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We prove the existence of a pullback attractor in L2(R") for the stochastic Ginzburg-Landau equation with additive noise on the
entire n-dimensional space R". We show that the stochastic Ginzburg-Landau equation with additive noise can be recast as a
random dynamical system. We demonstrate that the system possesses a unique 2-random attractor, for which the asymptotic
compactness is established by the method of uniform estimates on the tails of its solutions.

1. Introduction

In this paper, we study the following stochastic Ginzburg-
Landau equation with additive noise defined in the entire
space R™:

du = (A +ip) Audt — (i + iB) |ul*udt

< 1)
— yudt + z ¢;dw; (1),
=1
with the initial condition
u(x,0)=uy(x), xeR", (2)

where A, y, k, 3, y are real coeflicients, with A > 0, x >
0,y > 0,and ¢; € HR") nW*[R"), j = 1,...,m,
being time independent defined on R" and {wj};.":l being
independent two-sided real-valued Wiener processes on a
complete probability space (Q, #, P). Our aim is to study its
long time behavior defined in the entire space R".

Attractors are quite well investigated to describe the long
time behavior of the deterministic equations (see, e.g., [1-7]).
Recently, the concept of random attractors, which is in fact
compact invariant set, was introduced to stochastic dynam-
ical systems from the theory of attractors for deterministic
equations in [8-10]. The existence of such random attractors

for the Ginzburg-Landau equation perturbed by additive
white noise and multiplicative white noise on bounded
domains has been investigated, respectively, in [11, 12].

However, for unbounded domains, we cannot guarantee
the compactness of solutions by the standard method since
the Sobolev embeddings are no longer compact. Hence, to
prove the existence of an attractor, we have to first overcome
this difficulty. For deterministic equations, this difficulty has
been overcome by employing the energy equation approach,
introduced in [13, 14], and then used by others to prove
the asymptotic compactness of deterministic equations in
unbounded domains (see, e.g., [15-22]). In this paper, we
prove the existence of a random attractor for the stochastic
Ginzburg-Landau equation (1), defined on the unbounded
domain R" with the help of tail estimates method, which was
firstly established in [23] to the case of stochastic dissipative
PDEs.

For the mathematical setting, we introduce complex
Sobolev spaces. In general, we denote by X, Y, ... the com-
plexified space of a function space X,Y,.... For example,
L2(R™) is the complexified space of L*(R™). Denote by ()
and || - || the scalar product and the norm in either L*(R™)
or L*(R"). So, if u € L*(R"), then u = {u,, u,}, u; € LA(R™),
j=1,2,and

1/2
hulle = {2z + e} 3)
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Ifu =u, +iu,, v =v, +iv, are in L*(R"),

() = {(up, 1) + (g, v)} +i{(1pvy) = (uy,v)} . (4)

We use letter ¢ > 0 to denote any positive constant which
may change its value from line to line or even in the same line
when necessary.

The whole paper is organized as follows. In Section 2,
we first recall some definitions and propositions on random
attractors for random dynamical systems (RDS). And then,
by Ornstein-Uhlenbeck process, we obtain the continuous
RDS ¢ associated with the stochastic Ginzburg-Landau
equation (1). In Section 3, we concentrate to get the uniform
estimate on the far-field values of the solution as t — ©o
and thus to further establish the asymptotic compactness of
the solution operator ¢. Then, we can exhibit our main result
in the following theorem.

Theorem 1. The random dynamical system ¢ of stochastic
Ginzburg-Landau equation with additive noise has a unique
D-random attractor in L2(R") provided that 3k > 1B

2. RDS Associated with the Stochastic
Ginzburg-Landau Equation on R"

2.1. Preliminaries on RDS. We first recall some definitions.
For more details, one can refer to [8, 10, 24-26].

Definition 2. Let (Q, %, P) be a probability space and {0, :
Q — Ot € R} a family of measures preserving
transformation such that (t,w) — 6,w is measurable, 8, =
id, and 0,,, = 0, o 0, for all s,t € R, and then the

flow 0, together with the corresponding probability space
(Q, F, P, (0,);cr) is called a metric dynamical system.

For Wiener process w ; in (1), we consider the probability
space (Q, &, P), where

Q={w= (0, w,,...,w,) € C(R,R"),w(0) =0}, (5

F is the Borel o-algebra induced by the compact-open
topology of ), and P is the corresponding Wiener measure
on (Q, F). The time shift is simply defined by

bw(s)=w(s+t)—w(s), tseR, wel. (6)

Then (Q, #, P, (0,),cr) is @ metric dynamical system.

Definition 3. A continuous random dynamical system (RDS)
on X over a metric dynamical system (Q, &, P, (0,);cx) is a

mapping:

PR xOxX — X, (thwx)—dtwx), (7)

which is (B(R") x F x B(X), B(X))-measurable such that,
for P-a.e. w € Q,
(i) ¢(0, w, ) is the identity on X;
(ii) ¢t + 5, w,) = P(t, 0,w,") o P(s, w,-) for all £, s € R;
(iii) ¢(f, w,-) : X — X is continuous for all t € R*.
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Hereafter, we always assume that ¢ is a continuous RDS
on X over (Q, F, P, (0,),cr)-

Definition 4. A random variable R : Q — (0, 00) is called
tempered with respect to the dynamical system 0 if, for the
associated stationary stochastic process t — R(6,), the
invariant set for which

.1 _
tgrﬁ)o; log R (6,w) = 0 (8)

(t — —o0 applies only to two-sided time) has full P-meas-
ure.

Definition 5. A random bounded set {B(w)} . of X is called
tempered with respect to (0,),cg if, for P-a.e. w € Q,

Jlim e ?d(B(6_,w)) =0 Ve>0, )
where d(B) = sup, gllxllx-

Definition 6. Let @ be a collection of random subsets of X
and {K(w)}yeq € 9. Then {K(w)},ecq is called a random
absorbing set for ¢ in 9 if, for every B € & and P-a.e. w € Q,
there exists fz(w) > 0 such that

¢(t,0_,0,B(0_,w)) CK (w) Vt>tg(w). (10)

Definition 7. Let 2 be a collection of random subsets of X.
Then ¢ is said to be D-pullback asymptotically compact in
X if, for P-a.e. 0 € Q, {¢(t,,0_, w, x,)} o, has a convergent
subsequence in X whenever f, — o0, and x,, € B(0_, w)
with {B(w)},eq € 9.

Definition 8. Let D be a collection of random subsets of X.
Then a random set {&/(w)},cq of X is called a D-random
attractor (or D-pullback attractor) for ¢ if the following
conditions are satisfied: for P-a.e. w € Q,

(i) o (w)is compact,and w — d(x, /(w)) is measurable
for every x € X;

(ii) &/ (w) is invariant; that is,

¢ (tw A (w) = (0,w) V=05 (11)

(iil) &/ (w) attracts every set in D; that is, for every B =
{Blw)lyeq € D,

tli{lgod (¢ (t.0_,0, B(0_w)), o (w)) = 0, (12)

where d is the Hausdorft semimetric given by d(Y,Z2) =
sup,cyinf e[y — zlx forany Y € Xand Z € X.

Proposition 9 (see [10, 25]). Let D be an inclusion-closed
collection of random subsets of X and ¢ a continuous RDS
on X over (O, F,P,(0,);cr)- Suppose that {K(w)},cq is a
closed random absorbing set for ¢ in D and ¢ is D-pullback
asymptotically compact in X. Then ¢ has a unique D-random
attractor {9 (w)} e which is given by

d (w) = ﬂ U ¢ (t,0_,0, K (0_,w)). (13)

720 t27
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Remark 10. A collection @ of random subsets is called inclu-
sion closed if, whenever {E(w)} ¢, is an arbitrary random set
and {F(w)}, eq is in @ with E(w) ¢ F(w), for all w € Q,
{E(w)} yeq must belong to 2.

2.2. RDS Associated with the Stochastic Ginzburg-Landau
Equation on R”". Denote z(t) = z(6,0) = Z;":l ¢;z;(6,w;),
where

t
z() =2 (etw].)zj & Vdw (), teR,  (4)

satisfies the one-dimensional Ornstein-Uhlenbeck equation
dz; = —yz;dt + dw; (1) . 15)
Since the random variable |z;(w j)I is tempered and |z j(Gtw j)l

is P-a.e. continuous, there exists a tempered function r(w) >
0 such that

3

(|zj (“’;’)|2 + e (“’j)'4) <r(w), (16)

J

I
—_

where r(w) satisfies, for P-a.e. w € Q,

(y/2)It] te R, (17)

r(Qw) <e r(w),
thanks to Proposition 4.3.3 in [24]. From (16) to (17), we get,
for P-a.e. w € Q,
N 2 4N _
Z <|zj (Gtwj)| + |zj (Otw]-)' ) <e r(w), teR.
=1
(18)

Introduce the transformation
vit) =u(t) -z(6,w), 19)
where u is the solution of (1)-(2); then v should satisty

%=(A+i#)AV—(K+iﬁ)IV+Z|2(V+Z) (20)

—yv+ (A +ip) Az

Similar to the procedure in [23], we can obtain that (20) has
a unique solution v(¢, w, v,) with v(0,w,v,) = v,, which is
continuous with respect to v, in L2(R™). Let u(t, w, uy) =
v(t, w, uy—z(w)) +2z(0,w), and then u is the solution of (1)-(2).
Define ¢ : R* x Q x L*(R") — L*(R") by

¢t w,uy) =u(t,w,uy) =v(twuy - z(w) +z(6,w),
(21)

for all (t,w,u,) € RY x Q x L%(R™). Then, we can claim that
¢ is a continuous random dynamical system associated with
the stochastic Ginzburg-Landau equation on R".

3. Existence of Random Attractors

In the following paper, we always assume that 9 is the
collection of all tempered subsets of .*(R") with respect to
(Q, F,P,(0,);cr)- And then we are devoted to prove that ¢
has a random absorbing set in 9, and it is also @-pullback
asymptotically compact.

Proposition 11. There exists {K(w)},cq € D such that
{K(w)}peq is a random absorbing set for ¢ in D. Precisely, for

any B = {B(w)}yeq € D and P-a.e. w € Q, there is tz(w) > 0
such that
¢(t,0_,0,B(0_w)) CK(w) Vt>tg(w). (22)

Proof. By multiplying (20) by v, integrating over R”, and
taking the real part, we get

%%HVHZ = Re (A +iu) (Av, 7)
~Re(x+if) (Iv +2I* (v+2),7) (23)
—YIVI® +Re (A + ip) (Az (6,) 7).
Here
Re (A + ip) (Av, ¥) = =A|Vv|%,
—Re(k +iB) (lv+z|* (v+2),7)
=-Re(k+if)(lv+zl (v+2),v+z)

+ Re (k +ip) (|v+ 2z (v+z),5)

= —«luly + JRn |k +iB| - ul’ |z| dx

27(x% + ﬁ2)2
32«3
27(1<2 + ﬂz)z
3213

Re (A +ip) (Az (6,0),7)

(24)

4 1 4 4
< —«ull, + EK||M||4 + Iz,

1 4 4
< —EK||14||4 + Izl

<

=

" A +iy| - |Vz (6,0)] V] dx

<

| >

A2+ yz 2
V|? + —Z vzt
Vvl o [Vl
From (23) to (24),

d
vau% MV + 2yIvl® + llull;

) ) (25)
A
;“ vzl

27(1<2 + /32)

2
4
el +



We can see that the right-hand side of (25) can be bounded
by

< Zl (|ZJ' (8] +]2; (@w;)l“) 2h(Bw),  (26)
£

since z(6,w) = Z;”:I ¢;z;(6,w;), where ¢; ¢ H*(R™) n
WA(R™).
So, for Vt > 0,

LIy < S 2y <h(Bw), @)

which leads to

v (t, @, v @) < 7 vo(@)]

(28)

t
+ J e h(0,.w)ds, V=0,
0

by multiplying (27) by ¢"* and integrating from 0 to t.
By replacing w by 0_,w, we derive from (18) and (28) that,
forallt > 0,

v (2,60, v, (6_0))[

t
< eV |vy (0 )| + J e (0, ,w)ds
0
Fy @@ + [ e h0.0)d
< bl
< e " |vy(6_,) *:Le (0,w)dr (29)

0
< ez_”t||1/0(0_tcu)||2 +c- J e e Y (w) dr,
t

< eV |vo(0 )| + ¢ %r (w).

By replacing w by 0_,w in (21), one has ¢(t, 0_,w, uy(0_,w)) =
v(t, 0_yw, uy(0_,w) — 2(0_,w)) + z(w). Thereafter,

I (£ 60,0 (6_,))|
= v (£, 00,1y (0_,0) = 2 (6_,w)) + 2(@)
< 2|y (£,6_,0, 1y (6_,0) — z (0_,0))| + 2lz(w)|*
< 2¢7"||uy(B_,w) - 2(6_,0)|

(30)

+ 25 (@) + 2@
y
< e (Jup0_,0)| + 2(6_0)|*)
+ %r(w) +2)|z(w)|*

Recall that both the random variable ||z(w)||* and the random
bounded set {B(w)},cq € 2 are tempered. Then, for any
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uy(0_,w) € B(0_,w), there exists tz(w) > 0 such that, for all
t > tg(w),

47" (Juo @) + |26 )[)
= 4[(e " Ju (0L )]) + (¢ 2 (02 )] 3y
<% ().
So far, for all t > t5(w),
16 (8,60, (O_0))|* < ‘;—Cr @+ 2@ (32)
Select
K@) = {uel (R s Jul? < L+ 2l @I} 63

then {K(w)},cq € 2 is a random absorbing set for ¢ in 9.
The proof is completed. O

Lemma 12. Let B = {B(w)},eq € D and uy(w) € B(w),
and then, for any T, > 0 and P-a.e. w € Q, that is, the two
inequalities of (34) hold true for the solution u(t, w, uy(w)) of
()-(2) and v(t, w, vy(w)) of (20) with vy(w) = uy(w) — z(w),
t > T,, such that

t
J 0w (5,00, ug (0_,))||;ds
T,

< ey (0L 0) + 2 1 w),
K yK
| (34)
| e O1vv(s.0. 0w, (0. 0)) s

1

< %efyt"vo (G_tw)n2 + 2 -1 (w).

pA

Proof. Fix T} > 0, and then replace ¢ by T} and w by 0_,w in
(28); we then obtain

"V (T}, 0_,w, v, (G-tw))llz

, (T (35)
< e "M|vy (6_,0)|° + J- e R (0, w) ds.
0

With (18) and (26) in mind, by multiplying "0 at both
sides of the above equation, one can easily get

e!th ! |v (T, 6_w, v, (effw))llz

Tl
<e|v, (6 0)|” + L e (0, ,0)ds

T,~t
<@l + [ en@edr g

—t

Tt
< e"|vy (0_)|" + ¢ 7 (w) J LTy
-t

<P Ol + 3 r @0,
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From (25) to (26),

d
Envnz + MV + plIvll + wllully

d
< I+ MV + 291’ (37)

+xllull} < h(6,0).

Multiply (37) by e”“™ and then integrate from T, to t; we
then obtain

t
v (£, @, v, (w))n2 +1- IT et [Vv (s, w, v (w))||2ds

t
+K- J e’ "” (s, .1 (w))”ids
. (38)

< eV(Tl_t) "V (Tl’ w, Vo (w))"2

t
+ J e h (0,w) ds.

1

Keep the last two terms on the left-hand side of (38), and
replace w by 0_,w; we then have

t
A- j DV (5,6, vy (6_)) | ds
T

t
+K- J e’ "” (5,0_y00, 1 (G_tw))":ds
T

< T (13,000, (0,0
t (39)
" J- eY(sft)h (0540)) ds

< T (13,000, %, (00
0
. J e""h (0,w) dr.
T,~t

However the second term on the right-hand side can be
bounded by

c-r(w)J0

MPrar < £y (w), (40)
Tyt Y

due to (18) and (26). Together with (36), there is

t
A J Vv (5, 0.0, v (0_w))|*ds
Tl

t
+K- J ey(sft) “M (S, 94“% Uy (940’))“1‘15
T, (41)

w1 | €

< e_"t||vo(0_tw)||2 + ; ‘r(w)e -1 (w)

< e_"t||vo(0_tw)||2 + % cr(w) Vt>T,.

The proof is completed. O

Corollary 13. Let B = {B(w)},cq € D and uy(w) € B(w),
and then, for P-a.e. w € Q, there exists tz(w) > 0 such
that the solutions u(t, w, uy(w)) of (1)-(2) and v(t, w, vy(w)) of
(20), with vy(w) = uy(w) — z(w), satisfy the following uniform
estimates, for all t > tp(w):

t+1 4 4C
L [l (s,6__ e, 1y (6_,_ )|, ds < ? el r(w),

t+1 4 (42)
L [Vv (s,0__ 0, v, (G,t,lw))ﬂzds < f el r(w).

Proof. Replace t by (t + 1) and then replace T by ¢ in (34); we
then deduce

t+1
e’ J; et (5,60_,_ 0, 11g (6_,_y ) |3

t+1

< " u(s,6_,_yw, 1y (6, 0))[yds

Al

< LDy (00 + 2 1 () (3)
'yK

2 e
< e y(t+l) (||u0 (G,Ha))”2 +|= (B,Hw)uz)
+ e -1 (w).

As both random variables uy(w) € B(w) and z(w) are
tempered, there exists fz(w) > 0, such that, for all t > tz(w),

2 (ol + =0 < 27 @),
(44)

which, together with (43), claims that, for all t > f5(w),
t+1 4 4C
J, s 0o (0 w)ids < e @) )
t

With the same procedure as the above, we can also verify
that, for all t > t5(w),

t+1 2 4c
J Vv (s, 0__w, vy (0_,_ )| "ds < 3 e’ -r(w). (46)
t

The proof is completed. O

Corollary 14. Let B = {B(w)}ycq € 2 and uy(w) € B(w),
and then, for P-a.e. w € Q, there exists t g(w) > 0 such that the
solution u(t, w, uy(w)) of (1)-(2) satisfies

t+1
[ Ivu(s.0 sy (0. @) e
(47)

4
< —C-ey-r(w), Yt >ty (w).
Y



Proof. Let tz(w) > 0 just be the one in Corollary 13, and take
t > tp(w) and s € (t,t + 1). Note that by (21) one has

[V (5,601,110 (6 0))

= |V (5,010, v (6,1 @) + V2(0,_,_, )|
(48)

<2|Vv (s, 0 @, v, (9-t-1w))||2
+2|Vz(6, . w)|.
Owing to (18), one has
UL 2
2|v2 (Gﬂflw)”z sc: Z |Zj (esftflw)'
j=1 (49)

(y/2)(t+1-s)

<ce r(w) < ce'?r (w).

Together with Corollary 13, we derive

t+1
Jt ”VU (S) G_t_lw) uO (G—t—lw))llzds
t+1 2

<2 j 199 (5,04 10, v (0, )| ds

t+1 2
+2[ vz 00l ds (50)

t

< id eV (w) + cey/zr(w)

4,
S—C~ey~r(w),

by integrating (48) with respect to s over (t,¢ + 1).
The proof is completed. O

Lemma 15. Suppose \/3x > |Bl, and let B = {B(w)} e, € D
and uy(w) € B(w); then, for P-a.e. w € ), there exists tg(w) >
0 such that, for all t > tg(w),

4
Ve (£, 6.0, 1 (6_,0))|” < f e r(w). (51)

Proof. By multiplying (20) by AV, integrating over R", and
then taking the real part, we get

1 d

S 1V MAYIE + oy
= Re((;<+iﬁ)(|v+z|2 (v+z),A7)) (52)
—Re ((A +iu) (Az (B,w) , AV)).
Since
(lv +zP(v+2), AT/) = (|u|2u, AE) - (lulzu, AZ (Ota))) ,
(53)
while

(Jul*u, At) = - JRn (lul’IVul* + uvaviul*) dx,  (54)
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we have

Re ((K +ip) <|u|2u, Aﬁ))

= —KJ |u|2|Vu|2dx—Kj Re (uVﬁV|u|2)dx
R? R
+p J Im (uVEV|u|2) dx
RYI

— o[ wPivuPax -5 [ (Vi) ax
Rfl [RYI (55)

_B J i (Vi — uVu) V]u|*dx
2 Jrr
_ _lj (3x(VIul)” + 2i (uVa - @) Vul
4 Jpn

+ k|luVu - ﬁVulz) dx
<0,
provided that v3x > |f.

Therefore, for the first term at the right-hand side of (52),
we have

Re ((x +iB) (Iv+2I* (v +2), A7)
= Re((x + i) (|ul*u, Ai1))
~Re((x +iB) (1ulu, AZ (6,0)))
< —Re (1 + i) (|uP'u, AZ (6,0))) (56)
< e +if|- JW jul* - |Az (6,0)| dx

3 1 2
< Sl + 5 (7 + B7) - Az (Gl

On the other hand, the second term at the right-hand side
of (52) can be bounded by

|A + il - J |Az (6,w)| - |AV] dx
Rﬂ

AZ 2 (57)
+
< MavP + = A” |Az6,0)|-
By (52), (56)-(57), we can see that
L 19IE + 2pu?
3 1 2
< Sy + (<" + 57) (58)
AZ + 2
Jaz@,)|! + = Az6,0)
2A
That is,
d 3
anwuz < Enuui +9(0,w), (59)
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where

AZ

2
+
A“ |Az(6,0)| .

g (6,w) = %(Kz + [32)2 . ||Az(0ta))||: + 5
(60)

Since z(0,w) = YL, ¢;z;(6,w;), where ¢; € H*(R™) n

W24(R™), there exists a constant ¢ > 0 such that

9(0@) =c- Y (|2, (0y)[ + |7 (0:0,)]")

j=1 (61)

w2l ViR

<c-e r(w),
Lett > tg(w), s € (¢t + 1), where tz(w) is the positive time
taken in Corollary 13. By integrating (59) from s to t + 1, we

obtain

[Vv (f+ 1, 0,v, (w))||2 < |Vv (s, w, v, (w))||2

3 t+1 4
*3 J (7, @, 4, (@), dT

t+1
+ J g (0.w)dr.

N

(62)

Integrate the above equation with respect to s over (t, ¢ + 1) to
have

[Vv (t+1,0,v, (w))"2 < J-t+1 [Vv (s, @, vq (w))||2ds

3

t+1 A
+ B Jt ||u (1, w51 (w))||4dr

t+1
+ J g (6.w)dr.
t

(63)
By replacing w by 6_,_, w, we derive
Vv (t + 1,6_,_ 0, v (6_,_0))|
t+1 )
< L Vv (s,0_10, v (6, )| "ds
(64)

3 t+1 4
2 e o 0 @)l

t+1
+ J g (er—t—lw) dT'
t

Thanks to Corollary 13, it follows from (61) and (64) that, for
all t > tg(w),

[V (£ + 1,60, 10,7 (01))[

0
54—C'ey-r(w)+;g-ey‘r(w)+J 9(0,w)dr
y =

7
0
< de el r(w)+c- r(w)J e VP ar
')) —
<X (w).
(65)
Then, together with (16), we obtain that, for all t > t5(w),
2
Ve (t + 1,6_,_ 1,15 (6_,_y )|
= Vv (t+1,0_,_ 0,v, (0 0)) + Vz(w)"2
2
<2|Vv(t+ 1,0 0,v, (6_,_ )] (66)
+2||Vz(w)|*
< de el r(w).
The proof is completed. [

Lemma 16. Suppose 3k > |B|, and let B = {B(w)},cq € D
and uy(w) € B(w); then, for every € > 0 and P-a.e. w € Q,
there exist T* = T(B,w,€) > 0 and R* = R*(w,€) such that
the solution v(t, w, vy(w)) of (20) with vy(w) = uy(w) — z(w)
satisfies, for allt > T™,

_[| =R* v (t,6_, v, (6_,w)) (x)|2dx <e (67)

Proof. Let p be a smooth function defined on R" such that
0<p(s) <1foralls e R, and

0 for0<s<l,
= 68
ps) {1 for s > 2. (68)

Then there exists a constant ¢ > 0 such that | p'(s)l < ¢, forall
s € R". Multiply (20) by p(|x|2/l2)17, integrate over R", and
then take the real part to get

Lo (5 e
_ Re(()t+iy) JW p<|)lc—22'> Aszdx)
—Re<(;<+iﬁ) JRnp<|)lc—22'> vz (v+z)17dx>
- )’JW P<@> |v*dx
. Re((/\+ i) pr<|’l€—22'> Aszdx).

(69)



We now concentrate to estimate the terms in (69). Firstly,

Jn <| 2'>Avvdx

(70)

Since

2
— |x| 2x
— | =Vud
Jlslxlsﬁl P < 12 ) g

242 J
< — v
I Jicix<va

(71)

<

Al oY

J [v| - |Vv| dx
<€

(I +19vI7).

then we find that

i
Re((/\+i;4)J p(l )Avvdx>
R
<—A.J |Vv|2p<' 2')dx
< - 7

A+
+C | l+1[/l|

<—A-J V|2 il d
< LV ) dx

+ 7 (VP + 19?)..

72
(1> + 1vv*) 72

Secondly,
’|

[x 2 =
JRnP<Z_2>IV+Z| (v+ z)vdx
2
:J p<|12'>|u| dx (73)
AT
—JRnp<l—2>|u| ‘u-z(6,0)dx

Due to
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2
k ||
£2|K+i/3|JR”P< >|u| dx
c |x' 4
+ e+ | JRnp<lT> |z (6,w)|"dx,

(74)

we have

—Re<x+zﬂ)
_ (u
12
+Re<x+zﬁ) . <| |>|u| E(Gw)dx)

lu|*dx

X
(l—> |v+z| (v+z)vdx>

(75)

X2
Re<()t+i[,t)J. p<' |>szdx>
Rn
2
Y |x' 2
L L1 76
SZJRnP< 12 )|V| dx ( )
2, .2 2
A p<'2|>mz| dx
2y R" )

Finally, from (69) to (76),

I <'2|>|v|dx+ J- p(|x|>|v|dx
2dt 2 2
2 2
+§JR“p<@>|u|4dx+)t J Vv p(|72|>dx

2
< (VP + 199?) + ¢ j <' |>|z€w)| dx
A%+ P x*
" 2)/‘“ J-Rnp(g>|Az|2dx,

(77)
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which implies

j |2| v[*dx + j al RE
dt VI P\ 2

2
< % (Il + 1991) + ¢ - J p(%) |z (6,0)|'dx (78)
RYI
A+’ |x2| 2
e P 1) |az)dx.
i y JRnP< I Azl dx

Proposition 11 together with Lemma 15 shows that there is
T, = tg(w) such that, for all t > T},
2 4c
v (¢, 6_0, v (60_,)) |11 gny < o e r(w). (79)

Now, multiply (78) with ¢"*™ and then integrate over (17, 1)
with respect to s so that, forall t > T},

2
J (l |>|vtwvo(w)|dx
|
< eV(Tl—t)J ( >|V(T1,w vy (w))| dx
R?

T, e (s @)F

1

+

+|Vv (s, @, v, (a)))||2) ds

f [’
+C'J e”(”l ( >|z 0w|dxds
T
2 2 X2
+uj ey(s_ﬂj <| '>|Az 6w|dxds
Y T

(80)
By replacing w by 0_,w in (80), we obtain that, for all t > T,

2
j ( | | ) |V(t 0_w, v, (Q_ta)))|2dx
]
< e)’(Tl_t) J ( |V Tl’ 6_[(*‘)) vO (O—tw | dx
t
* % _[ e "V (S’ 0_,w,v, (9_tw))||2d5
T

t
+ % JT eIV (s, 0_,0, vy (0_,0))|*ds

. 2
+c- J e’ J ( | | ) |2 (6,_,w)| dx ds
T

2 2 ot 2
+ /\% J e’ J ( | ' > |Az (6,_ tw)| dx ds.
T

(81)

We now estimate the terms in (81) as follows.

9
Firstly, from (28), one deduces
"V (T1,0_0, v, (G_tw))||2 <eh "VO(G—tw)“Z
T, (82)
+ J L (6, ,0)dr.
0
Thus,
T [+ 2|
' )J' . |V (T}, 0_yw, v, ( —tw))| dx
<0 (M 6 )
T
+ J /Ty (0,_w) d‘[) (83)
0

Tyt
< e vy (0_0)|” + J_t e”h(0,w)ds

(y/2)(T,-t)

<e v, (6_,w 2+i‘r(w)e
o @ + £

due to (18) and (26). Thus, for any given € > 0, there is
T,(B,w, €) > T, such that, forallt > T,

2
SN (||>Wﬁb9wmowm%xse<m>
For the second, replace T; by s in (82); then we can find
that the second term at the right-hand side of (81) satisfies

t
© (" D 5000, 0
T,

1

t
< % J e_yt"vo (G_tw)uzds
T

t s
. fj J TR (6. w) dr ds
I Jo

Cc _
e (¢ =Ty v (0-,w)|

IN

: (85)
c t s—t -
+ - e’ h(6,0)drds
1, )
c _
S 7€ (=) [lve (940)“2
t s—t
A (@) J J VT 4z ds
I )
C p cr (w)
< Je (t_Tl)"VO —t@ )“ >

1
which implies that there exist T5(B, w, €) > T} and R, (w, €) >
0 such that, forallt > T; and [ > R,

t
% J- v (5,00, v, (0_0))|'ds <e.  (86)
T
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For the third, from Lemma 12, we know that there is
T,(B,w) > T, such that, for all t > T, the third term at the
right-hand side of (81) satisfies

c

t
7 j eV (s,0_,0, vy (0_,0))|*ds < ?—Cr (w). (87)
T, Y

Therefore, there is R,(w,€) > 0 such that, for all t > T, and
[>R,,
c

t
7 J eV (5,0_,0, vy (0_,0))|'ds <e.  (88)
T

Finally, note that the last two terms in (81) can be bounded
by

t
c- J' eVt
T,

2
J <| ') |Az 0, w)|* + |z(95,tw)|4) dxds
(89)
and z(6,0) = Z] 19i2; (Gw ), where ¢ € H*(R™ n
W2*4(R"), and we can find R;(w, €) > Osuch that, foralll > R,
and j=1,2,...,m,

JI o ('S"j (x)|2 + |<pj (x)l4 + 'A(pj (x)'z) dx
by (90)

< min { ye € }
- mécr (w) 2mr (w) |

Accordingly, we have the following estimates for the last two
terms in (81):

o ¥l 4
c- J- e J pl = ||z (6, w)| dxds
T, R" 2
. Ao+l J’ ‘ VD)
Y T,

[ 2
x JRn Pl |Az (6,_,w)| dx ds

Joo ()

X (|Az (Gs_tw)|2

t

—t

SC_J- ey(s )
Tl

X szl (Jaz 0,w)|" + |z (Os_tw)|4) dxds

+]z (Gs_tw)|4) dxds

t
4 -
<cm J eVt
Tl

+ |(pj|4|z]- W )' )dxds
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I )
Sl
XZ;('Z]-( s W; )| |z . ta)j)'4> ds
£

Y€ ! y(s—t)
< — h(0 d
r (w) JTI e ( s—tw) S

0
Y€ y‘rh
: r (w) J-Tl—t e (Bre) dr

0
< Y J VT ar <.

r(w) Jr -t
(91

Let T* = T(B,w,€) = max{T}, T,,T5,T,} and R* = R(w,€) =
max{R;, R,, R;}. Then from (81), (84), (86), (88), and (91), we
know that, forallt > T* and [ > R,

2
J ( | | ) v (2, 0_w, v, ( _tw))| dx < 4e. (92)
That is, forany ¢ > T and I > R",

JI g v (t,0_w,v, (G_ta)))|2dx

2
J <| '>|v(t6twv0(0tw )} dx < 4e.

(93)

The proof is completed. O

Lemma 17. Suppose V3« > ||, and let B = {B(w)} e € D
and uy(w) € B(w); then, for every € > 0 and P-a.e. w € Q,
there exist T* = T(B, w,€) > 0 and R* = R*(w, €) such that
the solution u(t, w, uy(w)) of (1)-(2) satisfies, for allt > T™,

J-|x|>R* |u (t’ 0_w, u, (9_tw)) (x)lzdx <e. (94)

Proof. Let T and R" be the constants in Lemma 16. Then due
to (16) and (90) we know that, forallt > T* and [ > R,

2

z; (wj) dx

m
j Iz () 2dx = j
|x|>R* |x|>R* =1

JH>R ZW |2 (w)fdx  (99)

€
2r(w)z' j | =7
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Thus, together with Lemma 16, we derive, for all ¢ > T* and
l>R",

JI - |u (£, 6_,0,uy (6_,0)) (x)|2dx
= J |v (t,0_w, v, (0_w)) (x) + 2 (w)lzdx
|x[=R*
<2 6w @.w)0f 96)
|x|>R*

+2 J |z (w)*dx
|x|=R*
< 3e.
The proof is completed. 0

Up to now, we are ready to give the &-pullback asymp-
totic compactness of ¢, based on the former uniform esti-
mates referring to the tails of solutions.

Proposition 18. Suppose that \/3x > |B|, and then the ran-
dom dynamical system ¢ is D-pullback asymptotically compact
in L2(R"). That is to say, for P-a.e. w € Q, the sequence
{(t,,0_, w,u,(0_, w)},2, has a convergent subsequence in
L*(R") for t, — 00, B = {B(w)},cq € D, and u,,(0_, w) €
B(G_tnw).

Proof. Lett, — 00, B = {B(w)}yecq € D, and uo,n(e,tnw) €
B(6_, w). By Proposition 11, we know that, for P-a.e. w € Q,

is bounded in L* (R").
(97)

{9 (12001, 00100, (0, 0))},

So, there is £ € L*(R") such that, up to a subsequence,
¢ (tn,O_tnw, Ugp (G_tna))) — & weakly in L* (R"). (98)
It only remains to prove that the weak convergence of (98) is

indeed strong convergence. Let € > 0 be small enough. Since
£ € L*(R™), there exists R, = R(€) > 0, such that

J~|x|>R lf (X)lzdx Se (99)

From Lemma 17, there are T, (B, w, €) and R,(w, €) > R, (¢e) >
0, for P-a.e. w € Q, such that, for all t > T,

JIXI>R ¢ (£,0_,, 1, (G_tw))|2dx <e. (100)

Since t, — 00, let N; = N;(B,w, €) be large enough such
that t, > T, for every n > N,. Hence, it follows from (100)
that, for alln > Ny,

[ e o e @)asze  aom

1

On the other hand, from Proposition 11 and Lemma 15, there
is T, = T,(B, w) such that, forall t > T},

4c
|6 (10 10,1y (0_40)) |1y < 3 er(w).  (102)

Let N, = N,(B,w) > N, such that ¢, > T, forn > N,. Thus,
from (102), we know that, for alln > N,,

2

”¢ (t”’e‘fnw’ Uon (e—tn“’))“Hl(R") = 4?6 el r(w).

(103)

Denote Qp, for the set {x € R” : |x| £ R,}. Due to the

compactness of embedding H ! (QRZ) — I]_Z(QRZ), we deduce
from (103) that, up to a subsequence,

¢ (tn, 0. w,uy, (G_tnw)) — & strongly in L2 (QRZ)’
(104)

which tells us that, for the given € > 0, there exists N; =
N,;(B,w,€) > N, such that, for all n > N3,

"¢ (tﬂ’ 0, @, tho (G_tnw)) -¢

By (99), (101), and (105), we conclude that, for all n > N3,

||¢ (tn, 0_, w,uqg, (G_tnw)) - £“@ZLZ(R")

2
<
L2(Qey S €. (105)

< L ok |¢ (tn, 0_; w,ug, (G,tnw)) - f|2dx

+ J |¢ (tn,G_tnw, U, (G_tnw)) - E'de < 5e.
|x|<R,
(106)

Therefore, up to a subsequence,

) (tn, 0_, w,uq, (O_tnw)) — & strongly in > (R")
(107)

is verified. O

Up to now, we have proved that ¢ has a closed random
absorbing set {K(w)}, cq in @ by Proposition 11 and is -
pullback asymptotically compact in 1*(R™), which is present
in Proposition 18. So, the existence of unique Z-random
attractor for ¢ stated in Theorem 1 immediately follows from
Proposition 9.
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