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We prove that p = 1 and g = 2 are the best possible parameters in the interval (0,00) such that the double inequality
(eP/&D _ gmPlxy 1o p<yx+1) < (eVHD _ gmalx) /2q holds for x > 0. As applications, some new approximation algorithms
for the circumference ratio 7 and Catalan constant G = Y ((-1)"/(2n + 1)2) are given. Here, ¢/ is the trigamma function.

1. Introduction

For real and positive values of x, the classical Euler’s gamma
function I’ and its logarithmic derivative y, the so-called psi
function, are defined as

I'(x) = LOO tletdt,  y(x)= rr((;“)). 0))

For extension of these functions to complex variables and for
basic properties, see [1]. The derivatives v',y",v"', ... are
known as polygamma functions (see [2]). In particular, 1//' is
called trigamma function.

Recently, the bounds for the trigamma function using
exponential functions have attracted the attention of many
researchers. For example, Elezovic¢ et al. [3] proved that the

inequality
v (x) < e V™ 2)

holds for all x > 0. In [4, Theorem 2.7], Batir proved that
a* = 1/2 and b* = e /6 are the best possible constants
such that the double inequality

(x+a")e ™) <y (x+1) < (x+b") e WD (3)

holds for all x > 0, where y is Euler’s constant. Batir [4] also
showed that

(% 1+ ez/(x+1) _ e—21//(x+1)>
X

| =

<y (x+1) (4)

_Ux g e—2y/(x+1)>

for all x > 0. In [5, (1.11)], Guo and Qi established that

969/)6 , eee/x
——— < <——F7—— 5
x2(e9* - 1) v =) x% (9% - 1) ®)
ifx >0and 0 < 9 < 1,0 > 2. They [6, Lemma 2] found a
very simple upper bound for trigamma function in terms of
exponential function as follows:

V' (x) < e* -1 (6)

for all x > 0. The inequality (6) was generalized in [7,
Theorem 3.1], [8, Theorem 1.1], and [9, Theorem 1.1] to a
complete monotonicity which reads that the difference e'/* —
' (x) is completely monotonic on (0, 00). Many other new
results involving the psiand trigamma functions can be found
in the literature [10, 11].
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Suppose that m € (0,00) and g and g, are the real
functions defined on (0,00). m = A is said to be the best
possible constant in (0, co) such that the inequality g(x) >
(<) gm(x) holds for all x > 0 if gy(x) =(<) g#(x) on
(0, 00), or g, (x) and g,,(x) are not comparable on (0, 00), and
lim, _, (g(x)—g,(x))/(g(x) - g#(x)) = 0 forany y € (0, 00)
satisfies g(x) > (<) gy(x) on the interval (0, 00).

The main purpose of this paper is to find the best possible
constants p, g € (0, 00) such that the double inequality

0 (x,p) <y (x+1)<0(xq) (7)
or equivalently
1 1
;+6(x,p)<w'(x)<;+6(x,q) (8)

holds for all x > 0, where

m/(x+1) _

0 (x,m) =

—-m/x

¢ . m>o. 9)

2m

Our main result is the following Theorem 1.

Theorem 1. p = 1 and q = 2 are the best possible constants
in the interval (0, 00) such that the double inequality (7) or (8)
holds for all x > 0.

From Theorem 1, we clearly see the following.

Corollary 2. The double inequality

1 ’ 1 2
sinh < x+1) < =sinh — 10
x+1 v ( ) 2 X (10)

holds for all x > 0.

2. Lemmas

Lemma 3. Let the function 0 be defined on (0, 00)? by (9).
Then the function 0 is strictly decreasing with respect to m on
(0, 1] and strictly increasing on [3/2,+00).

Proof. It follows from (9) that

mz-x em/x%
2 (m+ x) om

(. x(x-m+1) m m
_<1 (x+1)(m+x) exp(x +x+1>>

= h,, (x), ()

oh,, _ m® exp ((m/x) (2x +1)/ (x + 1))
ox X

(x +1)°(m + x)*
><((3—2m)x2+(3—2m)x+(1 —m)).

Ifm € (0, 1], then 0h,,/0x > 0;thatis, h,,, is strictly increasing
with respect to x > 0. Therefore,

hm (x) < xlglgohm (x) =0, (12)

which implies that 08/0m < 0.
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If m > 3/2, then 0h,,/ox < O0; that is, h,, is strictly
decreasing with respect to x > 0, which leads to the
conclusion that

h,, (x) > lengohm (x)=0. (13)
O

Lemma 4. Let the function 0 be defined on (0, 00)? by (9) and
E,(x)=vy' (x+1)-0(x,m). (14)

Then the equation

m

Fm ()+ =y 1) - —e =0 15
has two roots

m, =0.5023+--,  m,=1.7510--- (16)

such that F,(07) > 0 form € (m;,m,) and F,,(0%) < 0 for
m € (0,m,) U (m,, 00).

Proof. Differentiation yields

1 Py
%Fm(o )= L (m-1), (17)

which reveals that the function m +— F,,(07) is strictly
increasing on (0, 1) and strictly decreasing on (1, 00). There-
fore, Lemma 4 follows from the piecewise monotonicity of
the function m +— F,,(07) and the numerical computations
results:

1 (05023
F 5023 (0+) =—n’

=-1.685---x 107 < 0,

6 1.0046
1 ) 0.5024 .
F, 0= =n" - =146---x107* >0,
03024 (07) 6 1.0048
(18)
1 ) 61.751 5
F 0")=n" - =568---x10" >0,
1731 (07) 6 3.502
1 el.7511
F 7511 (0+) O =-1374---x107° < 0.
: 6 3.5022 -

Lemma5. Let m > 0, m; = 0.5023---, and m, = 1.7510- -
and let F,,(x) be defined as in Lemma 4. Then the following
statements are true:

(i) if the inequality F, (x) > 0 holds for all x > 0, then
m € [1) mz];

(ii) if the inequality F,,(x) < 0 holds for all x > 0, then
m € (0,m;] U [2,00).
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Proof. It follows from the series formulas that

’ 1 1 1 1
X)=—+—+———F+, 19
y () x  2x%2  6x3 30x° (19)
1 21 3
M) _ M +_<£> +_(i)
x+1 2\x+1 6\x+1
(20)
i)
+ — e,
24\ x +1
e_m/le_m+1<_m)2+l(_m)3 i<_T>5 ,
x 2\ x 6\ x 24\ x
(21)
and we get
lim Fn (%)
X —00 x7

=)L”éo<<(x}, 1) i 2(xi 1) ’ 6(xi 1)
() )
(-2 )
><(2m)_1>)
><(x73)_1)
1

= —— lim (((2m2 —6m+4)x’

12x—00

+ (3m2 -9m + 6) x*
+ (3m2 - 3m) X+ mz)
><((x+ 1)3)_1)

=—%(2m2—6m+4)=—é(m—1)(m—2).
(22)

(i) If inequality F, (x) > 0 holds for all x > 0, then, from

Fm(o*)=w’(1)—26—mzo,

(23)
lim L (x):—l(m—l)(m—Z)zo
#00 x 6

and Lemma 4, we clearly see that m € [m;,m,] N [1,2] =
[1,m,].

(ii) If inequality F,,(x) < 0 holds for all x > 0, then

Fm(0+):y/'(1)—26—m <0,

(24)
lim Fm_(f) = Ym-nm-2<o0
x—00 x 6

3
and Lemma 4 lead to the conclusion that
m € ((0,m;] U [m,, 00]) N ((0,1] U [2,00))
(25)
=(0,m,] U[2,00). -

Lemma 6. Let the function 0 be defined on (0, 00)* by (9).
Then 0(x, 1) and 0(x, m) are not comparable for all x > 0 if
m e (1,2).

Proof. For x > 0 andm > 0, let
Gl,m (x) =0(x,1) -0 (x,m)
el/(x+1) _ e—l/x
B 2 (26)
em/(x+1) _ e—m/x
2m

Then simple computation leads to

o) =& _ ﬁ_ 27
G (0) =52 @)
From (20) and (21), we have
G
1im"+3(x):-1(m-1)(m—z). (28)
x—00  x 6
Differentiation yields
d . e”
—G 0")=—— -1), 29
dm 1 (07) 2m? (m=1) @)

which shows that m — G,,,(0") is strictly decreasing on

(1, 00). Therefore,
G, (07) <G (07) =0 (30)

if m €
lim

(1,2). On the other hand, we clearly see that
X°Gy,u(x)] > 0 form € (1,2). O

X—)OO[

Lemma 7. Letn € N = {1,2,3,...} and m € N U {0} with
n > m and let P, (t) be the polynomial of degree n defined by

P,(t) = Zat—Zat (31)

i=m+1

wherea,,a,, > 0anda; > 0 for 0 <i <n—1withi+m. Then,
there existst,,,, € (0,00) such that P,(t,,,,) = 0and P,(t) < 0
fort € (0,t,,,,) and P,(t) > 0 fort € (t,,,,>00).

Proof. Differentiating P, (t) gives

n

i )
P® (1) = BN
n i:;rl i—k)
m
Z( I at™ for1<k<m, (32)
l_
1 il .
P,(,m+1) (t) — Z —'altt—m—l S 0.
i=m+1 (l - - l)



Note that

BY()=c0,  BY(07)=-a (3
forl <k<m.

From Pr(l’"“)(t) > 0, we clearly see that P,(l’”)(t) is strictly
increasing on (0, 00). Then P,(lm) (0c0) > 0 and P,(lm)(OJr) =
-a,, < 0lead to the conclusion that there exists t;, € (0,00)
such that P™(t,) = 0 and P (t) < 0 for t € (0,t,) and
P,(,m)(t) > 0 fort € (t,00). Therefore, P,(,mfl)(t) is strictly
decreasing on (0, t;) and strictly increasing on (t,, c0).

It follows from the piecewise monotonicity of P?(lmfl)(t)
and PV (c0) = oo that PV (t) < PV (0%) = —a,,_, <
0 for t € (0,¢t;), and there exists £, € (t;,00) such that
P D(t,) = 0and P V(1) < 0fort € (0,¢,) and PV (¢) >
0 fort € (t,,00). Therefore, P,Em_z)(t) is strictly decreasing on
(0, t,) and strictly increasing on (t,, c0).

After repeating the same steps as above m + 1 times, we
deduce that there exists t,,,, € (t,,,00) C (0,00) such that
P (t,.;) =0and P,(t) < Ofort € (0,t,,,,) and P,(t) > O for
t € (41> 00). O

Lemma 8. Let the function 0 be defined on (0, 00)* by (9).
Then there exists my, € (2/5,9/20) such that 0(x,2) and
0(x, m) are not comparable for all x > 0 if m € (my, 1), and
0(x,2) < 0(x,m) for all x > 0 if m € (0, m].

Proof. For x > 0and m > 0, let

Gy (x) = 0(x,2) - 0 (x,m)
62/(x+1) _ e—2/x
- 4 (34)

em/(x+1) _ efm/x

2m
Then simple computation leads to
2 m
e’ e
Gy (07) = — - —. (35)
2,m ( ) 4 2m

(i) We prove that there exists m, € (2/5,9/20) such that
0(x,2) and 0(x,m) are not comparable for all x > 0 if m €
(my, 1). For this end, it suffices to prove that there exists m, €
(2/5,9/20) such that G, ,,(0*) > 0 and lim, _, ,,x’G, ,(x) <
0ifm € (my, 1).

Indeed, it follows from

d N e’
deZ,m (0%) o (m-1) (36)

that the function m — Gz,m(OJr) is strictly increasing on (0, 1).
Numerical computations show that

1 5
Groys (07) = 3¢ = 3 <0,

1 10 (37)
Gao/20 (07) = 4_162 -3 RN
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Therefore, there exists m,, € (2/5,9/20) such that

2 m
e’ e
G, (0")=—-—=0 (38)
2,m( ) 4 om
and G,,,(0%) < 0 for m € (0,m,) and G, ,,,(0") > 0 form €

(mg, 1).
On the other hand, it follows from m € (m,, 1) together
with (20) and (21) that
lim GZ"’iS(x) _1 (m—-1)(m-2)<0. (39)
xX—00  x 6
(ii) We prove that 0(x,2) < 6(x,m) for all x > 0 if
m € (0,my]. From Lemma 3, we know that m +— 0(x,m)
is strictly decreasing on (0, 1], so it suffices to prove that
0(x,2) < 0(x,my) for all x > 0.
Let

91 (x) = ™G, (x)

Ll (%+ 2 )_lex (@_E)
T4 P X x+1 4 P X X (40)

w (e (7))
+—(l-exp|—+— .
2my x  x+1

Then
lemoogl (x)=0. (41)
Differentiation yields
4 o oomgx 0
—x’e X g, (x
2-m, 2 ()

2(2x% +2x +1) <2 mo) .

=———~exp( =
(2 = my) (x + 1) Py T+l

ex(2+ 2)
px x+1

(42)

(mp +2) X%+ 2myx + my
(2 -myg) (x + 1)

=09, (x),

gy (x)=2 ((Zmo +2)x* + (2my +10) x°

+(m0+14)x2+8x+2)

- 43
><((2—m0)x2(x+ 1)4) ' )

my E)
><eXp(x+1 Ty 95 (%),

where
gs (x) = ((ZmO +2)x* + (6my +2) x°

+(7my +2) x* + dmyx + mo)
x ((2my +2)x* + (2my +10)x°  (44)
+(mg + 14) x* + 8x + 2)_1

o @M/ _
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Note that
xliﬁrnoog2 (x)=0, (45)
. 1 2—m,
hn(l)ﬂg (x) = 2 Moe '-1=0, (46)
lemmg3 (x)=0, (47)

where the second equation in (46) follows from (38).
Differentiating g,(x) leads to

g; (x) = ((2 - mo) e(meO)/(xﬂ))

X ((x +1)° (8x + mox2 + 2m0x3

2\ —1
+2mxt + 1457 + 1057 + 25" +2))

X gy (%),
(48)

where

gs (x) = (4 - 4mé)x8 + (16 - 16711(2,)9(7

— (6my + 88m, — 36) x° (49)

8 7 6 5 4
=agX +a;X +agX +asX — aux

3 2
—a3x” —ayx" —a;x — a.

We assert that there exists a unique x; € (0,00) such that
gs(x) < 0 for x € (0,x}) and g,(x) > 0 for x € (x},00),
which leads to the conclusion that g;(x) is strictly decreasing
on (0,x;] and strictly increasing on [x},00). To this end,
it is enough to verify that the coefficients of g,(x) satisfy
the conditions of Lemma 7. In fact, it follows from m, €
(2/5,9/20) := (m,_, m,, ) that we have

ay=4-4my =4(1-my) >0,
a, =16 - 16m; = 16 (1 - mg) > 0,
ag = —28mg — 24mg + 32

> ~28mg, — 24my, +32 = —— >0,

5

as = —28mg — 72mg + 40

> 28m?, — 72my, +40 = 2 5

0+ 0+ - 100 >
a, = (17mg + 104m, — 42)
58
> 17m;_+104m,_ - 42 = = >0,
25
a; = (6my + 88m, - 36)
) 4
> 6my_ +88m,_—36=— >0,
25
a, = (mé + 46m, — 18)
14

>mg_ +46m, — 18 = =0

a, = (14m, — 4)
8
> 14my_ —4=->0,
5
ay = 2my > 0.
(50)

From the piecewise monotonicity of g;(x) together with (46)
and (47), we clearly see that

g5 (x) < lim g;(x) =0 for x € (0,x,],
x—0*

(51)
g3 (x) < lim g5 (x) =0 for x € [x},00);

thatis, g;(x) < 0for x € (0, 00). Then (43) and (45) lead to the
conclusion that g,(x) > lim, _, g,(x) = 0 for x € (0, 00),
which implies that g, (x) is strictly increasing on (0, co) and
g:(x) <lim, _, ., g,(x) = 0 for x € (0, 00).

Therefore, 0(x, 2) < 6(x, m,) follows easily from (40) and
g:(x) <0. ]

Lemma 9 (see [12, pp. 258-260]). Let x > 0 and n €
{0,1,2,...}. Then

(-1)"n!
P :

v (1) - ™ (x) = (52)

From the proof of [4, Theorem 2.6], we get the following.

Lemma 10. The inequality

2x+1

!
x+1)> —
v ) 2x2 +2x +2/3

(53)
holds for x > —1.

The following lemma can be derived immediately from
the proof of [4, Theorem 2.1].

Lemmall (see [4, Theorem 2.1]). Let y be the function defined
on (0, 00) by

y(x) = ™. (54)

Then y'"(x) > 0 for x € (0, 00).



The well-known Hermite-Hadamard inequality for con-
vex function can be stated as follows.

Lemma 12 (see [13]). Let I € R be an interval, a,b € I with
a<bandlet f:1 — R bea convex function. Then

b
f<a+b>S Lf(x)dxsf(aﬂf(b). (55)
2 b-a 2

3. Proofs of Theorem 1

Proof of Theorem 1. We divide the proof into four parts.
(I) We prove the first inequality in (7); that is,

1/(x+1) _ e—l/x
Fl(x):l//(x+1)—f >0, (56)
where F,, (x) is defined by (14).
It follows from Lemma 10 that

, el/(x+1) _ e—l/x
Fx)=y (x+1)-

2
2x+1 !/t _ ml/x (57)
2x2 +2x +2/3 2
=e"H(x),
where
2x +1 1/x

Hx)= — 2"
(x) 2x2 +2x +2/3

_exp((/(x+ 1) +(1/x)) -1
5 .

(58)

We clearly see that it is enough to prove that H(x) > 0 for
x> 0.
Differentiating H(x) gives

1
Hl (x) _ _el/x
2x?

2xr +2x + 1
% X x2 el/(x+1)
(x+1)

3(x+1) (627 +6x7 +dx + 1))
(3x2 + 3x + 1)
1

= 2—261/xL
X

>

2X2 +2x+1 1/(x+1)
X —26
(x+1)

3(x+1)(6x3+6x2+4x+1)> )
X X),

(3x% +3x + 1)
(59)
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where L(a,b) = (b — a)/(Ina — Inb) denotes the logarithmic
mean of positive numbers a and b, and

1 2xr +2x+ 1
+ In 2
+1 (x+1)

h(x) = p

(60)
3(x+1)(6x3+6x2+4x+1)
—In .

(3x2 +3x + 1)
Differentiating h(x) leads to
H (x) = (x 2x+1) (7% + 7x + 3))
x((x+17 (367 +3x+1) (267 +2x+1) (61
x (67 +6x7 +4x+1)) >0

for x > 0, which means that h is strictly increasing on
(0,00) and h(x) < lim,_,  h(x) = 0.It in turn implies
that H is strictly decreasing on (0, 00). Therefore, H(x) >
lim, _, , H(x) = 0 for x > 0.

(II) We prove that m = 1 is the best possible constant such
that v/ (x + 1) > 0(x, m) for all x > 0.

From Lemma 5, we know that m € [1,m,] if 1//'(x +1) >
0(x,m) for all x > 0, where m, = 1. 7510.... It follows from
Lemma 6 that 0(x, 1) and 6(x,m) are not comparable for all
x > 0if m € (1,2); that is to say, 8(x,m") is not a better
lower bound of ¢/ (x + 1) than 6(x, 1) even if there exists m* €
(1,m,] such that y/(x + 1) > 0(x,m").

For any m* € (1,m,], (22) leads to

Jim [x3Fm* (x)] = é (m"-1)(2-m"). (62)
It follows from (19), (20), and (21) that we get
lim [x°F . 63
xgmm[x 1(x)]—ﬁ. (63)
(IIT) We prove the second inequality (7); that is,
, 62/(x+1) _ e—2/x
Fz(x):w(x+1)—f<0 (64)

for x > 0, where F,,(x) is defined by (14).
Lemma 11 implies that the function x y'(x) =

21//'(x)62"’(") is strictly convex on (0, 00). Then, making use
of Lemma 12, we get

x+2
y,<x+x+2)<jx y(t)dt (65)
2 XxX+2-x

for x > 0. That is,
62w(x+2) _ eth(x)

<—)
2

2y (x + 1) 2V

(66)
W (x+1) < 411 [ P22y D) _ ez(wx)—v/(xﬂ))].
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Therefore, inequality (64) follows easily from (52) and the
last inequality above.

(IV) We prove that m = 2 is the best possible constant
such that w'(x +1) < 0(x,m) forall x > 0.

From Lemma 5, we know that m € (0,m,] U [2,00) if
t,u'(x +1) < 0(x,m) for all x > 0, where m, = 0.5023---.

It follows from Lemma@8 that there exists m, ¢
(2/5,9/20) < (0,m,) such that 8(x,2) and 6(x,m) are not
comparable forall x > 0ifm € (my, m;]and 0(x, 2) < O(x, m)
forall x > 0 if m € (0,m,]. Lemma 3 leads to the conclusion
that 6(x, 2) < 0(x,m) forall x > 0 if m € (2, 0).

If there exists m* € (my, m,] such that F,.(x) = 1//'(x +
1) - 0(x,m™) < 0 for all x > 0, then, from (19), (20), (21), and
(22), we get

lim [x°F, (9)] = —é (1-m)@-m"),
(67)

xli_)m(p [x7F2 (x)] =

O

From the above proof and Lemma 3 we get the following.

Corollary 13. Let the function 0 be defined on (0, c0)* by (9)
and let my € (2/5,9/20) be the root of (38) on (0, 1). Then the
inequalities
v (x+1) < 0(x,2) < 0(x,my) < limoe (x,m)
1 1 (68)
+ —
2(x+1) 2x

or equivalently
1

ot — 4 — 69
2(x+1) 2x x° (69)

Y (%) <
hold for all x > 0.

4. Remarks

Remark 14. It follows from (67) and the facts that

1) _ V)
lim yx-e (x)—e S

x =00 x3 24°
v (x+1) - (x + nze’z”/6) g 2Wbetl)
lim >
X — 00 X~

_ 1 lﬂze—zy,
2 6

v (x+1) - (1/2) ((2/x2) +1—e2* e—21y(x+l))

X —00 x~6

B
x—00 b 24

. 1l/l (x) _ (zeZ/X/xZ (62/x _ 1)) 1
1m Fp—
X — 00 x*2 2

(70)

that we clearly see that the upper bound in Theorem 1 for the
trigamma function v/ is better than the upper bounds given
in (2), (3), (4), (5), and (6) if x is large enough.

Lemma 15. One has

/D o7lx 5 ifx € (—00,-1) U (0,00),

(71)
e/ L e > 062 ifx € (-1,0).
Proof. Differentiation leads to
!
(el/(x+1) + e—l/x)
e t/x x* 1 1
=—|(1- 5 exp< + —)
x (x+1) x+1 x
A (72)
= 2 V(x),
1 +1)+(1
V' () = exp(1/(x+ D+ (A/x)) _

(x+1)*

If x € (0,00), then, from V'(x) > 0, we get V(x) <
lim, _, . V(x) = 0, which leads to

e/ L o UE S Lim (el/(x“) + e_l/x) =2. (73)

If x € (—00, —1), then the first inequality in (71) still holds by
making a change of variable y = —(x + 1). If x € (-1,0),
since V(-1/2) = 0, we see that V(x) < V(-1/2) = 0 for
x € (-1,-1/2) and V(x) > V(-1/2) = 0 for x € (-1/2,0).
Hence,

1(xt1) |, -1 (1) |, -1 2
e/ e /xz[e 164 4 g /x]xz_l/Z:Ze. (74)
O
Remark 16. Using inequality (71), one has
Lo - (M -1)
x? ’
1 62/(x+1) _ efz/x Vs
= (-1
x2 4 ( )
2/(x+1) 1/(x+1))?
1 e B (2 € ) 1/x
<=+ e 1
x2 4 ( )
1 o 1 1 1
== + el/(x+l) el/x == Z : < - n>
X x> Hnl\(x+1) X
3
1 1 1
<—Z+Z—.( n‘—n>=— 3 5 <0
x> Enl\(x+1)" x 6x3(x + 1)
(75)

for x > 0, which shows that the upper bound x~* + 8(x, 2) in
(8) is better than the upper bound (e"* = 1) in (6).



Remark 17, The conclusion that the difference e'/* — 4 "(%)
is completely monotonic on (0,00) given in [6, Lemma 2]
implies that

e—y' (1)> e’y (x+1)> 1 (76)
or
n 1 2
e/ _op T < v (x+1) < /™D _ 1 < ~ginh 2.
6 2 x
(77)
It is easy to check that the lower bound e"/**" — ¢ + 772 /6 and

sinh 1/(x + 1) for y "(x+1) given in (10) are not comparable
due to

2
1/(x+1)

1
e/ e T ()sinh —— if x < (>) 1.62670--- .
6 x+1

(78)
Remark 18. Guo et al. [14] proved that

(k-1)! k!
xk 2x k+1

(k- 1)!

< (1 y® (x) < .
X

k!
g (79)
for x > 0if k € N. In particular, if k = 1, one has

1 1 / 1 1
;+ﬁ<l//(x)<;+;. (80)
We clearly see that the upper bound given in (69) is better
than that in (80) for the trigamma function v (x).

Finally, we give remarks on two mathematical constants
7t and G (Catalan constant).

Remark 19. 1t is well known that
[ 1 7_[2
Y5 == (81)
= kX 6

LetQ, = Y, (1/k*),and then ¢/ (n+ 1) = (7°/6) - Q,,. From
Theorem 1, we clearly see that the double inequality

el/tl) _ p=ln 2 D) _ 2n

g (8
2 6 Qu 4
holds for all n € N.
Let
1/(n+1) —1/n 2/(n+1) -2/n
e —-e e -e
I,=Q,+ 5 , L,=Q,+ 1
(83)
Then inequalities (82) can be rewritten as
2
1 < % <L, (84)

or

\/6\1,1<71< \/GTn (85)
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TABLE 1
n 11/6Q, — 7l |\/6l, — 7l |\/6L, — nl
1 0.6921 43127 %107 7.663 x 107*
2 0.40298 3.7549 x 107 2.8250 x 10~°
5 0.1782 7.7596 x 10°° 1.3276 x 10~/
10 92231 x 1072 3.1013 x 1077 1.4875x107°
50 1.8966 x 107> 1.2112x 107 2.5320 x 107"
100 9.5161 x 10° 3.8807 x 107*2 2.0489 x 107!
200 4.7663 x 107 1.2280 x 107" 1.6291 x 1078
500 1.9085 x 107 1.2669 x 107" 2.6973 x 1072
It follows from (63) and (67) that
2
lim »’ <ln - n_) = —i,
n—oo 6 24
(86)

2

1
lim #’ Ln—n— = —.
n—co 6 45

Therefore, (85) provides a new approximation algorithm for
7. Numerical simulations results carried out with mathemat-
ical software show that the given algorithm is more accurate

than +/6Q,, (see Table 1).

More estimate methods for 7t can be found in [15-19].

Remark 20. The Catalan constant

1
Z(z( ) > = 0.9159655941772190 - - - (87)
n+1

is a mysterious constant in mathematics and physics. From

V' (1/4) = B*+8Gand y/ (n+(1/4)+1) = y'(1/4)-Y 7 _,(1/(k+
1 /4)2) (see [17, 20]) together with Theorem 1, we get
/(14514 _ 1/(n41/4)  q n 1 2
t-) ——— -—<G
16 8= (k+1/4) 8
(88)
24514 _ p2/(nv1/4) g n 1 .
< to ) ——— - —
32 8imo(k+1/4)° 8
forn € N.
Let
M/ (14514) _ po1/(n41/4) 1 )
u, = - 5= =
16 8 (k+1/4) 8
(89)
U - 62/(n+5/4) _ ,2/(n+1/4) . li 1 7_[2
" 32 8/ (k+1/4> 8
Then inequalities (88) can be rewritten as
u, <G<U,. (90)
It follows from (63) and (67) that we have
1
lim »° (u, - G) = ——,
n— 00 24
(91)

o, 1
Jim " (U, - G) = 5
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TABLE 2

n 1Y, -DY/Qk+1)’ -Gl |u, -G U, - Gl

1 2.7077 x 1072 2.7274%x 107 3.7885x 107"
2 1.2923 x 107 3.0912x 107 1.9591 x 107¢
5 3.4037 x 107° 8.1456 x 1077 1.2782x 1078
10 1.0268 x 10~ 3.6098 x 107 1.6524 x 107°
50 4.8045%x 107" 1.5468 x 107" 3.2017 x 107"
100 1.2253x107° 5.0171 x 107 2.6358 x 107"
200 3.0939 x 10°° 1.5974 x 107*  2.1139x 107"
500 498 x 1077 1.6542 x 107'° 35184 x 107

Therefore, (90) provides a new approximation algorithm
for the Catalan constant G. Numerical simulations results
carried out with mathematical software show that the given

algorithm is more accurate than ZZ:O((—I)k/(Zk +1)%) (see
Table 2).

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This research was supported by the Natural Science Foun-
dation of China under Grants 61374086 and 11171307 and
the Natural Science Foundation of Zhejiang Province under
Grant LY13A010004.

References

[1] E.T. Whittaker and G. N. Watson, A Course of Modern Analysis,
Cambridge University Press, New York, NY, USA, 1962.

[2] G.D. Anderson and S.-L. Qiu, “A monotoneity property of the
gamma function,” Proceedings of the American Mathematical
Society, vol. 125, no. 11, pp. 3355-3362, 1997.

[3] N. Elezovi¢, C. Giordano, and J. Pecari¢, “The best bounds in
Gautschi’s inequality,” Mathematical Inequalities & Applications,
vol. 3, no. 2, pp. 239-252, 2000.

[4] N. Batir, “Sharp bounds for the psi function and harmonic
numbers,” Mathematical Inequalities & Applications, vol. 14, no.
4, pp. 917-925, 2011.

[5] B.-N. Guo and E Qi, “Some properties of the psi and
polygamma functions,” Hacettepe Journal of Mathematics and
Statistics, vol. 39, no. 2, pp- 219-231, 2010.

[6] B.-N. Guo and E Qi, “Refinements of lower bounds for
polygamma functions,” Proceedings of the American Mathemat-
ical Society, vol. 141, no. 3, pp. 1007-1015, 2013.

[7] E Qi and C. Berg, “Complete monotonicity of a difference
between the exponential and trigamma functions and prop-
erties related to a modified Bessel function,” Mediterranean
Journal of Mathematics, vol. 10, no. 4, pp. 1685-1696, 2013.

[8] E Qi and S.-H. Wang, “Complete monotonicity, completely
monotonic degree, integral representations, and an inequality
related to the exponential, trigamma, and modified Bessel
functions,” http://arxiv.org/abs/1210.2012.

[9] E Qi and X.-]. Zhang, “Complete monotonicity of a dif-
ference between the exponential and trigamma functions,”
http://arxiv.org/abs/1203.1582.

[10] E Qi, “ Properties of modified Bessel functions and completely
monotonic degrees of differences between exponential and
trigamma functions,” http://arxiv.org/abs/1302.6731.

[11] W. Li, E Qi, and B. Guo, “On proofs for monotonicity of a
function involving the psi and exponential functions,” Analysis.
International Mathematical Journal of Analysis and its Applica-
tions, vol. 33, no. 1, pp. 44-50, 2013.

[12] M. Abramowitz and I. A. Stegun, Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables,
Dover, New York, NY, USA, 1972.

[13] J. E. Pecari¢, E Proschan, and Y.-L. Tong, Convex Functions,
Partial Orderings, and Statistical Applications, Academic Press,
Boston, Mass, USA, 1992.

[14] B. N. Guo, R. J. Chen, and E Qi, “A class of completely mono-
tonic functions involving the polygamma functions,” Journal of
Mathematical Analysis and Approximation Theory, vol. 1, no. 2,
pp. 124-134, 2006.

[15] D. Bailey, P. Borwein, and S. Plouffe, “On the rapid computation
of various polylogarithmic constants,” Mathematics of Compu-
tation, vol. 66, no. 218, pp. 903-913, 1997.

[16] J. M. Borwein, P. B. Borwein, and K. Dilcher, “Pi, Euler numbers,
and asymptotic expansions,” American Mathematical Monthly,
vol. 96, no. 8, pp. 681-687, 1989.

[17] D.Borwein, J. M. Borwein, M. L. Glasser, and J. Wan, “Moments
of Ramanujan’s generalized elliptic integrals and extensions
of Catalan’s constant,” Journal of Mathematical Analysis and
Applications, vol. 384, no. 2, pp. 478-496, 2011.

[18] R. C. Gupta, “On the remainder term in the Madhava-Leibniz’s
series,” Ganita Bharati, vol. 14, no. 1-4, pp. 68-71, 1992.

[19] S. Ramanujan, “Modular equations and approximations to 7,”
Quarterly Journal of Mathematics, vol. 45, pp. 350-372, 1914.

[20] K. S. Kolbig, “The polygamma function u/(k) (x) for x = 1/4 and

x = 3/4) Journal of Computational and Applied Mathematics,
vol. 75, no. 1, pp. 43-46, 1996.



