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The Cauchy problem of the nonlinear spatially homogeneous Boltzmann equation without angular cutoff is studied. By using
analytic techniques, one proves the Gevrey regularity of the C® solutions in non-Maxwellian and strong singularity cases.

1. Introduction

The standard form of the initial value problem for the spatially
homogeneous nonlinear noncutoft Boltzmann equation is
expressed as follows:

of _
S = QA1)
flt:O = fo ),

where T is a fixed positive number and f(t,v) denotes the
density distribution function for velocity v at time t. The
Boltzmann collision operator is expressed as follows:

Qo N)=[ [ B&-v.0)

x {g(v) F (V) -g(v.) f W} dod,,
P

veR", te(0,T];
1

where S™! is the unit sphere of R”. For o € $"/,

v+ v+, v+v, v+,

V, — * + | |G, V; — — —l |o'. (3)
2 2 2 2

The Boltzmann collision cross section B > 0 is a function that

was assumed to be the following form:

B(lv-v,],0) =@ (lv-v,|)b(cosb),
(4)

cosB = VT Vs .0, 96[0,%],

[v—v,]|

where the kinetic factor ®(|v — v,|) = |v — v,|". The angular
part b has a singularity that satisfies for constant K > 0 and
s€(0,1):

b(cos0) = 0 — 0. (5)

2+2s ’

Cases 0 < s < 1/2,1/2 < s < 1 are considered mild
singularity and strong singularity, respectively. The following
norms of weighted function spaces are introduced:

1 =1 F Ol Wl = (OO F )

>’

(6)

where (v) = (1 + [vHY% (D)) = (1 + |D,)"? is the
corresponding pseudo-difterential operator. The definition of
the Gevrey space can now be listed; compare [1-5].

Definition 1. For s > 1, the smooth function u € G'(R")
which is the Gevrey space with index s if there exists a positive
constant C such that, for any k € N,

|Dfu] gy < € R, )

|L2(R"

or, equivalently,

ety = (D) u L, < C Y, (8)

L2(R")

where

"DI;” iZ(R")' )

iZ(IR”) = Z "Dfu
|Bl=k
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It is indicated that u € G*(R") is also equivalent to the fact
1/s
that there exists €, > 0 such that Py e LR,

Research on the Gevrey regularity of the Boltzmann
equation can be traced back to the work of Ukai [6], who
constructed a unique local solution in Gevrey space for
both spatially homogeneous and inhomogeneous noncutoff
Boltzmann equations. In 2004, Desvillettes and Wennberg [7]
gave a conjecture of the Gevrey smoothing effect. Five years
later, the propagation of Gevrey regularity for solutions of the
nonlinear spatially homogeneous Boltzmann equation with
Maxwellian molecules is obtained in [8]. In that same year,
Morimoto et al. [4] studied linearized cases and proved the
Gevrey regularity of solutions without any extra assumption
for the initial datum. They then considered the C* solutions
with Maxwellian decay in [9]; that is, a positive number &,
exists such that, for any ¢, € (0, T),

Q0 £ e L% ([, T]; H® (R™)). (10)

Under the hypothesesof 0 < s < 1/2,y >0,y +2s < 1, and
the modified kinetic factor ®(|v|) = (1 + IVIZ)V/ 2 they showed
the Gevrey smooth property for this type of solutions to the
Cauchy problem of the nonlinear homogeneous Boltzmann
equation. By using the original definition of kinetic factor,
Zhang and Yin [10] extended the above result in a general
framework: 0 < s < 1/2and -1 <y +2s < L.

In this paper, the same issue in the strong singularity case
1/2 < s < 1 is disussed. To discuss this issue properly,
some notations are introduced. For any a = (a,,a,,...,4,) €
Z%, v=(v,vy...,v,)and & = (§,&,,...,&,), the following
expression is denoted:

lal, =a, +a,+---+a,, =R B,

(a) (1)
a a a a,
[ =Df =000 f.
Foranyr € R, let
(a-r'=(a —r)-(ay—1)-(a,—r),
(12)
(ra)! = (ra))! - (ray)!- -~ (ra,)!
with a convention that K! = 1if0 > K € Z. Forany a' =
(a,ay...,a) € Z!, writea' <aifa <a,i=12,...,n
Moreover,
! al
a j—
Ca = a'lla-a" )l (13)

Instead of the assumption of Maxwellian decay, the smooth
solutions f(t,) € &(R") are considered to satisfy the
following inequality (this type of solutions had been studied
in some literature. E.g., cf. [11]):

| fllzes < Co (14)

For any P € R™,

11z, <Ci -2 (15)
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where §(R") is the standard Schwartz space and C; is a fixed
constant. For any a € Z7,

V@ <o, (16)

A preliminary analysis in Section2 is conducted and
Theorem 2 is proved in Section 3.

Theorem 2. Forv > 1,1/2 < s < L,and0 < y < 1,
assume that f(t,v) € S(R") is a smooth solution of the Cauchy
problem (1) that satisfies (14), (15), and (16). Then for any
0 < t < T, the initial value £(0,-) € G"(R") implies that
f(t,-) € G'(R").

The proof procedure of Theorem 3 is proved in Section 4.

Theorem 3. For 1/2 < s < 1 and 0 < y < 1, assume that
f(t,v) € S(R") is a smooth solution of the Cauchy problem
(1) that satisfies (14), (15), and (16). A positive number exists

T, < T such that for any 0 < t < T,, f(t,-) € G'*(R").

Evidently, the main conclusion of this paper, directly from
Theorems 2 and 3 can be obtained.

Theorem 4. For 1/2 < s < land 0 < y < 1, assume that
f(t,v) € S(R") is a smooth solution of the Cauchy problem
(1) that satisfies (14), (15), and (16). Then, for any 0 < t < T,
ft.") € G'*(R".

2. Preliminary Analysis

In this section, the lemmas are stated and their proof process
is provided.

Lemma 5. Let] > 0, m > 0 be two given numbers. Assume
that f is a function that satisfies (15). Then, for any fixed
number € > 0, a constant C = C(e) exists such that ||f||élm <

Cll f e

Proof. By Lemma 2.4 in [11],

1AV < C I legge - 1 e
1 21
/ /
< 2 flligge 1 i - 1 g

< O flig - I

_ k—1 k-1 _ k-1
< CHORTD A g

1/281

< Uil I
17)
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A positive integer k is chosen such that ke —m > n/2. For any
q>nf2, LY(R") ¢ H9(R™). By combining this Lemma with
(15), the following is obtained:

k-1 k-1
Al < ¢ 1AL
2K 251

1/2k7l (18)
<c'-c (2"
<c'.c, 4.
Therefore,
115 < CUf e 19)

O

Lemma 6. If v > 1, then, for any 2 < r € N, there exists a
constant B depending only on r such that, for any k € N,

sor A0

LS 20
Lk @k - (20)

Moreover, ifv > 1 andr > 1+ (2v/(v — 1)), then there exists a
constant B' depending on v and r such that, for any k € N,

la'].
Czk
a'ez",0<|a’|, <2k

(R R

{2k -}
<B.
(21)
Proof. By using Proposition 3.1 in [9], the following is
obtained:
g o0
k" T{r _anY
£k k-]
1 v
g A=
LT =y

(2k'=7)-(2k' =7 = 1) (K =r+1)]’
{ Qk-1)-Qk-r—1)---(k—r+1) }

v AW -t
Szck'wﬁlg

K'<k
(22)
This completes the proof of the first inequality. Thereafter, the

same analysis technique is applied as the proof of Proposition
3.1in [9] to discuss the second inequality. Notice that

U (2k=1)---Qk—7+1) ¥ 3
-k kK -1)- (kK -r+) > B

if 2k — k' > 2k/2 and 2k > 4r. Therefore, for v > 1 and
r > 1+ (2v/(v - 1)), one has

{(ja'l, + 1=t ok o'l + =)

s o

0<la']. <2k {2k -1}
c K 1= W {2k =K 1= )Y
P (SR8 CR Ry

o<kl <2k {@k - n)t}

< Y (@k@k-1)-@k-r+1)

x (k' (K =1)- (K =r+1)(2k - k')
x (2k=K 1) (k=K ~r+1)) ")

(K+1-r) - (2k-K +1-7)
Qk-7)Qk-r—1)---(2k—2r+ 1)}

(K+1-r)(2k-K+1-r)
k-1 2k -7r=1)-- 2k -2r + D}

r

0<k'<2
<B.
(24)

This completes the proof of the second inequality. O

3. Proof of Theorem 2

Suppose that v > 1,1/2 < s < 1,and 0 < y < 1. Let f(t,-) €
S(R") be a smooth solution of the Cauchy problem (1) that
satisfies (14), (15), and (16). Write

M =-0Ff = 3T et B o

K'<k la], =k’

Then the Fourier transform W(f) =(1+ |§|2)kf(£). For any
a,ae 7%, |al, = k,and a' < a, it follows from (16) that

Va'f(a)f(a—a/) — Vaf(a) . Va'—af(a—a/)

(26)
2 01
which implies that, for any integer I > 0,
(W) 0 20 @)



Therefore,

1£17 = (M) £, ),

) ( Y ¥ e @™ o )
12

K'<k |al, =K'

IR

k'<k|a|, =K'
> sup & <<v>2’f‘“) Y () e,
lal, =k @ 0<a'<a
<V>21f(a) + Z (< >21) f(u a >
0<a'<a 12

> sup (<v>2’ FO )
lal,.=

21,

e | Peal
(28)

Now Theorem 2 is proved. By multiplying both sides of (1) by
M,, f, one gets

2 dt B

LMl _ (af My, f>

= (Q(f. ) Mo f) -

(29)

Consequently,

[Mcf @I = It OF +2 | (QUES), Mai )y

= Ief O 42 (04 1),
(30)

where
I = (Q(ﬁMkf)’Mkf)LZ;
L =Qf ) Myuf)2 = (QUEMif), Mif),2

The following lemma is cited to estimate I;.

(31)

Lemma 7 (part of Theorem 3.1 in [12]). Let 0 < p < 1 and
1/2 < s < 1. Suppose that O(|z|) = |z|". Then

~(Q(g,F),F): 2 Cg||F||§{;/2 _

~c (Il

where C; > 0 is a constant that depends on g and 0 < n <'s
depends on y, s.

2
lols, - 1F1Es,
(32)
2
+lglyy ) VEIE
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By using this lemma with g =
following is obtained:

fand F = M_f, the

L+ Collef

2
e <C(IIE +10 ) IMesl,
S Lo

(33)

where 0 < # < sand C, is a constant that depends only on f.
Given that

gl ™ < ellglis + € lal, G

lalls <

one obtains

DI, < DMty + AL AR

(35)

One chooses € = C,,/2 and applies (15) to deduce that

1
L+ SClMfl, < (AR + 1k, +IAE™)

IMifz

y/2

<
(36)

By combining the above inequality and (30), one yields the
following:

IMef @ +Co [ s

H;/Zdr
t t (37)
< M f O+ | WM Sl dr+2 ] L

Next it is planned to give an estimation of I,. By using the
conclusion in page 146 of [9] (see also page 1177 of [10]), one
has

QUAM =Q(£ )+ (s 1)
+ Z CZI 'Q(f(“’),f(”_“,)). (38)
Thus,

L=(Q(f ) My f)2 = (Q(f, Mif), Micf) 12
= (MQ (£ 1) Mif)e = QS M), Micf) 2
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(3 3 et -Eo

k'<k|al,=k'

(fﬁW”MJ)

LZ

—(Q(fs Mif), Myf),2
Ty oy et

K <k|al,=k' 0<a'<2a
C(Q(F £ ) Muf )
+(Q(Mf, ) My f)ye

=1, +1,,.
(39)

One refers to the estimation from Proposition 3.6 in [13].

Lemma 8. Suppose thaty +2s > 0 and 0 < s < 1. Then, for
any o € [2s — 1,2s] and p € [0,y + 2s],

l(Q(f>9)>h)L2 s

Ilpe, Pl (40)

Y+2s-p

By using this lemma with ¢ = 2s and p = y + 2s, one gets

I = (Q (Mkf’f) ’Mkf)L2

(41)

< CIMf

where 2] > y + 2s + n/2. The final inequahty is used in

hypothesis (14) and the fact that L (R") < v L, (R if
m >y + 2s + n/2. Write
( ) als * |a|*
s Ol = sup Ol B2

k {(lal. - )}

where0 < p < 1,v>1,r > 1+ (2v/(v - 1)). Combining (28)
and Lemma 8 with p = y + 2s, the following is obtained:

T
IZIZZ Z Z (—1)k'C}1§'E

k'<k|a|,=k' 0<a’'<2a

G QA o) M f)

k'<k|al,=k' 0<a'<2a
! ! _ !
.qu>%kﬂ“ﬂH
X "Mkf"H;i;g
<c) 2 X2 ¢
k'<k|al,=k' 0<a'<2a
! !
. Cga f(a) .
« ||Mkf||Hﬁ;g
<sc) ) X ¢
k'<k|al,=k' 0<a'<2a
- a'l (Za—a')!
G T
’ "fl HE,“
o 1 P P
(43)

where s < 0 < 1,2] > y+2s+n/2. By choosing s’ € (25—, s)
and applying Lemmas 5 and 6 and the fact that

a al

2a
sup —- <1, sup — < C, (44)
|u|*:k’C}2Ck, lal, k’k~
one has
L al
121<CZ Z Z ( 2a'W
k'<k|al|,=k' 0<a'<2a **
(Za a )
W ||f|HIu\ +1
wuhmuﬂwfwm)
C{(2k - r)1}"

DI -

k'<klal,=k' 0<a'<2a

' !

s al (Za a)!

a1
* |2'a al*'

(el + 2 =rpy”
. {(|2a—a'|* +1- r)!}v)




x({ax =) )
Al -

{2k - )Y}
—2k’—2)

Hs'+2k : P

<Cp @k =W 1A I s

Z<Qt@m“ﬂ.qwﬂ%“ﬂW
2Kk’
a

" k’ _ |7l
k'<k|al,=k' 0<a’<2 K" C2k {2k -1}

AN

al

(1,1
@K Ja'|, +1-r)f)
< (1K =) ") )

Cp {2k -n)y |||f|||2k I/

Hs+2k
2k —r al
la'l.
Z k Z Y G
( k-1 r)'} et "04“,'*@,{, >

{(a’]. + 1)} {2k - Ja'], 1 —r)!}v>
{GF -y

< C"p @k = A1 1 g

< Cp k= I Al + 1A

Hs’+2k .

(45)
Combining the above expression with (41) yields
L =L+ L, <Cp - {2k - )} |||f”|:k
g+ CIMF

Plugging this estimation into (37) and applying Lemma 5
again, one obtains

Hs+2k dT

t
17 Ol + S [ 171

t
< I f @I +Co |, 1y
t
< I f O+ || [Msl e
t ) t 5
| Iflyde o2 [ 1

#Cp k- [ (1 llde
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< Ol e + G {2k =)

t t
SN aRey e
(47)
By using Remark 2 in [11],

t
pndr+ C' | |l
0
(48)

t t
C | Mflyadr<cy | 1f

Therefore,

Lf Ol < 1f Ol + Co* - {2 - )™
t 4 £y o2 (49)
[, WA 4 fy e

By multiplying both sides of (1) by M, f and using the
same analysis techniques, one can also get

||f(t)||§_12k+1 < ||f(0)||ipk+1 4 Cp22k+D)
{QRk+1- 1’)!}21/ . L |||f|||;1k+1d7 50)

t
C | Uflipadr

Thus, for any k € N,

If Ol < 1 O3 + Cp7* - {(k =1y

. o (5)
ANT R N P
That is,
3]
Ule ) <piron;
(52)
¢ [ (A A1)
which yields

1 Il < [1f @ + ¢ L (AN + Al dr. - (53)

Thereafter, set

F@=]If Ol +C L (AL + 1A dr. - 64

A straightforward calculation provides the following:

Fo=c (Ul sc- (Fo+F o).

te[0,T].
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If the initial value f(0) € G”(R"), one can use a small p to
satisfy |||f(0)|||i T < 1)2. By using (53),

If O] - e
FOIF <F@) < =k —
7 L-|If @]ff - e
2 CT (56)
If O] -e

= F Ol e
Therefore, for any k € N,
If @)l < p™ A=Y < p (kY. (57)

That is, f(t) e
Theorem 2.

G"(R™). This completes the proof of

4. Proof of Theorem 3

In this section, the proof of Theorem 3 is provided. That is,
for1/2 < s < 1and 0 < y < 1, considering the solution
f(t,-) of the Cauchy problem (1) that satisfies the hypotheses
in Theorem 3, one shows that there is a positive number T},
that exists such that f(¢,-) € GS(R™)ift € (0, T,]. To do this,
one assumes that » = s_' and A = 2k, k € N. By multiplying
both sides of (29) by (ptV)ZA, one obtains

)2A

2Q(f f) My f)z - (pt?

o apa dIMf
=(pt")" - 0

4 (58)
= = L) Il ] -

24-(1/v)

L@vA) - (p") " M f

By integrating the above equation from zero to t, the follow-
ing expression is obtained:

()" M f Ol = (o) - [Mef 2 o
=2 J() (Q(f £)» My f)o - (pr") (59)

2A—(1/v)|

t
+ Jo P (2vA) - (pr") |M f)5d.

By writing

If ®a. - (p")"™"
{(al, -}

[[[f ®]]], = sup (60)

lal. <k

one can get

2| (QUAS) M)y (o) e

t
24
+C, L | M f i{;/z (pr )2 dr
(61)

= “ot | £l - (o)
[t o],

where 0 < 25— 1 < 2s— 0 < s’ < s < 1. Considering that the
analytical method is quite similar to the one in Section 3, the
proof of the above inequality is omitted. Therefore,

t
PV 1S e+ Co [ 1 - (o) e

< (pt") M f O]

t
+Co L M, f i{;/z ) (PTV)ZAdT
< (o) IMy £ 210 (62)
o[ Ul -
t 5 4
+C | A= ny [
! L P @va)- (pr ) | M f e

By using the conclusion in page 157 of [9],

P A (o) < ST A= P (7 (0,

(63)
provided that p is sufficiently small. Thus,
P A (pr) )™
_ pl/v e (pw‘r)il 24 <£>2A ) p2A
< (o) AN (2 g2
(64)

+ <E>2A+25 . T2Av 2A

p
- %(PTV)Z(A—U . |(A _ r)|27/ . <E>2A+25—2

4 (pTy)ZA . <E>2A+25.



8
That is,
1 .y 1\ 2A=(1/7) 2
A L p" (2vA) - (pr") My f]l2dx
R I 1
< 2v- (5 JO A1y dr (65)
[ W,
o {(A-nn¥ '

Let

¢ (PTV)Zlal* . ||f|§_1|a\*+s
= dr. 66
[ﬂklng el T (66)

By using (65), if p is a sufficiently small number,

2A (1/v) |

P! (2vA) - (pr") M, f||72dr

o
(A= Jo )

Thus, the following inequality in this case is obtained:

()™ Ol [ (o) A
((A-ny» o {(A-ny¥
e Ml [ G Vi P
{(A—I’)!}zv 0 {(A_r)!}Zv
t Co
¢ | lridr+ 2111,
2 ! (PTV)ZA : “f";ms'
L T
C
v [ TMides 2111,
(68)

Combing the above inequality with Remark 2 in [11] yields

1 140 e [ e
{(A—r)p> 2 b {A-ny”
2 (o) |l
<y Ol +c |

ve[ UM+ 11, )

0

<1 @I+ || (LA, + LTS de

+%[f]A‘
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By using the same approach, one can prove that the above
inequality in the case A = 2k + 1, k € N. By taking
the supremum in each term on the left hand side of this
inequality, one obtains the following for any k € N:

(L @111 < 17 @FF + ¢ || (LA + L) d

(70)
Choosing a suitable number T, € (0,T) satisfies the
following:
1
If O - e < 5. @

Then, for any 0 < t < T,

N O s
< <1, 72
[ILf Ol < o o (72)

which provides the Gevrey smoothing effect in (0, T})). This
completes the proof of Theorem 3.
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