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We first propose a new concept of GFC-subspace. Using this notion, we obtain a new continuous selection theorem. As a
consequence, we establish some new collective fixed point theorems and coincidence theorems in product GFC-spaces. Finally,

we give some applications of our theorems.

1. Introduction and Preliminaries

Recently, Ding [1, 2], X. P. Ding and T. M. Ding [3], Tang
et al. [4], Fang and Huang [5] established some collective
fixed point theorems, coincidence theorems, and KKM-type
theorems for the families of set-valued mappings, which are
defined on FC-spaces or product FC-spaces without any
convexity structure.

Very recently, Khanh and Quan [6], Khanh et al. [7]
defined a new notion by GFC-space which is a generaliza-
tion of FC-space and proved some continuous selections
theorems, collectively fixed point theorems, coincidence
theorems, and KKM-type theorems in this new GFC-space.

Motivated and inspired by the work mentioned above,
we will give some new collective fixed point and coincidence
theorems in product GFC-spaces in the present paper. For
this purpose, we first propose a new concept of GFC-
subspace. Using this notion, we obtain a new continuous
selection theorem. As a consequence, we establish some new
collective fixed point theorems and coincidence theorems in
product GFC-spaces. Finally, we give some applications of
our theorems.

For our purpose, first, we present some known definitions
and preliminary results. For a nonempty set A, (A) denotes
the family of all nonempty finite subsets and 2* denotes
the family of all subsets of A. We denote the standard n-
simplex with vertices {e;}", by A,.. The following notion was
introduced by Khanh and Quan [6].

Definition 1 (see [6]). (a) A generalized finitely continuous
topological space or a GFC-space (X,Y, {¢y}) consists of a
topological space X and a nonempty set Y such that for each
finite subset N = {y,, ¥, ..., ¥,} € (Y), one has a continuous
mapping ¢y : A, — X.

(b)Let AB c YandS : Y — 2% be given. Then B
is called an S-subset of Y with respect to A if for any N =
{¥9> Y1>---> ¥} € (Y) and for any {y,, ..., ¥} € AN N, one
has ¢n(A ) € S(B), where Ay = co({ejps - - > € })-

Now we give a new concept as follows.

Definition 2. Assume that (X, Y, {py}) is a GFC-space,C C Y,
and D ¢ X. Then D is said to be a GFC-subspace of X with
respect to C if for each N = {y;, y;,...,¥,} € (Y) and for
any {¥,0,--.» ¥} € CN N, one has ¢y (Ay) € D, where Ay =
co({ejs - - > € })-

Remark 3. By the Definition 2, we know that (D, C, {py}) is
also a GFC-space. Clearly, if Bis an S-subset of Y with respect
to A, then S(B) is a GFC-subspace of X with respect to A. In
addition, if X = Y, then a GFC-subspace D of X with respect
to C coincides with an FC-subspace D of X with respect to C

(see [1]).

Assume that {D;},; is a family of GFC-subspace of X with
respect to C and ();c; D; # 0, where I is an index set. It then
follows from Definition 2 that (), ; D; is also a GFC-subspace
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of X with respect to C. For any given subset A of X, we define
GFC-hull of A with respect to C by

GFC(A,Q)
=n{BcX:AcCB,

Bis a GFC-subspace of X with respect to C} .
@

We simply write GFC(S(C)) instead of GFC(S(C),C)
when A = S(C). We can easily show that GFC(A, C) is also
a GFC-subspace of X with respect to C.

Let X be a topological space. A set A ¢ X is called com-
pactly closed (resp., compactly open) if for each nonempty
compact set K ¢ X such that A N K is closed (resp., open)
in K. And the compact interior and the compact closure of A
(see [8]) are defined by

cint (A) = U{B c X : B is compactly openin X, B C A},

ccl(A) =n{B c X : B is compactly closed in X,B C A}.
2)

Clearly if K is a nonempty compact subset of X, then we
deriver that cint(A) N K = intg (AN K),ccl(A)NK = clg(AN
K), and ccl(A \ K) = X \ cint(A).

Assume that Y and Z are nonempty sets and X is a
topological space. Define two set-valued mappings F : X x
Y - 2%2andC : X — 2% F(x, y) is called transfer
compactly upper semicontinuous in x with respect to C (see
[9]) if for any nonempty compact subset K of X and any
x € K, theset{y € Y: F(x, y) € C(x)} # 0 means that there
is a relatively open neighborhood N(x) of x in K and a point
y' € Y such that F(z, y') C C(z) forall z € N(x).

A mapping T : X — 2% is called transfer compactly
open-valued (resp., transfer compactly closed-valued) on X
(see [8]) if for each x € X and each nonempty compact
subset K of Y, y € T(x) N K (resp., y ¢ T(x) N K) means
that there is x' € X such that y € intK(T(x') N K) (resp.,
y¢ dp(T(x") N K)).

We need the following two results. The first statement was
proved by Ding and Park [9].

Lemma4 (see [9]). LetY and Z be two nonempty setsand X a
topological space. Let F : XxY — 2%andC : X — 2% betwo
set-valued mappings. Then F(x, y) is transfer compactly upper
semicontinuous in x with respect to C if and only if the mapping
T:Y — 2% defined by T(y) = {x € X : F(x, y) ¢ C(x)} is
transfer compactly closed-valued on'Y .

The second statement is Lemma 1.1 of Ding [8].

Lemma 5. Assume that X and Y are two topological spaces
and F : X — 2V is a set-valued mapping with nonempty
values. Then the following statements are equivalent:

() F' .Y — 2% is transfer compactly open-valued;
(ii) for any compact subset K of X and any x € K, one

has y € Y satisfying that x € cintF~'(y) n K and
K = U, ey intg(F' N K).
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Throughout this paper, we always let I and ] be any
given index set. Now we give the following statement, which
generalizes Lemma 1.1 of Ding [1].

Lemma 6. Suppose that (X;, Y, {py }) is a GFC-space for each

i€ LIfX = [l;gXY = [LierYs and o = [lic19n,» then
(X, Y, {oy}) is also a GFC-space.

Proof. Letm; : Y — Y, be the projective mapping from Y to
Y, for each i € I. For any given N = {yy, ¥;,..., ¥} € (Y),
we denote N; = m;(N) = {m;(yp),...,m;(y,)} € (Y;). Note
that (X;,Y;, {SDN,. }) is a GFC-space. Then we have a continuous
mapping ¢y : A, — X, for eachi € I. So we may let a
mapping ¢y : A, — X by py(a) = [[;9n, (@), for any a €
A .. Tt follows that ¢y is a continuous mapping, which means
that (X, Y, {py}) is a GFC-space. So Lemma 6 is proved. [J

2. Continuous Selection and
Collective Fixed Points

Theorem 7. Assume that (X,Y, {¢N}) is a GFC-space and Z is
a compact topological space. Suppose that F : Z — 2' and
G:Z — 2% are such that

(i) Z = U, ey cint F'(y);

(ii) for any given z € Z, G(z) is a GFC-subspace of X with
respect to F(z).

Then one has a continuous selection g : Z — X of G satisfying
g =@y, wheregp : A, — Xandy :Z — A, arecontinuous
forsomen € Z*,

Proof. By condition (i), we know that there exists N =
{Yo> V1> ¥t € (Y) such that Z = [J cint F7'(y,) since

Z is compact. Assume that {y;}}_ is the continuous partition
n

of unity subordinated to the open covering {cint F~" (y,)}'.;

then for anyi € {0, 1,...,n} and z € Z, one has

v, (2) 20 e z ecint F ' (y)) c F ' (y,) = y, € F(2).
)

Lety : Z — A, be a mapping with y(z) = Y, yi(2)e;.
Clearly vy is continuous and for any z € Z, one has y(z) =
Yicl(x) wj(z)ej where J(x) = {j € {0,1,...,1} : y;(z) #0}. So
by (3), we get {yj : j € J(x)} ¢ F(z) N N. It then follows from
condition (ii) that for z € Z,pn(A () € G(2). It is easy to
see that g(z) = ¢y o ¥(2) € pn(A () € G(z), which implies
that g = @ © ¥ is a continuous selection of G. The proof of
Theorem 7 is completed. O

Remark 8. Applying the definition of GFC-subspace, we
extend Theorem 2.2 of Tarafdar [10], Proposition 1 of Browder
[11], and Theorem 2.1 of Ding [2] to GFC-spaces without any
convexity.

Theorem 9. Assume that X = [[;¢;X; and (X;, Y, {py }) isa
compact GFC-space for each i € I. Suppose that F, : X — 2%
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and G; : X — 2% are two set-valued mappings satisfying the
following conditions:

(i) X = U,,ey, cint E Ny

(ii) for any given x € X, G;(x) is a GFC-subspace of X;
with respect to F;(x).

Then one has a point X = (X;);c; € X such that X; € G;(X) for
i€l

Proof. For any given i € I, using Theorem 7, we obtain
that there are continuous mappings Py, An,. — X, and
y; + X — A, such that g; = ¢y o y; is a continuous
selection of G; for some positive integer ;. Assume that E; is
the linear hull of the set {eg, €155 €, } for each i € I. Clearly
E; is a locally convex Hausdorft topologlcal vector space as
it is finite dimensional and A,, is a compact convex subset
of E;. Moreover, E = [[;;E; is a locally convex Hausdorft
topolog1cal vector space and A = [],,A, is a compact
convex subset of E. Nowlet § : A — X and ¥:X — Abe
two continuous mappings with

©@)=[]on(R®), Y@=y, (4

i€l i€l

where P, : A — A, is the projection of A onto A, for any
giveni € I. It then follows from the Tychonoft ﬁxed point
theorem that the continuous mapping ¥ o ® : A — A has
a fixed point § € A; thatis, § = ¥ o O(F). Let X = O(). It
follows that

a?=\v°<1><f)=<1><1"[w,-(x)>

i€l

=[x, <R- <Hwi @)) =[lon v ®.
iel i€l i€l

This means that X = @y © y;(X) € G;(X) for each i € I. So
Theorem 9 is proved. O

Theorem 10. Assume that Z; is a topological space and
(X, Y {pn,}) is a GFC-space for each i € I. Suppose that
X = [LigXsSi : 2, — 2%and T, : z, — 2% and
g; : X — Z; is a continuous mapping such that

(i) for any compact subset D; of Z;, D; = |J,, ¢y (cint S
(}’i) N Di);

(ii) for any z; € Z,,T;(z;) is a GFC-subspace of X; with
respect to S;(z;);

(iii) there is a nonempty subset of Y{' C Y; such that the set
B; = ﬂy,-eY}’(Cim S (3,))° is empty or compact in Z,,
and for any N; € (Y,), there exists a compact GFC-
subspace Ky of X; with respect to L, containing Y u
N.

i

Then one has a point X = (X;);¢; € X such that X; € T;(g;(X))
foreachi e I

Proof. Forany giveni € I, if B; is a nonempty compact subset
of Z;, then by (i) one has

B, = |J (cintS;" (y)) nB;) ¢ | J cintS;" (). (6)

yi€Y; Yi€Y;

Moreover, noticing that B; is compact, we can find that
there is a finite set N; € (Y;) such that

- c e
B; = ﬂ (cmtSi ! (yi)) C U cintS; " (y;). @)
y;€Y? Yi€N;
It then follows from (7) that
- U cintS; "' (y;) U < U cint S; ' (yi)> . (8)
y,‘EYiO yi€N;
If B; is empty in (iii), then we derive that

Z;=Z\B;=Z;\ () (cintS;" () = |J cintS;" ()
yi€Yy y€Y?
©))

From condition (iii), we know that there exists a compact
GFC-subspace Ky, of X; with respect to Ly, containing Y U
N;. So by (8) and (9) we get

Z;= U (cintS;* (3,)) - (10)
Yi€ly;

Now let Ky = [[;¢;Kn> Ly = [liefLn,»> and ¢ =
[lier9n;- By condition (iii), we deduce that (Ky, Ly, {¢n,})
is a compact GFC-space. It then follows from Lemma 6 that
(Kn» Ly {on}) is also a compact GFC-space. Let P, : Ky —
28 and Q; : Ky — 2% be two set-valued mappings with

Si(g:(x))n Ly,

Q;(x)=T;(g;(x))N Ky, forx e Kjy.

P (x) =
(1)

In order to show that the conditions (i) and (ii) of
Theorem 9 hold, we only need to show that Q;(x) is a compact
GFC-subspace of Ky with respect to P(x), and Ky =

Uyer,, cint P '(y,). By conditions (ii) and (iii), it is easy to see
that Q;(x) is a compact GFC-subspace of Ky with respect to
P,(x). It remains to show that K, = inELN,- cint P! (y;). On
one hand, for each y; € Ly, we deduce that
-1
P ()
={xeKy:y € P}

{xeKy:y €8 (g:x) Ly}
{x e Ky:y€Si(g)}
{xeky:xeg (S )}
9i

ST )

(12)



On the other hand, by (10), we obtain

g (Ky) c Zi= | (cintS;" (). (13)

yi€ly;

It then follows form (12), (13), and the continuity of g; that

Ky cg;' < U cints;’ (yi)>

yi€ly,

= |J g (cints;* () (14)

yi€Ly,

= U (cintPf1 (yl-)) C Ky.

yi€lLy,

Hence Ky =y, cint P! (y;). Then Theorem 9 tells us

that there exists a point X € Ky ¢ X such that X; € Q;(X) =
Ti(g;(x)) N Ky, ¢ T;(g;(x)) for each i € I. This completes the
proof of Theorem 10. O

Theorem 11. Let X = [[,;X;, Z; be a topological space and

(X» Y, {on,}) a GFC-space for each i € I. Assume that S; :
Z, — 2% T, : Z, — 25 and R, : Y; — 2% are set-valued
mappingsand g; : X — Z; is a continuous mapping such that

(i) for any compact subset D; of Z;, D; = |J
(y)) N Dy);
(ii) for any z; € Z;, GFC(R;(S,(z;))) € Ti(z;);
(iii) if Z; is not compact, then there is a nonempty subset of
Y] C Y, such that a compact subset D; of Z; satisfying
Z,\D; c ineyio cintS; ' (y;), and for any N; € (Y;),
there exists a compact GFC-subspace Ky, of X; with
respect to Ly containing Yi0 UN;,.

el
y,ev, (cint §;

Then we have a point X = (X;);c; € X such that x; € T;(g;(X))
foreachi e I.

Proof. Using the similar argument of Theorem 10, we only
need to show that the conditions (ii) and (iii) of Theorem 10
are satisfied. By the definition of GFC(R;(S;(z;))), we know
that GFC(R;(S;(2;))) is a GFC-subspace of X; with respect
to S;(z;). It then follows from condition (ii) that T;(z;) is a
GFC-subspace of X; with respect to S;(z;), which means that
the condition (i) of Theorem 10 holds. It remains to deal with
condition (iii). If Z; is noncompact, by (iii), we get

B = ﬂ (cintSi_1 (}’i)) =Y;\ U cintS;" (y;) € D;. (15)
,€Y? yi€Yp

Clearly B; is a closed subset of compact set D;. If B; is
nonempty, then B; is compact in Z;. This means that the
condition (iii) of Theorem 10 is satisfied. So the statement of
Theorem 11 follows immediately from Theorem 10. O

Remark 12. (a) Let V; be a topological spaces for each j €
J. By Lemma5, if using assumption (i) in Lemma 5 for
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assumption (i) in Theorems 9 and 10, then the statements of
Theorems 9 and 10 are still true.

(b) The results of Theorems 10 and 11 generalize Theorem
2.1 of Lan and Webb [12], Theorem 1 of Ansari and Yao [13],
Theorem 2.2 of Ding and Park [14], Theorem 3.1 of Ding and
Park [15], and Theorem 3.1 of Lin and Ansari [16] and Ding
[2] to GFC-spaces.

3. Coincidence Theorems for Two Families of
Set-Valued Mappings

Theorem 13. Let (X;,Y;, {opn}) and (U}, V;, {(pNj}) be GFC-
spaces for any i € I and j € J. Assume that X = [],;;X; and
U=[liU; LetS;: U — 2", T, : U — 2%,F;: X — 2%,
and G; : X — 2Yi be set-valued mappings satisfying the
following conditions:

(i) for any compact subset A of X, A = le_evj (cint Fj"l
(Vj) nA);
(ii) for any x € X, G;(x) is a GFC-subspace of U; with
respect to F j(x);
(iii) there exists a nonempty subset of Y, of Y; such that the
set D; = [, cyo(cint S () is empty or compact in
U and for each N; € (Y}), there is a compact GFC-
subspace Ky of X; with respect to Ly, containing Y u
(iv) for any compact subset B of U, B = |, oy, (cint Sy
B);
(v) for any u € U, T;(u) is a GFC-subspace of X; with
respect to S;(u).
Then one has X = (X;);e; € X and ti = (#;);¢; € U such that
x; € Ty(u) and ui; € G(X) foranyi € I and j € J.

Proof. For any given i € I, if D; is empty in (iii), it is easy to
see that

U=U\D,;=U\ ﬂ (c:intSi_1 (yi))c = U cintS; ! (y;).
}’iEY? J’iGYiO
(16)

If D, is nonempty compact set in U, by (iv), we know that

D; = (cints;" () nD;) c [ cintS;" (). 17
yi€Y; yieY;

Note that D; is compact. Then we can find a finite set N; €
(Y;) such that

D, = [ (cintS;" (3,)) ¢ |J cintS;" (3). (18)

Vi EYiO Yi€N;

It then follows from (16) and (18) that if either D; is empty
or compact in U, we get

U= U cintS; ' (y;) U ( U cint S; ' (yi)> . (19)

yiEYiO y;€EN;
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Furthermore, by (iii), there exists a compact GFC-
subspace Ky of X; with respect to L, containing Y UN;.
So by (19), we get

U= U (cintSi ! (yi)). 20)
yi€Ly,

Assume that Ky = [[;¢;Kn,Ly = [lig/Ln, and @y =
[Licr9n;- It then follows from Lemma 6 that Ky is a compact
GFC-subspace of X with respect to L. So (Ky, Ly, {on}) is
a compact GFC-space. We consider the restrictions F;|x  and
Gilk, of F; and G; on Ky, respectively, for each j € J. "Then
by condltlon (ii), we have G | Ky (x) as a GFC-subspace of U;
with respect to Fjl Ky (x) for any x € X. From condition (i),

we obtain
Ky = U (cintFj_1 (vj) n KN) = U cintFj_llKN (vj).

vje\/j vjevj
(21)

Moreover, by Theorem 7, there exists a continuous selec-
tiong;: Ky — U;of Gjlg, foranyje J.Letg: Ky - U
be a mapping with g(x) = [[;;g;(x) for any x € Ly. Clearly
g is a continuous mapping. Define two set-valued mappings
P : Ky — 2"iand Q; : Ky — 25 by

P (x)=S8;(g(x)NLy, Q; (%) = T; (9 (x)) N Ky,
(22)

Since Ky, is a compact GFC-subspace of X; relative to
Ly, by (v), we know that Q;(x) is also a compact GFC-
subspace of X; with respect to P,(x).

Now we claim that Ky = U

given y; € Ly, we deduce that
P (5:)
x €Ky :y € P (x)}

yieLy, Cint P (y,). For any

={
[xeKy:yeS(gx)nLy}
y (23)

x € Ky:y €8 (g9(x)}
= {x €Ky:xeg' (S,-_l (J’z))}
=g (5" ()
Then by (20) we obtain

g(Ky)cU=

U (cints;" (1)) (24)

Yi€Ly,

It then follows form (23), (24), and the continuity of g that

Kycg™ < U cintSi_l (J’i))

yi€ly,

U g7 (cints;" (1)) (25)

Yi€Ly,

U (cintPi_1 (yi)) C Ky.

Yi€Ly,

Hence Ky =, ¢, cint P '(y;). So the claim is proved.

Note that Q;(x) isa lcompact GFC-subspace of X; relative
to P;(x). So by the above claim and Theorem 9, we know that
there exists a point ¥ € Ky ¢ X such that X; € Q;(X) =
Ti(g(%)) N Ky, ¢ Ti(g(x)) for any given i € I. Assume that
i1 = g(X) = [[;¢;9;(%). Thus we derive that there exist X € X
and # € U such that X; € T;(i1) and &; € G;(X) foranyi € I
and j € J, which implies that Theorem 13 is true. O

Theorem 14. Let (X,,Y;, {goNi}) and (U] Vj,{(pNj}) be GFC-
spaces for any i € I and j € J. Assume that X = [[,;X; and
U=[ligU; LetS;: U — 2%, T, : U — 2%, R, : ¥, — 2%,
Fj: X - 2%,G;: X - 2% andH; : V; — 2 be
set-valued mappings for each i € I and j € ]. If the following
conditions hold:

(i) for any compact subset A of X, A = Uvjevj(cint F]TI

(Vj) nA),

(ii) for any x € X, GFC(H;(F;(x))) € G;(x),

(iii) if U is not compact, then there exists a nonempty subset
of Y; of Y; as well as a compact subset K of U such that
U\ K ¢ Uy,eyo cint S;'(y;) and for each N; € (Y;),
there is a compact GFC-subspace K of X; with respect
to L, containing Yl.0 UN,,

(iv) for any compact subset B of U,B = Uvjevj(cint F]TI
(VJ) n B))
(v) for any u € U, GFC(R,(S;(u))) < T;(u),

then there exist X = (X;);c; € X and i = (i1;); jey € U such that
X; € T;(n) andu €G; (x)foranyz € Iandj] €J.

Proof. By the definition of the GFC-hull with respect to F;(x)
and condition (ii), it is easy to see that G;(x) is a GFC-
subspace of U; with respect to F;(x) forany x € X and j € J.
Similarly, by (v), we obtain that T;(u) is a GFC-subspace of X;
with respect to S;(u) for any u € U and i € I. Then conditions
(ii) and (v) of Theorem 13 hold. On the other hand, by (iii), if
U is not compact, we know that

D= ﬂ (cintSi_1 (yi)) U\ U cintS; " (y;) ¢ K. (26)

yi€yy yey}

If D is nonempty, then D is a closed subset of compact set K.
This implies that D is compact in U. So condition (iii) tells
us condition (iii) of Theorem 13 holds. Then the statement of
Theorem 14 follows immediately from Theorem 13. O

Remark 15. Theorems 13 and 14 improve Theorem 9 of Yu and
Lin [17], Theorem 3.3 of Lin and Ansari [16], and Theorems
3.1and 3.2 of Ding [2] to GFC-spaces without any convexity
structure.

4. Applications

In the current section, we will give some applications of our
theorems.



Theorem 16. Let (X;,Y;,{¢x}) be a GFC-space and Z; a
topological space for each i € I. Assume that A; and B; are a
subset of Y; x Z; and X; x Z;, respectively. Let X = [[;c;X; and
foreachi eI, letg,: X — Z; be a continuous mapping and
R, : Y, — 2% g set-valued mapping satisfying the following
conditions:

(i) for any compact subset D; of Z;, D; = |, ¢y (cint{z; €
Z;: (yz;) € A} N D;);

(ii) for any z; € Z,, GFC(R;({y; € Y; : (y52;) € A}})) C
{x; € X;: (x;,2;) € Bj};

(iii) if Z; is not compact, then there exists a nonempty subset
of Y} of Y; such that a compact subset D; of Z; such that
Z\ D; ¢ U, eyocintlz; € Z; 2 (3;,2)) € A} and for
each N; € (Y;), there is a compact GFC-subspace of X;
with respect to Ly, containing Yi0 UN,.

Then we have a point X = (X;);c; € X such that (X;, g;(X)) € B;
foreachi € I

Proof. Forany giveni € I, we define two set-valued mappings
S;:Z; — 2%andT,:Z; — 2% by

Si(z)= {meYi:(yz) € A},

(27)
T;(z) = {x; € X; : (x;,2) € B}

for all z; € Z;. It then follows from assumptions (i)-(iii) and
Theorem 11 that for any i € I, there exists a point X = (X;);c; €
X such that X; € T;(g;(X)), which implies that (x;, g;(X)) € B;.
So Theorem 16 is true. O

Corollary17. Foreachi € I, let (X;,Y;, {9y }) be a GFC-space,
R, :Y; — 2% aset-valued mapping X = [];;X; and X' =
[Tjer,j+iX ;. Assume that {A;};c; and {B;};c; are the families of
subsets of Y; x X' and X, x X', respectively. If the following
conditions hold:

(i) for any compact subset' D of X', D' = U,,ev, (cint{z; €
Z;:(ypx") e A}nD",
(ii) for all x' € X',GFC(R,({y; € Y; : (y,x') € A}})) C
{x; € X;: (x;,x") € B},
(iii) if X' is not compact, then there exists a nonempty subset
of Y} of Y; such that a compact subset D' of X' such that
X'\ D' ¢ Uyeys cintfx’ € X' : (y,,2,) € A} and for
each N; € (Y;), there is a compact GFC-subspace of X;
relative to L containing Yio UN;,,

then (;c; B; # 0.

Proof. Define a mapping g; : X — X' as the projection of
Xonto X' =] jer,j#iXj- Clearly g; is a continuous mapping.
Using Theorem 16 with Z; = X' and D; = D', we find that
there exists a point X = (X;);c; € X such that (X;, g;(X)) € B;
for any i € I, which implies that X = (X}, g;(X)) € [y B;-
Hence [;; B; # 0. O
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In the rest of this section, for each i € I and j € ], we
always let Z; and W, be two nonempty set and (X, Y}, {¢n })
and (Uj,Vj, {gon}) be two GFC-spaces. Assume that X =
[lierX;andU = [[;;U;. Foranyi € Iand j € ], letR; : Y; —
2% H; : V; - 29,C;: X - 2%,D,: U — 2",B; :
XxV; - 2%,A;: XxU; — 2%,Q;: Y;xU — 2", and
P, : X;xU — 2" be set-valued mappings. Then we have the
follows results.

Theorem 18. Suppose that the following conditions hold:

(i) for any compact subset A of X, A = UvjEVj (cint{x €
X: Bj(x, Vj) C Cj(x)} nA);

(i) for any x € X,GFC(H;({v; € V; : Bj(x,v;)
Ci(}) c{u; €U, A;(xu;) € Ci(x)h

(iii) if U is not compact, then there exists a nonempty subset
of Y? of Y; such that a compact subset K of U such that
U\K ¢ Ujeyocintfu € U : Qi(y;,u) € Di(u)} and
for each N; € (Y;), there is a compact GFC-subspace of
X; with respect to L. containing YiO U Nj;

(iv) for any compact subset B of U, B = J, oy (cint{y; €
Y; : Qi(y;u) € Dy(w)} N B);

(v) for any u € U,GFC(R,({y; € Y;
D;(u)})) C {x; € X; : P(x;,u)  D;(u)}.

Q(y,u) ¢

Then there exist (X,1) € X xU and i = (i1j) ey € U such that
Aj(fc,ﬁj) C Cj(y?) and P(X;,u) C D;(@i) for each i € I and
je.

Proof. Assume thatS; : U — 2T, : U — 2X",Fj X -
2", and Gj: X — 2Y are set-valued mappings as follows:

S;(w) = {y; €Y;: Q (y»u) ¢ D;w},

{
T;(u) = {x; € X;: P, (x;u) cD;(w)} YuelU, (28)
{

F; (x) = v;€V;:B; (x,vj) cC; (x)},

G; (x) = {uj eU;: A (x,uj) cC; (x)} VxeX. (29)

It then follows from Theorem 14 that there exist X € X and
2i € U such that X; € T;(&1) and ﬁj € Gj(f) foranyi € I
and j € J. By the above definition, we obtain that A j(a?, u j) C
Cj(?c) and P(X;,u) ¢ D;(ui) for anyi € I and j € J. This
completes the proof. O
Theorem 19. For each i € I and j € ], let Y; and V] be

1

topological spaces. Suppose that the following conditions hold:

(i) for each x € X, the set {v; € V; : B;(x,v;) ¢ C;(x)}
is nonempty and B;(x,v;) is transfer compactly upper

semicontinuous in x wité respect to C;
(ii) for any x e X, GFC(Hj({vj €V Bj(x, vj) C
Ci(x)}) c{u; e U;: Aj(x,uy) € Ci(x)kh

(i) if U is not compact, then there exists a nonempty subset
of Y; of Y; as well as a compact subset K of U such that
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U\K c ineyp cintfu € U : Q;(y;,u) € D;(u)} and
for each N; € (Y;), there is a compact GFC-subspace of
X; with respect to L. containing Yio U Nj;

(iv) for each u € U, the set {y; € Y; : Qi(y;,,u) C D;(u)}
is nonempty and Q,(y;, u) is transfer compactly upper
semicontinuous in u with respect to D;;

(v) for any u € U,GFC(R;,({y; € Y; : Q;(y;,u) € D;(u)}))
C {x; € X; : P(x;,u) c D;(u)}.

Then there exist (X,11) € X XU and 1 = (ﬁj)jq € U such that
Aj(o?, 17]-) C Cj(y?) and Py(X;,1) ¢ Dy(ti) foralli e I and j € J.

Proof. LetS;, T;, Fj, and G, be set-valued mappings as defined
in the proof of Theorem 18. Using the same argument of
Theorem 18, we only need to show that the assumptions
(i) and (iv) of Theorem 18 hold. From assumption (i) and
Lemma 4, we know that for any x € X, Fj_1 is transfer
compactly open-valued. Thus Lemma5 tells us that the
assumption (i) of Theorem 18 holds. In a similar way, from
(iv) and Lemma 4, we obtain that the assumption (iv) of
Theorem 18 is satisfied. So the statement of Theorem 19
follows immediately from Theorem 18. O

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

The author would like to thank the anonymous referees for
careful reading of the paper and for helpful comments and
suggestions which improved its presentation.

References

[1] X. P. Ding, “Maximal element theorems in product FC-spaces
and generalized games,” Journal of Mathematical Analysis and
Applications, vol. 305, no. 1, pp. 29-42, 2005.

[2] X. P. Ding, “Collective fixed points and a system of coincidence
theorems in product FC-spaces and applications,” Nonlinear
Analysis: Theory, Methods and Applications, vol. 66, no. 11, pp.
2604-2617, 2007.

[3] X. P. Ding and T. M. Ding, “KKM type theorems and general-
ized vector equilibrium problems in noncompact FC-spaces,”
Journal of Mathematical Analysis and Applications, vol. 331, no.
2, pp. 1230-1245, 2007,

[4] G. Tang, Q. Zhang, and C. Cheng, “W-G-F-KKM mapping,
intersection theorems and minimax inequalities in FC-space,”
Journal of Mathematical Analysis and Applications, vol. 334, no.
2, pp. 1481-1491, 2007,

[5] M. Fangand N. Huang, “KKM type theorems with applications
to generalized vector equilibrium problems in FC-spaces,
Nonlinear Analysis: Theory, Methods and Applications, vol. 67,
no. 3, pp. 809-817, 2007.

[6] P. Q. Khanh and N. H. Quan, “Intersection theorems coin-
cidence theorems and maximal-element theorems in GFC-
spaces,” Optimization, vol. 59, pp. 29-42, 2010.

[7] P. Q. Khanh, N. H. Quan, and J. Yao, “Generalized KKM-type
theorems in GFC-spaces and applications,” Nonlinear Analysis:
Theory, Methods and Applications, vol. 71, no. 3-4, pp. 1227-1234,
2009.

[8] X. P. Ding, “Coincidence theorems in topological spaces and
their applications,” Applied Mathematics Letters, vol. 12, no. 7,
pp. 99-105, 1999.

[9] X. P. Ding and J. Y. Park, “Generalized vector equilibrium
problems in generalized convex spaces,” Journal of Optimization
Theory and Applications, vol. 120, no. 2, pp. 327-353, 2004.

[10] E. Tarafdar, “Fixed point theorems in H-spaces and equilibrium
points of abstract economies,” Journal of the Australian Mathe-
matical Society. Series A, vol. 53, no. 1, pp. 252-260, 1992.

[11] E E. Browder, “Coincidence theorems, minimax theorems, and
variational inequalities,” Contemporary Mathematics, vol. 26,
pp. 67-80, 1984.

[12] K. Lan and J. Webb, “New fixed point theorems for a family
of mappings and applications to problems on sets with convex
sections,” Proceedings of the American Mathematical Society, vol.
126, no. 4, pp. 1127-1132, 1998.

[13] Q. H. Ansari and J. Yao, “A fixed point theorem and its
applications to a system of variational inequalities,” Bulletin of
the Australian Mathematical Society, vol. 59, no. 3, pp. 433-442,
1999.

[14] X. Ding and J. Park, “New collectively fixed point theorems
and applications in G-convex spaces,” Applied Mathematics and
Mechanics. English Edition, vol. 23, no. 11, pp. 1237-1249, 2002.

[15] X. P. Ding and J. Y. Park, “Collectively fixed-point theorems
in noncompact G-convex spaces,” Applied Mathematics Letters,
vol. 16, no. 3, pp. 137-142, 2003.

[16] L. Lin and Q. H. Ansari, “Collective fixed points and maximal
elements with applications to abstract economies,” Journal of
Mathematical Analysis and Applications, vol. 296, no. 2, pp. 455-
472,2004.

Z. Yu and L. Lin, “Continuous selection and fixed point the-

orems,” Nonlinear Analysis: Theory, Methods and Applications,
vol. 52, no. 2, pp. 445-455, 2003.

(17



