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We consider the fourth-order difference equation: A(z(k + 1)A’u(k — 1)) = w(k) f(k,u(k)), k € {1,2,...,n — 1} subject to the
boundary conditions: 1(0) = u(n +2) = Z?:ll g@u(i), al?u(0) — bz(2)A*u(0) = ¥ h(i)A*uli - 2), alh*u(n) — bz(n + 1)Au(n —

1) = Zgl h(i)A*u(i — 2), where a,b > 0 and Au(k) = u(k + 1) — u(k) for k € {0,1,..

[0, +00) is continuous. k(i) is nonnegative i € {2,3,...

,n+ 2}; g(i) is nonnegative fori € {0, 1,...

i=3
Ln=1} f:1{0,1,...,n} x [0,+00) —
,n}. Using fixed point theorem of

cone expansion and compression of norm type and Holder’s inequality, various existence, multiplicity, and nonexistence results of
positive solutions for above problem are derived, which extends and improves some known recent results.

1. Introduction

Boundary value problems (BVPs) for ordinary differential
equations arise in different areas of applied mathematics and
so on. The existence of solutions for second order and higher
order nonlocal boundary value problems has been studied
by several authors; for example, see [1-11] and the references
therein. Many authors have also discussed the existence of
positive solutions for higher order difference equation BVPs
[12, 13], by using fixed point theorem of cone expansion
and compression of norm type, sufficient conditions for the
existence of positive solutions for fourth-order and third-
order difference equation BVPs are established, respectively.
Recently, there has been much attention on the existence of
positive solutions for the fourth-order differential equations
with integral boundary conditions [14-17]. In [17], Zhang and
Ge considered the differential equation BVP:

(" ®) =w® fExE), 0<t<l,

1
x(0)=x(1) = L g (s)x(s)ds,

ax" ) b lim u ()" 0) = r h(s) 2" (9)ds,

0
ax'" (1) + b lim u (6 X" (1) = Jl )" (s)ds,
t—1" 0
@

where a,b > 0, u € C'([0,1] — [0,+00)) is symmetric on
[0,1],w € LP[0,1] forsome 1 < p < +00, and it is symmetric
on the interval [0,1], f : [0,1] x [0,+00) — [0,+00) is
continuous, and f(1 —t,x) = f(t,x) forall (£,x) € [0,1] x
[0, +00), and g,h € L'[0,1] are nonnegative, symmetric
on [0, 1]. The authors made use of fixed point theorem of
cone expansion and compression of norm type and Holder
inequality to prove the existence of positive solutions for the
above problem.

Motivated by the above works, we intend to study the
existence and nonexistence of positive solutions of the fol-
lowing fourth-order difference BVP with sum form boundary
conditions:

Az (k+ D) Aulk-1)) = wk) f (kuk),

kef{l,2,...,n—1},
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n+1

uO) =u(m+2)=Y g@ud,

i=1
n+l
ad’u(0) - bz (2) A*u(0) = Y h(i) A’u(i-2),
i=3
n+l
at’u(n) + bz (n+1) Au(n—1) = Y h(i) Au(i-2).
i=3

2)

Throughout this paper, we make the following assump-
tions:

(A,) z issymmetricon {2,3,...,n+1}and 0 < ZZ:; z(k) <
+00;

(A,) thereisa m > 0 such that w(k) >m/(n—1) for 1 <

p < +00;
(A,) f:10,1,...,n} x [0,+00) — [0,+00) is continuous;
(A;) h(i) is nonnegative on {2,3,...,n+ 2} and 0 < v <

a, g(i) isnonnegativeon {0, 1,...,n+2} and 0 < y <
1, where v = YV h(i), = Y0 g(i)s
(A ab>0,Q=2ab+a ¥ (1/2(j) > 0.
In order to establish the existence of positive solutions of

the problem (2), we need the following definitions, theorem,
and lemma.

Definition 1. A function x(¢) is said to be a solution of
problem (2) if x(t) satisfying BVP (2).

Definition 2 (see [18]). Let E be a real Banach space over R.
A nonempty closed set P C E is said to be a cone provided
that

(i) au+bv e P forall u,v € Pandall a >0, b >0 and
(ii) u, —u € P implies u = 0.

Every cone P ¢ E induces an ordering in E given by x <
y ifand onlyif y — x € P.

Theorem 3 (see [18]). Let P be a cone in a real Banach
space E. Assume that Q,Q, are bounded open sets in E with

0€Q,Q, cQ,If
A:Pn(Q\Q) — P 3)

is completely continuous such that either

(i) 1Ax| < lIxll, Vx € PN oQy and |Ax| = ||x|, Vx €
PnoQ,,

or

(i) Ax| = lx[l, Vx € PnoQ, and |Ax|| < |x|, Vx €
PnoQ,,

then A has at least one fixed point in P N (52 \ Q).
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Lemma 4 (Holder). Suppose that u = {u;,u,,...,u,} is a
real-valued column; let
" 1/p
<Z|uk|p> , 0<p<oo,
llull, = k=1 (4)
sup |uk| ,  p=o0o,
ke{1,2,...m}

D> q satisfy the condition 1/p + 1/q = 1 which are called
conjugate exponent, and q = oo for p = 1. If 1 < p < o0,
then

luvl, < lull,Ivl,. 5)

which can be recorded as

[/ 1/p /s 4 1/q
(Zluklp> (Zlvqu) , 1<p<oo,
k=1 k=1

n n
St < (Slul) (Lo ). 2=
k=1 k=1 ke{1,2,...,n}

n
( sup |uk|)(2|vk|>, p = 00.
ke{1,2,...,n} k=1

2. Preliminaries

(6)

Let J={0,1,...,n+2}; E={u(k):{0,1,...,n+2} — R}is
a real Banach space with the norm | - | defined by

lul = kf}xlu(k)l' (7)

Let K be a cone of E, and
K, =fueK:ul<r},
OK, ={u e K: |ul| =r}, (8)

K,p={ueK:r<|ull <R},

where 0 <7 < R.
In our main results, we will use the following lemmas and
properties.

Lemma 5. Suppose that (A,) and (A,) hold and v # 1; then,
forall y € E, the BVP

“Az(k+1D)Auk+1)=y(k+2), kefl,2,...,n+1},

n+1

au(2) - bz (2) Au(2) = Y h(i)u (i),

i=3

n+l
au(n+2)+bz(n+1)Au(n+1) = Y h(i)u()

i=3

)
has unique solution u given by
n+l

u(k) =Y Hki)y (@), (10)

i=3
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where

n+l

H (k,i) = G (k, i) + LZG(i,r)h(r),
a-v.3

n+1 1 |
_1 <b+a;z(])>< +azz(1)> 2<i<k,
Q n+l 1 o
<b+a;Z(])>< +azz(])> k<i< 2,

(11)
where Q = 2ab + a* Z;’IZI(I/Z(]')), v= Z?:; h(i).
Proposition 6. Assume that 0 < v < a; then
H(k,i) >0, G(k,i)>0, k,ii€{2,3,...,n+2}. (12)
Proposition 7. Assume that k,i € {2,3,...,n+ 2}; then
1.5 . .. 1
—b" <G (ki) <G(,i) < =D,
Q Q 13)

Gn+4-k,n+4-i) =Gk,

where

2
n+1
:<b+az (J)), kie{23,...,n+2}. (14)

Proposition 8. Suppose that 0 < v < a; then

1 5 . |
—vb"y < H (k,i) < H (i,i) < —yDa,
Q Q (15)

k,i€{2,3,....,n+2},

where

’f Y 1
D=|b+a) — |, y=—,
=z (j) a-v (16)

kyi€{2,3,...,n+2}.

Proof. From Lemma 5 and Proposition 7, we have

n+l

H (k,i) = G (k,i) + LZG(i,r)h(r)
a—vT=3

n+l
> ﬁZﬁ G, 1) h (1)
(17)

n+1

Zhu)

an

On the other hand, using G(k,7) < G(i,i) < (1/Q)D, we
get

n+l1

- V;G G,7)h(7)

H (ki) = G (ki) +
a

n+l

<G(i,i) + a%vz‘gc; (G, 7) h (1)

n+1
_1p, (18)
Q
1 %
< 6D<1 + a_v>
=(—12Day.
]

Lemma 9. Suppose that yu+ 1, for all y € E; the BVP

~Nuk-1)=yk), ke{l,2,...

n+l (19)
u0) =u(m+2)=y gu(

i=1

,n+1},

has unique solution u given by

n+1

u(k) = Y H (ki) y (@), (20)

i=1
where

n+l

LG g,
_Iu‘r=1

H, (k1) = Gy (k) + 5

0<i<k (1)

’2(n+2—k),
G, (ki) =
k<i<n+?2.

5 n+2-1),
Proof. From the properties of difference operator, we can get
—Au(k)+Au(k-1) = y(k); (22)
then we have
-Au (1) + Au(0) = y (1),
—Au(2)+ du(1) = y(2),

—Au(3)+Au(2)=y(3), (23)

“Auk-1)+Au(k-2)=yk-1).
It can imply that
k-1
—Au (k- 1)+ Au(0) = Y y (i). (24)

i=1



4
Let Au(0) = A; we have
k-1
~Au(k-1)=A- ) y(i). (25)
i=1
That is
k-1
u()—u(k-1)=A-y(); (26)
i=1
thus,
u(l)—u(0) =
1
u@)-u(l)=A-Yy(@,
i=1
2
U@ -u@)=A-y0, 27)
i=1
k-1
u(k)—u(k-1)=A-Y y@.
i=1
We can get
k-1 j
u(k)=u () +kA-Y Yy,
j=li=1 | (28)
n+l J
um+2)=u0)+m+2)A-Y Y y(.
j=1i=1
From the boundary conditions, we have
n+l Jj
— 2}21 ;y OF (29)
thus,
n+1 n+l Jj
u (k) = Zg(z)u(z) + —Z >y ()
1i=1
g (30)
k-1 j
Yy ().
j=1 i=1
Because
n+l j
n+ 212 lzl:y )
_k
n+2
x[yM+ @) +y2)
+(yM+y@)+y3)
+yW+y@+-+yn+1)]
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k
= [(n+1)y(1)+ny(2)

+(mn-1)y@) +-+yn+1)]
k
2(n+1)y(1)+n+2ny(2)
k
+~-+my(n+1),
k-1 j
ZZy(i)=y(1)+(y(1)+y(2))
= i=1
o+ (M) +yQ2)+-+yk-1))
= k-DyM+k=-2)y2)+--+yk-1),
(31)
we have
n+l Jj k-1 Jj
n+z;;y(”‘;;y")
3 k(n+l)_ B
—[—n+2 (k 1)])’(1)
kn
[ w-2)he
+-~+[ k (—k+3)—1] (k-1)
n+2 " Y
k k
+[n+2(n—k+2)]y(k)+-~-+my(n+1).
(32)
Thus, we get
n+l n+l
uk) =Y g@yu@)+y G (ki) y i, (33)
i=1 i=1
where
12(n+2—k), 0<i<k,
G (k,i) = " (34)
2(n+2—i), k<i<n+2.

Multiplying the above equation with g(k), summing
them from 1 to n + 1, we have

n+l n+l n+l

Y g®ul)=" gk ) glul
k=1

k=1 i=1

n+1 n+1

+Y 9k YG (ki) yl), (35

k=1 i=1

n+l1 n+l1 n+1
Hu (i) = f (k) ) Gy (ki) y (D).
;glul 1_221 (k)zg 121 1 yyu
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So, we can get

n+1

u(k)= Y G (ki) y (i)
i=1

1 n+1 n+1
t g (k) ) Gy (k,i)y (i) (36)
Tt W LG ke

n+1

= Y H, (ki) y ().
i=1

Proposition 10. Assume that 0 < p < 1; then
H, (k,i) > 0, G, (k,i) > 0,

kiel{l,2,...,n+1},
(37)

H, (k,i) >0, Gy (ki) >0,

k,ie€].

Proposition 11. For k,i € ], one has

1
n+2

e(i)e(k) < G, (k,i) <G, (i,1)
=i<1-;>=e(i)s”—+2, (38)
n+2 4
G m+2-kn+2-i) =G, (ki),
where e(i) = (i/(n+2))(n + 2 —i).
Proposition 12. If 0 < u < 1, then, for all k,i € ], one has

i

pe (i) < H, (k,i) < H, (i,i) <y — (n+2-1)
(39)
n+2 .,
S >
4
where y* = 1/(1—p), p = Y"1 e(r)g()/(n + 2)(1 - ).
We construct a cone on E by
K = {ueE:uZO,Azu(k)go on
(40)
{0,1,...,n}, and minu (k) > 6, ||u||]» ,
keJ
where
2(n+3)vb?
5. - TR
3(n+2)y*a(b+ ay'l, (1/z (7))
Obviously, K is a closed convex cone of E.
Define an operator T: E — E as
(Tu) (k)
n+l n+l
=Y H, (k7)Y H(r+Liw(i-2) f(i-2u(i-2).
=1 i=3

(42)

5
Let
n+l
¥ (k,i) = Y H, (k,7) H (t + 1,i). (43)
7=1

Then we can obtain the following properties.

Proposition 13. If (A,) and (A,) hold, then

(2t D)
4(1-p) (44)
i€e{2,3...,n+2}.

0<V¥(ki <
ke],

Proposition 14. If (A;) and (A,) hold, then, for all k €
J,i€{2,3,...,n+ 2}, one has

(n+1)(n+3) b
—6Q )44

2
. (m+2)(n+1) (|
<‘{’(k,z)sT)} y<b+a;m> a.

(45)

Lemma 15. Suppose that (A,)-(A,) hold; if u € E is a solu-
tion of the equation

n+1

u(k) = (Tu) (k) = Y ¥ (ki) w(i~2) f (i~ 2,u(i -2),
- (46)

then u is a solution of the BVP (2).

Lemma 16. Assume that (A,)-(A,) hold; then T(K) ¢ K
and T : K — K is completely continuous.

Proof. From above works, for all u € K, we have

A? (Tu) (k- 1)

n+l
=-YHk+Liw(i-2)f@i-2u@i-1))<0, (47)

i=3

kef{l,2,...,n+1}.

Because

(Tu)(0) = (Tu) (n+2)

n+1

= Y H,(0,7)
7=1

n+l

x Y H(r+Li)w(i-2)f(i-2u(i-2)

i=3



n+l1

= ZH1 n+2,71)

7=1

n+1

X YH T+ Li)w(i-2)f(i-2u(i-2)

i=3

n+l n+l
= Z ZGI (,7) G(j)
[/l] 1
n+l

x Y H(r+Li)w(i-2) f(i-2u(i-2)
i=3
> 0.
(48)
That is to say (Tu)(k) > 0 for k € J.
On the other hand, for k € J, we have

n+1

(Tu) (k) = Y ¥ (ki) w (i —2) f (i - 2,u(i-2))
i=3

2
() (1) ) o
T <b+az ) (49)

n+1

xay w(i-2)fi-2,u(i-2).

i=3
Similarly, we can get

n+1

(Tu) (k) = Y ¥ (ki) w (i —2) f (i~ 2,ui - 2))

i=3

n+l
> vazypr (i-2)f@-2,u(i-2))
6Q puct

2
n+2)(n+1) ., jas
=0, ————" "y b
4Q < MZ (J))

n+1

vaw(i—Z)f(i—Z,u(i—Z))
i=3

>0, [Tull, ke].
(50)
So, Tu € K and T(K) ¢ K. It is easy to see that T : K —
K is completely continuous. O

3. The Existence of One Positive Solution

In this part, we apply Theorem 3 and Lemma 4 to prove

the existence of one positive solution for BVP (2). We need

consider the following cases for: p > 1, p = 1,and p = co.
Let

fl3 = lim sup maxf(k’ u)’ fp = lim 1nfm1nf(k’ u))

n—f keJ u u—p keJ u
(51)
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where f denotes 0 or oo, and

" P /pi1 1/q
~ n+2)(m+ 1) (&, LS
B-max{—Al(l ” <Z|H|> (;m) ,

n+2)(n+1)
g e

n+l n+l
<b+az ><Z|w|>},
i=3
n+l 2
= |:(n+2)(n+ l)yy*<b+a;%j)> a]

Remark 17 If we only consider the case p = 00, then we can
take

~ (I’l+2) (I’l+ 1) n+l n+l
B= Ty(b Z > (lel) (53)

Firstly, the following theorem deals with the case p > 1.

!

(52)

Theorem 18. Suppose that (A)-(A,) hold. If there exist two
constants r, R with 0 < r < §,R such that

(C)) flk,u) < B_lrfor all (k,u) € J x [8,r,r] and
f(k,u) > (4n7/mé,)QR for all (k,u) € ] x [§,R,R];
or

(Cy) f(k,u) = (4n/md,)QR forall (k,u) € ] x[8,r,r] and

f(k,u) < B”'R forall (k,u) € ] x [8,R, R], then BVP
(2) has at least one positive solution.

Proof. We only consider condition (C,). For u € K, from the
definition of K we obtain that

minu (k) 26, Jlull. (54)
So, for u € OK,, we have u(k) € [08,r,r], which implies
that f(k,u(k)) < Bily. Thus, for k € J, from (C;) we get

n+l

(Tu) (k) = Y ¥ (ki)w(i—2) f (i - 2,u(i-2)

i=3

() (n+1) s

ZH(I Dw(i-2)

4(1-p) P
n+1 1/p n+1 1/q
< (n:‘:(zl (71+ 1)<Z|H|p> <Z|w|q> B—ly
=r=|ul;
(55)

that is, u € 0K, implies that

ITull < full . (56)
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On the other hand, for u € 0Ky, we have u(k) € [§,R, R],
which implies that f(k,u(k)) > (4n/md,)QR; therefore
for k € J, from (C,;) we have

n+1

(Tw) (k) = Y ¥ (ki) w(i—2) f (i~ 2,u(i-2)

i=3

n+1
> % QRZw(,_z)
Y (n+ligl+2)y*y (57)
2
n+l
x| b+a !

< j= ZZ(J)>

=R = |ull;

that is, u € 0Ky implies that
ITull = full . (58)

From the above works, we apply (i) of Theorem 3 to
yield that T has a fixed point u* € K,p, r < [u’| <
R and u*(k) > 8, |u”| > 0, k € J. Thus, it follows that BVP
(2) has at least one positive solution u*. O

The following theorem deals with the case p = 1.

Theorem 19. Suppose that (A,)-(A,) hold and (C,) or (C,)
holds. Then BVP (2) has at least one positive solution.

Proof. Let Z”H |[H (i, 1)) (sup;e(s 4. nﬂ}lw(z - 2)|) replace

(Y HG, i)]P) e O lw(i ~2)9)""" and repeat the argu-
ment of Theorem 18. O

Finally we consider the case p = co.

Theorem 20. Suppose that (A,)-(A,) hold and (C,) or (C,)
holds. Then BVP (2) has at least one positive solution.

Proof. Similar to the proof of Theorem 18, for x € 0K,, we
have

(Tu) (k)

n+1

=YV (kiw(i-2) f(i-2u(i-2)

i=3

n+1 2 n+l
% * <b+az )aB T‘ZLU(I—Z)

n+1 n+1
% * <b+az >aB erw|

<7 =ul.
(59)

So, for x € O0K,, we have |Tul| < [lull. And from the proof
of Theorem 18, |[Tu| > |ul,k € Jforu € 0Kg. Thus
Theorem 20 is proved. O

Theorem 21. Assume that (A,)-(A,) hold. If one of the
following conditions is satisfied

(C5) fo > 4nQ/md, and f*° < 1/B (particularly, f, = co

and f =0);
(C,) f° < 1/Band f., > 4nQ/m&> (particularly, f° =
and fo, = 00),

then BVP (2) has at least one positive solution.

Proof. We only consider the case (C;). The proof of case (C,)
is similar to case (C;). Considering f, > 47Q/md>, there
exists r; > 0 such that f(k,u) > (f, — &)u for k € J,
u € [0,7,], where &, > 0 satisfies f, — &, > 47Q/md>. Then,
fork € J, u € 0K, , from (C;) we have

(Tu) (k)

n+l

=YW (ki)w(i-2) f(i-2,u(i-2)
i=3

L () (n+3) Az

0 vbzypi;w(i—Z)f(i—2,u(i—2))

2
n+l
262—(n+2)(n+1) * <b+az >a(f0—£1)

4Q

n+1

XY w(i-2)u(i-2)
i=3

PICER LSV <b+a’i‘

4Q > a(fo—e)mlul

2 1* n+l
22% <b+az > 82m||u||

> [lull
(60)
thatis, x € BKr1 implies that || Tul| > [lul|.

Next, considering f® < 1/B, then there exists R, > 0

such that

flkuw<(fC+&)u,

where ¢, > 0 satisfies B(f* + ¢,) < 1; assume that

ke], ue(ﬁl,oo), (61)

M = k,
a8 (62)
then
fku) <M+ (f7 +¢)ue. (63)

Choosing R, > max{r,, R;, MB(1 — B(f* + &) '}



Thus, for u € Ky , we obtain

I1(Tw) (I

n+1
=YY (i)w(i-2) f(i-2u(i-2)
i=3
n+l
%ZHU Dw(i—2) fli-2u(i-2)

n+l1
< DD iy w - 2) (M o+ (£ + ) Jul)
4( [’4) i=3

(n:(zl) (n[;; 1)<§IH|P> /p<’§|w|‘1> /q
X (M +(f% + ) lull)

<B(M+ (f% +2) ul)

<BM +(f” +¢,) |ul B

<SR =R (f¥+&)B+(f7 +&)|ul B

~(f* +&) lul B+ (f° +&,) lul B

=Ry
(64)

thatis, u € BKRI, we have | Tu| < ||lu|.

From above works and (ii) of Theorem 3 we know
that T has a fixed point u* € En,Rl’ rn < u" < Ry,
and u*(k) > 8, u”|| > 0, k € J. Thus, it implies that BVP
(2) has a positive solution u*. O

Theorem 22. Suppose that (A,)-(A,) hold. If there exist two
constants r,, R, with 0 < r, < R, such that

(Cs5) f(k,-) is nondecreasing on [0, R,] for all k € J;

(C) f(k,8,1y) = (4nQ/md,)r, and f(k,R,) < B"lR2 for
all k € ],

then the BVP (2) has at least one positive solution.

Proof. Foru € K, from the definition of K we have

mingu(t) > 6, llull. So, foru € 0K, , we have u(k) >
O, llull = 6*r2,k € J, from conditions (Cs)and (Cg), we obtain
(Tu) (k)
n+l

=YW (ki)w(i-2)f(i-2u(i-2)
i=3

n+l

> > (ki) w(i-2) f(i-

i=3

2’ 8* 7’2)
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D (mn+3) o 4nQ s ~
—6Q vbyp ma*rZZw(z 2)

n+2)(n+1) .
—4Q Yy

2
n+l 1 471Q n+l
x| b+ (i-2)
< a] ZZ(J)> rZZw i

=71y = [ul,

:6*

(65)
that is, for u € 0K, , we can imply that
[Tl = ] - (66)

On the other hand, for u € 0Ky , we have u(k) <R, k €
J, this together with (C;) and (Cq), we have

(Tu) (k)

n+1

=YW (ki)w(i-2)f(i-2,u(i-2)

i=3

n+1

< YWk w(i-2) f(i-

i=3

2,R,))

(67)
_(n+2) (n + 1)"*1

0= ZH(I Dw(i-2)f(i-

1/p 1/q
(n+2)(n+1) jas; s B
et (Sur) (Sur) e

=Ry = [ul,

~2R,)

that is, for u € 0K , we can imply that
ITull < full. (68)

From above works and Theorem 3, we prove that T has
a fixed point u” € Erz,Rz’ r, < [lu"l £ Ry, and u™(k) >
8, llu”]l > 0, k € J. So the BVP (2) has at least one positive
solution. O

4. The Existence of Multiple Positive Solutions

Theorem 23. Assume that (A;)-(A,) hold, and the following
two conditions hold:

(C,) fo > 4qQ/md> and f., > 4nQ/md* (particularly,

Jo = foo =00
(Cy) there exists | > 0 such that maXye) eox, f (k1) <
Bl

Then BVP (2) has at least two positive solutions u”*(k),
u” " (k), which satisfy

0<ut| <1< u’]. (69)



Abstract and Applied Analysis

Proof. We can take two constants 7, R and suppose that 0 <

r <1< RIf f, > 4qQ/md>; from the proof of Theorem 21
we have

ITull = full, ueoK,. (70)
If £, > 4nQ/md?2, similarly, we have
ITull = llull . u € OKk. (71)

On the other hand, from (Cy), for u € dK;, we have

n+l
ITul = YW (ki) w (i =2) f (i = 2,u (i -2))
i=3
m+2)(n+ )& o1
W;H(l’l)w(l_Z)B I
1/p 1/q
(n+2) (n+ ) [& s B
2 ) (§or) -
(72)
that is,
ITull <1=|ull, uedK,. (73)

Applying Theorem 3, we can prove that T has a fixed
point u** € K,; and a fixed point u* € K| . Thus, we prove
that BVP (2) has two positive solutions ™, u**. From above
formula we obtain [Ju*|| #! and |lu**|#1L.So 0 < [|u™*|| <1 <

O

™.

Remark 24. From the proof of Theorem 23 we obtain that
if (Cg) holds and f, > 47Q/mé> (or f., > 47Q/md?>), then
BVP (2) has at least one positive solution u. It satisfies 0 <
lleall < I (or 1< ful)).

Using a similar method we can obtain the following
results.

Theorem 25. Suppose that (A,)-(A,) hold, and the following
two conditions hold

(Cy) f° < 1/Band f® < 1/B;
(Cyp) there exists L > 0 such that ming; ok, f(k,u) >
(4nQ/mé,)L,

then BVP (2) has at least two positive solutions u* (k),
u"* (k), which satisfy

0<fu™|<L<|u]. (74)

Remark 26. If (C,,) holds and f° < 1/B (or f® < 1/B),
then BVP (2) has at least one positive solution u satisfying
0<|lu| <L (or L < |lul).

Theorem 27. Assume that (A,)-(A,) hold. If there
exist 2n positive numbers d,,D,, t = 1,2,...,n, withd, <
0,D, <D, <d,<d6,D,<D,<--<d,<68,D, <D, such
that

(Cy) flkyu) < B'd, for (ku) € ] x (8,d,,d,) and
flk,u) > (4nQ/mé,)D, for (k,u) € J x [8,D,, D],
k=12,...,mor

(Cp,) flk,u) = (4nQ/md.,)d,, for (k,u) € J x (8,d,,d,)
and f(k,u) < B'D, for (k,u) € ] x [8,D,,D,], t =
1,2,...,n,

then BVP (2) has at least n positive solutions u
satisfying d, < |lu,| < D, t = 1,2,...,n

Theorem 28. Assume that (A,)-(A,) hold. If there exist 2n
positive numbers d,, D,, t = 1,2,...,n, withd, < D, <d, <
D, <---<d, < D, such that

(Ci3) f(k,-) is nondecreasing on [0,D,] forall k € J;

(Cyy) f(k,6,d,) = (4nQ/md,)d,, and f(k,D,) < B’lDt,
t=1,2,...,n

then BVP (2) has at least n positive solutions u,
satisfying d, < |lu,| < D, t = 1,2,...,n
5. The Nonexistence of Positive Solution

Theorem 29. Suppose that (Ay)-(A,) hold, and Bf (k,u) <
u, forall k € J, u > 0; then BVP (2) has no positive solution.

Proof. Assume that u(k) is a positive solution of BVP (2).

Then u € K, u(k) >0,k € {0,1,...,n+ 2} and
ITull = llull = max Ju (k)]
keJ
n+1

=rgiji;\{f(k,i)w(i—2)f(i—z,u(i—z))

n+l
%ZHU Dw(i—2) f (i - 2.ui-2))

n+1l
%;H(z Nw(-2)Bu@-2)

n+l
< B |u| n+2)(n+l) +(21) (n#; D ZH(I Dw(i-2)

+ UP /n1 1/q
_ n+2)(n+1) [
<B'u ||—< |H|P> ( ||‘1>
- \& 21

i=3
= flull,

(75)

which is a contradiction. O

Similarly, we can get the following result.

Theorem 30. Suppose that (Ay)-(A,) hold and (md>/
Q) f(k,u) > u, forallk € J, u > 0; then BVP (2) has no
positive solution.
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