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We obtain the Lipschitz boundedness for a class of fractional multilinear operators with rough kernels on variable exponent
Lebesgue spaces. Our results generalize the related conclusions on Lebesgue spaces with constant exponent.

1. Introduction and Results

Let0 < a <1, Q € L(S™™) (s > n/(n — «)) is homogeneous
of degree zero on R", S denotes the unit sphere in R”, the
fractional multilinear singular integral operator with rough
kernel T, ,, 4 is defined by

Q —
Toaaf (x) = J ) %Rm (Axp) f(y)dy, (1)

R |x—

where R, (A; x, ¥) denotes the mth remainder of the Taylor
series of a function A defined on R" at x about y. More
precisely,

R, (Asx,y)=Ax)- ) l,DVA &=

lyl<m T'*

and the corresponding fractional multilinear maximal oper-
ator is defined by

1
Maaaf (x) = Sr‘:gm

XLx—yI<r 10 (x = Y)[[R,, (45 x, Y)[ | f ()ldy.
(3)

Multilinear operator was first introduced by Calderon in
[1], and then Meyer [2] studied it in depth and extended such
type of operators. Multilinear singular integral operator was
later introduced by Professor Lu during 1999 [3]. Especially
as m = 1, the fractional multilinear singular integral operator
T, is obviously the commutator operator

[A’ TQ,oc] f (x) = A(x) TQ,(Xf (x) = TQ,oc (Af) (%), (4)

the commutator is a typical non-convolution singular oper-
ator. Since the commutator has a close relation with partial
differential equations and pseudo-differential operator, mul-
tilinear operator has been receiving more widely attention.

It is well known that the boundedness of T, 4 and
Mg, 4 had been obtained on Lebesgue spaces in [4-7].
However, the corresponding results have not been obtained
on LPOR™M. Nowadays, there is an evident increase of
investigations related to both the theory of the spaces LP")
themselves and the operator theory in these spaces [8-11].
This is caused by possible applications to models with non-
standard local growth in elasticity theory, fluid mechanics,
and differential equations [12-14]. The purpose of this paper
is to study the behaviour of T, 4 and Mg, 4 on variable
Lebesgue spaces.

To state the main results of this paper, we need to recall
some notions.



Definition 1. Suppose a measurable function p(-) : R" —
[1,00), for some A > 0, then, the variable exponent Lebesgue
space L’V (R") is defined by

px)
PO (R")= {f is measurable : J (UL;)U dx < oo} ,
Rn

with norm

p(x)
W =it faso: [ (L) e} 0

We denote

p_ =essinf {p(x):x € R"},
p, =esssup {p(x): x € R"}.

Using this notation we define a class of variable exponent as
follows:

O (R") ={p():R" — [1,00),p_>1,p, <00}. (8)

The exponent p'(-) means the conjugate of p(-), namely,

1/p(x) + l/p'(x) = 1 holds.

Definition 2. For 8 > 0, the homogeneous Lipschitz space A B
is the space of functions f, such that

|A[},IB]+1f (X)|
— < 0

x,heRLh#0 |h|ﬁ

) )

I7ls, =

where A} f(x) = f(x +h) — f(x), A5 f(x) = A% f(x+h) -
AR f(x), k> 1.

Definition 3. For 0 < a < n, the fractional integral operator
with rough kernel is defined by

Q(x—
Toof (x) = j (x—n)—?cf (}’) dy,
R |x =yl W)
_ Q -
Touf (x) = Ln % |f (9)l dy.

The corresponding fractional maximal operator with
rough kernel is defined by

1
Mo, f (x) = sup—— I Q= W)l dy. )
>0 1 |x—yl<r
When o« = 0, Tq, is much more closely related to

the elliptic partial equations of second order with variable
coeficients. In 1955, Calderén and Zygmund [15] proved the
L? boundedness. In 1971, Muckenhoupt and Wheeden [16]
proved the (L?, L7) boundedness of T, , with power weights.

In this paper, we state some properties of variable expo-
nents belonging to class B(R").
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Proposition 4. If p(-) € ®(R") satisfies

p(x)-p(y)| < -y < %

<
log (|x - y[)’ )

lp(x)-p ()| Iyl = 1,

S —)
log (e + |x])

Then, one has p(-) € B(R").
Recently, Mitsuo Izuki has proved the condition as below.

Theorem A (see [17]). Suppose that p(-) € DO(R") satisfies
conditions (12) in Proposition 4. Let 0 < o < n/p,, and define
the variable exponent q(-) by

11 )

p(x) qx) n

Then, one has that for all f € LFO(R"),
18 %] £l a0 gey < Clbllaorr)

forall f € LPY(R") and b € BMO(R").

f”Lp(-)(Rn) (14)

Next, we will discuss the boundedness of T, 4 and
Mg, , 4 on variable Lebesgue spaces. We can get T, , 4 and
Mg 4 are bounded from L? O(R™) to LIV(R™). In fact, the
results generalize Theorem A in [17] from classical Lebesgue
spaces to variable exponent Lebesgue spaces. Now, let us
formulate our results as follows.

Theorem 5. Suppose that p(-) € ®O(R") satisfies conditions
(12) in Proposition4. Let 0 < « < n/p,, 0 < B < 1,
0 <a+f<n/p,andl < p, < nf(a+ ), and define
the variable exponent q(-) by

11 :oc+ﬁ
q(x) px) n

IfDVA € Aﬁ(lyl =m — 1), then, there is a C > 0, independent
of f and A, such that

(15)

> IIDVAIIAﬁ>I|f||m-><Rn>~ (16)

[yl=m-1

ITowaf Logn S C (

Theorem 6. Suppose that p(-) € ®(R") satisfies conditions
(12) in Proposition4. Let 0 < « < n/p,, 0 < B < 1,
0 <a+f<n/p,andl < p, < nf(a+ ), and define
the variable exponent q(-) by

11 :(x+ﬁ
qx) px)  n

IfDA € Aﬁ(lyl =m — 1), then, there is a C > 0, independent
of f and A, such that

17)

> "DVA"Aﬂ> 1oy 18)

[yl=m-1

||MQ,(X,Af||Lq(‘)(Rn) < C(

Remark 7. We point out that C will denote positive constants
whose values may change at different places.
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2. Lemmas and Proof of Theorems

Lemma 8 (see [15]). Let A(x) be a function on R" with mth
order derivatives in L, (R") for some | > n. Then,

loc
Ry (A5, y)|
| | Z ) | ) ll U (19)
< Clx - y|™ (—J DA (z) dz) ,
|r|l=m |Q§C]| QU

where Q) is the cube centered at x and having diameter

5+/nlx — yl.

Lemma 9 (see [18]). For0 < f3< 1,1 < g < 0o, we have

1
171, = 59 J, 1 09 =g (]
(20)

IQI’3/”<IQ|J |f (x )—mQ(f)lqu)

Lemma 10 (see [18]). LetQ* c Q, g € Aﬁ (0 < B < 1), then,

Imo (9) =~ mq (9)] = CIRIP gl . (21)
We state the following important lemma.

Lemmall. Suppose0 <« <n,0< <1, with0 <a+f<mn,
Qe (S (s > n/(n—(«+ P))), D'A € Aﬁ. Then, there
exists a constant C only depends on m, n, o, and f3, such that

Y. DAl )Tn,mﬁf (). (22)

[yl=m-1

|TroAf(x | < C<

Proof. Forany x € R",let the cube be centered at x and having
the diameter be I, where I > 0, we have

Toaaf (x)

=<IQ+L> |x£j(x z

i R (A%, y) f () dy
y|

= H; + H,.
(23)

Below, we give estimates of H;. Let
N 19 (e = )[R,y (45 %, y)]

|H,| < ZJ

j=0 277Q\27771Q |x —

|f ()| dy

|n—o<+m—1

|Q (x - )’)l |Rm (Az-fQ§ X, )’)|

|n—(x+m—1

Z

|f ()dy.

(24)

Note that A-ig() = A(Y)= X}y o1 (1/Y)my-ig(DY A)y".
When y € 277Q\ 27771Q, by Lemmas 8, 9, and 10, we have

IRy (Azi5 %, )| < O = 51" ) ID"All3 -

[yl=m-1

L Q2 i'Q |x _

(25)

Note that |[x — y| > 27771 we have |x — ylﬁ > 27ﬁ(27jl)ﬁ, such
that

|H,| < C( > D" A >
|yl=m-1

Sep( o,
=0 27Q27Q |x - y|
sc< uwnmJ
[yl=m-1
© Q
3 MLICTOT
=02 |x y|

sc< uvﬂmJ
[yl=m-1

J 2Plx - yIﬁIQ(x y)|
277Q\27771Q |x - y|

|D¥ A, J' |Q(x—y)JJJi())’)|dy
1 # Q |x—y|n atp
|wmmJj
-1

= C< Z "DVA"A >T0a+ﬁf (x).
lyl=m-1

|f ()l dy

Q- NI O,
- " wp Y

(26)

Below, we give the estimates of H,. For 0 < o + 3 < 1, we
get

Q(x = )[Ry (A%, )]

IHZ < ]ZOJZJHQ\ZJQ |X _ |n—zx+m—1 |f (y)| dy
\ |2 (x = p)| [Ryn (Agiigi % y)|
]20 J’ZJHQ\ZJQ |X _ y|n—(x+m—1 lf ()’)ld)’

(27)

For any y € 2/*'Q\ 2/Q,

1
Ayig(n) = A(y) = Y —mynq(D'A). (29
|Y|m71 :

Thus, by Lemmas 8 and 9, we obtain
|Rm (A2j+1Q; X, y)|

<C@) =" Y Al

|yl=m-1

(29)



And for |[x - y| > 271, we have |x — yI‘6 > (2jl)ﬁ. Hence,

WAS<M%JU%M>
x 12(211)’3 J

21Q\2/Q |x -

SC( Y. ||DVA||A,3>
lyl=m-1
S x—ylf Q(x-
[ bt Re o),

=0 92"'Q\2/Q |x - y|

< c( > ||DVA||M>
lyl=m-1

$[. lEoalro),
2/F1Q\2/Q |x_y|" (atp)

j=0

|2 (x = y)||f (»)
dy

|n(X

cof g o) B
|V| m-1 |x - y|
c( |DYA||A,3>fﬂ,a+ﬁf<x>.
IVI m—1 0)
O
From the proof above, we obtain
[Toeaf O] < |Hi| +[H|
_ 31)
<|y|zm 1"DyA"A >TQ,a+ﬂf (x).

Lemma 12 (see [19]). If p(-) € ®(R"), for all f € LPY(R"),
then, the norm || f|| o) gey has the following equivalence:

Aoy = sop{ ] 1F @ g @l dx gl < 1}

< rp||f||1,v’<~>(Rn)’
(32)

where rp

_1+1/P _1/P+

Lemma 13 (see [19], the generalized Holder inequality). If
p(-) € O(R™), then, for all f € LPO(R") and for all g €
LP O(R™), we have

Lﬂ |f () g ()| dx < C|| fl| s o |9 0 oy (33)

By asimilar method of Ding and Lu [20], it is easy to verify
the following result.
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Lemmal4. Foranye > 0withO <a+f-e<a+f+e<n,
we have

'TQ,vﬁﬁf (x)| < C[MQ,oc+ﬁ+sf (x)]l [MQa+ﬁ sf (x)]1/2

(34)
where C depends only on «, 3, €, and n.

Lemma 15 (see [19]). Given that p(-) : R" — [1,00), such
that p, < oo, then, || fll o0 gny < Cy if and only if | fp0 rry <
C,. In particular, if either constant equals 1, one can make the
other equals I as well.

Remark 16. We denote | f]p0gey = JRn LF ()PP dy

Lemma 17 (see [21]). Suppose that p(-) € ®(R") satisfies
conditions (12) in Proposition 4. Let 0 < o + 3 < n/p,, and
define the variable exponent q(-) by

1 1 a+f
- = . 35
P® qm (35)
Then, one has that for all f € LFO(R"),
"MQ)“*'ﬁf“Lq(‘)(Rn) < C“f"I,P“)(R")' (36)
Lemmal8. Let0 <a<n Qe L5(S™Y), then, for x € R",
Touaf (x) 2 M af (x), (37)
where
- Q(x-y)
Toaaf (%)= JRn % IR,y (4%, y)| | f ()] dy-
(38)
Proof. Since
TQ,(X,Af (X)
Q(x-y)
- J . |—_a+m|1 Ry (A5 )| f ()] dy
x-y|
Q(x-y)
2 j | n—oc+m|—1 |Rm (A’ X, y)| |f (y)l dy
lx-yl<r |x = y]
1
> et | 109G Ry (52017 0]y
X*y r
(39)
then,
Touaf (¥) 2 Mogaf (x). (40)
O

Proof of Theorem 5. Since

S |pal, )fﬂ,a+,3f<x>, w

|yl=m-1

|Tn,a,Af (x)| < C(
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by Lemma 12, then, we have

"TQ,LX,Af (X) "Lq(-)(Rn)

e <| l_zluDYAnAJ

X sup {JRn Toupf (%)]g ()| dax : 19l 60y < 1} .

(42)
Using the generalized Holder inequality, then,
"TQ,oc,AfHLq(-)(Rn)
< C< Z "DVA"Aﬁ> '|Tﬂ,a+ﬁf||Lq(-)(Rn) g"L‘Z’(J(Rn)
lyl=m-1
<C < Z "DyAllAﬁ) ”TQ,OH'ﬁf LIO(R™)*
lyl=m-1
(43)

Next, we will prove IITQ,MﬁfIILq(,)(Rn) < N fllpso gy Fix

f € LPY(R"), without loss of generality we may assume that
IIfIIL,,(.)(Rn> = 1. Since g, < 00, by Lemma 15 it will suffice to
prove that [Tq o5 flpa0gmy < C.

Fix e, 0 < & < min(a + 3,1 — (a + f3)), such that

2
(eq./m)+1
define r(-) : R — [1,+00) by
2
(eq(e) m) + 1

Then, by (44), we have r_ > 1. Moreover, by elementary
algebra, for all x € R",

1 (44)

r(x) = (45)

=k 1 _arPoe (46)
px) r(x)qx)/2 n
1 1
— St Fre (47)
px) r(x)q(x)/2 n
So that by Lemma 14, we have
- (x)
JR" 'TQ,(x+ﬁf (x)|q dx
(x)/2 x)/2
=C J;;n [MQ“HB’Sf (x)]q [Mﬂ,a+ﬁ+sf (x)]q dx.
(48)
By Lemma 13, then,
- (x)
JR" 'TQ,(x+[3f (x)|q dx
q(x)/2
< Cll [MQ,oc+ﬁ—sf (x)] Lo®y (49)

q(x)/2

X " [MQ,oc+[3+sf (x)]

Lr’ ©) (R") :

Without loss of generality, we may assume that each is greater
than 1, since, otherwise, there is nothing to prove. In this
case, in the definition of each norm we may assume that the
infimum is taken over by values of A which are greater than
1. But then, since for all x € R" and A > 1, %1% > 19 we

have
/2 \ "™
J <[Mﬂ,ac+ﬂ—sf(x)]q >
dx
R A

J’ (MQ,OH.ﬁ_Sf (x) )r(x)q(X)/Z (50)
_— dx
" A2/49(x)

< J (Mﬂ,a+ﬁ—sf (x) )r(X)q(X)/zdx.

AZ/q+(X)

Therefore, by (46) and Lemma 17, we have

l| [ Moy pe f (%) e “ [Moppoe f )] a./2

q(x)/2
] Lrax)/2 (R")

Lr(x) (Rn

a./2
Ty < C-

<Cls
(5

In the same way, we have

a2\ " @)
J <[M0,a+ﬁ+sf(x)] > dx

A

_ MQ,a+l;+£f(x) r(x)q(x)/zd )
e\ T .

< Mo aspief (%) r'<X>q<x)/zd
AN X.

Therefore, by (47) and Lemma 17, then,

(x)/2 /2
ll [MQ,(x+ﬁ+sf(x)]‘Z x Lo < “ [MQ’“+ﬁ+sf(x)] Zr’(x)q(x)/z(Rn)
v
S C"f ZP(XZ)(RVL) S C'
(53)
Hence,
I = (x)
1T s | ooy = Lﬂ Towpf @ dx<C. (54)
So, we have
"Tﬂ,wﬁf " LO®Y S 11 oo ey
||TQ,0C,Af||L‘1(')(Rn)
o 3 0ty ) Fomitl, 9
lyl=m-1

<c <| lzZ_lllDyAllAﬂ> -

This completes the proof of Theorem 5. O



By Lemmas 15 and 18 and Theorem 5, the proof of
Theorem 6 is directly deduced.
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