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We are concerned with the existence of multiple solutions to the nonhomogeneous Kirchhoff type equation —(a+b JR3 [Vul>)Au+u =
[ulP™'u + h(x) in R?, where a, b are positive constants, p € (1,5), 0 < h(x) = h(|x]) € C'(R*) n L*(R?), we can find a constant

my

1. Introduction and Main Result

In this paper, we consider the existence of multiple solutions
to the following nonhomogeneous Kirchhoff type equation:

—<a+bj |Vu|2>Au+u=|u|P_1u+h(x) in R?, (1)
R3

where a, b are positive constantsand p € (1,5)-h € C'(R*n
L2(R®) satisfies the following conditions:

(h;) 0<h(x) = h(|x|) € L*(R?) and |hl, < m,, where

) ) 1/(p-1)
p- P+
my =2 o : )
PY2 ZPYerl

y, is the embedding coefficient of H'(R’)
LS(R®) and s € [2,6];

(h,) (Vh(x),x) € L*(R®), where (-,-) denotes the usual
inner product in R,

Recently, there have been many references about the
existence of nontrivial solutions to the following Kirchhoff
type equation by using variational method [1-5]:

_<a+bJ |Vu|2>Au+V(x)u:f(x,u) in RY, (3)
R3

> 0 such that for all p € (1, 5) the equation has at least two radial solutions provided |h|, < m

P

where a, b are positive constants. V : RY — R, f €
C(IRN xR,R), N =1,2,3. A main tool to deal with problem
(3) is the mountain pass theorem. For this purpose, one
usually assumes that f(x,t) is subcritical, superlinear at the
origin, and either 4-superlinear at infinity or satisfies the
following global Ambrosetti-Rabinowitz type condition (AR
in short):

(AR) there exists g > 4 such that0 < uF(x,t) =
L: flx,s < tf(x,t)forallx € RVandt e R.
Under the above assumptions, the mountain pass

geometry structure and the boundedness of Palais-
Smale sequence or Cerami sequence can be obtained.

For example, in [5], when f satisfies above assumptions
and the potential V satisfies the following conditions:

(V) V e C(RN,R), infpyV > 0 and for each M > 0,
meas{x € RN : V(x) < M} < 0o, where meas denotes
the Lebesgue measure,

which ensure the compact imbedding of E = {u € H RN
Jon Vii* < 00} — LURY), g € [2,2"), the author obtained
tﬁe existence of a nontrivial solution to problem (3).

The existence of infinitely many solutions was considered
in [2, 3] respectively, by the fountain theorem and a variant
version of the fountain theorem, where f is odd ont €
R and is also subcritical, superlinear at the origin, and either
4-superlinear at infinity or satisfies AR condition or some



conditions weaker than AR condition. In [2], N = 2,3,V =
landin[3], N=3,V € L?SC(R3) satisfies the condition (V).

The existence of ground state solutions to problem (3)
was also considered in [1, 4]. In [1], the authors studied
(3) under the conditions: N = 3, a positive potential
satisfies V, = liminf|_, V(x) > V, = inf gv >
0- flxt) = f(t) e CYR,R) satisfies (AR), lim,_,,
(f(t)/|t|3) = 0, lim,_, (f(®)/It]T) = 0 for some q €
(3,5) and f(t)/t3 increases for all t > 0. They obtained a
positive ground state solution by using the Nehari manifold.

Under the same condition of V' in [1], the authors in [4]
discussed the existence of multiple ground state solutions,
where f(x,t) = Af(t)+ |¢|*t, which contains a critical growth
term.

Recently, in [6], the authors studied the existence of a
positive solution for the following Kirchhoft equation:

(a+ AI [|Vu|2 + bu2]> (Au+bu)=f(u) in R,
R3
(4)

where N > 3,a,b > 0, f is subcritical, superlinear at the
origin and infinity. In order to construct the mountain pass
geometry structure and obtain the bounded PS sequence,
they combined a truncation argument with a monotonicity
trick introduced by Jeanjean [7], and obtained that there
exists A, > 0 such that problem (4) has at least one positive
solution for A € (0, A).

Motivated by the aformentioned references, we consider
the existence of multiple solutions to the nonhomogeneous
Kirchhoff equation (1), where p € (1,5). By using the varia-
tional method, we obtain that the problem has at least two
positive radial solutions. Under proper assumptions on h,
the problem has a local minimum around the origin with
negative energy by Ekeland variational principle. Note that
the term |u|?"'u is neither 4-superlinear nor satisfies AR
condition for p € (1,3]. In order to obtain the bounded PS
sequence, we also use the indirect method in [7]. Meanwhile,
for w € HY(R?), we take a transform of w,(:) = tw(t™) to
construct the mountain pass geometry structure. Finally, the
combination of Pohozaev identity with the method in [7]
obtains the bounded PS sequence. Therefore, we obtain the
second solution which has positive energy.

Let H'(R?) be the usual Sobolev space equipped with the
inner product and norm

(u,v) = J [aVu - Vv +uv], llee]l = (s u)l/z. (5)
R3
We denote by | - |, the usual LS(R*) norm. Then, we have

that H(R®*) — LY (R?) continuously for s € [2,6]. Hence,
there exists y, such that

lul, <y, llull, weH (RY). (6)
Let H = H,I(IRS) be the subspace of HY(R?) containing

only the radial functions. Then the imbedding H —
LS(R%) is compact for s € (2,6) [8, Corollary 1.26, page 18].
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Let %3(R?) be the completion of C(‘)’O(IR3 ) with respect to

the norm || ullgz = ([, [Vul*)'2.

Define the energy functional ] : H 1(IRS) — R by

J () = % Jw [alVul® +u’] + Z(JRS |w|2)2

1
j luP*™t - J hu.
p+ 1 Jrs3 R3

By p € (1,5), h € L*(R?), we have ] € C'(H'(R?),R). And,
for any u,v € H'(R?),

7)

(]/ (u),v) = J- [aVu - Vv + uv]
R3

‘b (JR |Vu|2> JW Vu-Vv  (8)

—J |u|p71uv—J. hv.
R? R?

Furthermore, by (h,), h(x) = h(|x|), the functional ] is
also a C' functional defined on H. By standard argument,
the weak solution of (1) is corresponding to the critical point
of the functional J on H.

Our main result is as follows.

Theorem 1. Let p € (1,5) and h satisfy (h,)-(h,). Then, prob-
lem (1) has at least two nontrivial radial solutions u, and v,
satisfying J(uy) < 0 < J(vy).

The paper is organized as follows. In Section 2, we give
the existence of the negative energy solution u,. The existence
of positive energy solution v, and the proof of Theorem 1 are
given in Section 3.

2. Existence of Negative Energy Solution

In this section, we give the existence of the negative energy
solution. In order to obtain our first solution, we need the
following preliminaries.

Lemma 2. Let p € (1,5) and h satisfy (h,). Then, there
exists p,a > 0 such that ]IaBP > o, where B, = {u € H

u < p}
Proof. For u € H, by (7), the Holder inequality and the
Sobolev inequality imply that

1 1 1
J () > Sl - 7+l P!

- lh|2| ul, 9
1 1 1
> Jul (5 Il = v el - V2|h|2>-
Set

ptl.p

1
g(t) = Et_ Imprrlt 5 t=>0, (10)
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since p > 1, by calculating directly, we see that max,.,g(t) =

g(p) > 0, where p = ((p + 1)/2py£:11 1/(1”1), g(p) = ((p -
1)/2p)p. Then it follows that, if |hl,y, < g(p), thatis, ||, <
yz_lg(p) £ m, there exists « = p(g(p) — y,|hl,) > 0 such

that J IaBP > «, where

! 1 1/(p-1)
p- pt
m, = . (11)
"o <2PV5111 )

O

Lemma 3. Let p € (1,5) and h satisfy (h;). Then c
infgp] < 0, where p is given by Lemma 2 and B, = {u € H :

lull < p}.
Proof. By (h,), h € L*(R?), h+0, then for ¢ € (0, |h],), there
exists ¢ € CSO(IR3) such that |h — y|, < e Then JR3 (h* -

hy) < o0 IW* = hyl < elhly, so [, hy > |hl3 = elhl, > 0.
Hence, by (7), for t > 0 small enough, we have

1w = St~ ([t

p+l (12)
t p+l J
- -t| hy<o.
p+1 J[R3 |1l/| R3 v
Then, by the definition of B, ¢ = infgp J <O. O

Lemma 4. Let p € (1,5) and h satisfy (h,). The bounded PS
sequence of the functional ] possesses a convergent subsequence.

Proof. Let {u,} be a bounded PS sequence of J, that
is {u,} and {J(u,)} are bounded, J'(u,) — 0 in H',

where H' is the dual space of H. We may assume that, up to
a subsequence,

u, —u in H, u, — u inLP+1(R3),

(13)

3
u, — u ae.on R

It follows that

J (|un|p_lun - |u|P_1u) (w,—u) — 0, n-— oco. (14)
RS
By (8), we can obtain that
(I, (un) _], (u)’un —M)
=, — ulf +b (j vie ) J Vu, - (Vt, - V)
R R
- b(J |Vu|2> J Vu - (Vu, — Vu)
R R
- J (lunlp_lun - |u|P—1u) (un - u)
R3

=, — ulf + b(J 3 |Vun|2>J Vi, - v’
R R

+b (JR (|Vu,|* - |Vu|2)> sz Vu - (Vu, - V)
B L (letal " 11, = 1P 08) (= ).
(15)

Since {u,} is also bounded in 211(R?), then

b (J (|Vun|2 - |Vu|2)> J- Vu - (Vu, — Vu) — 0. (16)
R? R?
Therefore,
0 < ety = ] < Ju, — ]
+b(J |Vun|2> J |Vut, — Vu 50, n— oo
R? R
17)
Thatis, u,, — u in H. O

Theorem 5. Let p € (1,5) and h satisfy (h,). Then, there
exists uy, € H such that

J (uy) = c =inf] (u) < 0,
B

P

(18)

where p is given by Lemma 2 and B, = {ueH:|ul <p}

Proof. By Lemma 3, ¢ = inf{J(u) : u € Ep} < 0, then by

Ekeland variational principle [9], there exists {u,} C EP such
that

cS](un)<c+l,
n
) (19)
J (@) =] (u,) - ” lo-u,| VoeB,

Then, by Lemma2u, € B, then {u,}is a bounded
PS sequence of J. Therefore, Lemma 4 implies that there
exists u, € H such that 4, — ug, up to a subsequence.
So J(uy) = c <0 and J'(uy) = 0. O

3. Proof of Theorem 1

In this section, we will show the existence of the second solu-
tion. Note that p € (1,5), when p € (1,3], [ul?"'u neither
satisfies (AR) condition nor is 4-superlinear. So, in order to
obtain the bounded PS sequence, following the argument in
[6], we also use a direct method in [7]. Firstly, we recall the
following main result in [7]. The “monotonicity trick” at the
core of this theorem was invented by Struwe (see [9]).

Theorem 6 (see [7]). Let (X,| - |I) be a Banach space and
I ¢ R, be an interval. Consider the family of C' functionals
on X

Ja(u)=Aw)-AB(u), A€l (20)



with B nonnegative and either A(u) — oo or B(u) — 00
as |ul — o©o. We assume that there are two points v,,
v, in X such that

¢ = inf max J; (y (t)) > max {J, (v,), ], ()}

yerl, te[0,1]

VA e,
(21)
where
T={yeC(01,X):y(0) =v,y(1) =n}.  (22)

Then, for almost every A € I there is a sequence {u, (1)} <
X such that

(i) {u,(A)} is bounded;
(ii) J(u, (1) — o
(iii) ])'t(un(/\)) — 0 in the dual X} of X.

In our case, X = H, I = [1/2,1], and define J; : X —
R by

Ty (u) = A(u) — AB(u), (23)
where A € I,
1. > b 2\
A = 31+ ([ 1vur)
. (24)
_ - p+l
JRS hu, B (u) prl JRS 171

Then {J;},¢; is a family of C' functionals on H. For any u €
H,Bw) > 0,and A@w) > 1/2lul’ - plhllul -
00 as |lu| — oo.

In the following, we verify that the functional J, satisfies
the conditions of Theorem 6.

Lemma 7. Let p € (1,5) and h satisfy (h,)-(h,). Then, the
following claims hold:
(i) there exist r,a > 0 and e € H such that forall A € 1

Tilon, ) > a >0, J () <0 with e > 75 (25)
(i) forany A € I,
¢, = inf max ], (y (¢)) > max {J, (0), ], (e)}, (26)

yer te[0,1]

where
T={yeC(0,1],X):y(0)=0,y(1) =e}. (27)

Proof. (i) Since forallu € H and A € I = [1/2,1], J,(u) >
J;(u). By Lemma 2, there exist r,a > 0 independent of A €
I such that J,(u) = a > 0 with [ul| = r.

We choose a function w € H and w#0. Set w,(-) =
tw(t™>) for t > 0. Then, for all A € I, by (7) and (h,), we
have

at4 2 ts 2
I (w,) < - Jw [Vw|” + 5 J'R3 |w]|

8 2 p+7
+bi<J Vul) - 5o [l
4 \Jps 2(p+1) Jme

(28)
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Noting p > 1, then there exists ¢, large enough satisfy-
ing lw, Il > r, which is independent of A € I, such that for
all A € I, Jy(e) <0 with e = w, .

(ii) Since ¢, is nonincreasing on A € I, then by the
definition of ¢, and (i), for all A € I, we have ¢;), > ¢, >
¢ =za>0.

By Lemma 7 and Theorem 6, for almost every A € I, there
exists a bounded sequence {uﬁ} C H such that J ,\(uﬁ) —
> (]A)'(uﬁ) — 0. By Lemma 4, there exists u* € H such
that uﬁ — " in H. Therefore, (]/\)'(uA) =0 and ],\(ul) =
¢;. It follows from (ii) of Lemma 7 that ut #0.

Therefore, there exists {A,} ¢ I withA, — 1 anda
nonnegative sequence {uA”} (denoted by {u,,} for simplicity)
satisfying

I, W) = s (]An)’ (u,) = 0. (29)

In order to obtain the boundedness of {u,}, we need
the following Pohozaev identity. The proof is similar to the
argument in [10].

Lemma 8. Under the conditions of (h,) and (h,), if u € H is
a weak solution of (1), the following Pohozaev identity holds:

1 3
—<a+bJ |Vu|2)J [Vul® + —j u’
2 R? R? 2 Jr?

(30)
J |u|P+1+J (3h+ (Vh (x),x)) u.
R3 R3

T+l
Lemma 9. Consider {u,} in (29) is bounded in H.

Proof. Firstly, since (],\n)'(u,,) = 0, then by Lemma 8, u,
satisfies the following Pohozaev identity:

2
. J 7+ 2(1 vaf) - % J o
R R R
3 P+l
J |un| -3 JRB h(x)u, (31)

"p+1 Jre

- J (Vh(x),x)u, = 0.
R3

On the other hand, by ((]An)'(un),un) =0 and ],\n(un) =q,
we have that

2
aJ |Vun|2 + b(J |Vun|2> + J ”i
R? R? R?

-2, JRz |, | P - JRz hu,, = 0,

a b 21
E JW |Vun|2 + Z(JW |Vun|2> + 5 JW uf,
A p+l
_ p:l ,[Ra |ua " - JR3 hu, = ¢, .

(32)

(33)




Abstract and Applied Analysis

Then, combining (33) with (31), we can obtain

2
aj qun|2 + ZE(J |Vun|2> =3¢ - J (Vh(x),x)u,.
R3 4\ Jr3 n R3
(34)
Since ¢y < ¢, by Lemma 7, and (Vh(x),x) € LA(R?), so
in order to prove the boundedness of {u,} in H, we only

need to prove that [u,], is bounded. By contradiction, we
assume that |u,|, — o©0, up to a subsequence. Let v, =

Vil Xy = a o, 19,2 Y, = blu,B([. Vv, 2, =
Al 1570 [ v

Note that ¢, is bounded and h, (Vh(x),x) € LY(R%).
Multiplying (31)-(33) by 1/ |un|§ , we have that

X, Y,
_n _n_i n=_§+0(1))
2 2 p+l 2

X, +Y,-Z,=-1+0(1), (35)
X, Y, V4 1
Tnytn_  Tn oo _C 40(1),

2 4 p+l 2

where o(1) denotes the quantity tends to zeroas n — ©0. By
calculating, we obtain that

X, ==
n_S_

s}

+o0(1). (36)

a~]

Since p € (1,5)and X, > Oforn € N, so this is a
contradiction for n large enough. Therefore, {1} isbounded
in H. O

Proof of Theorem 1. Since

J (un) = ]An (un) + (An - 1)

P‘ll' 1 J;;@ Iuﬂ|P+1’
(7' (u,),v) = ((]An)l (un),v) (37)
+(A, - 1) JRS |un|P71unv, veH.

By Lemma9 and H — LF*(R?), |t ,,, is bounded
and I_[R3 lu, )P u, v < ygilllunlgﬂllvll. Thus, when A, —
17, we have that {J(u,)} is bounded and ]'(un)
Therefore {u,} is a bounded PS sequence of J. By Lemma 4,
{u,} has a convergent subsequence. We may assume that
u, — vy up to a subsequence. Consequently, J'(v,) = 0.
According to Lemma 7, we have J(v,) = lim,_,  J(u,) =
lim, _, ,J) (u,) = a > 0. Thus v, is a positive energy solution
to problem (1). Hence, by Theorem 5 problem (1) has two
solutions u, and v, satisfying J (1) < 0 < J(v). O

- 0.
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