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We prove an existence result of a nonlinear parabolic equation under Dirichlet null boundary conditions in Sobolev spaces of

infinite order, where the second member belongs to L! (Qp)-

1. Introduction

This paper is devoted to the study of the following strongly
nonlinear parabolic problem of Dirichlet type in the cylinder

QTZ
ou .
E+Au+g(t,x,u):f(t,x) in Qp,

u(0,x) =0, (P)

D°u=0 on S; V|w=0,1...,
where () is a bounded open subset of RY and Qr=(0,T)xQ
is a cylinder with lateral surface S = [0, T] x I, with T is the

boundary of Q. A is a nonlinear elliptic operator of infinite
order defined by

Au = Z (-1) p* (A, (6%, D'w), |yl <lal. ()

|ee|=0

Such operators include as a special case Leray-Lions types in
the usual sense.

The real functions A (¢, x, &) are assumed to satisfy some
growth and coerciveness conditions without supposing a
monotonicity condition in &, for all multi-indices «.

The nonlinear term g satisfies natural growth on |u| and
has to fulfil a sign condition.

The data f is assumed to satisfy
el (Qp). )

In the case of infinite order, Dubinskii [1] has proved, under
some growth hypothesis and certain monotonicity condi-
tions, the existence of solutions for the Dirichlet problem
associated with the equation Au = f in some general
functional Sobolev spaces of infinite order W;*(a,, p,) of
variables exponents p,, with « being a multi-indice. The
same author has investigated the existence result for parabolic
elliptic problems governed by operators of infinite orders. In
fact, also in [1], Dubinskii has proved by considering, further,
the monotonicity of the operator A that the problem ou/ot +
Au = f has a solution in L(0, T, Wy°(a, p)), p > 1, in the
variational case (i.e., where f belongs to the dual space).

Another work has been shown, in the variational case in
[2], the existence of solutions for strongly parabolic nonlinear
equations of infinite order related to the problem du/ot + Au+
gt,x,u) = f.

Our purpose in this paper is to prove the existence of
solutions for parabolic equations, in Sobolev spaces of infinite
order with L' data, associated with the problem 0u/dt + Au +
gt,x,u) = f.

More precisely, we will assume more less restrictions
on the operator A (no monotonicity condition) and deal
with a different approach by involving a truncation of the
perturbations g. Next, we use the monotonicity of a part of
approximate operator which contains a linear term of higher
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order of derivation that satisfies the monotonicity condition
and prove the existence of solutions in the framework of
function space L¥(0, T, Wy °(a,, p)), p > 1.

Let us mention that an interesting result concerning the
stationary counterpart of the problem (P) has been proved in
(3, 4].

2. Preliminaries

Let O be a bounded domain in RN, a, > 0, p > 1 real
numbers for all multi-index «, and || - || » the usual Lebesgue
norm in the space L?(Q). The Sobolev space of infinite order
is the functional space defined by

W (a p) (Q)

o) 3
= {u € C®(Q) : ulf, = Z a, ||D“u||§ < oo]» ) ®

|a|=0

Here D% = 0% /(3x)™ - - (3x ).

We denote by C;°(Q) the space of all functions with com-
pact support in Q with continuous derivatives of arbitrary
order.

Since we will deal with the Dirichlet problem, we will use
the functional space W;°(a,, p)(Q) defined by

Ws? (a p) ()

© (4)
- {u €Co () : [ullf, = ) a, ||D°‘u||§ < oo} .

ec|=0

In contrast with the finite order Sobolev space, the very
first question, which arises in the study of the spaces
W (a,, p)(Q), is the question of their nontriviality (or
nonemptiness), that is, the question of the existence of a
function u such that u| ., < co.

Definition 1 (see [1]). The space W (a,, p)(Q) is called
nontrivial space if it contains at least one function which
is not identically equal to zero; that is, there is a function
u € C;°(Q) such that [lu, < co.

It turns out that the answer of this question depends
not only on the given parameters a, and p of the spaces
W (a,, p)(Q), but also on the domain Q.

The dual space of W;°(a,, p)(Q) is defined as follows:

W (a,p") ()

lal=0 (5)

1= Y alfall < oo} ,

lal=0

where f, € LP/(Q) for all multi-indices & and p' is the
conjugate of p; thatis, p' = p/(p—1) (for more details about
these spaces, see [1, 5]).
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By the definition, the duality of the space W™ (a,, p')(Q)
and W;° (a,, p)(Q) is given by relation

(o)=Y a jﬂ £, (x) D (x) dx, ©)

|a|=0

which, as it is not difficult to verify, is correct.
Let us denote by L?(0, T, W,°(a,, p)) the space of func-
tions u(t, x) which has finite norm

o = |

0

T
]2, dt )

and is equal to zero together with all derivatives D“u on the
lateral surface S. In other words one has

LP (0, T, Ws” (4, p))

0 T
= {u measurable : [|ull? = Z a, L ||D“u||i dt < co,
|ac|=0

D“ulg =0, |wl| =0,1,...}.
(8)

Further, let L? ,(0, T, W *(a,, p')) be the dual space of the
space LP(0, T, W(fo (a4, p)), that is, the space of generalized
functions f (¢, x) having a form

ftx) =Y ()™a,Df, (t,x), 9)

lc|=0

where f,(t,x) € L” (Q;) and

(o)

T '
P )= Yal lwold<eo a0

|ee|=0

The value of f(t,x) € L? ’(O, T,W™*(a,, p')) on an element
v(t, x) € LP(0, T, W(;’O (ay, p)) is defined by the formula

(o)

T
(fiv) = Z a, L J;) fo (t,x) D*v (t,x)dxdt, (1)

lc|=0

which, as easy to see, is correct.

Sobolev spaces of infinite order have extensive appli-
cations to the theory of partial differential equations and,
among their number, in mathematical physics. The basis of
these applications is the nonformal algebra of differential
operators of infinite orders as the operators, acting in the
corresponding Sobolev spaces of infinite order. This makes
it possible, by considering 0/0x as a parameter, to solve a
partial equation as ordinary differential equation, to which
are adjoined the initial or boundary conditions.

More explicitly, we cite the following examples of opera-
tors of infinite order which are closely inspired from the ones
used in Dubinskii [1].
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Example 2. Consider the following operator:
Au = (—\/I+A) u. (12)

Our technique here consists in exploiting certain results in
the setting of functional spaces of infinite order. Thus as in
[1], we can write the operator A as follows:

Au = (—\/I + A) U= kiak (—A)k u, (13)
=0

where g > 0, k = 0,1,..., are real numbers which
guarantee the nontriviality of the corresponding functional
space defined by

Wy (4. 2) ()
o ) (14)
= {u €Ce(Q):pw) =Y a [[Vul < oo} )
k=0

Moreover for any f € L*(0, T, W~
problem

(g, 2)(Q)), the parabolic

—”+§ak(—A)"u=f, xeQ (15)
k=0

has a solution u € L*(0;T; Wy° (a5 2)(€2)), in the variational
sense.

By using the recent work of authors (see Theorem 3.1. in
[2]), the strongly nonlinear parabolic problem

ou k _
EJF,;)ak(_A)Mg(t’x’u)_f xeQ,  (16)

has also a solution u € L*(0;T; Wy°(a;2)(Q))), in the
variational sense, for any f € L*(0,T, W™ (a;,2)(Q)). Here
g is a nonlinear term which has to fulfil a sign condition (see
Section 3).

Remark 3. For examples of the nontriviality of Sobolev spaces
of infinite order, we refer the reader to [1, 5-7] for details.

3. Main Result

In this section we formulate and prove the main result. We
denote by A, the number of multi-indices y such that |y| <
|x|. Let A be the nonlinear operator of infinite order defined
asin (1), with A, : (0,T) x Q x R — R being a real
function.

Let us now formulate the following assumptions.

(A) At x, fy) is a Carathéodory function for all e, |y| <
|ex].

(A,) For ace. (t,x) € Qp, allm € N¥, all fy,n“, Iyl < lal,
and some constant ¢, > 0, we assume that

S A nl<ada

lal=0 lal=0

N Ll VN (V)

where p > 1, a, > 0 are real numbers for all multi-
indices .

(A;) There exist constants ¢; > 0, ¢, > 0 such that

YA(xE)Eza Y alil - (8

|ec|=0 |a|=0

for all m € N*, for all &8 Iyl <
(t> x) € QT'

(A,) The space W, (a,, p)(Q) is nontrivial.
As regards the nonlinear term g, we assume that g
satisfies the following natural growth on |u| and the
classical sign condition.

G g : QxR — R isa Carathéodory function
satisfying

|«| and for a.e.

|g (t, x, s)| <b |s|P71 +b, g(t,x,s)s=0, (19)

fora.e. (t,x) € Qp, s € R, and some constants b; and
b,.

Concerning the second member f, we assume that
fel' (Qp). (20)
We will prove the following existence theorem.

Theorem 4. Under assumptions (A,)-(A,) and (G), for any
right side f € LI(QT) there exists at least a function u such
that

) u(t,x) € LPO,T,W™(a, p)), du/dt € L’ (0,T,
W™ (a,, p'));
(2) u(0,x) = 0;

(3) for any function v(t,x) € L*(0,T,W,*(ay, p)), the
following identity

T au 00 T
— . v)dt+ aaj J A, (t,x, D'u) D*vdxdt
0 <at > Z 0 Ja ( )

T T
+J0 Jog(t,x,u)vdxdt: JO (f,v)dt N
21

is valid.
Proof. we proceed by steps in order to prove our result.

Step 1. The approximate problem.
Set for a.e. (t,x) € Qp

filtox) =T f (6,x), g (txou) =Teg (tx,u), (22)
where T}, is the usual truncation given by
noif g <k
=1k
Tin ﬁ if || = k. (23)
n



Itis clear that | f; | < k for a.e. (¢, x) € Q. Thus, it follows that
fr € LT(Qp).

Further, we have

fi — f forae. (t,x)€Qy,

£l < Ifl e L' (Qr),

and from Lebesgue’s dominated convergence theorem, see
[8], we conclude that

fo— f in L'(Qp). (25)

Let k € N* sufficiently large. Define the operator A,,, of
order 2k + 2 by

Ayt = Z (-1 ¢, D*u
laf=k+1

(24)

) (26)
+ 3 (D" D* (A, (t,x,D'u)).

lc|=0

Note that ¢, are constants small enough such that they fulfil
the conditions of the following lemma introduced in [1].

In fact, such a condition imposed on each ¢, is required
to ensure the nontriviality of the space W (c,, 2).

Lemma 5 (cf. [1]). For any nontrivial space Wy* (a,, p,,) there
exists a nontrivial space Wy°(c,,2) such that Wy°(ay, p,) C
W5 (6 2).

The operator A,;,, is clearly monotone since the term
of higher order of derivation is linear and satisfies the
monotonicity condition (see [1, 3]). Moreover, thanks to the
truncation T}, as in [9] and from assumptions (A ), (A,), and
(A;), we deduce that the operator A, ,, + g, is bounded,
coercive, and pseudo-monotone. Then, it is well known (see
Lions [10]) that there exists v, € LP(0, T, Wéﬁl’p(Q)) such
that

auk
— * Ageaty + g (b w) = fr (%),
o (Pe)

uy (0,x) = 0.

In the variational formulation, we get

T T
J <aa%,v>dt+j (A sty v) dt

0 0
(27)

T T
+ j J g () vdxdt = J (o),
0 Ja 0
for any v € L*(0, T, Wéﬁl(Q)).
Step 2 (a priori estimates). Let us choose v = 1 as a test

function in (P,). Then using the sign condition in (G), one
has the estimates

T k T
Y e IDwlides Ya, | I0twlide <, Gs)

lal=k+1 70 lal=0 70

J g (£, x, u) wdx dt < c,. (29)
Q
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In the sequel ¢,,6,¢,, ..
depending on k.
From the first equality in (P, ) and estimates (28) and (29),

we remark that du, /ot € LP ’ (0, T, Wo_k_l’P ’ (€0)). In addition,
for any v € L%(0,T,W,"(a,, p)) the following equality is

valid:
T
j <@zm>
0 ot

Q, = JT L |fk (t, x) v| dx dt,

0

. designate arbitrary constants not

dt<Q, +Q, +Q;, (30)

where

T
Q, = Jo L |gi (£, x,u;.) v| dx dt,

Q; = Z

ol =k+1

T (31
Cy J J |D"w| |D"V| dx dt
0 Jo

k T
+ a D, |P7" | D*v| dx dt.
o k
Q

laj=0 -0

Regarding the quantity Q,, one has

Q= JT JQ | fi (&, %) v| dx dt

0

T
< Jo JQ |f (t, x) vl dxdt )

< JT JQ |f| - vl dxdt

0
< £l g M= »
and so
Qi <G IVlieq,) - (33)

We also have

T

oy

0

T . T p
SL}Wdileﬂ+a<LHﬂ$w>

T yp' 1/p (34)
() ([

T 1/p
+¢ <L ||v||§ dt)

< (6 +¢) Vlpeo>

[, (el 1+ 1) et
Q

where ¢, is the constant of the estimate (28). Then one gets

Q <& Mo - (35)
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Moreover, for the last term Qs, one has
Q3 = ]1 + ]2, (36)

where

T
J, = Z ¢y L J;; |D%wy| |DV| dx dt

ol =k+1

- 1/2
(3 af Iruga)
la|=k+1 70

T 1/2
x( Y IlD“vllidt> < ()" Mlpeo»
lal=k+1 70

= ia JTJ |D*u |‘971 |D%v| dx dt (37)
2 = o o Ja k

la|=0

k T 1!
< < Y a, | IDud dt)

|o|=0

X . , 1/p
x < Y a, L ID v||pdt>

la|=0
1/p’
<(6)"" Wllpeo -
Then, one deduces that

Qs < G IVl poo - (38)

Combining (30), (33), (35), and (38), it follows that

T auk
jo 2o oWl + & Mlimgy - 39
This implies that
el (40)
3t I o

that is, the derivatives du; /0t form a bounded set in the space

L7 (0, T, W (a, p)).

Now, estimates (28) and (40) permit us to apply the well
known lemma of compactness (see Lions [11]).

Let By, B, and B, be Banach spaces. Let us set

Y={u:uel”(0,T,By), u' e L" (0,T,B))},  (4D)
where p, > 1, p; > 1 are real numbers.
Lemma 6 (cf. [1]). Let the imbeddings
B, cBcCB, (42)
hold; moreover, let the imbedding B, C B be compact. Then
Y ¢ L? (0, T, B) (43)

and this imbedding is compact.

5

In order to apply this lemma, define
s
B, =W (a,, p) = <|u(x) Y a, ||D°‘u||£ < oo} ,
|| =0
(44)
B:WS(aa,p), Bl ZW_OO (aoc’P,);

po=p  p=r

where S > 0 is arbitrary and p' = p/(p - 1).

Step 3 (convergence of the approximate problem (P,)). In
view of (28) and (40), we deduce that the family u;
of solutions of problems (P,) is compact in the space
LP(0, T, Ws(aa, p)), where S is arbitrary. Consequently, by
similar argument as in the elliptic case (using the diagonal
process), see [3] or [1], one gets that the sequence 1, converges
strongly together with all derivatives D”u; to a function u €
LP(0, T, Wy°(ag, p)).

Letting now m > 0 be fixed, E a measurable subset of Qr,
and € > 0, we have

L |gi (£ x, 1) dox dt

<

I |gi (£, 1) dx dt
Enfluy|<m}

1
+_

t, x, Uy ) U | dx dt
m JEn{|uk|>m} |gk( k) k|

(45)
<

j (by [P + ) dx it
En{lug|<m}

1
+— J i (6 %, up) wdx dt
m Jo,

< (Iml”™ + 1) |E| + %

where ¢, is the constant of (29) which is independent of k.
For |E| sufficiently small and ¢,/m < ¢/2, we obtain

J gi (Lx,uy) <e. (46)
E
Using Vitali’s theorem, we get

in L' (Qy). (47)

On the other hand, in view of Fatou’s lemma and (29), we
obtain

gr (%, tyuy) — g (x,t,u)

J g(x,t,u)uds < lim j g (.t u) uds < ¢ (48)
Qr k T

— +00 Q
this implies that
g tuyue L (Qp). (49)

Now, we will prove that

T T
lim J (A gy (), vy dt = J (A(u),vydt  (50)

k—+00 Jo 0

for all v € L*(0, T, Wy°(ay, p)).



In fact, let k,, be a fixed number sufficiently large (k > k)
and let v € L*(0, T, W;°(a,, p)). Set

T
J (AW) = Ageyy (), vydt =1 + L + I, (51)
0

where
ko T
I = Z J (A, (t,x,D"u) - A, (t,x,D"u), D) dt,
=0 0
0 T
L= Z J (A, (t,x,D'u), D) dt,
ot|=ky+1 70
k T
L=- ) J (Aq (6%, D'uy), D)
o=k +1 0

- Z ¢y {(D"u, D*v) dt,
laf=k+1
(52)

or, in another form,

k+1

Li=- )

|al=ky+1

T
J (A, (t,x,D"u;), D) dt,  (53)

with A, (t,x,8,) = ¢,§, and ¢, > 0 for |a| = k + 1 (c, are
constants given in Lemma 5).

We will go to limit as k — +00 to prove that I, I, and
I; tend to 0. Starting by I;, we have I, — 0 since A(t, x,§,)
is of Carathéodory type.

The term I, is the remainder of a convergence series;
hence I, — 0.

For what concerns I, for all ¢ > 0, there holds k(e) > 0
(see [8, page 56]) such that

k+1 T
D J (A, (t, x, D"uy), D*v) dt
o=k +1 0
k+1 T
< Z [(A, (t,x,D"uy), D*v)|dt
lot|=ky+1 °0
k+1 T
<6 Z an J |D*u | |D*v| dx dt
laj=kp+1 70 &
k+1 T -
< Y af 1Dl D, G0
lal=kg+1 70
k+1 T
<e ) a | D"l dr
lal=kg+1 70
k+1 T
rok(e) Y a“j [D%| dt
lal=ko+1 70

o0

< €66, + Gk (€) Z

o=k +1

T
| 1Dt
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where ¢, is the constant given in the estimate (28). Moreover
the term

(o8 T

5 o

IV} dt (55)
lal=ko+1 70

is the remainder of a convergent series; therefore I, — 0
holds.
Finally, we conclude that

T T
j <A2k+2 (uk) > V> dt — J, (A(u),v)ydt ask — +00
0 0
(56)

for all v € L*(0, T, W, (a,, p))-
Moreover, it is clear that

JOT (fov) dt — LT (f,v) dt (57)

ask — +oosince f, — f in L'(Qy).
Consequently, by passing to the limit in (P, ), we obtain

T ou T
L <§,v> dt + L (A (u),v)dt

T
+J g(t,x,u)vdxdt=J (fov)ydt,
Qr 0

for all v € L*(0, T, Wy (a, p)).
That is,

T /ou
JO E,V> dt

e T
+ Z Ay J J A, (t,x,D'u) D*vdx dt (59)
=0 70 O

(58)

+ JOT J;) g(t,x,u)vdxdt = JOT(f, v)dt,

for all v € L*(0, T, Wy°(ay, p)).
This completes the proof. O

4. Example

The following example of an operator of infinite order is
closely related to the one used in [12].
Let us consider the operator:

Au = i (-1)* D% (aa |D°‘u|‘b_2 D“u) , (60)
|a|=0

where a, > 0 is a sequence of numbers, p > 1 is a number
such that the space W™ (a,, p)(Q) is not trivial (e.g., if a, =
[(2a)!]?, p > 1 and dimQ = 1); then the conditions
Ay, A,, and A are satisfied.

As regards a function g that satisfies the condition (G), let
us consider

gt,x,s)=sl|s|"h(x), withr>0, (61)

where h € LY(Q), h(x) = 0, a.e.
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Consequently, for the described above operator A and
the nonlinear term g the existence result follows immediately
from Theorem 4.
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