such that when 7 = 7,
(15) for fixed k has a pair of purely imaginary roots +iw, and
all other roots of (15) have negative real parts. Define #(0) €
BV([-1,0]; R) such that

0
by O+ L)y = [ dOy©. yec, (9

and the adjoint bilinear form on C* x C, C* = C([0, 1], R**),

0 (6
v©.9©) =y~ [ [ vE-0d©p@d

fory e C*, ¢ € C.
(50)

For (48) with fixed k, choose a basis ¥, for the adjoint space
P* and a basis @, for its the eigenspace P as follows:

iw,7,0 = —iw, 7,0
(Dk:(pezw‘r ’pe iw, T )’

. ' (51)
\Pk = col (qTe—zw*‘r*s,aTetw*r*s)

such that (&, ;) = I,, where I, is a 2 x 2 identity matrix.
Then we can easily have

1
p= (z;) = <iw* + dlkz ~ alleiw*r* > > (52)

ap

1
7 (ZD -0 (Meiwa > (53)
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with

q, = <1 + 21, (iw* +d k- all)

(54)

2. -1
. 2
(1w* +dk —all) el

Ay

+

Following the standard procedure in [12], especially [18],
using the decomposition ¢(t) = (CDkz)T<§§) +y, z(t) =
k

(9(),B) 2 1 _ ol S
(‘I’k,(@(‘),ﬁi) ) eR%L () € Gy Ker 7= BN @ = @,

we decompose (45) as
f k
k

d 1
o Agy+(I-m) X,F ((d)kz)T <§’z> + y,oc) ,
(55)

2:BZ+“IIk(O)

where here and throughout this section we refer to [12, 18] for
results and explanations of several notations involved.
Consider the formal Taylor expansion

F(v,a) = Z%F] (v, a), (56)

=7t

where F ;s the jth Fréchet derivative of F. Then (55) can be
written as

z=Bz+ Zif} (z,y,0),
=)
(57)

d 1
g}/ = A@ly + Zﬁsz (Z,y,oc) >
j=2

where fj1 (z, y,a) and sz(z, y,a) are given by (4.8) in [18].
Then (45) has a normal form on the center manifold of the
origin at & = 0, written as

1 1
zZ=DBz+ Eg; (z,0,x) + ;g; (z,0,0) + O(oc2 |z| + (x|z|2),
' (58)

where B = diag{iw, 7,, —iw,7,} and gjl., j = 2,3, are given by

(4.9) in [18]. The normal form procedure will show that these
terms have the form

1 1 _ Aklzlol
292 (za 0; a) - (Zklzz(x > (59)
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where

Al = -k (digipy + dyq,p,) + ia)*qu; (60)

Ay, is the conjugate of A,,. Consider the following:

A,z2z
cen j) (61)

k221722

1, ~
5,93 (Z) 0) 0) - (

—i (a a 2|a |2
k209%11 ~ “|%11|
2w, T,

Sl
3 k02
(62)
1 1
+ 5 (akZI + Ebkm)

with

o0 = Ts L Y: (x)dx (bq,)

T*
{ (171‘11) » k=0,

(W) 2,2, 7,
b = fo, pye ",

5

k+0,

. (63)
11 = Tw L Vli (x)dx (byq,)

T

—= (b)), k=0, )
=1V b, =f(§;)|P2| ]

0, kioa

an =, [ 3 dx (B

5%@ﬂg,k=a (64)

0, k+o0,
ko1 = Ty Jo Y;cl () dx (‘h Jo3 P2|P2| e W*T*)

(%fos P2|P2| e ) k=0,

(65)

3T* —iw,T.
2 (qlféé)p2|p2|2e ) *)’ k+0,

M,, k=0,
= 2
b M, + \/T—Mzk, k+#0,

where, for j = 0,2k, M; = (27, /\/_)‘11(f(1)P o T*h;ﬂ(_l)+

foz Pze—lw*‘f* h'(lzl)l( )), Whlle hk20(0) = hkoz(e) al‘ld hk20(6)’
hy1,(0) are determined by the following equations:

&%)
o, <_k 0))
k02

' b
iag (0) = L(z,.) (Pya) = T Ckj ( 01> ’

Fyeo (0) = 20T, @, hyyg (0) =

(66)
; 2a,
iy (0) = @ <2&21>’
; b,
hkll 0) - L(T*) (hkll) = TG 0/’
where
(1
> = k = 0)
= J
1
T —_—, ] 0, k 75 0
Gj = L y,f (x) y; (x) dx = 1 \/_if (67)
e— j = 2 k #: 03
N
0. otherwise.

So the normal form (45) on the center manifold has the form

A Anz’z
=Bz + (—"121“> + <—k2 ' ;) + O(Izl o’ + |z4|).
Anzoph A2,
(68)

Next we will derive the normal form in the real coordinates.
To this end, let z, = w, — iw,, 2z, = w; + iw,, and then the
polar coordinates w; = p cos&, w, = psin&. We finally reach

p=taap+iap’ +0(p+|(pa)]')
é: W, T, + O(I(P)“)l),

herey, = Re Ay, 4, = Re Aj,. Then, from [19], we know that
the number i, tells the bifurcation direction and the stability
of bifurcating periodic solution.

(i) When g, < 0, it is a supercritical bifurcation and the
bifurcating periodic solution is stable.

(ii) When 4, > 0, it is a subcritical bifurcation and the
bifurcating periodic solution is unstable.

5. Numerical Simulation and Discussion

In this section, we present some numerical simulations to
system (4). These simulations are used to support our theoret-
ical results. Similar to [6, 7, 20], the values of parameters are
taken from the published experimental and theoretical results
in our simulations where, n € [2,10], P, € [40,100], and
p € [0.01,1]. « = 33 and a = 4.5 are taken as in [10] for
original model (1).
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FIGURE 1: Numerical simulations of system (4) with d; = 0.002,d, = 0.02,b = ¢ = 0.03,n = 2, p, = 0.4, and T = 25 < 7J. The initial values
are my(x) = 0.2 + 0.1 cos x; py(x) = 5.6 — 0.01 cos x. The positive equilibrium E*(0.1684, 5.6134) of system (4) is asymptotically stable for

€ [0,70).
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FIGURE 2: Numerical simulations system (4) with d, = 0.002, d, = 0.02,b = ¢ = 0.03,n = 2, p, = 0.4,and T = 30 > 7;. The initial values are
my(x) = 0.2 + 0.1 cos x; py(x) = 5.6 — 0.01 cos x. The positive equilibrium E*(0.1684, 5.6134) of system (4) becomes unstable and there exist

stable spatially homogeneous periodic solutions.

Taking d; = 0.002,d, = 0.02,n =2,b =c =y = 0.03,
and p, = 04(P, = 59.4), then the positive equilibrium
E*(m*,p*) = (0.1684,5.6134). From (30) and (32), we
obtain the critical value for time delay, 7J = 26.3983. In this
case, the parameters satisfy (H). By Theorem 7, the positive
equilibrium E*(0.1684,5.6134) is asymptotically stable for
T = 25 < 1. Figure 1 is the numerical simulation of system
(4) for T = 25.

When the delay increasingly crosses through the critical
value 7 = 26.3983, the positive equilibrium E* loses its
stability and the Hopf bifurcation occurs. Taking 7 = 30 > 7,

Figure 2 is the numerical simulation results of system (4). It
is consistent with the theoretical results.

In Figure 2, we fix x = 1.5708 and the other parameter
values are the same as Figure 2. Then we get Figure 3 which
shows that the oscillation will sustain when the time delay
T = 30 is much greater than the critical value 7 =
26.3983.

Remark 9. Comparing Figure 3 with Figure 3 in [8], we know
that the oscillation is still sustained when 7 is much greater
than its critical value 7 in the presence of diffusion.
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FIGURE 3: Sustained oscillation when 7 = 30 is much larger than its
critical value ‘rg = 26.3983 with d, = 0.002,d, = 0.02,b = ¢ = 0.03,
n =2, p, = 0.4 and the initial values are m1,(x) = 0.2 + 0.1 cos x; and
Po(x) = 5.6 —0.01 cos x.
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