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We study an abstract elliptic Cauchy problem associated with an unbounded self-adjoint positive operator which has a continuous
spectrum. It is well-known that such a problem is severely ill-posed; that is, the solution does not depend continuously on the
Cauchy data. We propose two spectral regularization methods to construct an approximate stable solution to our original problem.
Finally, some other convergence results including some explicit convergence rates are also established under a priori bound

assumptions on the exact solution.

1. Introduction

Throughout this paper H denotes a complex Hilbert space
endowed with the inner product (-, -), and the norm |-}, Z(H)
stands for the Banach algebra of bounded linear operators on
H.

Let A be alinear unbounded operator with dense domain
D(A). Assume that A is self-adjoint, positive definite in H,
which has a continuous spectrum o(A) = [y,+o0[, y =
inf(o(A)) > 0.

We consider the elliptic Cauchy problem (ECP) of finding
u:[0,L] — H such that

uy, (y) =Au(y), 0<y<lL,

u(0) = f, 1
u, (0) =0,

where f is some prescribed data in the Hilbert space H.

This problem is an abstract version of Cauchy problem,
which generalizes Cauchy problem for second-order elliptic
partial differential equations in a cylindrical domain; for
example, we mention the following problem.

Example 1. An example of (1) is the Cauchy problem for the
modified Helmholtz equation in the infinite strip R x (0, 1)
(1]:

wy, (% y) + g, () —yu(x, y) =0,

xeR, ye(0,L), (2)
u(x,0) = f(x), u,(x,0)=0, x€eR,
where the operator A, is given by
82
Ay = —@ + YI,

(3)
D(A,)=H*[R)cH=L*(R).

It is well known that this operator is self-adjoint with
continuous spectrum

o(A,)=0(Ag)+y=[0,+c0[+y = [y, +c0[. (4)

We note here that the discrete eigenfunctions expansion
method cannot be used, but we can use the Fourier diago-
nalization method to deal with this kind of problems.



Such problem arises in many practical situations, non-
destructive testing techniques [2], geophysics [3], cardiology
[4], and other applications. There are many various mono-
graphs about the historical development of this topic, for
more details, we refer the reader to [5, 6]. Recently there has
been an excellent topic review [7] of this problem.

Because problem (1) is severely ill-posed; that is, a small
perturbation in the given Cauchy data may result in a very
large error on the solution. In order to overcome this insta-
bility character, the regularization methods are required.

Some regularization methods for the Cauchy problem for
elliptic equations have been proposed by many authors. For
instance: Tikhonov regularization method [8], the quasi-
reversibility method [9], the quasi-boundary-value method
[10-13], Kozlov-Maz'ya iteration method [14], and the molli-
fication method [15].

This work is mainly devoted to theoretical aspects of the
spectral regularization methods to problem (1) in the abstract
setting, by considering more general self-adjoint operators
when A is positive and induces the elliptic case, that is, has
the following properties: for any A € (-0, 0], the resolvent
R(A; A) = (A — AI)™! exists and satisfies the estimates

AM>0:VA20, [A+ADT | <Ma+)T ()

In the case when A is a linear positive self-adjoint oper-
ator with compact inverse, problem (1) has been treated by
a different method and there is a large literature in this
direction. However, in the case where A has a continuous
spectrum the literatures are quite scarce.

In the present paper we shall use two spectral regulariza-
tion methods to construct a stable solution to our original ill-
posed problem.

2. Preliminaries and Basic Results

In this section we present the notation and the functional
setting which will be used in this paper and prepare some
material which will be used in our analysis.

2.1. Spectral Theorem and Properties. By the spectral theorem,
for each positive self-adjoint operator A, there is a unique
right continuous family {E},cjo00f : [0,00[— Z(H) of

orthogonal projection operators such that A = _[OOO AdE, with
D(A):{VEH:J )»zd(EAv,v)<oo}. (6)
0

In our case, we have A = f:o AdE), because A > yI,y > 0.

Theorem 2 (see [16, Theorem 6, XII.2.5, pages 1196-1198]).
Let {E;, A > y > 0} be the spectral resolution of the identity
associate to A and let ¢ be a complex Borel function defined
E-almost everywhere on the real axis. Then ¢(A) is a closed
operator with dense domain. Moreover

(i) D$(A) = {v € H : [[7 1p)Pd(Eyv,v) < oo},
(iD) ($(A, y) = [ $)d(Eh, y), h € DIG(A), y € H,
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(iii) lp(A)AI* = f;o [p(VIPd(E,h, ), h € D($(A)),
(iv) $(A)* = ¢(A). In particular, if ¢ is real Borel function,
then ¢(A) is self-adjoint,

(v) the operator ¢(A) is bounded if and only if $(A) is
bounded on o(A) = [y,+col. In this case, |p(A)| =
SuPAe[y,+oo[|¢(/\)|-

We denote by S(y) = eIVA Jyoo efyﬁdE,\ € Z(H),

y > 0, the C,-semigroup generated by —V/A. Some basic
properties of S(y) are listed in the following theorem.

Theorem 3 (see [17, chapter 2, Theorem 6.13, page 74]). For
this family of operators one has:
M 1Sl < 1, ¥y > 0;
(2) the function y — S(y), y > 0, is analytic;
(3) for every real r > 0 and y > 0, the operator S(y)
L(H, D(A™));
(4) for every integer k > 0 and y > 0, IIS(k)(y)II =
1A2S(y)ll < elk)y™;

(5) for every x € D(A?), r > 0, one has S()A*x =
A2S(y)x.

m

Theorem 4. For y > 0, S(y) is self-adjoint and one to one
operator with dense range (S(y) = S(y)*, Z(S(y)) = H).

Proof. Let ¢, : [y,+00[—> R, s = ¢,(s) = ™. Then by
virtue of (iv) of Theorem 2, we can write S(y)* = (/)_y(A) =
¢,(A) = e VA = S(y).

Let h € N(S(yy)), ¥y > 0, then S(y,)h = 0, which implies
that S(y)S(yy)h = S(y + yo)h = 0, y > 0. Using analyticity,
we obtain that S(y)h = 0, y > 0. Strong continuity at 0 now
gives h = 0. This shows that N(S(y,)) = {0}.

Thanks to
R(S(y)) = N(S(3))" = {0} = H, 7)
we conclude that R(S(y,)) is dense in H. O

Remark 5. For y = pL, p > 1, this Theorem ensures us that
S(pL) is self-adjoint and one to one operator with dense range

R(S(pL)). Then we can define its inverse S(pL)_1 = ePL\/Z,
which is an unbounded self-adjoint strictly positive definite
operator in H with dense domain

D(S(pL)") = R(S(pL))

- e e

+00
= [T apg g < +oo]>.
Y
(8)

Definition 6 (Hilbert scales). Let B be an unbounded self-
adjoint strictly positive definite operator in H. Following
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the definition in [18], one introduces the Hilbert scale {&y} g,
according to definition

Yy =H, %,=D(B). )
Here &, is a Hilbert space with inner product (,{), =
(B¢, B¢) and norm | £l = (B°, B¢).

In our setting we take B = S(L)! = "4 1n this case, one
has

2
Gy = {h € H: [l = ™ n|
+00 (10)
= J ezwﬁd"E)Lh”2 < +oo}.
Y

Following [15], one defines the following.

Definition 7 (mollification operator). For « > 0 and p > 1,
one introduces the Yosida approximation of identity

M= (e < |
Y

+00

(1 + (xePL\a)_ldE,\. 11)

Remark 8. The idea of the mollification method is very simple
and natural: if the data are given inexactly, then we try to
find a sequence of mollification operators which map the
improper data into well-posed classes of the problem (mollify
the improper data). Within these mollified data our problem
becomes well-posed.

Theorem 9. One has
(1) M, € Z(H) and |M,] < 1,
(2) forallh e H,L Myh € G,
(3) forallh € H, lim,,_, jIM h - h| = 0.

Proof. (1) IM,]l = supy.,1/(1+ae?™™) = 1/(1+ae™7) < 1.

0 2
@) UM, = [T 0+ ae?™ ) dIE I <
(1/a)’|hl* < 00 & Mh € G,
(3) Assume that h € ?p. Then
5 +00 1 2 )
Mok —h]" = L (m - 1) d|[Eh|
2
+00 (xepL\ﬁ ) 5 5
= ——— | d|Eh|” < &7 ||Al7,
L (1+ocepm [Exhl” < eIk,
(12)

and thus, lim, _, ,[|M,h - Al = 0.
Now for h € H, there exists h, € ?p such that| h—h, |<
& € > 0 (since ?p is dense in H (see Remark 5)). We have

|M k|
= |M.h - M h, + Mh, — h, + h, - b
< M (B =) + [Moh, = h| + | = A

<2e+||Myh, - h|.

Thus, lim,, _, (lIM h—hll < 2¢, Ve > 0,and so lim,, _, (|M h -
h| = o. O

Using the change of variables

U(y)==(u(y)-A"%d (),

(14)

| = N

(u(y)+ A ().

Cauchy’s problem (1) reduces to the two Cauchy problems

W) =3

U' (y)=-A"U(y), 0<y<lL,
1 12 1 1 (15)

U0) = (u(0) - A" 0) = - f

W' ()= AW (y), 0<y<lL,
(16)

W (0) = % (u(0) + A%’ (0)) = %f.

Thus, the solution of the original problem (1) can be written
in the form

u(y)=U(y)+wWi(y), 0<y<L. 17)

It is well known that the operator —A"/? generates a strongly
continuous analytic semigroup S_; ,(y) = j;oo e’V dE 3 In

addition, the spectral radius of the semigroup [[S_; ,(y)I| < 1
for any y > 0. Hence, it follows that the Cauchy problem (15)
is well-posed and its solution may be written in the form

U (J’) =S_1p ()’) U (0)

1 _ 1 (* _
=—eyﬂf=—J eyﬁdEAf.
2 2 ),

(18)

As opposed to problem (15), Cauchy problem (15) (backward
parabolic equation) is not correctly posed, and its (unique)
formal solution is given by

W(J’) =S8.1p (J’)W(O)

1 1 +00
= —ey\/zf = — J eyﬁdE/\f.
2 2 ),

(19)

Remark 10 (see [19, page 375]). The uniqueness solvability of
problem (16) results from the logarithmic convexity of the
function y — [W(»)|:

Vyelo,Ll, W)l <Iw I w@P’™.  (20)

A useful characterization of the admissible set for which
problem (16) has a solution is as follows.

Lemma 11. Problem (16) has a solution W € C([0,L]; H) if
and only if f € €, and its unique solution is represented by

1 1 +00
w (J’) =S8 (;V) W (0) = Eeyﬂf = > L eyﬁdE/\f.
(21)



Proof. Suppose that problem (16) has a solution W €
([0, L]; H). Then

+00

M E, f. (22)

W=7 |

Y

The function W € €([0, L]; H) if and only if

sup [W(y)|* =

+00 Vi )
LB <o )
y€[0,L] 4

Observing that the function y — [W(@L)|* is increasing, then

T oLva 2
sup WO =W = [l < oo
Y
(24)
This last inequality is exactly equivalent to f € &,. O

As a consequence, we have the following corollary.

Corollary 12. Problem (1) has a solution u € C([0,L]; H) if
and only if f € €, and its unique solution is represented by

u(y)=U(y)+w(y) = % L+oo (ey\/x+e—y\/1) dE, f.
(25)

3. Regularization and Error Estimates

3.1. The Truncation Method. From (25) we can see that the

term e”"* is the cause of unstability. In order to overcome
the ill-posedness of problem (1), we modify the solution by
filtering the high frequencies using a suitable method and
instead consider (25) only for A < S(8), where 5(6) is some
constant which satisfies lim; _, ,3(§) = +co0.

According to spectral theory of self-adjoint operators
[20], for any bounded Borel set Ag = fy<t<pco(Ah) =
[y, +00[, we can define the orthogonal projection

+00
lA :J lA (A)dEA:Eﬁ’
£, B (26)

VhGH, hﬁ:Eﬁh—>h, ﬁ—)'f'OO.
To solve (1) in a stable way we approximate f by its pro-

jection fp, and instead of considering (1) with f we take its
projected version

ug (y) = cosh (y\/Z) fs

_1 ”Xgﬁ+
2 Y

where 1, is the characteristic function of the interval [a, b]
for a < b. The quantity j8 is referred to as a cut-off frequency.

Let f (resp., fs) be the exact (resp., the measured data) at
y =0, such that | f — f5ll < 6.

(27)
e‘y”) 1, 4 dE, f,
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The approximated solution vz corresponding to the mea-
sured data fy is denoted by

1

-L (@ + e )1y pdErfs (28)

s () =3

For simplicity, we denote the solution of problem (1) by u(y),
and the regularized solution associated to the data fs by
v5(9).

Our first main theorem is the following theorem.

Theorem 13. The solution defined in (27) depends continu-
ously in 6 ([0, L]; H) on the data f; that is, zfuk and uf; are two
regularized solutions corresponding to f, and f,, respectively,
then one has

lus () = up )] < F 1A - £l (29)

This inequality implies that the solution of the regularized
problem (27) depends continuously on the data f.

Now we compute the difference between the original

solution u = u(y; f) and the approximate solution V% =

V(s f3)-

Theorem 14. Let u € C([0, L]; H) be a solution of problem (1)
with the exact data f € H; then the following estimate holds:

Ju () = up ()] < lu (@] (30)

elL- )\f

Proof. From relations (25) and (27) we have

u(y) —ugt) = L:OO cosh (y\/X) dE, f

+oo (31)
= J cosh (y\/X) l[ﬁ,Jroo]dE,\f,
Y
then
u (y) —Ug (y)
+co cosh (y \/X)
B L m (g 1o0) cosh (L\/X) dE, f,

||u()/) - uﬁ(y)"2

2

+oo [ cosh ( y\/X) 2 )
< —— 1.0 h (LVA) d|E, f|I°.
.[y <cosh (L\/X) B ]> 0 ( ) IE:f]
(32)
Using the inequality
cosh ( y \/X) . ’ 4
e —— S =
cosh (L\/)—L) [B+eol e2(L-»)VB (33)

fmmmqpﬁ)ﬂ@ﬂfswaw,
B
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we derive
() =5 D) € = )P (34)
P = e2L-y)VB ’

Using (29), (30) and the triangle inequality, we obtain

| () =3 ()]
<Ju)=us W] +us D - W] 33)

<

e lu (L) + & VEs.

This completes the proof. O

Remark 15. If we choose /B = (1/L)log(M/8), where
lu(L)|| = M, then we have the error bound

"u (y) - vz (y)" < 3MENEgyIE (36)

From (36) we see that (28) is an approximation of the
exact solution u(y). The approximation error depends con-
tinuously on the measurement error for fixed 0 < y < L.
However, as y — L, the accuracy of the regularized solution
becomes progressively lower. Consequently, we have not any
information about the continuous dependence of the solution
if y is close to L.

In the theory of ill-posed Cauchy problems, we can often
obtain continuous dependence on the data for the closed
interval [0, L] by assuming additional smoothness and using
a stronger norm.

Now we show two error estimates under the following
conditions:

(H1) u(L) € D(AP),
(H2) u(L) € ?P,p > 0.
Remark 16. In practice, we know that it is very difficult to

verify the conditions (HI) and (H2), so we give different
assumptions on the given data f as follows:

+00
u(l) € D(Af) = J A*Pcosh? (L\/X) d“E/\f”z <00
Y
+00
= [ ereal, g < oo
y

+00
u(l)e 9, = J’ PV cosh? (L\/X) d||EAf||2 < 00
¥

+00 Vi )
— | e £ < oo
Y

= feT,.
(37)

Theorem 17. If J';OO )LPeZL\adllE,\ fI> < EF (resp,

j;oo ez(lJ”f)LﬂdHElfll2 < E%), p >0, q > 0, then one has the
following estimates:

EEAG)
= <§>pE1 log(%>_p +87 0<a<1, (38)
[u(y) - vs ()] < e PE, + VP,

Proof. From the expansions

u(y) = Joocosh (y\/X) dE, f,
! (39)
ug (y) = L cosh (y\/X) 1, 59E, f,

we have

w0) s () = | o (V) g S (40)

Then

| () - s )]

)
[ O e ot () T

o 2
=) (AP 1)) AP E, £ (41)

<7 | el
Y

< \ﬁiszf.

Using Theorem 17 and the triangle inequality, we can write

| () = vz ()]
<fu) -us )|+ |us D - M| (@2

—p
< \/E E, +eVPs.

By choosing \/B = (a/L)log(1/8), we obtain the desired
inequality.
Using the same techniques we have

u(y)-ug(y)

o (43)
= J e_q\a COSh (y\/X) eq\al[ﬁd_oo]dE/\f,
Y



hence

[ ()~ ug )|

= [ (e 1) (coshVD T ]

< e—zWBJ' ezqﬁd||E)‘1/l(y)||2 < eizWBE;.
Y

(44)
Using (29) and the triangle inequality, we obtain
Ju() - )
<|u)-us D]+ |us ) - )] @3
< e_q‘/BE2 + e’ VBs,
By choosing +/B = (a/L) log(1/8), we obtain

”u (y) - v?; (y)" < 8%tE, + 51 VIE, (46)
[

3.2. The Mollification Method. Now, we approximate the
original problem (1) by the sequence of problems

u},yzAu, 0<y<lL,
u(0) = f, = M,f, (47)
u, (0) =0.

Theorem 18. If f € H the approximate Cauchy problem (47)
admits a unique solution u,, which depends continuously upon
the data f with respect to uniform topology of C([0, L]; H).

Proof. From the representation

o (y) = cosh (yVA) f,

+00 _ (48)
= J cosh (y\/X) (1 + ocepwx) 1dE,\f,
¥
we have
PO cosh(y\/X) ? 2
IOl = [ {2 g g
(49)

+00 eL\/X : )
< —— = d|E .
<[ e

(i) If p = 1, we obtain

1
sup [ua(M|* < = [I£]- (50)
yel0,L] o
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(i) If p > 1, the function M(s) = el /(1 + aeP™) with s =
VA = /¥ achieves its maximumat s* = (1/pL)log(1/
a(p—1)), p > 1, from which we deduce

1\/?

My =M(s")=c(p)(=)
(oc) (51)

c(p)=pp-1)"" <.

From this bound, we derive
1\P

sup ||ty <\ - . 52
sop 0= () 1 2

From the linear property of our problem, stability esti-
mate of problem (47) may be written precisely in the follow-
ing corollary. O

Corollary 19. If u, ,(y; f) (resp., ug,(y; f5)) is the approxi-
mate solution corresponding to f, (resp., f,), then

1\VP
sup oy () -2 O < (<) 1Al @
y€l0.L] @

Remark 20. We have

r Ts

se 1
NO = e <0
L+ —(p-1)Ts (54)
= - ) la
i p>
s= VA=
It is easy to show that
K(s) < K(s* - ;)
) L(p-1)
(55)

= (ﬁ)rer =x(r,p,L) < 0.

This remark shows that u,(y) € D(A"?) for all y € [0,L].

Proof. The inclusion u,(y) € D(A™?) is equivalent to
IIAY/Zua(y)Il < 00. We have

o = [ 2] OO e
weu, f = [ A= e

()1

1 2
< (=) % P I < o,

. 2
(VT g, g

(56)

where x(r, p,L) SUPAZy\/_e (p-1L e[]
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Theorem 21. If f € &, then

sup [lu(y) —u, (»)] — 0,

a — 0.
y€[0,L] (57)

Proof. We compute

lu(y) - ue (V)|

= JH}O (1-M, (/\))zcosh2 (y\/X) d||E,\f||2

Y

< J- h (1-M, (1))’ cosh’ (LV1) dlELfIP (s8)

Y

<[ om0 e, g

= |- 7

where f = "V fand | FI" = [ A AIE, FI < oo,

This implies that Sup e o1 1u(y) — u (W < 11 - Ma)fll
and by virtue of (3) of Theorem 9, we conclude the desired
convergence. O

The following technical lemmas play the key role in our
analysis and calculations.

Lemma 22. Let

1
) ) 1 Lyss) = ————=, (59
v, +oo[ > s +— Q({a, 1, g, L} ;) pRE— (59)

wherea > 0,0 > 0,v>0,q>0,L >0, andr > 1. Then one

has
k, '
_ |, 60
10g(k2 (U“))) 0

where k,(r,q, L) = rqL, k,(g,7, L,a) = 'L "a/r.

Qaratlio s 5

Proof. Differentiating the expression and setting the deriva-
tive equal to zero, we find

Qlanashy
_ -1 r—1 —qLs\ _ (61)
= m (ocrs —qae ) =0.

The function (d/ds)Q({a,r, g, L}; s) = 0 admits a unique solu-
tion

5= {s — ocrsril} n {s — qaequs} ) (62)
Therefore
Q({a.r.q.L};5) < Q({a, 7.9, L}55)
1 1 (63)

< —— < —.
o5 +ae"9S T o5

We have

_ s 1 as g4
(ocr?r '~ gae qu) —0 e et = 12 (64)
ro

By using the inequality (¢ > ¢, ¢t > 0), then for t = gL3, we
obtain e?* > gL5 and we can write

LS r=1 r—1
I _ g1 < 1S ) <L> e, (65)
ro qlL qL

which implies that § > (1/rqL) log((quH“ /r)(1/x)). Hence,
we obtain

IN

gLl kY
Qfarq L}ss) < — a(k)g(kz(l/«x)))’ oo

where k,(r, g, L) = rqL, k,(q, 7, L,a) = ¢'L" "a/r. O
Lemma 23. Let

[v,+00[ > s — R({p,q,L};s)
oPLs 1 (67)

(1 + aePls) eals — ela-p)Ls 4 eals’

where p>1,9>0,a>0,v>0,and L > 0. Then one has the
following.
If1< p<gq, then

R({p,qL};s) se @PP <e”@P <1 (68)

Ifo<g<p,p=1,0<a<(p-q)/qg then

>

1 (p-a)lp
R({p.a.Lss) <Ko+
(69)

<1

)(P‘Q)/P

_q<P—q
k. (p,q) = L =1
(P, 9) o\ p

Proof. By a simple differential calculus, we show that the
function R({p,q,L};s) achieves its maximum at § = (1/
pL) log((p — q)/aq). Consequently

(70)

1 )(P"Z)/P
]

R({p.qL};s) <R({p,q. L};3) = k3(;

Now we assume the following a priori bounds hold:
u(L) e D(A"?)
— roo VI G|E, £ < B < oo, v
Y
u(l) € ng

+00 (72)
= J S DGIE, £ < B2 < oo
y



Theorem 24. Let u (resp., u,) be the solution of problem (1)
(resp., (47)) with the exact data f. If (71) (resp., (72)) is
satisfied, then one has the following error estimates:

1 r
lu () - e ()] = o< log(l/oc)> , )
e () = ua (V)]
_|O0(®), if1<p<gq, (74)
“lo(a??), ifo<q<p p=1.

Proof. Putting

Pt VA 1
BN =1t =
1+ aelLYA | A
1
= T T < B2 (A)
VA e PLVA 4 g/
(75)
B 1
\/776‘1’“@ oV
3. () = ePtVA 1 1
P 1+ aeptVA | ealVE T plampVE 4 geal VA

Using the change of variables s = V), we obtain the new
expressions

By — L
5 () N (76)
1

T @ PLs ¢ gedls| 77)

By virtue of Lemma 22 (inequality (60) and Lemma 23
(inequalities (68) and (69)), we can write

- 1 k, '
o< (mmam)

where k,(r, p,L) = rqL, ky(p,r,L,\y) = q'L 'y /r.
Consider

ifl<p<g,

1,
By (s) < {/1\polp (79)
(;) , ifo<g<p p=>1.
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We have

lu(y) - u, ()|

(xepL\ﬂ

2
[ ] e

5 [T 2\/—2f 2LV 2
<a {B, W} VA" " d|E, f]|
Y

2

< (x2< sup B, (s)) E%,
$24/y

(80)

lu(y) - u )|’
“epL\ﬂ

[ e e et

Y

) [ 2 L(1+q)VA 2
<a {B; (MY e d||E\ f]
Y

2
<o’ sup B, (s) E;
$24/y

Using (78) and (79), we derive

B 1 k, ' _of Y '
e () = ue (V)| < (X(x<log(k2(1/0£))) O(log(l/“)) ’

ifl<p<g,

o,
o) -m s {5 o IP5%

(81)
O

Combining (53), (73), and (74) with the help of triangle
inequality

Ju () -u2 ()|
< u(y) —ua () (82)

+ ““a () - ”2 (}’)“ =A;+A,,
we deduce the following corollary.

Corollary 25. Let u(y; f) (resp., ug(y; fs)) be the solution of
problem (1) (resp., (47)) with the exact data f (resp., the inexact
data fs) such that || f — f5ll < 8. If (71) (resp., (72)) is satisfied,

then one has the following error estimates:

(case r = 1)

1/ (83)
4 () - ()] =06 @)+ (L) s,
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(case 1< p<q)
u () -l (D] = 0@ @) +(5) o
(case0<g<p, p=1)
1/p (85)

| () = ug ()] = 0 (65 (@) + (é) 5,

where

1 r
0, (a) = O( log (1/) > R )

0,(0)=0(),  6,(ax)=0(a?).

If we choose a = a(8) = 8”/“ with w > 1, then we have

LAY o
o(5m) =0“m (87)
1 r
0= em) @
0, () =8¢, 05(c) =0 (87%). (89)

3.3. Example: Cauchy Problem for the Modified Helmholtz
Equation. In this paragraph, we give a concrete example to
see how to apply the theoretical results developed in this
study.

Let us consider the Cauchy problem (modified Helmholtz
equation) in the infinite strip R x (0, 1):

uyy(x’y)+uxx(x’y)_yu(x’y) =0,
xeR, ye(0,1), (90)

u(x,0) =f(x),uy(x,0) =0, xe€R,

where y is a real positive constant.
Let (&, y) = (Fu)(&, y) be the Fourier transform of u(x,

»):

1

u(éy) = Nir IR e u(x, ) dx. (91)

With the help of the Fourier transformation, problem (1) can
be transformed to an equivalent problem in the frequency
domain:

i, (&y)-Ea(Ey) -y y) =0,
EeR, ye(0,1), (92)
8(§0)=f©),a,E0=0, EeR

It is easy to check that the formal solution of problem (92) has
the form

a(y)=coh(nfE+0)) 7O, o

or equivalently, the formal solution of problem (90) is given
by

u(x,y) = (F"'a)(x )

= \/Lz_ﬂ jR ¢ (8, y) dE (94)

= \/% JR ™ cosh (y\/(fz + y)) ]?(f) dé.

Putting ©(&) = /(£ +y). Then ©() — +coas [§] —
+00. From this remark, it is easy to see that a small pertur-

bation in the data f(£) may cause a dramatically large error
in the solution #%(&, £). In addition, the magnifying factor is

O(&) ~ e, hence, the problem is severely ill-posed.

Since the data f(-) are based on (physical) observations
and are not known with complete accuracy, we assume that f
and fj satisty

If - fsll <o, (95)

where f and f; belong to L*(R), f5 denotes the measured
data, and § denotes the noise level.

For this problem, we define the regularized solutions with
noisy data f:

(%, 7)

.y
. v%_ﬂ JR e cosh (3 (& +7)) i ©) 1w ©)

[ o (e +n) s @

gl
3

(96)

where 1|_y n; is the characteristic function of the interval
[-N, N]. Consider

tig (x, )
. cosh (y (&2 + y)) ~ (97)
= — d s
Van J'Re i R

where p > 1. The quantities « = «(d) and N = N(9) are the
parameters which were defined in Sections 3.1 and 3.2.

4. The Nonlocal Boundary Value Problem
Method and Some Extensions

In this section we give the connection between the molli-
fication method and the nonlocal boundary value problem
method; also we give some extensions to our investigation.
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4.1. The Nonlocal Boundary Value Problem Method. Consider
the following problem:

u,, =Au, 0<y<al,
P(a(@=1);a,p) {u(0) + au(al) + /3A71/2uy (al) = f,
u, (0) =0.

(98)

(i) The case 3 = 0 coincides with the method treated by
Hao et al. in [10].

(ii) In the case a = f3, the solution of P(a; o, ) is 1, (y) =
cosh( y\/K)(I + aeh)! f coincides with the solution
resulting from the mollification method.

(iii) The error estimates obtained in our analysis by using
the mollification method are similar to those obtained
in [8, 10].

This shows that our study framework is more general and
includes many results obtained in this direction.

4.2. Generalization. Let us consider

u,, =Au, 0<y<L,
Pu(0)=f, (99)
u, (0) =0,

where A is a self-adjoint, linear unbounded operator in H and
changes the sign with 0 € p(A) (A existsand A7 € Z(H)).

We assume 0(A) =]-00, —p]U[y, +oo[, y > 0. The spectral
theory of self-adjoint operators enables us to write

-y +00
h= j dEh = J dEh+ J dE,h
R oo v (100)

=h +h,, heH;

that is, the Hilbert space H decomposes into the direct
sum H = H_® H,, and

A= j AdE,
R
. - (101)
_ J AdE, +J ME, = A +A,.

© Y

This decomposition gives us two problems: one is elliptic
(ill-posed) and the other is hyperbolic (well-posed). Consider

Uyy=AU 0<y<lIL,
Elliptic Problem U (0) = f,,
U, (0)=0,
(102)
Vyy=A_V, 0<y<IL,
Hyperbolic Problem {V (0) = f_,
v, (0) = 0.

Abstract and Applied Analysis

The formal solution of problem (99) is

u(y)=U(y)+Vv(y),

U (y) = cosh (y\/A\+) for

(103)
V (y) = cos (y —Af)ff-
We define
ua=c03<y -A,)f,
+ cosh (yyfA. ) (1+ae™) ',
- [; cos (yV=R)dE, f
. jy*m cosh (yV1) (1+ae ) "aE S, qoa
v, = cos<y —A,)f, + cosh (y\/Z) Eyf,
_ j; cos (yVR) dE, f
+ Lm cosh (yVA) 1, 5/dE, f.

We follow the same methodology developed in the previous
Sections 3.1 and 3.2, we show that u, and v, are two stable
approximations to problem (99), and we establish the same
results of error estimates.

Remark 26. We define the mollification operator M, = (I +
oc@F(A))_l, where ®,, : [y, +00[ — 00 satisfies

VA e[y roo[, ©,) 2 p1. (105)

Under certain conditions on G)p(-) and with the help of a
technical calculation, we can extend the results obtained in
Section 3.2.
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