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We investigate a stochastic SI epidemic model in the complex networks. We show that this model has a unique global positive
solution. Then we consider the asymptotic behavior of the model around the disease-free equilibrium and show that the solution
will oscillate around the disease-free equilibrium of deterministic system when R, < 1. Furthermore, we derive that the disease
will be persistent when R, > 1. Finally, a series of numerical simulations are presented to illustrate our mathematical findings. A
new result is given such that, when R, < 1, with the increase of noise intensity the solution of stochastic system converging to the
disease-free equilibrium is faster than that of the deterministic system.

1. Introduction

Epidemiology is the science to study the distribution of
disease and influencing factors, so as to explore the etiology,
clarify the popular rule of the disease, and formulate the
countermeasures and measures for preventing, controlling,
and eliminating the disease. Many mathematical models of
diseases spreading help us to understand the propagation of
diseases [1, 2]. The transmission of diseases can be influenced
by many factors, such as the age and social structure of the
population, the contact network among individuals, and the
metapopulation characteristics. So it is difficult to establish
an accurate epidemic model which is completely consistent
with the real world. In recent years, a lot of compartmental
epidemic models have been studied by many researchers [3-
5], and complex networks also have been used to study the
spread of diseases [6-17].

In this paper we consider an SI model with the birth and
death in complex networks. As mentioned in the paper [6,13],
the birth and death do not affect the degree of nodes. Suppose
Sk(t), I (t) are the number of the healthy and infected nodes
with the degree k at time t; the mean-field equations can be
written as

ds
d—tk = b, — AkS,0 — dS;,

dl,

dr
where 0 = (1/(k)) ZZZI AkP(k). For system (1), it can be
written as the following form:

Akske - (d + €) Ik’ (1)

ds, (t) = ( _ (%ZAij () Se (O 1, () - dS, (t)> dt,
j=1

dI, (1) = < S AP () S (01, () - (d + ) I, (t)> dt.

W
(2)
We denote ﬁk]- = (1/{k))AkjP(j), so we obtain
ds, (t) = <bk = By (1) I; () - dS,, (t)> dt,
=
3)

dI, () = (Zﬂkjsk OLO -+l (t)) dt.
j=1

It always has the disease-free equilibrium E, = (S),0,...,
SSL, 0), where Sg =b/d, k =12,...nlfA = (ﬁkj)nm is
irreducible and R, < 1, then E,, is globally stable in D, while
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if Ry > 1, E, is unstable and there is an endemic equilibrium

= (87,1},...,S,,I) belonging to D which is globally
asymptotically stable in D; here
b
D= {(sl,ll,...,sn,zn) eRY: S, I < %,skuk < Ek’

k= 1,2,...,71},

My=M(S},....S,) = S Ry = p(M,)
0 12°°>%n I+ ¢ ’ 0 0/>
(4)

and p(M,) denotes the spectral radius of M,,.

The deterministic models have some limitations in
describing the spread of disease. The accident in the process of
disease transmission can not be reflected by the deterministic
models. This is because of the fact that the deterministic
models ignore the effect of the environmental noise. In
an ecosystem, the environmental noise is inevitably in the
real world; thus stochastic models are more realistic. In the
research of stochastic epidemic models, many researchers
make a lot of contributions [17-26].

In this paper, we consider the following stochastic system:

ds, (t) = <bk Zﬁkjsk £ (t) - dSk(t)>dt

+ 03,8y () dBy, (1), )

dI, () = <Zﬁk,~sk OLO) -+l (t)) dt
j=1

+ 0,1, () dBy, (1),

where By(t), k = 1,2,...,n, i =
standard Brownian motions with B,;(0) = 0, and o7,
k=1,2,...,n,i=1,2, represent the intensities of By (t).

The remaining parts of this paper are as follows. In the
next section we show the existence and uniqueness of a global
positive solution of model (5). In Section 3, we analyze the
asymptotic behavior around the disease-free equilibrium. In
Section 4, we study the dynamic of system (5) around the
endemic of the deterministic model. In Section 5, numerical
simulations and conclusions are carried out.

1,2, are independent
> 0,

2. Global Positive Solution

When we study a dynamical behavior, a global solution is
important for the system. In this section we show that the
solution of system (5) is global and nonnegative. As we know,
for a stochastic differential equation, the coefficients of the
equation are generally required to satisfy the linear growth
condition and the local Lipschitz condition. It is a sufficient
condition for a stochastic differential equation has a unique
global (i.e., no explosion in a finite time) solution for any
given initial value [27, 28]. Although the coefficients of system
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(5) satisty locally Lipschitz continuous, they are not satisfied
with the linear growth condition, so the solution of system (5)
may explode at a finite time. In this section, Lyapunov analysis
method (mentioned in [29]) is used to show that the solution
of system (5) is positive and global.

Theorem 1. For any given initial value (S,(0),1,(0),...,
S,(0),1,(0)) € IRi", there is a unique positive solution (S,(t),
I (t),...,S,(t), L,(t)) of model (5) ont > 0 and the solu-
tion will remain in R>" with probability 1, namely, (S,(t),
L), ...,S,t), L) € R forallt > 0 a.s.

Proof. Due to the fact that the coefficients of the system (5)
are locally Lipschitz continuous, for any given initial value
(5,(0), 1,(0),...,S,(0), L,(0)) € Ri”, it has a unique local
solution (S, (), I, (¢),...,S,(t), L,(t)) ont € [0,T,), where T,
is the explosion time [30]. If we show that 7, = oo as,, it
suggests that this solution is global. Let [, > 0 be sufficiently
large so that S;.(0), I (0) (k = 1,2,...,n) all lie within the
interval [1/1,,1,]. For each integer [ > [, defining the stopping
time

7 = inf{te [0,7,) : min {S, (8), I (t) k= 1,...,n} <

~— =

or max {S; (), I (t),k=1,...,n} 21},
(6)

we set inf@ = oo (as usual @ denotes the empty set).
Obviously, 7 is increasing as [ — 0. Set 7, = lim;_, 73
therefore 7, < 7, a.s. If 7., = 00 a.s. is true, then 7, = co
a.s. and (S;(t), I,(¢),...,S,(t), L,(t)) € Ri" a.s. fort > 0.In
other words, to complete the proof it is required to show that
T, = 00 a.s. If this statement is false, then there is a pair of

constants T' > 0 and € € (0, 1) such that P{r, < T} > e. Thus
there is an integer [; > [;, such that

Pl <Tl>e VixI,. (7)
Define a C*-function V: R2" — R, as follows:

V(Sp 1 ...

=S (S 1-Insy) +

’Sn’In)

8
(Ik—l—lnlk)]. ( )

Applying Itd’s formula, we obtain

d(S;,1,...,S,,1,)

-3 [(1_ s+ (@50 +(1

1
—)dr
Ik> k

11
E_zf(dlk) ]
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£0-3)

<bk Zﬁk]sk dsk> dt

+ 0315, (£) dByy (t) ]

+ %aﬁldt+ <1 B i)

X [ (iﬁkjsklj —(d+e) Ik> dt + 0,1, dBy, (t)]
+%oﬁ2dt]

Zﬁk;sk

) [
k=1 =

1, <
+ 5%1 + Zﬁkjsklj -
j=1

b n
—dS = E+ ) BySil;+d
S &

Zio1 BiySil;

k

(d + 6) Ik -
1,
+(d+e€)+ 50"2] dt
+ Z (031 (Sk = 1) dBy, (t) + 04, [k dBy, ()]
k=1

z( +2d+e+ZﬁkJ ! e +a,§2)>dt

=1

=~

n

+ z (051 (Sk = 1) dBy () + 0y, (I — 1) dBy, (1)]

=: Kdt + [akl (Sk - 1) dBkl (t) + UkZIkdBkZ (t)] .

)

We can now integrate both sides of (9) from 0 to 7; A T' and
then take the expectations

E[V(Si (g AT), L (g AT),....S, (5 AT), L, (5 AT))]

AT
<V (S$,(0),1,(0),...,S,(0),1,(0) + E HO Kdt]

<V ($,(0),1,(0),...,S,(0),1,(0)) + KT.

(10)

Let O = {f; < T} forl > I and, by (7), P()) >
e. Note that, for every w € €, there is at least one of
Si(1,w) and I (1, w), k = 1,2,...,n, that equals either [ or
1/1, and therefore V (S, (15, w), I, (1, ), . .., S,, (13, w), L, (1, w))

is not less than either

%_1_1n1:%—1+lnl. (1)

I-1-Inl or ]

3
Hence,
V(S (n,0). 1) (1), ..., S, (1, 0), I, (1, w))
| (12)
> (1—1—1nl)/\(7—1+1nz>.
It then follows from (7) and (10) that
V (8, (0),1,(0),...,S,(0),1,(0) + KT
2 E[lo( V(S (1, 0), L (7, ) ... S, (1, 0),, I, (7, w))]
1
¢ (l—1-1r11)/\<7 —1+lnl>],
(13)

where 1 - is the indicator function of €. Letting I — oo,

we have that

00>V (S,(0),1,(0),...,S,(0),I,(0) + KT > co

(14)

is a contradiction. So we must have 7., = co. Therefore, it
implies S.(¢), I (¢), k = 1,2,...,n, will not explode in a finite
time with probability one. O

3. Asymptotic Behavior around
the Disease-Free Equilibrium

As mentioned in the Introduction, E, = (b,/d,0,...,b,/d,0)
is the disease-free equilibrium of system (3), and when R, <
1, E, is globally stable, which means that the disease will be
extinct in the limited time. In this section, we will study the
asymptotic behavior around E,, of system (5).

Lemma 2. If A is nonnegative and irreducible, then the
spectral radius p(A) of A is a simple eigenvalue, and A has
a positive eigenvector w = (W, W,,...,w,) corresponding to
p(A). Besides, if 0 < A < B, then p(A) < p(B). (This lemma
can be found in [20].)

Theorem 3. Assume A = (By;)y, is irreducible. If Ry < 1 and
the following condition is satisfied:

2 _4 2

Oj < §d’ 0, <2(d+e), (15)

then for any given initial value (S,(0), I,(0), ...
R2", the solution of system (5) has the property

»5,(0),1,(0)) €

t 2
lim sup— EJ [(Sk(r)—%> +IZ(r)]dr

t — 00
(16)
Zakaza
a’K, ’
where
K =min{wk—[5kk<d—§oz> d+e—102}
! d +¢€) (d +¢) 4 k) 2 k2 f-

17)



Proof. First change the variables s, = S — b./d, i} = I;; then
-b./d < s, < 0,4, > 0and system (5) can be written as

ds; = <_§{ﬁkj <sk + %)ij - dsk> dt

+ Oj1 (Sk + bd )dBkl (t)

dik = <i18k] <Sk+ )11— (d+€) ik>dt+0k2ikdBk2 (t)
7 ()

Let 8° = (8),89,...,8%), where S = b/d, k = 1,2,...,n

Define
/3115(1) Pra (S(I)+51) ﬁln(s(l)Jrsl)-
d+e d+e d+e
B (S(z) + 52) ,3225(2) o Bon (Sg + 52)
M(s) = d+e d+e d+e ;
ﬁnl (ng + Sn) ﬁnZ (82 + Sfl) ﬁnnsg
| d+e d+e d+e |
(19)

then it is nonnegative and irreducible. By Lemma 2, there
is a positive eigenvector w = (w;,w,,...,w,) of M(s)
corresponding to p(M(s)), such that

(W, W, ..., w,) M (5) = (w;, @, ..., w,) p(M(s). (20)

Define a C*-function V: R — R, by

V(Spdps e s Sypiy) =

1 L 2 L (()k
_Zak(sk"'ik) + Z_ik’ (21)
25 Sd+e

where a;, k = 1,2,...,n, are positive constants. Then the
function V is positive definite, and

dv = Lvdt + Zak (Sk + lk)
k=1

b,
X (Ukl <5k ] >dBk1 (t) + 020k dByy (t)>

n Wy .
— dB,, (1),
+I;1d+€0k21k 2 (1)
(22)
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where

LV = iak (s +1i) [-dse — (d + €) i ]

k=1
2
(s ) ot

ﬁkj(sk+%>ij_<d+e>ik]

?\“N

el

l\.)l>—‘

.
Il
—_

(23)
n wk
BrjSiix
kz_:l];kd +e'
Z [ak (2d + 6) - _ﬁkk] Sklk
k=1
ﬁk = ) Wik
1 n b2
+33ad (zsk% ; d_k) .
=1
Choose a;, = w B /(2d + €)(d + €), k = 1,2,...,n; then
a,(2d + €) — (wi/(d + €)) Biic = 0. And we note that
Bk + ﬁk Ik
,;Ekd j ZUZIM i
= (@, 0y, ..., w,)
ﬁnsg Bz (5(1)+51) Bin (S?+51)-
dé—e d+e d-(l)-e
B (Sz + 52) B22S) ' Ban (Sz + 52)
% d+e d+e d+e
ﬁnl (Sg + Sn) ﬁnZ (Sg + sn) . ﬁnnsg
L d+e d+e d+e E
o
i
X .
i,
= wM (s)i
(24)
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Then
1
LV = - a[(d——cr )5 <d+e 02)1'2]
kz1k k) Skt 5 %2 ) T
M ()i 1 2 (4 b blf
- wi+w (S)I+Ek;akakl syt g
<

1 .
(d +e— za,é) zi]

b2
dZ

1
le) i + (d +e— 5022>i’2‘]

bZ
da’

Yo (4-fob)
(25)
+w(M(s)—-1)i+ = Zakakl

Ya(a-
w(p(M(s)-1)i+= Zakakl

where the last equality is derived from (20) Since -b,/d
se < 0,then 0 < M(s) < M(S°) = ﬁk] [(d + €))psn
M,, and so p(M(s)) < p(M,) according to Lemma 2. Besides,
R, < 1, and then p(M(s)) < 1. Therefore

I IA

Z [(a- 202 ) st +(d+e- 500 )]

3 n
EZ 40~ Fp :| dt
. (26)
b,
+ Zak (s +ix) 01 (5k g )dBkl (t)

k=1

n

Wy
Z (ak (S +ix) pp + Tie sz> ixdBy, (1) .
k=1 +

Integrating both sides of (26) from 0 to ¢, and taking
expectation, yields

SE[V (s (0),iy ()55, (), (1))]

< E[V(5,(0),i,(0),...,5,(0),i,(0))]

cefl Faf(a-3) 0

3¢ L b
+= ) a0, | dr,
2];1 k kldz

which implies
J [Z“k < 0k1>sk(r)+<d+e ;0i2>ii(r)]]dr

< E[V (s, (0),i,(0),...,s,(0),i,(0))] %Z akakldz

(28)
Therefore
htniiip EJ [Zak [( 0k1>sk (r)
1 5\
+ <d +e— 5%2) iy (r)] ] dr (29)
n b2
zakakldz’
that is,

e ] [ S [(-3) (s0-3)

#(dre- %0£2> 2 (r) H dr (30)

b2
—Zakakl 7
If we let
. 35 1,
K, = min {ak <d— A_Lak1>’d+€_ Eakz}’ (31
then

hmsuptEJt [(Sk(r)— %)2 +I,f (r)] dr

t — 0o

(32)

Z 307, b
d’K,
as the theorem is proved. O

Remark 4. From Theorem 3, we can get the conclusion that
the solution of the stochastic system will oscillate around
the disease-free equilibrium of the deterministic model; the
values of 03, and 03, have bearing on the intensity of
turbulence. If the stochastic perturbations become small,
the solution of system (5) will be close to the disease-free
equilibrium of system (3).

Besides, if 03, = 0, then E; is also the disease-free
equilibrium of system (5). From the proof of Theorem 3, we

can obtain
< 32\ 2 L 2\
LVg—Zak <d—j10k1>5k+<d+€_§‘7kz>ik] <0.
(33)

k=1

Therefore, E,, is globally asymptotically stable.



4. The Dynamic of System (5) around the
Endemic of System (3)

In the deterministic model, if R, > 1, there exists the endemic
equilibrium E*. But E* is not the endemic equilibrium of
stochastic system (5), because there is no endemic equilib-
rium for the stochastic system (5). In fact, we still want to find
the relation between the solution of stochastic system and E*.

Given a weighted digraph (&, A) with n vertices, where
A = (ay;),, is the weight matrix, whose entry a;; equals the
weight of arc (j, k) if it exists, and 0 otherwise, the Laplacian
matrix of A is defined as

Yag —ap o —ay
k#1
—Gy X Gy Oy,
L= k#2 . (34)
—an A Z Ak
i k#n

Let ¢, denote the cofactor of the kth diagonal element of L ,,
and we have the following results.

Theorem 5. Assume A = (By;)xy is irreducible and R, >
1. For any given initial value (S,(0),I,(0),...,S,(0),1,(0)) €
R2", the solution of system (5) has the property

t
lim sup— Z J [pkd(Sk ~S Y +my(d+e) (I - I,’:)Z] ds
t— 0o
ach,  (m+ p) b > 2
< + (o
kZl |:( d d2 k1
+((a+ ;)Ckbk . m}k )Uiz] as.
35)

where E* = (S),I],...,S
system (3) andc,, k=1,2,...
diagonal element of L5(A =
My, Pk =1,2,...
proof.

Proof. Since E” is the endemic equilibrium of system (3), we
have

"> 1) is the endemic equilibrium of
, 1, denote the cofactor of the kth

(Bkj)nxn = (ﬁkjsltlf )nxn)’ and a,

,n, are positive constants defined as in the

n n
ZﬁkjSZ I +dS; = b, ZﬁkjSZI; =(d+e)I,. (36)
= =

Define

V(S,I,. s

= aifk (Sk
k=1

SVI’ In)

Sklns I —I In = >
k Ik
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+ch<1k I~ I In 7% )
k

k=1

+ Ekzlmk

=aV,+V,+ V3 +V,,

~Sp L -L) ZPk(Sk st)*
2i3

(37)

where a, my, pr, k = 1,2,...,n, are positive constants to be
determined later. From the property (1) of Lemma A.2 (see
[20]), we know ¢, > 0,k = 1,2,...,n. Hence V is positive
definite. Let L be the generating operator of system (5). Then
we get

LV1:Z <1_S_)<bk Zﬁk;sk dSk)
(1) (Sas-aron)
=

— S]t S * *
Cr |:bk - dSk - bks_k + ]:Zlﬁkfsk[] + dSk

" S II*
—@d+el +@d+eI Zﬁk] K
1
E (Skakl +1 Ukz)
n B n _ . n _ S; . SZ
= ch Zﬁkj +dS —dS - Z:Bkjs_ _dsks_
k=1 = j=1 k k
n_ o, n_op _ S
J * k
+ ;ﬁkjF +dS; - Z:Bkjl* Z kj ST
j= J j=1 k j=1

- 3 1 * *
+Zﬁkj + 5 (Skail +1; ‘71%2) :|

=1

Sk j
_dsk(_ __2) Zﬁk]([* *>
k

Ty

il S LI

(Skak1 +1 okz) :|

>~
Il
—

[
N
ol
| —|

NI'—‘

(38)
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FIGURE I: A = 0.025, g}, = 0.005, 0}, = 0.03, R, < 1. (a), (b) P(k) = m* exp(-m)/k!, m = 6, R, = 0.4704 < 1; (c), (d) P(k) = 2m*k >, m = 3,
R, =0.9071 < 1.
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k=1 k j=1 k=1 j=1 j=1 ko j=l KOk j
n = gy 2 (39)
+ ZM n 1*0,2
P k9%k2
=2 +Zﬁkj 5
j=1

n

I &
Z;ﬁkjsklj -(d+e)l} - EZ;ﬁkjSkIj
i= =

- Ek c * *
l; LV3:ka(sk_sk+Ik_Ik)(bk_dSk_(d+€)Ik)
k=1
* 2

x k% n 22, 272
+d+e) I + 5 + ka TSk * Tl
k=1

2



8 Abstract and Applied Analysis

0.9 T T T T T T T T 0.35
0.85 03| |
0.8 |
0.25 -
0.75 +
0.7 + 0.2 ]
& =
0.65 0.15 T
0.6
0.1t ]
0.55 | /
05 I 0.05 1
0.45 ' : s s s s - - 0 - - : ====—C T ]
0 200 400 600 800 1000 1200 1400 1600 1800 0 200 400 600 800 1000 1200 1400 1600 1800
The time ¢ The time ¢
— k=5 — k=5
k=25 k=25
— k=48 —— k=48
(a) (b)

0.8

0.45 | R
0.4 R
o~ 0.35
0.3
0.25 K
0.2 |
0.15 ¢
0.1 0.1 . \ \ . .
0 100 200 300 400 500 600
The time ¢ The time ¢t
— k=5 — k=5
k=25 k=25
k=48 — k=148
(c) (d)

FIGURE 2: A = 0.05, 0}, = 0.01, 0y, = 0.02. (a), (b) P(k) = m* exp(-m)/k!, m = 6, R, = 0.9409 < 1; (c), (d) P(k) = 2m*k™>, m = 3,
R, =1.8142 > 1.

* * 4 (2d+€)2 £\ 2
my (S =S + I — Iy) S;mk[_<d_m)(sk_sk)
X (=d (S = S¢) = (d+e) (I - I}))

n 2 Q2 2 12
0,5, +0.,1
+Emk—klk2 ka”k

Il
M=

=~
I

1

2 @2 2 12
051 Sk + O Ik

(d+€) 12
R

k=1
S . . d (d+e)?+d? .
= k;mk [—d(Sk -8 —d+e) (I - L) = k;mk [W(sk -8 -

—(2d+€)(Sk—S;)(Ik—I;) 2 Q2 2 712
050 Sk + o li
0'2 SZ +O~2 Iz p= X Re
+%] 2

-y




Abstract and Applied Analysis 9

0.8 T T T T T 0.7
0.7
0.6
0.5
&
0.4
0.3
0.2
0.1 . L . . - 0 . . . . .
0 100 200 300 400 500 600 0 100 200 300 400 500 600
The time ¢ The time ¢
— k=5 — k=5
k=25 k=25
— k=48 — k=48
(a) (b)
i

O 1 1 1 1 1 0.1 1 1 1 1 1
0 100 200 300 400 500 600 0 100 200 300 400 500 600
The time ¢ The time ¢
— k=5 — k=5
k=25 k=25
— k=148 — k=148
(c) (d)

FIGURE 3: A = 0.08, 0}, = 0.01, 0y, = 0.01, R, > 1. (a), (b) P(k) = m* exp(-m)/k!, m = 6, R, = 1.5054 > 1; (c), (d) P(k) = 2m*k™>, m = 3,
R, =2.9027 > 1.

L z L oSt
Lv, = ZPk (Sc=S| b - Zﬁkjsklj - dSy + kZlPk 5
k=1 =1 =
< Oilslzc S C * * *
Dy 2 = =20 | DBk (S =S0) (1 - I; )
k=1 k=1 | =1
n
:ZPk(Sk—SZ) n 2 g2
+ Y Bl (= 1) + d(S - 87) -2
n j=1
><<Z1 By (Si7; —sklj)—d(sk—sk)> (40)
i



10

0‘45 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800
The time ¢
— k=5
k=25
k=48

400 600 800 1000 1200

1400
The time ¢
— k=5
k=25
— k=48

(]

Abstract and Applied Analysis

=
0 200 400 600 800 1000 1200 1400 1600 1800
The time ¢
— k=5
k=25
k=48
(b)
0.7
0.6 |
=2

0 200 400 600 800 1000 1200 1400
The time ¢
— k=5
k=25
— k=148

(d)

FIGURE 4: (a), (b) A = 0.05, 0;, = 0.015, 0, = 0.05, P(k) = m" exp(-m)/k!, m = 6, R, = 0.94.9 < 1. (c), (d) A = 0.025, 0, = 0.01, g, = 0.1,

P(k) = 2m’k™>, m = 3, R, = 0.9071 < 1.

By property (2) of Lemma A.2 (see [20]), we know

n n_T. n_7
sz (Zﬁkjl_i - Zﬁkjl_i> =0,
ik

k=1 =1
(41)
n n _ I n _ I
- j k) _
I;ck ) Byl 72 - Z,Bkj In & =0,
= j=1 j j=1 k
Besides, note that x — 1 — In x > 0 for x > 0; then
S¥ S S.I.I; S I.I;
%k 51 41n 2k, LI T P )
S, S, LS T LSiT;

According to (41) and (42), we get

noono_ S* S II'
5e3 By (2- - 2K )
k=1 j=1 ko TkCkj

<Ya) B |:2—<1+1n2—i>— <1+ln

k=1 j=1

SeLjI;
LSiT;

(43)
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no_ SLL LI v 2
Ck ki = > k ﬁk <1+1n . *) _—ka(d+€)(1k—1k)
262 Pty = 2688 (155,
n B no_ S* (S )2
Saln(-nd) S-S ) B
k=1 j=1 k
(44)
n B n _ I
+kaz kj(lnl_i_lnl_{:> +ZZﬁk;(Ck PiSi) (Sk )(I -I; )
P j k k=1j=1
R ax e
> chZﬁkj 2-3 - ZZ DB (S — S¢)
k=1 j=1 k=1j=1
Substituting (41) and (43) into (38), we get + i aci Sy + (my + pi) Si 2
2 k1
k=1
n S* S
LV, <Y ¢ |-dsp| X+ —2) Sior + Lo} ]
1 k; k|: k( S, S* 2(kk1 k kz) Z(a+1)ck1k+mk1k ,
Ok2
(Sk S c c % % !
= _Z d——— o) ka(skalflJ“Ikaiz)' i[ d (d+e)2+d2](s s)?
k=1 - -m—— -
(45) &P A e koK
Substituting (44) into (39), we get 3 % imk d+e) (- I )2
k=1
< 3 | Tasss- St -3 (23 o (2 :
Cr ﬁk] k*j ﬁk] I* ~_1ﬁkj Sk _ ZE ad _ Zﬁ I (Sk )
. " 2\ 8 ) s
7 I,fa,iz
2Pyt 358 @ ) (- ) (1)
k=1j=1
Lo Lac S + (m+ p) S s
ZC Zﬁk] (S - Sk)( ) + Z > Ok
=1 | =t k=1
_iﬁ (I_k_i) i(a+l)ck21 +mka0k2‘
kj * *
o U\ I k=1 -

Sc Sk 11:‘7132
B3

iz [Zﬁk](sk o) (1 —I)

k=1

L « (S =S )2 I 0132
I _
+;ﬁk] j Sk + 2

Therefore,

LV = alV, + LV, + LV, + LV,

< d+e) +d
—Z Pkd—ka] (Sk -
k=1

2(d+e€)

| S |

Choose a = max{(zj 1[ikjl Vd,k=1,2,....n},m = (d+
e)pkd/((d+e) +d%), Pk = C/Sp> k=1,2,...,m; then

LV < _Z%( Sk) —‘ka(dJre)(Ik Ik)

k=1 k 1

1¢ acb (my + p) b
(46) EZ [( k d2 0'131

- 2
()

N = F(t).
Sk )2 (48)
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Therefore,

dVv < F(t)dt

+ Y [[ackom (Se = ) + (my + pi) 0 (S — i) S
prst

X dBy (t)
+ [e (a+ 1) 0y (I = I) + myopy (I = L) Ii]
xdBy, (1)].
(49)
Integrating both sides of (49) from 0 to ¢ yields
V(t)-V(0)
t
< J F(s)ds
0
t n
# | Y latioi (Se= 50 + (m + pi) o (5 - 57) 8

0 k=1
X dBy, (s)

t n

+LZ (6 (@ + 1) oy (I = ) + myeoi (I = I) Ii]

dBy, (s).
(50)

Let My(t) = [} Y0 (48,00, (Sk — Sp) + (my + P)oga (Sy —

* t —_ *
SIS 1By (s), My(t) Jo ki [erla + Doy (I, - 1) +
M0, (I — I} ) I, 1d By, (s), which are local continuous martin-

gale, and M, (0) = M,(0) = 0. Moreover
M, AR
litnlsoop< M), < 82% [a 4+ (my + p) = ] =

< 00,

M,, M . b b
limsup¥ < 820,32 [Ei(a +1)% + mz—k] d_kz < 00.

t— 00 k=1 k d2
(51)
By Lemma A .4 (see [20]), we obtain
lim X0 _ 0, lim M® _, as,  (52)
t—oo t—oo
which together with (50) implies
F(s)ds
lim inf I— >0 as. (53)
t— 00
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Consequently,

11msup Zj [pkd(Sk—SZ)2+mk(d+e)(Ik—I;)2]ds

t— 00

i [(ackbk (my + py) bzf ) o2
d2 k1

k=1
+1)ch, m v
((a ) Ck k2k )Uiz]’ as.

(54)
Thus Theorem 5 is proved. O

Remark 6. Theorem 5 shows that the solution of system (5)
fluctuates around the certain level which is relevant to E* of
system (3) and 03, 0%,, k = 1,2, ..., n. The distance between
the solution X(¢) = (S;(t),,(£),...,S,(),L,(t)) and E* of
system (3) has the following form:

t
lim supl J [Xx(s) - E*”zds <Clal% (55)
t—oo t Jo
where C is a positive constant and lol? = ZZ;I(GZI + 0,32).
Although the solution of system (5) does not have stability
as the deterministic system, we can draw a conclusion that
system (5) is persistent on the basis of the result of Theorem 5,
which also accounts for the fact that the disease is prevalent.

5. Simulations and Conclusions

5.1. Numerical Simulations. In order to confirm the results
above, we numerically simulate the solution of system (5)
with n = 50, b, = 0.25,d = 0.3, € = 0.01, and initial value
Sk(0) = 0.5, [, (0) = 0.1, k = 1,2,...,50. Using Milstein’s
Higer Order Method [31], we get the discretization equation:

2
Skis1 = Sk + At <bk - Zﬁkjsk,il i dSk,i)
j=1

2
0% 2
+ 03 Sp i VAL, + TISk,iAt (fku - 1) ,

(56)
2
Iivr = i + At Zﬁkjsk,ilj,i —(d+e) I,
=1
o
+ akZIkl\/_EkZl 2 Ik zAt (Ek21 ) >
where k = 1,2,...,nand &, sz’i, i=12,...,N, are the

independent Gaussian random variables N (0, 1).

From Theorem 3 and Remark 4, it is shown that the
expectations of S(¢), I, (t), k = 1,2,...,n, are converging
under some conditions, and the solution of system (5) will
oscillate around the disease-free equilibrium of system (3). In
Figure 1, we choose parameters A = 0.025, o;; = 0.005, and
0y, = 0.03, such that R, < 1, and in Figures 1(a) and 1(b) we

choose P(k) = m exp( —m)/k!, and in Figures 1(c) and 1(d)
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we choose P(k) = 2m?k™>. From Figure 1, we can see that the
disease-free equilibrium E, of system (3) (imaginary lines)
is globally asymptotically stable and the curves of system (5)
(real lines) always fluctuate around the curves of system (3)
(imaginary lines). From Figure 2, we can see that, due to
the difference of the degree distribution, the critical value of
spread is different.

In Figure 3, parameters A = 0.08, o; = 0.01, and
0, = 0.01 and others are the same as the previous. From
Figure 3, we can see that the position of the equilibrium state
is different due to the difference of the degree distribution.
From Figures 1(d), 2(b), 4(b), and 4(d), we found that the
solution of stochastic system converging to the disease-free
equilibrium is faster than that of the deterministic system
with the increase of noise intensity.

5.2. Conclusions. The numerical simulations illustrate the
mathematical theorems well. Due to the existence of the
noise, the solution of the stochastic system goes around the
solution of the deterministic system. With intensities decreas-
ing, the turbulence intensity is weaker. From numerical
simulations, we have a new discovery. When R, < 1, with the
increase of noise intensity, the solution of stochastic system
converging to the disease-free equilibrium is faster than the
deterministic system. This is because of the fact that, when
R, < 1, the disease will die out after some time. However
in the real world many stochastic factors contributed to the
extinction of the disease.
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