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We apply the generalized projective Riccati equations method to find the exact traveling wave solutions of some nonlinear evolution
equations with any-order nonlinear terms, namely, the nonlinear Pochhammer-Chree equation, the nonlinear Burgers equation
and the generalized, nonlinear Zakharov-Kuznetsov equation. This method presents wider applicability for handling many other

nonlinear evolution equations in mathematical physics.

1. Introduction

In the recent years, investigations of exact solutions to
nonlinear partial differential equations (NPDEs) play an
important role in the study of nonlinear physical phenomena.
Nonlinear wave phenomena appear in various scientific and
engineering fields, such as fluid mechanics, plasma physics,
optical fibers, biology, solid state physics, chemical kinemat-
ics, chemical physics, and geochemistry. To obtain traveling
wave solutions, many powerful methods have been presented,
such as the inverse scattering method [1], the tanh-function
method [2-8], the Hirota bilinear transform method [9], the
truncated Painleve expansion method [10-13], the Backlund
transform method [14, 15], the Exp-function method [16-20],
the Jacobi elliptic function expansion method [21-23], the
generalized Riccati equations method [24-26], the (G'/G)-
expansion method [27-33], and the (G'/G,1 /G)-expansion
method [34-36]. Conte and Musette [37] presented an
indirect method to seek more solitary wave solutions of some
NPDEs that can be expressed as polynomials in two ele-
mentary functions which satisfy a projective Riccati equation
[38]. Using this method, many solitary wave solutions of
many NPDEs are found [38, 39]. Recently, Yan [40] developed
further Conte and Musette’s method by introducing more
generalized projective Riccati equations.

In this paper, we will use the generalized projective
Riccati equations method to construct exact solutions for the
following three nonlinear evolution equations with higher-
order nonlinear terms:

(i) the nonlinear Pochhammer-Chree equation [41]:

Uy = gy — (0w + ™ + yuzn”)xx =0,
@)
nxl,
where «, 3, and y are constants and y < 0,
(ii) the nonlinear Burgers equation [42]:
u +a(u") +bu, =0, n>1, (2)

where a and b are constants;
(iii) the nonlinear generalized Zakharov-Kuznetsov
equation [43]:
u, + (Aup + BuzP) u,+C (uxxx + uxyy) =0, p>0, (3)
where A, B, and C are nonzero real constants.
Zuo [32] has applied the extended (G'/ G)-expansion
method and determined the exact solutions of (1), and Hayek

[33] has found the exact solutions of (2) using another form
of the extended (G'/ G)-expansion method, while Zhang [44]
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has discussed (3) using an algebraic method to find some ofits
exact solutions. The rest of this paper is organized as follows.
In Section 2, we give the description of the generalized pro-
jective Riccati equations method. In Section 3, we apply this
method to solve (1)-(3). In Section 4, physical explanations
of some obtained results are obtained. In Section 5, some
conclusions are given.

2. Description of the Generalized Projective
Riccati Equations Method

Consider we have the following NPDE:

) =0, (4)

F(u, thyy Uy Uy Uy Uy - -

where F is a polynomial in u(x, t) and its partial derivatives,
in which the highest-order derivatives and nonlinear terms
are involved. In the following, we give the main steps of this
method.
Step 1. We use the wave transformation

u(x)t)zu(£)1 sz_Ct’ (5)
where ¢ is a constant, to reduce (4) to the following ODE:

P(u,u’,u",...) =0, (6)

where P is a polynomial in #(§) and its total derivatives, such
that" = d/dE.

Step 2. We assume that (6) has the formal solution
u@=A4g+yo " O[A0®+BT®], @)
i=1

where A, A;, and B, are constants to be determined later. The
functions o (&) and 7(§) satisfy the ODEs

o) =e0c®T©),
7€) =R+er” (§) - uo (&),

(8)

e=+l1,

where
w1
‘ﬁ(a::—8<R—2M0(Q'F—7{—02@)), 9)

where R and y are nonzero constants.
If R = p = 0, (6) has the formal solution

u(@=YyA7@®, (10)

i=0

where 7(&) satisfies the ODE
7@ =7 @). (1

Step 3. We determine the positive integer m in (7) by
using the homogeneous balance between the highest-order
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derivatives and the nonlinear terms in (6). In some nonlinear
equations the balance number m is not a positive integer. In
this case, we make the following transformations.

(a) When m = q/p, where g/ p is a fraction in the lowest
terms, we let

u@ =" &), (12)

and then we substitute (12) into (6) to get a new equation in
the new function v(&) with a positive integer balance number.
(b) When m is a negative number, we let

u@=v"@®, (13)

and then we substitute (13) into (6) to get a new equation in
the new function v(&) with a positive integer balance number.

Step 4. Substitute (7) along with (8)-(9) into (6) or (10) along
with (11) into (6). Collect all terms of the same order of
d@T&) (G = 0,1,...,i = 0,1) (or 77(§), j = 0,1,...).
Setting each coefficient to zero yields a set of algebraic
equations which can be solved to find the values of A, A;,
B;, ¢, y,and R.

Step 5. It is well known [24] that (8) admits the following
solutions.
(i)Ife=—1,R #0,

Rsech (\/ﬁ{) VR tanh (\/EE)
0@)=—7——, 1) =—7F—
ptsech(\/ﬁf)+1 ysech(\/ﬁf)+l
Rcsch (\/ﬁ{) VR coth (\/_RE)
0, (&) = —ycsch(\/ﬁf) 1 1) = —‘ucsch(\/ﬁf) e
(14)
(i) Ife=1,R+0,
Rsec(\/ﬁ&) VR tan(\/ﬁﬁ)
o3 (§) = W) 73(8) = W)
Rcsc(\/ﬁf) \/ﬁcot(\/ﬁg)
o, (&) = W’ 7,(8) = _W'
(15)
(i) IfR = p = 0,
6@®=F wO-F (16)

where C is nonzero constant.

Step 6. Substituting the values of A, A;, B;, ¢, u, and R as
well as the solutions (14)-(16) into (7), we obtain the exact
solutions of (4).

We close this section with the remark that without loss of
generality we take ¢ = -1 (similarly the case ¢ = 1 can be
done which is omitted here for simplicity).
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3. Applications

In this section, we will apply the proposed method described
in Section 2 to find the exact traveling wave solutions of the
nonlinear equations (1)-(3).

Example 1 (the nonlinear Pochhammer-Chree equation (1)).
In this example, we find the exact solutions of (1). To this

end, we see that the traveling wave variable (5) permits us to
convert (1) into the following ODE:

" n "
Fu' -t - ((xu + B + yu2"+1) =0. (17)

Integrating (17) twice with respect to & and vanishing the
constants of integration, we get

(c2 _ “) -y - [J’u”H _ yu2n+1 -0 (18)

By balancing v with 4*"*"" in (18) we get m = 1/n. According

to Step 3, we use the transformation

u@ =v'"" (), (19)

where v(§) is a new function of &. Substituting (19) into (18),
we get the new ODE

(2 22 2
c —oc)n v —cTnvy
R (20)
- (1-n) (V’) - B’y —yn*v* = 0.

Balancing w' with v* in (20), we get m = 1. Consequently,
we get

v(§) =Ag+ A0 +BT(), (21)

where A, A}, and B, are constants to be determined later.
Substituting (21) into (20) and using (8)-(9) with e = -1,
the left-hand side of (20) becomes a polynomial in ¢ and 7.

Setting the coeflicients of this polynomial to be zero yields the
following system of algebraic equations:

ot - nzyA‘iR2
+R (6271A21 - czrl,uzAz1 - CZ/AZAZI
+ c2A21 - 6yn2;42A21Bf + 6yn2Alef)
+ 2c2n‘uzBf - czn‘u43f - canf - c2y4Bf
+ 2c2‘uzBf - czBf - ynz‘u‘lB‘l1
+ 2)/112[423‘11 - ynzB11 =0,
o ZCZIMSB% - 2c2‘uBf +2c°nA A,
+ 4’y By + 2R uA> — R’ BA3

— 3¢’ nuB; — 4n’yuB; + 3n° BA B: + 3¢’ ny’ B

+12n°pA oA, B: - 30 B’ A B} + R nuA’
—4RnPyA A - 28t A A,
+ 12Rn2y;4Alef — 12n2y[42A0A1BT =0,
0’1 -2’ A B, +2c*nA B, - 2y’ A B,
+2c¢*A,B, - 4yn’y’ A B} — 4Ryn’ A3 B,
+ 4yn2Ale =0,
o’ R (—c2A21 - 6yn2Alef)
+R (3czng/¢AoA1 + ZCanf - cz‘uzBf
- 6)/712‘1423‘11 + 24yn2//tA0Ale
+ 6P A | B: — 6yn” AL AL — 3B A A%
- omzAz1 + 2ynzB1t + cznzAz1 - 3czn‘uzBf)
+ cznzyzBf - cznzBf - 6yn2‘uzA€Bf
- 3ﬁn2;42AoBf - oan‘uZBf + 6yn2A%Bf
+3pn° AyB; +an’B: =0,
o’ n2/3B‘;’ +2c*nAyB, - nzﬁyzBT
+ 4n2yAOB‘;’ + 2Rc2‘uAlB1 - 4n2yy2A0B‘;’
— 3RW’BA%B, — 2"’ AyB, — 12Rn’yA A B,

+ 2Rc2n‘uAlB1 + Sany/,tAle =0,
o: 2c2712A0A1 - 27120cA0A1 + 2n2(x‘uBf

- 3n2ﬁA%A1 - 4712))A%A1 - 2c2n2‘uB%
- RcznAOA1 + 12n2yptA%)Bf + Rczn/,th
+ 4Rn’yuB; — 3Rn’BA,B: + 61° BuA B,
~ 12Rn*yAyA B} =0,
o7 : 2¢’n* A\ B, - 2n°aA | B, + 2n’PuB;
— 12n°yA3 A, B, — REnA | B, + c’nuA B,
—6n°BAyA B, — 4R’ yA B + 81’ yuA B = 0,
7: 26 AgB, — 4yn’ A}B, — 3B’ ALB,
~ 4Ryn’A,B} - 2an’ A B, - RBn’B; = 0,
o’ PP AL — Pl - ﬁA% ~ n’pA}
~ Rn’aB} + RSB — R*n’yB;

— 6Rn’*pA} B} — 3Rn*BA,B; = 0.
(22)



On solving the above algebraic equations using the Maple or
Mathematica, we get the following results.

Case 1. We have
_,8(n+ 1)(;42 B 1)

Ag=0, A=
pyR (n+2)
2_
B =0, cxL" Jf”””” D ey
p(n+2) YR
- _(R—nz)(n+1)(//tz—l)
Hew “" {2yR(n +2)* '

From (14), (19), (21), and (23), we deduce the following exact
solutions:

T _[)’(n+ D(* - 1)
e py(n +2)

(V) V1"
ptsech(\/ﬁf) +1 >] ’

Uy, = [_[3(n+ (2 - 1) ( csch(\/ﬁg) >]1/n .
2= uy(n+2) ‘ucsch(\/ﬁg) i1 >

where & = x + (fn/u(n + 2))\/—((71 +1)(u? - 1)/yR)t.

Case 2. We have

__ﬁ(n+1) B
o7 2p(n+2) Ar=0,
3 Bmn+1) _ pn _(n+1)
Bl_izy(n+2)\/§’ ‘ i2(n+2)\] yR (20

ﬁz (4R - nz) (n+1)
4yR(n +2)*

U= O’ o=
In this case, we deduce the following exact solutions:

( " 1) 1/n
Uy = [% (—1 + tanh (\/ﬁf))] 5 (27)

( n 1) 1/n
Uy, = [% (—1 + COth(\/ﬁs)):I > (28)

where & = x + (n/2(n + 2))y/—((n + 1)/yR)t.

Case 3. We have

B(n+1) Bn+1)\u? -1
Ag= -2 A= L
2y (n+2) 2yR (n+2)
B Bn+1) B
Bl_i2y(n+2)\/§, Hoe
pn (n+1) B (R - nz) (n+1)
c=+ -— o= .
(n+2) YR yR(n +2)*

(29)

Abstract and Applied Analysis

In this case, we deduce the following exact solutions:

| B(n+1)
a1 = 2y(n+2)
/‘uz - 1sech(\/§5)+tanh(\/ﬁf) B
“\ psech (VRE) +1 ,
(30)
Bn+1)
Ys2 = 2y(n+2)
’(42— lcsch(\/ﬁﬁ) +coth(\/§f) "
T ycsch(\/ﬁf)+1 '
(31)

where & = x + (fn/(n+2))/-((n+ 1)/yR)t.

Example 2 (the nonlinear Burgers equation (2)). In this
example, we study the Burgers equation with power-law
nonlinearity (2). To this end, we see that the traveling wave
variable (4) permits us to convert (2) into the following ODE:

—cu' +a(u") +bu" = 0. (32)

Integrating (32) once with respect & and setting the constant
of integration to be zero yield

—cu+au" +bu' =0. (33)
By balancing ' with «” in (33) we get m = 1/(n — 1).
According to Step 3, we use the transformation

u(@®=2"""®, (34)

where v() is a new function of &. Substituting (34) into (33),
we get the new ODE

—c(n-Dv+am-DrvV+b/ =o0. (35)

Balancing v/ with v* in (35), we get m = 1. Consequently, we
get

V(&) =Ao+A0(8)+BT(S), (36)
where A, A,, and B, are constants to be determined later.

Substituting (36) into (35) and using (8)-(9) with e = -1,
the left-hand side of (35) becomes a polynomial in ¢ and .
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Setting the coeflicients of this polynomial to be zero yields the
following system of algebraic equations:

o’ :bB, +aB; — ay’ B} — RaA®
—anB; — by’ B, + any’B: + RanA’ = 0,
0:buB,—(n—-1)cA; +2(n-1)aA,A,
~2(n-1)auB; =0, (37)
or:2(mn-1)aA B, -bA, =0,
T:2(n-1)aA B, —(n—-1)cB, =0,
oAl (n- l)aA%)— (n=-1)cAy+(n- l)Ran =0.

On solving the above algebraic equations using the Maple or
Mathematica, we get the following results.

Case 1. We have

2_
A°=i#@1)’ A= (b 1)\/MR1’
an a(n (38)
b bVR
Blz—, c== .
2a(n—1) n—1

From (14), (34), (36), and (38), we deduce the following exact
solutions:

| bVR
= 2a(n—1)
h (VR > h(VR 1/(n-1)
t + —
s an ( E)+\/‘u Isec ( Rf) ’
ysech(\/ﬁf) +1
(39)
| bVR
e = 2a(n—-1)
coth (\/EE) +4/u? — lesch (\/EE) Ve
x| 1+ N
ycsch(\/ﬁf) +1
(40)
where & = x + (bVR/(n - 1))t.
Case 2. We have
Ay =t bVR , L =0,
an-1)
(41)
b 2bVR
— = U= 0

In this case, we deduce the following exact solutions:

1/(n=1)
Uy = [ﬂ (tanh(VRE) + 1)] . (42)

a(n-1)
VR 1/(n-1)
un:;a§5¢mw@@ig] L@

where £ = x + 2bVR/(n - 1))t.

Example 3 (the nonlinear generalized Zakharov-Kuznetsov
equation (3)). In this example, we study the generalized
Zakharov-Kuznetsov equation with power-law nonlinearity
(3). To this end, we use the traveling wave variable

u(x, y,t)=u()),

where k and s are nonzero constants, to reduce (3) to the
following ODE:

E=x+ky+st, (44)

su' + (Aup + BuZP) W +C (1 + kz) 4" =o. (45)

By balancing "’ with «*u’ in (45) we get m = 1/p.
According to Step 3, we use the transformation
u(@®=v"@, (46)

where v(£) is a new function of . Substituting (46) into (45),
we get the new ODE

cp’ (1 + kz) V" 4 3C (—p2 +p-Kp'+ kzp) w'y

+C(1-3p-3K°p +2p° + k> + 2k p?) (v')3
+ (Av +s+ sz) pzvzv' =0.
(47)

Balancing v*v""" with v*v' in (47), we get m = 1. Consequently,
we get

v(§) =A,+A0(8)+BT(§), (48)

where A, A}, and B, are constants to be determined later.

Substituting (48) into (47) and using (8)-(9) with ¢ = -1,
the left-hand side of (47) becomes a polynomial in ¢ and 7.
Setting the coefficients of this polynomial to be zero yields a
system of algebraic equations in A, A;, B, y, and ¢, which
can be solved using the Maple or Mathematica; we get the
following results.

Case 1. We have
AQp+1) (W -1)
~ uBR(p+2)
A*(2p+1)(0* - 1)

T T By (e

k:+\]_A2P2 (2p+1) (W -1)
“\ @2rBC(p+2’(p+1)

Ay=0, A, =




From (14), (46), (48), and (49), we deduce the following exact
solutions:

[ Acpe -1 [ sech(VRE) i
e uB(p +2) psech (VRE)+1 /| )
(50)
o -_A(2p+1)(y2—1)< csch (VRE) ) e
2 uB(p +2) ptcsch(\/ﬁf)+1 |
(51)
where & = x + ky + st, k =
£\[~(A2p2(2p + 1)(? ~ 1)/?RBC(p + 2 (p + 1) - 1,
s=(A22p+ 1) = D/E*B(p + 2)*(p + 1)).
Case 2. We have
B A(2p+1) ~
AO = —m, Al = 0,
~ A(2p+1) ~
Bl_iZB(p+2) VR’ b
A2(2p+1) (52)

T B(p+2)’ (p+ 1)

k:i\]— A’p* (2p+1) L
RBC(p+2)2(p+1)

In this case, we have the exact solutions

tanh ( VRE )

1/p
________)], (53
sech (\/ﬁf) +1

AQ2p +1) (_1+

"2 7 9B(p + 2)

o - [AC2+D lﬂ> R

2 2B(p+2) _csch(\/ﬁﬁ)+l ’
where ¢ = x + ky + st k =

£\~(A2p2(2p + D/RBC(p +2*(p+ 1))~ 1, s -
(A22p +1)/B(p +2)*(p +1)).
Case 3. We have

A(2p+1)

- T, :0$
" 2B(p+2) !

Bl = iM,
2B(p+2) VR
A2(2p+1) (55)

=-1, s=—t L
¢ B(p+2) (p+1)

sl APCpr1)
"\ RBC(p+2)(p+1)
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In this case, we have the exact solutions

tanh (VRE) )]I/p (56)
)]

Uz =

ARp+1) (_1+

2B(p +2) - 1—sech(\/§f
1/p
usy = | AP+ D (—u coth (VRY) )] .67
2B(p+2) 1 - csch (VRE)
where & = x + ky + st k =

£\~(A2p2(2p + 1)/RBC(p+ 27 (p + 1)) - 1,
(A*(2p + 1)/B(p +2)*(p + 1)).

Case 4. We have

S =

A(2p+1)

T N\ A =O>
2B(p+2) !

0:

A*(2p+1) (58)

B T ) (e )

head| AP Cpr1)
"\ 4rBC(p+2)(p+1)

In this case, we have the exact solutions

AQp+1) p
U, = [m (—1 + tanh(\/ﬁi))] , (59)

AQp+1) 1p
iy = [m(—l icoth(@g))] . (60)

E = x + ky + st, k=

£\~(A2p(2p + )/4RBC(p+ 22 (p+ 1))~ 1, s -
(A2(2p + 1)/B(p +2)*(p + 1)).

Case 5. We have

where

Ao Alprn) o ACPHD N
" 2B(p+2)’ YU 2BR(p+2)
A(2p+1)
B=+—" T, =t
' +2B(p+2)\/§ HoH

A*(2p+1) (e

T B(p+2) (p1)

s APCpr1)
- RBC(p+2)2(p+1)
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FIGURE 1: The plot of solution (24) with f =R =1, 4 = n = 2, and
y=-1L

FIGURE 2: The plot of solution (27) with f=R=n=1,and y = 1.

In this case, we have the exact solutions

A(2p+1)
Usi = | 5h7n o)
2B(p+2)

lu? - 1sech (\/I_QE) + tanh (\/ﬁ{) v

“\ 7 tusech(\/ﬁ&)+1 ’

(62)

FIGURE 3: The plot of solution (30) with f = R=1,y=n=2,and
y=-L

| A(2p+1)
%271 2B (p+2)
1/p
\u - 1csch(\/§£) + coth(\/ﬁf)
-1+
“\ ycsch(\/ﬁf)+1 ’
(63)
where & = x + ky + st k =

£\~(A2p2(2p + 1)/RBC(p+ 2% (p + 1)) - 1,
(A2(2p + 1)/B(p +2)*(p + 1)).

S =

4. Physical Explanations of Some
Obtained Solutions

In this section, we have presented some graphs of the
obtained solutions constructed by taking suitable values of
involved unknown parameters to visualize the underlying
mechanism of the original equation. Using mathematical
software Maple, three-dimensional plots of some obtained
exact solutions have been shown in Figures 1, 2, 3, 4, 5, 6, 7,
and 8.

4.1. The Nonlinear Pochhammer-Chree Equation (1). The
obtained solutions for this equation are hyperbolic. From
these explicit results it is easy to say that the solution (24) is
a bell shaped soliton solution; (25) is a singular bell shaped
soliton solution; (27) is a kink shaped soliton solution; (28)
is a singular kink shaped soliton solution; (30) is a bell-kink
shaped soliton solution; and (31) is a singular bell-kink shaped
soliton solution.

4.2. The Nonlinear Burgers Equation (2). From the obtained
solutions for the nonlinear Burgers equation (2) we observe



FIGURE 4: The plot of solution (31) with f = R =2, =3,n=1,and
y=-1L

FIGURE 5: The plot of solution (39) witha=n=u=2,b=R=1.

that the solution (39) is a bell-kink shaped soliton solution;
(40) is a singular bell-kink shaped soliton solution; (42) is
a kink shaped soliton solution; and (43) is a singular kink
shaped soliton solution.

4.3. The Generalized Nonlinear Zakharov-Kuznetsov Equation
(3). From the obtained solutions for the generalized nonlin-
ear Zakharov-Kuznetsov equation (3) we can easily conclude
that the solution (50) is a bell shaped soliton solution; (51)
is a singular bell shaped soliton solution; (53), (56), and (62)
are bell-kink shaped solitons solutions; (54), (57), and (63)
are singular bell-kink shaped solitons solutions; (59) is a kink
shaped soliton solution; and (60) is a singular kink shaped
soliton solution.
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FIGURE 6: The plot of solution (42) witha=b=1,R=n=2.

FIGURE 7: The plot of solution (51) withp = 1,A=R=2,B=u =3,
and k = 0.

5. Conclusions

The generalized projective Riccati equations method is used
in this paper to obtain some new exact solutions of some non-
linear evolution equations with any-order nonlinear terms,
namely, the nonlinear Pochhammer-Chree equation, the
nonlinear Burgers equation, and the generalized Zakharov-
Kuznetsov equation. On comparing our results in this paper
with the well-known results obtained in [32, 33, 41-44] we
deduce that our results are different and new and are not
published elsewhere. The proposed method of this paper
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FIGURE 8: The plot of solution (60) with p = 1, A = 6V2,R=B=3,
and k = 0.

is effective and can be applied to many other nonlinear
equations in mathematical physics.
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