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The aim of this work is to explore the optimal exploitation way for a biological resources model incorporating individual’s size
difference and spatial effects. The existence of a unique nonnegative solution to the state system is shown by means of Banach’s
fixed point theorem, and the continuous dependence of the population density with the harvesting effort is given. The optimal
harvesting strategy is established via normal cone and adjoint system technique. Some conditions are found to assure that there is

only one optimal policy.

1. Introduction and Problem Setting

Since the classical work by Skellam [1], dispersal or diffusion
of biological individuals has been recognized as one of the
most significant features, which affect the dynamics and
evolution of populations. Researchers made lots of efforts
to understand the role of dispersal in the distribution of
populations and the structure of communities; see, for exam-
ple, [2, 3]. On the other hand, size-structured models are
still an active field due to their ecological importance and
mathematical challenge (see, e.g., [4, 5]).

This paper is concerned with an optimal harvesting
problem of a species model, which incorporates the dis-
persal and body size of organisms. There are a number of
results in some particular situations, such as [6-8] for age-
and space-structured models and [9-18] for size-structured
models without consideration of diffusion. In [9], Botsford
constructed a size-specific population model based on the
continuity equation and suggested that the inclusion of
individual growth rates could reveal optimal harvesting
policies. Some linear optimal harvesting population models
structured by size were introduced in [10, 11]. The optimality
conditions of Pontryagin’s type were obtained in [12] for an
optimal control problem for a size-structured system. Hri-
tonenko et al. [13] analyzed nonlinear optimal control of
integral-differential equations that described the optimal

management of a forest; Gasca-Leyva et al. [14] analyzed
the optimal harvesting time for husbanded biological assets
consisting of individuals of different sizes. In [15], Davydov
and Platov established size-structured population dynamics
in the case where the growth rate, mortality, and exploitation
intensity depend only on the size. The global stability of
a nontrivial stationary state and some necessary optimality
conditions were obtained. Kato in [16] sought the optimal
harvesting rate in a profit maximization problem for a nonlin-
ear size-structured model of two-species population. Other
nonlinear size-specific models can be found in [17,18]. He and
Liu [17] took fertility as the control variable and established
the necessary optimality conditions of first order in the
form of an Euler-Lagrange system. The existence of a unique
optimal controller was established by means of Ekeland’s
variational principle. Similar techniques were introduced
in [18], and the optimality conditions describing the opti-
mal strategy were also obtained via tangent-normal cone
technique.

There are, however, only few models that combine size
structure with spatial diffusion. In Section 1.2 of [5], Webb
introduced a kind of population models with size structure
and spatial position. The theory of semigroup of operators
was employed to study the existence and asymptotical behav-
iors; some numerical simulations were made as an aid to


http://dx.doi.org/10.1155/2014/396420

understand the theoretical results. Moreover, a tumor growth
model was examined. Faugeras and Maury established an
advection model of fish with length and plane position dis-
tribution in [19], for which the well-posedness was rigorously
treated and approximation procedure presented. Further-
more, the model was applied to skipjack tuna population in
the Indian Ocean. Hadeler (in [20]) emphasized the value of
introducing diffusion to structured population models and
discussed how to supply appropriate boundary conditions for
the models.

The objective of this paper is to investigate an optimal har-
vesting problem for a size- and space-structured population
model and to analyze the structure of the optimal strategies.
We are motivated to optimize the economic profits functional
of resources exploitation as follows:

5
maximize J (u) := J
S

LT Lz [w (s, t,x)u (s, t,x) pu (s,t, x)

—%pu2 (s,t,x) | dxdtds,
1

subjecttou € % = {v € L*(Q) : 0 < {,(s,t,x) < v(s,t,x) <
(,(s,t,x) a.e. in Q}, where Q := (s,5)%(0, T)xQ, T > 0is the
finite horizon of control, and Q ¢ RN(N < 3) is a bounded
open domain with a boundary dQ) smooth enough. Constants
s and s stand for, respectively, the minimal and maximal size
of individuals. w(s,t, x) denotes the economic value of an
individual of size s € [s,s] attime t € [0, T] at location x € Q.
p > 0is a costs factor for implementing the control policy u.
p“(s, t, x) is the population density corresponding to 1, which
is governed by the following system:

o, 9(g()p)

o 3 —kAp =—u(s,t,x) p—u(s,t,x)p,

(s,t,x) € Q,
g(s)p(stx)= J B(s,t,x) p(s,t,x)ds, o

(t,x) € (0,T)x Q,

p (S, 0, X) = p() (5> X) > (S’ x) € (§’ E) X Q’

a—P (s,t,x) =0, (s,t,x) €,
on

where ¥ = (s,5) x (0,T) x 0Q, n is the outward unit
normal, and the system (2) is endowed with the homogeneous
Neumann boundary condition, which means no exchange
of population across 0Q). Control variable u € % is the
harvesting effort; functions {; (s, ¢, x) and {,(s, t, x) give the
minimum and maximum harvesting efforts, respectively. The
vital parameters p(s, t, x) and (s, t, x) are the death and birth
rates, k > 0 is the diffusive coefficient, and py(s, x) is the
initial size and spatial distribution of our target population.
g(s) is the growth modulus of size; that is, g(s) = ds/dt.

Hereafter, let T'(s) := Ls(l /g(v))dv. We need the following
definition. -
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Definition 1. The set of curves S = {(s,t) € (s,5) x (0,T) :
t —T(s) = h, h € R} is called the family of characteristic
curves.

Throughout this paper, we make the following hypothe-
ses:

(Hy) g€ C'[s, 3], g(s) > 0,and 0 < g(s) < g < 24(s) for
Vs € [s,5];

(H,) p € Ly,.([s,5)x[0,T] xQ), uls, t,x) = po(s,t) 2 0,a.e.
in Q, where y, € L{, ([s,s) x [0,T]) and f po(s, t -
I'(s) +s)ds = +00,a.e.t € [0,T]; -

(H;) B(s,t,x) = 0 ae inQ, B € L®(Q), and let  :=
T

(Hy) po(s,x) = 0a.e.in (s,3) X Q, py € L™((s,5) x Q), and
let Py := [l poll oo (s 57x02)3

(Hs) w(s,t,x) > 0ae. in Q from (1), w € L*(Q), and let
W= ||w||L°<>(Q)-

Denote by Dp the directional derivative operator of p;
that is,

INT(s)+h),t+hx)=p(st,
DP(SJ,x)‘Z&imOP( (T'(s) +h) x)-pls 9

h
3)
It is obvious that Dp = 0dp/dt + g(s)(dp/0s) for p smooth
enough.
Define
AC(S;1%(Q))
= {k 1S — L*(Q); kis absolutely (4)

continous on any compact subinterval}.

Then, we introduce the definition of weak solutions as
follows.

Definition 2. By solution of system (2), we mean a function
ps,t,x) € L*(Q), which belongs to C(S; L*(Q) n
AC(S; LH(Q)) N L*(S; H'(Q) N L3 _(S; H*(Q)) for almost any

loc
characteristic curve S and satisfies

Dp(s,t,x) —kAp = - [[/l (st,x) +u(s,t,x)+g (s)] p»

ae. (s,t,x) €Q,

Jim g (T ®) p(r™ (), t+h,)
= Jsﬁ(s, t,) p(s,t,-)ds, in L*(Q), ae. t e (0,T),

Jim p (I (T () +h), o) = po (5),

in L*(Q), ae se(s53),

a_p (s,t,x) =0,

ae. (s,t,x) € 2.
3n ( )

(5)



Abstract and Applied Analysis

The remainder of this paper is organized as follows. The
next section deals with the well-posedness of the state system
(2) for given parameters. Section 3 derives the necessary opti-
mality conditions and describes an optimal feedback law of
control, while Section 4 establishes the existence and unique-
ness of optimal strategies. The paper ends with a remarks
section.

2. Well-Posedness of the State System

Lemma 3. If y € L™°(Q) and hypotheses (H,), (Hs), and (H,)
hold, then the system (2) has a unique nonnegative solution.

Proof. Without loss of generality, we may assume that
u(s,t,x) = 0. Let b(t,x) € L*((0,T) x Q) be the density
of population at the minimum size s, and denote by p, the
solution of the following system:

Dp (s,t,x) —kAp = — [y (s, £, x) + g’ (s)] p, (st,x) €Q,

g(s)p(st,x)=b(t,x), (tx)e(0,7T)xQ,

P(5,0,x) = py(s,x), (s,x) € (s,35)xQ,

a—P (s,t,x) =0, (s,t,x)€X.
on
(6)

In what follows, we prove the existence and uniqueness of
Py, following the spirits in [6].

Firstly, we replace p in the right-hand side of the first
equation in (6) with g € L*(Q) arbitrarily fixed:

Dp—kAp: _(#Jfg’)q) (S’t>x) € Q;
g(s)p(st,x)=b(t,x), (t,x)€(0,T)xQ,

7)

p(S, 0, x) = po (5> X) > (S’ X) € (§’§) X Q’

0
2 (s,t,x) =0, (s,t,x) € 2.
on

Then, we regard the above problem as a collection of linear
parabolic systems on the characteristic curves S (let (s, t,,) be
an initial point of S):

op _ _ . -
5 —kaps == (@ + g (17 (T () + 1)) s (),
(h,x) € (0,x) X Q,
s (1x) =0, (hx) e (0,0) x 9
on
b(to’x) if s =
Ps(0,x) = g(s) 8= % x € Q.
Do (sp-x), ift =t

(8)

Here, py(h,x) = pb,q(l"_l(l"(so) + h),ty + h,x) and p, . is
the solution to (7), which is a linear heat equation. By

standard theory of PDE (see, e.g., [21]), we assure that the
system (7) has a unique solution p, , € L*(Q). Clearly, p,, €
C(S; L*(Q)) N AC(S; LA(Q) N L*(S; H'(Q)) N Ly, (S HA(Q))
for almost any characteristic curve S.

Secondly, by Banach’s fixed point theorem, we infer that
there exists a unique bounded solution pj, to the system (6).
The proof is trivial and is omitted here.

We now define an operator & :
L2((0,T) x Q) as

L*((0,T) x Q) —

(D) (t,x) == rﬁ (s,t,x) pp (s, t,x)ds, (t,x) € (0,T) x Q.
’ )

Consider a norm in space L*((0,T) x Q) given by

1/2

T
vl = <L eMvt, -)||§2(Q)dt> , YweL*((0,T)x Q).

(10)

Clearly, it is equivalent to the usual norm. The constant A will
be determined later.

Let b, b, € L*((0,T) x Q), and (s, 2, x) = Do, (5,8, %) =
Pu, (s, £, x). It can be readily verified that r is the solution of
the following system:

or 0(g(s)r)
_ _— — A =0,
o + s +ur—kAr=0

g(§) T(§, t’x) = bl (t) x) - b2 (t)x) >

(s,t,x) € Q,
(t,x) € (0,T) x Q,

r(5,0,x) =0, (s,x)€(s,5)xQ,

g (S’ ta x) = 0) (S, t, x) € Z
on

(11)

Multiplying the first equation in (11) by » and integrating
over Q, := (s,5) x (0,) x Q, we get that

JQ r Jt rgd‘rds dx + JQ Jt J'gr@dsd‘rdx

s Jo ot 0Js

(12)
= J (yrz - krAr) do,

t

where by JQ (-)do we mean Jf JZ _[Q(-)dx dt ds; the style will

be used hereafter.
By (H,), we obtain that

L Jt rr@ds drdx

0Js

-,
-,

jt { [9 ()72 (s, T,x)]E— jsg(s)r%ds} drdx

0

Jt { [Q(S)rz(s, T, x)]E— Jsgr%ds} drdx

0



J-t { [g (s)7% (s, T, x)]E - %gﬂ (s, T, x)|§} drdx
jt [(9 (§)_%§> r 5 1,%)-g(s) r (s, 7, X)] drdx

> - JQ JZ g(s)7* (5,7, x) dr dx.
(13)

In addition, we are able to write down that

st ar 1 2
JQJ J redrdsdx = I CEeay (4

s Jo

So we have

t
It ey <2 | | 907 (st dxdr. 1)
- 0JQ

Then, we can derive the following inequalities:

|tb, - b, |
T 5 2
= ||| B tpy - po)stds|
0 s 12(Q)
T 5 2
) —At
<B| e[ rsoas| ar
0 s 12(Q)
7 T —At 2
<SG-9B| It

<2G-9F

e J g(s)r* (s,t,x)dxdt
0 Q

25-9)B (" [* -
L26-9)B L Le o) = by ) dt

2(§—§)E T T T
_?ET‘LJ;e”Mﬁ»—@@ommﬁwf

2(§_§)El T
=74 A L N LICORLACD A
_ 2(3—5)31 2
26Dy
(16)

It is now obvious that, for any A > 2(s - §)B/ g(s), o is
a contraction on (L*((0,T) x Q), | - ||). Banach’s fixed point
theorem allows us to conclude that there exists a unique b* €
L*((0,T) x Q) such that b* = o/b*. Let

L% ((0,T) x Q) = {v(t,x) € L* ((0,T) x Q); v (t,x) 2 0

a.e. in (0,T) x Q}
(17)
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Since /(L% ((0,T) x Q)) ¢ L%((0,T) x Q) and L%((0,T) x
Q) is closed in L*((0,T) x Q), then b*(t,x) € L%((0,T) x
Q). Consequently, p- (s, t, x) is the desired solution of system
(2). O

Using the approximating procedure of Banachs fixed
point, we obtain the following monotonicity result.

Lemma 4. Under the hypotheses of Lemma 3, let p; (i = 1,2)
be the solutions of the system (2) corresponding to (u;, Bi> Po:)-

Ifuy 2wy, By < Bo Por < Pops then

0<p(st,x) < p,(s,t,x) ae in Q. (18)

Then, we prove the main result of this section.

Theorem 5. Under the hypotheses (H,)-(H,), system (2) has
a unique solution p(s,t,x) in Q. Furthermore, the solution is
nonnegative and bounded:

0<p(s,t,x) <M, ae inQ, (19)

where M, = ||§||LW(Q) and p is the solution of system (2) with
u=0,B=p and p, = p,

Proof. For any N € N* (the set of all positive integers), we
define

N(s,t,x) == min {u(s,t,x),N}, (s,t,x) €Q. (20)

4
It is apparent that u" satisfies the assumption of y in
Lemma 3, and the sequence {y"} is increasing. Denote by py
the unique nonnegative solution of system (2) corresponding
to uN. For Ny < N, < Ny < ---, we have g™ < ¢/ < 4™ <
~~,ar1dsopN1 2PN, 2PN, 200 2 0 by Lemma 4. Beppo
Levi’s theorem implies that

pn(st,x) — p(s,t,x) ae in Q, as N — +oo. (21)

So p(s,t,x) > 0 a.e. in Q. It is not difficult to prove that p is
the unique solution of system (2) (see, e.g., Theorem 4.1.3 in
[6]), but we omit the details.

Then, we examine the boundedness of solutions. Since p
is the unique nonnegative solution of (2) corresponding to
u=07p-= E, and p, = p,, where B and p, are constants
given in (H;) and (H,), Lemma 4 implies that

0<p(s,t,x)<p ae in Q. (22)
Letting M, = ||pll Leo(q leads to
0<p(s,t,x) <M, ae inQ, (23)

which completes the proof. O

3. Optimal Feedback Policy

In order to establish our main theorem, we need the following
auxiliary results.
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Lemma 6. Let p“', p** be the solutions of system (2) corre-
sponding to the controls u,, u, € U, respectively. Then, one has

o - Pl < TC - tlingy 29

where C, is a constant independent of u,, u,.
Proof. Let y = p"t — p*2. Then, y is the solution of

CAACIOP))

ot Js =kAy —py —uy — (u; —wuy) p*°,

(s,t,x) € Q,

g(s)y(stx)= J B(s,t,x) y (s,t, x) ds,

(t,x) € (0, T) x Q,

y(5,0,x) =0, (s,x)€(s5)xQ,

0
ol (s,t,x) =0, (s,t,x)€2.
on
(25)

Multiplying the first equation of (25) by y, integrating on Q,,
we obtain

St ooy L7 a(g(s)y)
2drdsd I dsdrd
JQJS JOyaT ras x+J‘QJ‘O J;y as sarax

:J kyAyda—J (u+u,)y'do

3 Q

+ JQ (uy —uy) p™ydo.

t

(26)

Proceeding in a similar way to the proof of Lemma 3, we
arrive at

Iyt s

t
SZJ J g(g)y2(§,r,x)dxdr+2j (uy —uy) pydo
0 Ja Q

t

s 2
J B(s,7,x) y(s,7,x) ds) dxdr

G b

S

t
+ L lyC, ')"iz((;,z)xmd'[

+ij |Ll1 (5,T,X)—u2 (5,T,x)|d0
Q

t
<(1+C) L PICED!

+M; J |uy (5,7, %) = uy (s, 7, x)|2d0,
Q

(27)

where M, is as in Theorem 5 and C* := ZBZ(E - 5)/g(s).
Bellman’s lemma implies that

")’(" £, ')"iz((g,g)xo) < Mfe(HC*)T““l - ”2||iZ(Q) (28)
holds for any ¢ € (0, T). Consequently,

||}’"iz(Q) < TMfe(HC*)T““l - uz”iz (29)

()
Then, letting C, := Mfe(“c*)T gives the conclusion of
Lemma 6. O

We now define the following dual problem associated
with the system (2):

%

)
o +g(s)a—f+kAq=(#+u)q+wu—q(§)/3,

(s,t,x) € Q,

d
'} (s;t,x) =0, (s,t,x) €2, (30)
on

q(s,T,x) =0, (s,x)€(s5)xQ,

qG.tx)=0, (t,x)€(0,T)xQ.

Denote by g“(s, t, x) the solution to (30) corresponding to u €
% . Introducing the transformation g(s—s, T—t, x) = q(s, t, x),
we then treat the system (30) in the same manner as that in
Theorem 5 and Lemma 6 and obtain the properties of g as
follows.

Lemma 7. The dual system (30) has a unique solution q* €

L®(Q) and
lg“ (s, t,x)| < M, a.e inQ, (31)

where M, is a positive constant.

Furthermore, let "', g™ be the solutions of the system (30)
corresponding to u,,u, € U, respectively. Then, there exists a
positive constant C,, which is independent of u,, u,, such that

I - I < TCollw ~ s 32)

By a standard reasoning, we may derive the following
result.

Lemma 8. Suppose that u™ € % is a solution for the optimal
control problem (1), and p“*is the corresponding solution of
system (2). Then, for any v € L°(Q), such thatu® +ev € % for
€ > 0 small enough, the following holds:

1 . .
- (p” e p” ) —z, aeinQase— 0", (33)



where z € L*(Q) satisfies

%+a@®d

> o —kAz=—(p+u*)z-vp",

(s,t,x) € Q,

g(s)z(st,x) = Ls B(s,t,x)z (s, t, x) ds, G

(t,x) € (0,T) x Q,

2(5,0,x) =0, (s5,x) € (55)x Q,

%= (s,t,x) =0, (s,t,x)€ZX.
on

We now establish the structure of optimal controllers in a
feedback form.

Theorem 9. Let u* € % be an optimal policy for problem (1)-

(2) and p“* and q the corresponding solutions of systems (2)
and (30). Then,

u* (s, t,x) = F {%} (s,t, %), (35)

in which the mapping F is defined as

(Fh) (s, t,x)
(G (s,t,x), h(st,x) < (s t,x),
=3h(s,t,x), §(st,x)<h(s,t,x) < (st %),
(s, t,x), h(s,t,x) >, (st x).

(36)
Proof. Let 7 4,(u™) be the tangent cone to % at u™ (see [22]).

For any v € J4,(u"), we know that u™ + ev € % fore > 0
small enough. Since u* is optimal, it follows that

J (wu*p”* - lpz[kz)dxdt ds
Q 2

> J (w (u" +ev) p* " - %p(u* + ev)z) dxdtds,
Q
(37)

which implies that

u'+ev  u” N
J (um*p P e
Q €
(38)
—%pv (2u” +ev) >dxdt ds < 0.

Passing to limite — 0" in (38) and using Lemma 8, we have
J wu'zdxdtds + J v (wp”* - pu*) dxdtds <0, (39)
Q Q

where z is the solution of the system (34).
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In order to derive the optimality conditions, we will use
the structure of the corresponding normal cone. Firstly, we
verify the following integral relation:

J wu'zdxdtds = J. vp* qdx dt ds. (40)
Q Q

Actually, multiplying the first equation of (30) by z(s, ¢, x),
integrating on Q, and using (34), we obtain that

J wu”zdx dt ds
Q

-1,

4-J kzAqdx dt ds
Q

T bo) T s b
% %
J 35 zdtdxds + Jo L L g(s) s zdsdxdt

0

j J j a5, dtdxds
JT,[ g(s)z (st x)q(s t,x)dxdt

0

T
J j J (9)2 )dsdxdt+J.kqudxdtds

0

a(g(s)2)

-~ JalG %

- J q(s,t,x) B(s,t,x) z (s, t, x) dx dt ds,
Q

2) kAz) dxdtds

J vp" qdx dt ds
Q
= J (p+u")gzdxdtds + J wu*zdx dt ds
Q Q

—J q(s,t,x) B(s,t,x) z (s,t, x) dx dt ds.
Q

(41)
So we have
J ((p+u")gz +wu'z)dxdtds
Q
0z, 3(9(97) "
z g(s)z
=- — + ———= —kAz |dxdtds.
J;q(at+ ds Z) xaras
Similarly, it follows from the system (34) that
0
J q %= + M - kAz |dxdtds
Q ot Os
(43)

_J ((‘u +u')zq+ vp”*q) dxdt ds.
Q
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The relations (42) and (43) imply that (40) is true. Then,
from (38) and (40), it follows that

JQ{[(w +q)p* - pu*] v} (s,t,x)dxdtds <0, w

Vve Ty ).

Therefore, according to the properties of normal cone (see
[22]), the expression in the square brackets of (44) satisfies

(w + q)p”* - pu® € Ng(u"), the normal cone to % at u”.
Consequently, the conclusion follows. O

4. Existence of a Unique Optimal Policy

In this section, we prove the existence and uniqueness of
optimal policies. The main result reads as follows.

Theorem 10. Let the hypotheses (H,)-(Hs) be satisfied. If

2

P

T < >
(W(L + MyC; + WM, C,)”

(45)

where W is as in (H;) and constants M;, C; (i = 1,2) are given
in Theorem 5 and Lemmas 6 and 7, then the optimal harvesting
problem (1)-(2) has a unique solution.

Proof. Firstly, we define a function of € € (0,1) as
H(e) =] (eu; + (1 - &) uy), (46)

where J(-) is of the form (1) and u; and u, € % are arbitrarily
fixed. We will show that H'(e) is strictly decreasing, and then
J(u) is strictly concave in %.

Denote by pf, p® (0 < 8 < 1) the solutions of (2)
corresponding to eu, + (1 —-&)u, and (e +8)u; + (1 - (e+9))u,,
respectively. It follows from (1) that

H' (e)
zéiino% [H (e +6) - H(e)]
_ nm% “Q {w [(e+8)uy +(1— (e +8) ] p*°
1 2
_EP[(S +0)uy + (1= (e+08))uy] }da
_ I {w [eu; + (1 —€)u,] p°
Q

_%p[su1 +(1-¢) uz]z} da]»

7
| e+6 &
:ngOS JQ{w[eul +(1-¢)u,] (P -pP )
+wd (u) - u,) PHS}’ do
—pj [ewy + (1= &) uy] () — 1) do
Q
- JQ [w(uy +e(uy —uy)) 2" +w (u, —uy) pldo
- JQ [p (g + & (uy —uy)) () — u,)] do,
(47)

where z° is the solution of (34) corresponding to u, + &(u; —
u,). By the same argument as that in Theorem 9, we have

J w(uy + e (uy; —u,)) 2°do = J (u, —u,) p°q°do, (48)
Q Q

where g° is the solution of (30) corresponding to u, + &(u; —
u,). Therefore,

H' (¢)

= [ =) " (14 ) = p e oy - )] o
(49)

Next, choosing ¢, &, € (0,1) and &, #¢,, we get that
[H' (@) - H' ()] (e~ )
= (er-es) [ () [wp* (1+4")-wp® (1+4°%)] do
-l —)? | 0 - w)do
Q
= (er-e) | wln —w) (6~ p) (1+4%)
+ 9% (¢~ q*)] do
= pley - &)’ jQ (- u,)’do

=1, - ple, — &)’ JQ (u, — u,)*do.
(50)

Combining Theorem 5 and Lemmas 6 and 7 with Cauchy-
Schwarz inequality, it follows from (H;) that

I <|e—|W {(1 +M,) L2|u1 —w,||p - p?|do

+ M, JQ [uy —uy||q™ - 7| da}



8
<SW(1+M,)e — &)
1/2
X <J |uy - u2|2do- J |p™ - p£2|2d0)
Q Q
1/2
+ WM, |e,—&,| (J Iul—u2|2d0 . J lg™ —q£2|2d0>
Q Q
< (W (1+ M,)+\TC, + WM, TCZ]
X (g, —&)° J |uy - u2|2d0
Q
= ﬁ(w(1 +M,) \ﬁ+WM1\E>
2 2
x (g — &) JQ v, = uy|"do.
(51)
Consequently,

[H, (51) -H' (52)] (51 - 52)

< (ﬁ(W(HMz) \E+WM1\E)—;J)(SI -&)

x J (u, - u,) dx dt ds.
Q
(52)
IfT < p*/(W(1 + M,)+/C, + WM, \/C_z)z, then we have
[H’ (¢)-H' (82)] (e, - &) <. (53)

Hence, H'(e) is strictly decreasing, which implies the strict
concavity of J(u) in %.
Define the functional ¢ : L2(Q) — [~00, +00) as follows:

Jw), ifue,

¢ = {—oo, ifu¢ U 54

It is clear that ¢ is concave in L3(Q). By Lemma 6, we claim
that ¢ is upper semicontinuous. Since % is convex, closed, and
bounded and J(u) is strictly concave, J(u) attains its unique
maximum in %, which is the solution to problem (1)-(2). The
proof is completed. O

5. Concluding Remarks

As a main research result in the present paper, Theorem 9
describes the law of optimal harvesting, which is given by
a feedback manner in terms of the corresponding state and
costate variables. The results in this paper may serve as a base
to many realistic applications. In those situations, one must
estimate the parameters in the harvesting problem, such as
price function w(s, t, x), growth function g(s), and vital rates
¢, P, and then apply some proper numerical procedure or
algorithm to obtain an approximating solution with errors
small enough. We should be satisfied with such treatment
since the coupled state-costate system cannot be expected to
get analytical solutions.
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