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Let p > 3 be a prime and let y denote the Dirichlet character modulo p. For any prime g with g < p, define the set E(g, p) =
fall<aa< paa=1(modp) and a = a(modq)}. In this paper, we study a kind of mean value of Dirichlet character sums
Yacp ack(qp) X(@), and use the properties of the Dirichlet L-functions and generalized Kloosterman sums to obtain an interesting

estimate.

1. Introduction

Let k > 3 be an integer and let y denote the Dirichlet charac-
ter modulo k, for any real number x > 1, many scholars have
studied the following sums:

Y xm), a)
n<x
where n are positive integers.
Perhaps one of the most famous results is Pdlya’s inequal-
ity [1]. That is, when y is the primitive character modulo k,
we have
1/2
ZX (n) < k"'*logk. )
n<x
In fact, the result can be extended to the nonprincipal
character y modulo k [2]. Further details about the estimates
of character sums can be found in the literature, for example,
(3, 4].
For any fixed integer H > 0 and any positive integer k > 3,
define the following set:

LH,k)={a|l<a,a<k-1,
©)
(a,k) = 1,aa = 1 (modk), |a —a| < H},
let ¥ denote the Dirichlet character modulo k, define the sums
as follows:

Y xm. @

n<k
neL(H, k)

Xi and Yi [5] studied the problem for y the nonprincipal
Dirichlet character modulo k, and got

Y xm) < k'"?d(k)logH,

n<k
neL(H, k)

(5)

where 0 < H < g was a constant and d(k) was the divisor
function. Before this, Wenpeng [6] got an asymptotic formula
for the case that y was the principal Dirichlet character
modulo k.

On the other hand, for each integer a with 1 < a < k and
(a,k) = 1, we know that there exists one and only one b with
1 < b < k such that ab = 1(modk). Let r, (k) be the number
of solutions of the congruent equation ab = 1(mod k) for 1 <
a, b < k in which a and b are of opposite parity, this can be
expressed as follows:

k
r, (k) = 1.
aZl (6)
aa=1(mod k)
2% (a+a)

Richard [7] asks us to find r,(k) or at least to say
something nontrivial about it. About this problem, a lot of
scholars have studied it [8-12]. Now we let m be another
integer with m < k and let r,,(k) denote the number of all
pairs of integers a, b satisfying ab = 1(modk), 1 < a,b <k,



and mt(a + b). Lu and Yi [13] have obtained the asymptotic
formula of generalized D. H. Lehmer problem as follows:

k

k) = 1=(1-=)¢ &) +0(k"log’k
ZCEED) (1-)sm=+of k).
aa=1(mod k)
mt(a+a)

where the O constant only depends on .

In this paper, let p be an odd prime and let g be a fixed
prime with g < p, define the set E(q, p) for a(1 < a < p) such
that aa = 1(mod p) and a = a(modg), that is,

E(gp)={all<aa<p-1,
aa = 1(modp),a

(8)
=a(modq)}.

As another case of (7), we will consider the mean value of
Dirichlet character sums as follows:

Y x@), o

asp-1
a€E(q,p)

and get an interesting estimate. That is, we will prove the
following theorem.

Theorem 1. Let p be an odd prime and let q be a fixed prime
with q < p, and let y denote the Dirichlet character modulo p.
Let E(q, p) denote the following set:

E(gp)={all<a<p-1,
(10)
aa = 1(modp),a =a(modq)},

then, for any nonprincipal Dirichlet character y mod p, we
have the following estimate:

Z X(a) ( 1/2+€)

asp— 1 (11)
acE(g,p)

where the O constant only depends on q.
From this Theorem we can get

p-l1 p-l1
Y x@= Y x@- )Y x@
a=1 a=1 asp-1
aa=1(mod p) aa=1(mod p) a€E(q.p) (12)
qt(a—a)
-0 (p1/2+e) )

For any integer k and fixed integer m such that (m, k) = 1,
whether or not there exists an estimate for

Y x@ W)

a<k
acE(m, k)

is still an open problem.
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2. Some Lemmas

In this section, we will give several lemmas which are
necessary in the proof of the theorem.

Lemma 2. Let Q be an integer, and let x be a primitive char-
acter modulo Q. Then, for any real number u and v withu < v,
we have

B _ . e(-hu)—e(-hv)
2 xm=r(r) Y X

uQ<n<vQ 0<|h|<H

+O<1 + _QlogQ>,
H

(14)

where e(x) = e¥™*

sums.
Especially, let u = 0, we have a slight modification

Y xm

and 1(x) = Z ~, x(@)e(a/Q) are Gauss

0<n<vQ

7(x) X ¥ (n) sin 27nv)

I ,Zl n rom, (15)
B if x(-1) =1,

T(X) Oi) X (n) (1 — cos (27nv)) Lo,

Tl =1 n
if x(-1) =-1.
Proof. (See [1]). O

Lemma 3. Let q be a prime, let Q be an integer with Q > g,
and let y be a primitive character modulo Q, then, we have

( (l)s1n2—ﬂl>
(q=1)7 Six, modq 1 q (16)
xL(1L,xx,)+01), x(-1)=1,

—1

tx) < 2711)
Dl1- —
(q ) -y ZZI Y n%)d qXZ ( ) COS q
X(_l) =-1,

xL(1,xx,) +O(1),

where L(1, x) are the Dirichlet L-functions corresponding to x.

Proof. From Lemma 2, we take # = 0, and v = 1/q and get

_ 1-e(-h/q)
(n) = (h) —————
ng%qx n) =7(x) o<thHX e
+7(x) Z T (h )M 17)

—H<h<0

+O<l+%>.
H
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When y(-1) = 1, we have

Y x=e() 3 xn D
n<Qlq 0<h<H
+O<1+Q10gQ)
H
TS ( 271l> X (h)
= sin — X
nl; 1 0<;gH h
l’l—l(modq)
+O<1+Q10gQ>
H
_ () q_1<. 2_7-[l> M
(q—l)n; s q 0<;SH Y
1
x ) Xz(h)X2(1)+o<1+QI<;gQ>
X, modq

‘o, 2 e )

I=1y, mod q q

Z ﬂzh(h) +O(1+

0<h<H

QlogQ>
0 )
(18)

Let H — 00, then, we have

Y xm

n<Q/q
Z Z < sm—l>L(1,ﬁ2)+O(1).
_l)ﬂl 1y, mod g g
(19)
The case of y(—1) = —1 can be treated in the same way.
This proves Lemma 3. O

Lemma4. Let p, q be odd primes and let y,, x, be the Dirichlet
characters modulo p and q, respectively, such that (p,q) = 1,
denote x = x1X»» kK = pq, and x is the Dirichlet character
modulo pq, the famous Gauss sums are defined as follows:

k
G(nx) = Yx@e(%). 20)
=
where e(y) = e¥™ . Hence, we have

=0 @ x (PG x)Gn ). (21)

= G(1, x); therefore, we have

G(nx)
When n = 1, we denote T())

7(x) = x1(2) x2 (P) 7 (x1) 7 (x2) - (22)
Proof. (See [14]). O

Lemma 5. Let m, and n be integers and let q > 3 be prime,
let x denote the Dirichlet character modulo g, the generalized
Kloosterman sums are defined by

> X(a)e<ma;m>, (23)

amod g

S, (m,n;q) =

where aa = 1(modq) and e(y) = ™.

Then, we have the following estimate:
. 1/2+€ 1/2
S, (mmq) <q"""(mnq)", (29)
where (m, n, q) denotes the gcd of m, n, and q.
Proof. (See [15]). O

Lemma 6. Let p > 3 be an odd prime, let x, x, be a Dirichlet
character modulo p, and xx, # x5 For any odd prime q with
q < p; let x5, X3> X4 be any Dirichlet characters with y, mod g,
X3 mod q and y, mod g, respectively, then, no matter y is odd
character or even character modulo p, we have

> xn (@ x @ ()T ()

XXy
Xix2(-1D=1 (25)

3/2+e

X L(LxxxaXs) L(L X1 xX,) < p
Y xn@x @t o)t (n)

XX
Xix2(-1)=-1 (26)

3/2+e

X L(LXx0xX:) L(L X XaXs) < P

> xn (@ x @7 (o)t (x)

X1 # Xy
AD1 (27)

3/2+e,
>

x L(Lxxixs) L(Lxx,) < p
Y @ x @ ()T (n)

X1 # Xy
X(-1)=—1 (28)

3/2+e
bl

x L(Lxxixs) L(Lxx,) < p

where the < constant only depends on q.

Proof. For any integer n with (n,k) = 1 (k > 3 is any positive
integer), we have

z L) = ¢(k) n = +1 (modk),
ymodk 0, otherwise.
x(-1)=1
%(/J (k), mn=1(modk), (29)
de x ()= —%gb(k), n = -1(modk),
Xml)
x(-D=-1
0, otherwise.



Now let y > p and let A(y, X) = ) <4<y x(1). Then, from
the Pédlya-Vinogradov inequality, we obtain

Aly,x) < \/ﬁlog p. (30)

Hence, from Abel’s identity, for any Re(s) > 1, we can
easily get

L(s,x) =

_ X(n)+o<logp> (31

v
7
=
[S)

We will take (25), for example, to prove this lemma. For
(g, p) = 1, from the definition of 7()y) and (31), since y; is not
the principle character modulo p and yy; is not the principle
character modulo p, we have

> xxa@x @)t (n)
XX
xix(-1)=1
x L (L xxixexs) L (L X xaX)

= Y xa@x @t )T (x)
ximodp

X1 Xz(_l):1

XX X2 X5 (k) ( log pq )
x| XA L g
(z«zp k (pa)'"

AL ( log pq ))
X +0
(;, n (pq)""?

~x@7(0)7 (1) L(LXGK) L (L 1oXs)

= Z xx1 (@) xi (@) 7 (xxa) 7 ()

xymodp
Xix2(-1=1
T (k _
% Z XXIXZ]{Xa (k) Z X1X2:4 (n) +0 (p3/210g2p)
k<p nsp

- XX (K) xax, () x (qa)
- Z Z kn

kspn<p

Xi,gx(a)%ﬁb)

a=1 P

x )
x1modp
Xix(-1)=1

X1 (qzab) X, (kn) +O (pslzlogzp)
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_¢(p) XXX (K) xax, (n) x (qa)
- 2 Z Z 2

k<qnsp kn

' a+b
X Z Z x(a)e ( >
a=1 b=1 p
q*ab=kn(mod p)

1 X(a)e<a;b>

mod p)

I+
M
M

a=1
q*ab=—kn

oy
Il

—~

+0 (p3/210g2p)

_¢(p) XXX (k) xoX, () x (qa)
- £ Yy 3 4

f<pnzp kn

x (S, (Lgkn p) £S, (1,-g°kn; p))

+0 (p3/210g2p) ,

(32)
where abg*kn = 1(modp). From Lemma 5, we can easily
obtain

Y (@ n @7 (o) T (a) L (LK 6A)
X1 %Xy
Xx(-1=1
X L(L Y1 xaXs) < P3/2+€1 logzp < P3/2+€’
(33)

where the « constant only depends on g. Therefore, this com-
pletes the proof of Lemma 6. O

Lemma7. Letqbea fixed odd prime and let p be a prime with
p > g, let x denote the nonprincipal Dirichlet character modulo
p» and x, denote the Dirichlet character modulo p, then, we
have

> (@ x (@)

Jamodp
XXy

x Yy oxn@ Yy x®)<p’
a<(p-1)/q b<(p-1)/q

(34)

where the < constant only depends on q.
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Proof. For primes p and g, x, and xy; are nonprincipal and
primitive characters modulo p, hence, from Lemmas 3 and 6,
when y(-1) = 1, we can get

Y oxm@n@ Y @ Y x®

xymodp a<(p-1)/q b<(p-1)/q
xn*xp
Y xa (@ x(q)
xi(=1=1
X1 *xf,

(xx)
(i

Z ;dq (X3 (u) sin 2%”)

x L(1, X1 X3) +O(1)>

v
<X4 (v) sin T>

xL(l,m)+O(1)>

(s 5

v=ly,mod q

+ Y @ (e
X1(_1):—1
XX

(S 5 (w

u=ly;mod q

i)

x L(1, X1 X3) +O(1)>

CRICESY)

L(LMHO(D)

(s

v=1y, mod g

1
(g-1)n2

q-1g-1

XZZ Z Z X3(”)X4(V)s1n—u51 2%/

u=1 v=1y; mod gx, mod g

Y xxa @ ()T ()
Xi #xﬁ
xi(=D=1

x L(1, xx:x3) L (L, X1 Xa)
-1

t——
(q-1)n2

g-1g-1

DI IS W AP A)

u=1 v=1y; mod gy, mod m

2nu 2y
X (1 —cos—) (1 —cos—)
q q

< Y @@t Oon) T ()

X
xi(-1)=-1

x L(L30x) L (L xuxs) + 0 (p'7)

< P3/2+e)

(35)

where the <« constant is only concerned with g.

When x(-1) = -1, by the similar method, we can also
obtain
Yoxn@n@ Y xa@ Y x®)
X1 mod p a<(p-1)/q b<(p-1)/q
X1 # xj', (36)
< p3/2+€’

where the <« constant is only concerned with g. Combining
(35) and (36), we can obtain Lemma 7. This completes the
proof of Lemma 7. O

Lemma 8. Let q be a fixed odd prime and let p be a prime
with p > g, let x denote the nonprincipal Dirichlet character
modulo p, let x,, x, denote the Dirichlet character modulo p, q
respectively, then, we have

Z Z Z Z Xxix2 (@ xix, (b) < P3/2+€,

x1mod p x, modq a<p-1b<p-1
XEX ety dfe qib

(37)

where the < constant is only concerned with q.

Proof. According to the properties of Dirichlet character, we
can get

YOy Y Y me@nx®

x1mod p x, modq as<p-1b<p-1
XEXy ety d9fe qtb

2 2| 2xe@- 2 we@
x1modp y,modg \ a<p-1 asp-1
XtXy XetXg qla
X Z X1X> () - Z X1X2 (b)
b<p-1 b<p-1
qlb



PI)

X1 mod py, modq
Xi#Xy X2 EXg

> k@ - xxixa (q)

asp-1

Y wux @
a<(p-1)/q

( Y xx® - x4

b<p-1

) Y xX (b)>

b<(p-1)/q

YOy Y xan@ Y xux ).

x1 mod px, modgasp-1 b<p-1
X#Exy X2t Xy

(38)

For primes p and g, let x' = yyx, be a nonprincipal and
primitive character modulo p, y, is also a primitive character
modulo g, so xx;x» is a primitive character modulo pg;
therefore, from Lemmas 3, 4, and 6 and from (38), it is clear
that when y(—1) = 1, we can obtain

YooY Y Y xax@xx, ®)

x1 mod px, modga<p-lb<p-1
XEX p#x, 19 qtb

x1mod px, modgq
X EXy XX
Xix2(-1=1

T(x0x) %
( (q-1)m Z 2

u=1 x;modq

(Xa (u) sin T”)

X L(1, xx1 )2x3) + O (1) )

X ) . v
<X4 (v) sin —>
) V:1 X4modq q

XL (L, X1 X2Xa) +O(1)>

+
X1mod py, mod q
X*Xy Xt X
Xixa(=1)=—

({5 5 (i)

L(Lxxix2x3) +O(1) >
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(1= 22))

XL (1, X, x2X,) + O (1) )

Xix2) §
<(q -1)mi Z Z

v=1 y,modq

-1g-1

1 quZ PAEDID)

( _1) u=1 :szodq)(3m0dq)(4modq
Xz’/:Xq

_ _ o2
x 2 (2) 7T (x2) T (2) 7 (%) X3 () xa () sin %

Y xxa@x @)t (n)

xn*xp
Xix(-D=1

. 2y
X sin —

x L(L, XX )2x3) L (I’X1XZX4)
g-1g-1

ZZZZZ )

= y=1v= Iszoqu3moqu4modq
XZ#:Xq

X X2 (P) T (XZ)X2 (P) T (%2) X3 (1) x4 (v)

2nu 2y
X (1 —cos—) (1 —cos—)
q q

x Z xx (@) x1 (@) 7 () 7 ()

xi# X
Xixa(-1)=-1

X L(Lxxixax3) L (L X1 X2 Xs)
< p3/2+€,
(39)

where the <« constant is only concerned with g.
When y(-1) = -1, in the similar way, we can also obtain

Z Z Z ZXX1Xz(a)X1X2(b) < p*l*e,

x1mod p x, modq as<p-1 b<p-1
XEX wptxy d9fe qtb

(40)
where the <« constant is only concerned with g.

Therefore, from (39) and (40), we can easily get Lemma 8.
This completes the proof of Lemma 8. O

3. Proof of Theorem

In this section, we will complete the proof of the theorem.
According to the orthogonality relation for character sums,
we have

p-1p-1
Y x@= Yy x@
asp b=1a=1
uGE(q,p) a=b(mod q)
ab=1(mod p)

p-lp-l

— X XX m@u®

leodp b=1a=1
a=b(mod q)
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p-1p-1
ZZ x (@)
a=1b=1

a=b(mod q)

p-lp-1

LY 2 m@u®

X1 mod p a=1b=1
Xl:#XO a=b(mod q)

l Pil P71
e Y x (@) Y o1

a=1 b=1
b=a(mod q)

p-lp-1

Y XD xa@x®)

leodpu 1b=1
1 ¢Xo qla glb

p-lp-l

Y X2 m@n®

mod a=1b=1
Xl p qta gtb
X # Xp
a=b(mod q)

=—Zx(a>< cow)

(@) x: (@)
P leodp 1
Xl:#Xp
x Y on@ Y x®)
as<(p-1)/q b<(p-1)/q
L1
(P-1)¢(q)

YooY D Y xn@y k)

x1mod p x, modga<p-1b<p-1

Xl*Xg qta  qtb
X x, (@) x, (b)
r 5
- (@) +0O(1)
(p—l)q;"
(@) x1 (9)
P leodp 1
Xl:#Xp
x Y on@ Y x®)
as<(p-1)/q b<(p-1)/q
1
+—
(p-1)¢(q)

YY) > @y )

X1 mod pasp-1lb<p-1
n# X[O; mia  qtb

1

MrEDII0)

YooY D Y @y

X1 mod p y, modga<p-1b<p-1
XEX) xatxy 9t qtb

X x2 (@) X, (b)

AL A

Xl modp
X1 *XP

x Y @ Y x®
a<(p-1)/q b<(p-1)/q
1

(p-1)¢(q)
YooY Y xn@x k)

x1mod pasp-1b<p-1
X1 # Xg qta  gqtb

=0(1)+

+

1

A0
YooY Y Y mue@ux, ®.

X1 mod p y, modga<p-1b<p-1
NExy xtxy 9 qtb

(41)

Note that for any nonprincipal Dirichlet character y

modulo k (k > 3 is an positive integer), we have Zﬁ:l x(n) =
0, hence, we obtain

Y xx @y )

asp-1b<p-1
qta  gib

= Y@= Y xn@

asp-1 asp-1
qla

(42)
| Y xu®- > xnb

b<p-1 b<p-1
qlb

=Y @ Y xn®

asp-1 b<p-1
qla qlb

“xu@xn@ Y xn@ Y xn®.

a<(p-1)/q b<(p-1)/q

From (41) and (42) and Lemmas 7 and 8, we get

Y x@

asp
acE(q,p)



x> xx () x ()

X1 mod p
X1 ¢Xg

Y @ Y x®)

a<(p-1)/q b<(p-1)/q

1
rEDII0)

x ) S Y x0x @ X, ® +0)

x1mod p xy, modga<p-1b<p-1
NEXy xptx I19 qtb
< P1/2+E;
(43)

where the « constant only depends on g. This completes the
proof of Theorem.
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