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Motivated by the Hilfer fractional derivative (which interpolates the Riemann-Liouville derivative and the Caputo derivative), we
consider a new type of fractional derivative (which interpolates the Hadamard derivative and its Caputo counterpart). We prove
the well-posedness for a basic Cauchy type fractional differential equation involving this kind of derivative. This is established in an
appropriate underlying space after proving the equivalence of this problem with a certain corresponding Volterra integral equation.

1. Introduction

In this work, we are concerned with the Hadamard derivative

(4D f) () = ﬁ <x%> Lx (log %)ﬂx@,

a<x<b.
€]
Its Caputo counterpart is
c o 1-a d
Hga*f :ja* xa f’ (2)
where
o 1 * x\*L f (1) dt
+ = —_-— 1 _> >
(Fo ) () 1"(06)L<0gt ; a<x<b
3)

(see [1-5]). Here, we consider the following fractional deriva-
tive

(2 )0 = (PP ) (). @)

This type of fractional derivative interpolates the Hadamard
fractional derivative (8 = 0) and the Caputo-Hadamard
fractional derivative (§ = 1). It has been introduced recently
in [6]. In introducing this new fractional derivative we were

motivated by the Hilfer fractional derivative of order 0 < a <
1 and type 0 < 8 < 1 (see [7])

(D) @ = (L ), o)
X
which interpolates the Riemann-Liouville derivative and the
Caputo derivative.
We study the existence and uniqueness of solutions of a
basic fractional differential equation

(HQZ;ﬁy) (x)=f(xy), x>a>0 (6)
with an appropriate initial condition in a suitable underlying
space after proving the equivalence of this problem with a
corresponding Volterra integral equation. In addition to that,
we discuss the stability of solutions for a large and important
class of nonlinearities. We find that solutions decay to zero
at a logarithmic rate as time goes to infinity. To this end, we
prove an inequality (which is important by itself).

The literature is very rich in works on well-posedness for
fractional differential equations [8-17] (see also the books
[1, 2, 4, 5] and the survey paper [18]) to cite but a few. The
Hadamard fractional derivative may be found in the books
[1, 2, 4-6]. Differential equations involving such a derivative
and others have been treated in [2, 3]. In contrast with the
well-posedness, the stability issue and the long time behavior
is not well studied [6, 12, 19-23].



The rest of the paper is organized as follows: the next
section contains some material needed in our proofs. The
different fractional derivatives as well as the new one are
defined there. In Section 3, we present our problem and
prove an existence and uniqueness result after establishing the
equivalence of the differential problem with its corresponding
integral equation. Section 4 is devoted to a stability result.

2. Preliminaries

In this section we present some definitions, lemmas, proper-
ties, and notation which will be used in our theorems later.

Definition I (see [2]). Let Q = [a,b] (0 < a < b < c0) bea
finite interval and 0 < y < 1, we introduce the weighted space

Cylog [a, b] of continuous functions g on (a, b]

C 1o [a:b] = {g :(@b] — R : <log§>yg (x) € C[a,b]}.
(7)

In the space C, ., [a, b], we define the norm

ylog

CO,Iog [a,b] = Cla,b].
(8)
Definition 2 (see [2]). Let § = x(d/dx) be the §-derivative,

for n € N we denote by Cg’y [a,b] (0 < y < 1) the Banach

space of functions g which have continuous §-derivatives on
[a,b] up to order n — 1 and have the derivative 8" g of order n

x\?
lollc,., = |(1og > ) g 0],

on (a,b] such that §"g € Cy1oglas b]
Cg’y [a,b]
={0"geClabl,k=0,...,n-1,8"g € C,),, [a,b]}
)
with the norm
n-1
lale, = ¥ ol + Il 10)
k=0
When n = 0, we set
Csy[a,b] = C,joq [a,b]. (11)

Definition 3 (see [2]). Let (a,b) (0 < a < b < 00) be a finite
or infinite interval of the half-axis R" and let « > 0. The
Hadamard left-sided fractional integral 77, f of order a > 0
is defined by

E N = [ (0sZ) 9L,

<x<b,
T () : ; asx

(12)

provided that the integral exists. When « = 0, we set

Jof=f (13)
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Definition 4 (see [2]). Let (a,b) (0 < a < b < 00) be a
finite or infinite interval of the half-axis R* and let « > 0.
The Hadamard right-sided fractional integral ;- f of order
« > 0 is defined by

« 1 £\ f(t)dt
(jzrf)(x)rmjx(log;) — a<x<b,
(14)

provided that the integral exists. When « = 0, we set

I f =T (15)

Definition 5 (see [2]). The left-sided Hadamard fractional
derivative of order & (0 < « < 1) on (g, b) is defined by

(425 f) (%) =8 (7,7 F) ()3 (16)
that is,
a _ 1 ERYE X\ f (@) dt
(520 )= 10— <xdx> J (lF) ==
a<x<b.
(17)

In particular, when « = 0 we have
H92+f = f. (18)

Definition 6 (see [2]). The right-sided Hadamard fractional
derivative of order & (0 < « < 1) on (g, ) is defined by

(525 f) () = =8 (7, F) (%) (19)
that is,
« B d 1 b £\ f(t)dt
(ngf flx)=- (xa> I(-a L (log ;) —
a<x<b.
(20)

In particular, when « = 0 we have
7y f = f @

Definition 7. Let (a, b) be a finite interval of the half-axis R™.
The fractional derivative ;{9; foforder (0 < & < 1) on
(a,b) defined by

CDEf = FL0Sf, (22)

where § = x(d/dx), is called the Hadamard-Caputo frac-
tional derivative of order «.

In the rest of the paper we shall assume a+#0 when
considering an interval (a, b).

Lemma 8 (see [2]). Letn € Ny = {0,1,...} and let y, and p,
be real numbers such that

0<u <u <L (23)
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The following embeddings hold:

Cs la,b] — CS,M [a,b] — Cg,ﬂz [a,b], (24)
with
. b Mt
"f“cgy2 s K6||f G’ Ks = min [1> (10g ;) ] > 25)
a+0.
In particular,
Cla,b] — C‘ul,log [a,b] — Cﬂg,log [a,b], (26)
with
b\ H
., < (1062)" Wl 0 av0- @)

Lemma 9 (see [2]). Ifa >0, 3>0and 0 <a <b < oo, then
N £\ ~ F(ﬁ) X\ Bra-1
(fw(l"g;) )"‘)-—r(mﬁ)(l"g;) :

(195 ()" Yoo = )

In particular, if f = 1 and o > 0, then the Hadamard fractional
derivative of a constant is not equal to zero:

(28)

o 3 1 X\
(L, 2% 1) (x) = r(l_“)<loga> , (29)

when 0 < a < 1.

Lemma 10 (see [2]). Leta > 0, B > 0and 0 < pu < 1. If

0 <a<b<oo,then, for f € C#,log[a, b]

Fughf=guf (30)

holds at any point x € (a,b]. When f € Cla, b] this relation is
valid at any point x € [a, b].

Lemma 11 (see [2]). Let0 < « < 1and 0 < a < b < 0co. The
equality (; D5 y)(x) = 0 is valid for

x a—1
y(x) = c(log ;) (31
foranyc e R

Theorem 12 (see [2]). LetO < a < 1and0 < a < b < oco. Also
let 1% f be the Hadamard fractional integral of order 1 —
of the function f.

Iff € Cuoglasb] (0 <y < 1) and 75°f € Cyla b,
then

—(j;:af) (@ <log X )DH (32)

(FarnDar ) (%) = f (x) - I @) -

holds at any point x € (a,bl. If f € Cla,b] and FL°f €
Cé [a, b], then the relation holds at any point x € [a, b].

Lemma 13 (see [2]). Let 0 <a<b <00, a >0and0 < p <
1.

(@) If p > a > 0, then the fractional integration operator

S o is bounded from C,,o,1a, b] into C,,_ jca, b]:
175 e, <kl )
where
“ Tr((1-
k, = <log 9) _ra-w (34)
a) T[1+a-y]
In particular, F. is bounded in C,,,4(a, b].
(b) If u < «, then the fractional integration operator F. is
bounded from Cy,log[a, b] into Cla, b]:
175 fllc < kz”f"cmg’ (35)
where
v T(1 -
k, = <1og9) _I-w (36)
a F(1+a—pu)
In particular, 77 is bounded in Coiogla, .

Lemma 14 (see [2]). The Hadamard fractional integration
operator 7. of order « (e« > 0) is a mapping from Cla, b] to
Cla,b] and

“ 1 b\*
175 9l crap < ol (@) <log 2 > 9oy (37)
where g € Cla, b].

Lemmals5 (see [17]). Let0<y <1, 0<a<c<b<oo, ge€

C,oglacl and g € Clc,b]. Then, g € C,logl®> b] and

b Y
ol o1 <m0 ol o (108 %) ol - 39

Lemma 16 (see [24]). Let f, g be two continuous, positive
functions defined on [t;, 00),t, > 0,andw : [0,00) — [0, 00)
be a continuous monotonic nondecreasing function such that
w(0) = 0 and w(x) > 0 for x > 0. Ifu is a positive differentiable
function on [t,, 00) that satisfies

u' (1) < fOw @) +g(),

then we have

t € [ty,00), (39)

u@) <w! [W (u () + L: g(s) ds) + Jt: f(s) ds] ,
(40)

for the values of t, for which the right-hand side is well-defined,
where

r

W(r):J ds

— r>1y>0. (41)
r, w(s)



Theorem 17 (Banach fixed point theorem [2]). Let (U, d) be
a non-empty complete metric space, let 0 < w < 1, and let
T :U — U bea map such that, for every u,v € U, the relation

d(Tu, Tv) <wd(u,v), 0<w<1 (42)
holds. Then, the operator T has a unique fixed point u™ € U.

Furthermore, if T* (k € N) is the sequence of operators
defined by

T' =T, TF=TT"'keN\{1}, (43)
then, for any u, € U, the sequence {Tkuo};:zl converges to the
above fixed point u”*.

Theorem 18 (Young’s inequality). If a and b are nonnegative
real numbers and p and q are positive real numbers such that
1/p+1/q = 1 then we have

p q
aw<® Y (44)
P 9

Equality holds if and only if a? = bA.

Finally, we refer the reader to the nice treatments of
Hadamard-type fractional calculus in [25, 26]

3. Existence and Uniqueness for an FDE with
Hilfer-Hadamard Fractional Derivative

In this section we discuss the existence, uniqueness and the
stability of solutions of the Cauchy type problem (46) (below)
with Hilfer-Hadamard fractional derivative.

Definition 19 (Hilfer-Hadamard fractional derivative
(HHFD)). The left sided fractional derivative of order «,
(0 < @ < 1) and type 0 < f < 1 with respect to x is defined

by
(,2°F £) () = (A QPP f) () (45)

for functions for which the expression on the right hand side

atp-ap .

exists, where H@ is the Hadamard fractional derivative

(Definition 5).

This new fractional derivative (introduced for the first
time in [6]) may be viewed as interpolating the Hadamard
fractional derivative and the Hadamard-Caputo fractional
derivative. Indeed for 8 = 0 this derivative (46) reduces to
the Hadamard fractional derivative (Definition 5) and when
B = 1, we recover the Hadamard-Caputo fractional derivative
(Definition 7).

We will study the existence and uniqueness for the
Cauchy type problem

(425 y) () = (% y (),

(AP @) =

x>a>0
(46)
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We consider the underlying spaces defined by

cyh  la,b]
(47)
={yeCglabl, ;2% y € C, o lab]},
C)1/ y.log [a’ b]
(48)

={yeCglabl, ;2. y€Cp 1, labl},

wherey = a+f-afand0 < p < 1.Itisclear that 0 < y < 1

for0 <, < 1.
Here, C,_,, og[a, b] and C,, o, [a, b] are weighted spaces of
continuous functions on (a,b] dgeﬁned by

X
C,ylog (a5 b] = {g :(a,b] — R: (log;) g(x) e C[a,b]}.
(49)
Our investigations are based on reducing the fractional

differential problem to a Volterra integral equation of the
second kind:

HolG Yl*ﬁ

—1
<[ (0gZ) syl

and then using the Banach fixed point theorem.

y(x)=
(50)

X > a,

3.1. Equivalence of the Cauchy Type Problem and the Volterra
Integral Equation. Here, we prove the equivalence of the
Cauchy type problem (46) and the nonlinear Volterra integral
equation (50) in the sense that, if y € Cl—y log L@ D] satisfies
one of them, then it also satisfies the other one. To establish
this result, we assume that the function f[-, y(-)] belongs to

Cpioglab] for any y € C,0[a,b]. We need the following
lemma.

Lemma 20. Let0 < a < b <00, > 0,0 <y < 1 and
g € Cuioela,bl. If & > u, then 7. g is continuous on [a, b]
and

wlog
Jag(a)= lim 75, g (x) = 0. (51)

Proof. Sinceg € C wlog @ b] then (log(x/a))* g(x) is continu-
ous on [a,b] and on [a, b] we have

x \#
(082 ) g0 < m. (52)
for some positive constant M. Therefore,
o o t s
(ol <m( sz (lel) Yo o

and by using Lemma 9 (with § =1 — y > 0) we have

T(1-p) x\*H
Mirtoglesl) 69

As o > p, we obtain the result. O

|(For9) ()] <
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Theorem 21. Lety = a+f3—aff where0 < a < land0 < f3 <
L. Let f: (a,b] x R — R be a function such that f(, y(:)) €
Cpioglas bl forany y € C,0[a, bl with1-y < p < 1-B(1-a).
Ifye C’ff Jog [a,b], then y satisfies the (CFDP) (46) if and
only if y satisfies the (IE) (50).

Proof. First we prove the necessity. Let y € C_ plogld bl bea

solution of problem (46). We want to prove that y is also a
solution of the integral equation (50). By the definition of the

space C1 ylog[a, b] (relation (48)) we have

8(757y) =uD) v € CoLyrog [arb]. (55)

Moreover, by Lemma 13(b) we have j;:y y € Cla,b] since
¥ € Cy_, 1ogla, b]. Then, by Definition 2, we have

Iy €Cyylab]. (56)

Thus, we can apply Theorem 12 (with f replaced by y) to get

(717y) (@) <1

Y 14 _ _
(F1. D" y) () = y(x) )

y-1
°8 Z) " (57)
€ (a,b],

or

y-1
(7P2) )=y~ s (1087 ) xE(a,l(ﬂ],)
58

where ¢ comes from the initial condition in (46). By our
hypothesis f[-, y(-)] € C,jo4la,b], since y € C,_,,o,[a,b] C

Hlog[a b], Lemma13(a) and (b) we see that the integral
TES1yO] € Cygroglan] for p > aand 7% f[ y()]
Cla, b] for u < a. Applying the operator 77, to both sides of
(46) we get

x € (a,b].
(59)

To I (2L ) () = T f 2y ()],

We can sum up the exponents by Lemma 10 to get

Tl 2Ly )= T f oy @], xe@bl, (60)

or
(71,20 ) () = (T f [y O] (),

From (58) and (61) we obtain

y(x)= (y) (log )y_

which is (50), and hence the necessity is proved.
Now, we prove the sufficiency. Let y € C!

x € (a,b]. (61)

1
+(Z0flby®]) (), (62)

[a, b]
1-y,log
satisfy (50), then H@; y exists and H9u+ ¥ € Ci_1oglas bl.

Applying the operator HSZ; to both sides of the last identity
we find

£\
(422 7)) = 5u i (1087 )

+(, 20 75 f by (0]) ().

By using Lemma 10, Definition 5, Lemma 23 and the hypoth-
esis f[-, y()] € Cﬂ,log[a, b], we have

(, 2% y) (%) =

(63)

S(F 7Ly ®)]) ()
=8( N f Iy 0]) ()

= (i 951a)f [t,y®])(x), xe€(ab].

(64)

From (64) and the fact that HQZL ¥ € Ci_, 1ogla, b], we obtain
that

Hgfflia)f [’y ()] € Cl—y,log [a’ b] . (65)

(1-a)

Next, applying the operator 7’ ; A to both sides of (64) we

get

(FP59DY, y) () = (0D f [y (09)]) ()5

(66)
that is,
T8 ( 717 y) () = (S f [y (0)]) (o).
(67)
By virtue of
(I f [y )
(68)

= PP fLy ()] € Crypog [a:b],

and y > fB(1 — «) and Definition 2, we have jl A=) f e
Cm y[a b] (see the first part of the proof, or Lemma 13(b),

for the continuity of 7., f for u < 1~ B(1 - «)). Then,
Theorem 12 allows us to write

(fl plie f)( )

B(l-a)-
<log ) , x€(ab].

Lemma 20 implies that

(2% y) (0 = f(x.) -

(757 ) (@) = (70)
because 1 — 3(1 — ) > p. Hence, the relation (69) reduces to

(L2 ) @) = f(xy®), x>a 71)



Now, we show that the initial condition in (46) also holds. To
this end we apply the operator 7 ;:y to both sides of (50):

y-1
1
)
+(F I f [y ®)]) (x)

(7)) =

and use the Lemma 8 (with « replaced by 1 — y and 8 by y)
and the Lemma 9 to obtain

(F) @ =+ (£ % Ly @]) ). (73)

In (73), taking the limit as x — a, we obtain
(77y) (@) =c (74)

mentioned above 7 . 1=p(1=a) flt,y®)](@) = 0). Therefore,
the sufficiency is proved, which completes the proof of
Theorem 21. O

3.2. Existence and Uniqueness of a Solution. In this section
we establish the existence of a unique solution to the Cauchy

type problem (46) in the space C?,—i,u [a,b] defined in (47)
above under the conditions of Theorem 21 and an additional
Lipschitz condition

If [ 1] = f [, yZ]"Cl,y’,og[a,b] < Aly, - )’2||c1,y,mg[u,h] (75)

for some positive constant A and every x € [a, b].

Theorem 22. Lety = a+f—aff where(0 < ¢ < 1,0 < S < 1).
Assume that f : (a,b] x R — R (a > 0) is a function such
that f-, ()] € Cyog(a, bl forany y € C,ogla, bl with1-y <
p < 1= (1 —«) and is Lipschitz continuous with respect to its
second variable. Then, there exists a unique solution y for the

Cauchy type problem (46) in the space C} ﬁw[ ,bl.
Proof. First we prove the existence of a unique solution y in
the space C,_,[a, b]. According to Theorem 21, it suffices
to prove the existence of a unique solution y € C,_,,,[a,b]
to the nonlinear Volterra integral equation (50).

Let us select x; in (a, b) such that

Al (y) x )
wy = m(log ;) <1, (76)

where A > 0 is the Lipschitz constant. We start by proving
that a unique solution y € C;_, 1,,[a, x,] to (50) exists on the
interval (a, x,]. It is easy to see that the space C;_, j,,[a, X/ ]
is a complete metric space when equipped with the distance
given by

d (yl’ yZ) = "yl - yZHCl,y,h,g[a,xl]

(77)
= max
x€ [a,xl]

1-y
(108) " [n @ - 3 0],
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The integral equation (50) takes the form

y(x) = (Ty) (x), (78)
where
(Ty) (x) = 3o (x) + (T f [ty (B)]) (x) (79)
with
c x\r !
¥ (%) = m(log ;) . (80)

We claim that T maps C,_,j,.[a, x,] into itself. Indeed, y,
given by (80) is clearly in Cl,%log[a, x,]. Also, since f[-, y] €

Cpiogla b] forany y € Cﬂk,g[a,b] withy e R(0<u<1),
then, by Lemma 13(a) and (b), the integral in the right-hand
side of (79) belongs to Cﬂ_a,log[a, b] for 4 > « and to C[a, b]
for u < a. Since p — & < 1 -y, by Lemma 16 the right-hand
side of (79) belongs to Cl_%log[a, b].

Our second claim is that T is a contraction; that is,

Ty - Tyzucl,y,log[a,xl] <wify - y2”c1,y,log[a,xl]’ -
O<w, <1

This follows from (79), Lemma 13(a), and the fact that
Ty, = Ty, “Cl_yylug[a,xl]

=70 f o O] -5 f 16 Olle, o

2«
= (IOgﬁ) r
a

r 4 - C
ﬁ" f [t7 )’1 (t)] f [ty )/2 (t)]" 17Y,log[a,X1]
< A(l og — > (

(Y) )"yl ( ) y2( )”Cl oglaxi]
=w |y, () -y (t)"CI,y,]og[a,xl]'

(82)

Our assumption (76) allows us to apply the Banach fixed point
theorem to obtain a unique solution y* € Ci_yloglas x1] to
(50) on the interval (a, x,].

This solution y* is the limit of a convergent sequence

"y,
lim [Ty, -

m— 00

y*llcl—y,log[“’xl] =0, (83)
where yg is any function in C;_,o.[a, x;] and
(T"ys) (x) = (TT"™ "y ) ()
=50 () + (o f[6(T" s B)]) (1), (89)

m € N.

Let us take y, (x) =
denote by

¥o(x) with y,(x) defined by (80). If we

VYm (x) = (T"y,) (x), meN (85)
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then, clearly,

lim |y, - " "Cl,y,log[a,xl] =0. (86)

m— o0

Next, we consider the interval [x;, b]. From (50) we have

y(x) = L(10g §>y_1

I'(y)
1o x\* 1 fty®)]
+ m J'a <10g ?> : dt
Lty ) 7
1 * x\%” Y
+ m J’X1 <10g ?) " dt.
_ (" x\* T f [ty )]
= yop (%) + m Ll <log ?> e dt,
where y,, (x) is defined by
c x\r!
Yor (x) = m(l‘)g ;)
(88)

S

and is a known function. We note that y,;, € C[x,,b].

We want to prove the existence of a unique solution y €
Clx;,b] of (50) on the interval [x,,b]. For this, we also use
Banach fixed point theorem for the space C[x,,x,] where
x, € (x;,b] satisfies

__A x5\
w, = T (a)(log x1> <1. (89)

The space C[x;,x,] is a complete metric space with the
distance given by

d()’p)’z) = ||J’1 - )’2||c[x1,x2] = erglax ] |)/1 (x) =y, (x)|.
XE|X1,X,
(90)

The integral equation (87) may be written shortly as

y(x) = (Ty)(x), 91)

where the operator (again denoted by T) is given by

* (10 f)“_lf [Ly®]

1
(Ty)(x)=ym(x)+—J g .

I'(a) Jx,
(92)

As in the first part of this proof, since y,; € C[x,x,] and
fly()] € C#’log[a, b] for any y € C#’log[a, b], then, f[,
y(-)] € C[x,,x,], for any y € C[x;, x,], then by Lemma 14,
we deduce that the integral in the right-hand side of (92) also
belongs to C[x,, x,], and hence Ty € C[x,, x,].

Moreover, using the Lipschitz condition and applying the
Lemma 14, we find

"Tyl - Ty2||C[x1,x2]

|75 f ey O] - 75 f ey 0,

1 o

< o) e O] F 16 Ol
A [o4

< ol ((X) (10g %) "yl (t) ) (t)l’c[xl)le

= wz”)/l ) -y, (t)"C[xl,xz]'
(93)

This, together with our assumption 0 < w, < 1, shows that T
is a contraction and therefore from Theorem 17, there exists
a unique solution y; € Clx;,x,] to (50) on the interval
[x, x,]. Notice that y;(x;) = y"(x;) = g (x,). Further,
Theorem 17 guarantees that this solution is the limit of a
convergent sequence T" g, :

mlgnoolleygl - yf ”C[xl,xz] =0, (94)

where y;, is any function in C[x,, x,], which we can pick
Yo1(X) = ¥y, (x) defined by (88). Therefore,

im [y, = 97 e, ;) = 0 (95)

m— 00
where

Ym (%) = (T" yg1) (%)

1
= Yor (%) + ()

(o) (96)

X r <1°g X)H e i) ] dt.

t t

If x, # b, we consider the interval [x,, x;], where x; = x, +h,,
h, > 0 such that x5 < b and

A x5 \*
= log =2 1.
ws e (oc)( og X > < (97)

Using the same arguments as above, we derive that there
exists a unique solution y; € C[x,,x;] to (50) on the interval
[x5, x5]. If x5 # b, then we continue the process until we reach
a solution y to (50), y(x) = y;(x), and y; € Clxy, xpi]

(k=1,...,L),wherea = x;, < x; <+ < xp,, and
A xk+1>a
Wy = ——(log—— | <1. 98
o= e s 99)

Assume that b — a > I'(ax + y)/AI(y) (for otherwise, take
x; = b). Then, divide the length of the interval [a + T'(« +
Y)/AT(y),b] by (al(x)/A)*. Let M be that quotient. It
appears that for L = [M] + 1 and b is reached after a finite
number of steps, x;,; = b. Then, there exists a unique
solution y € C[x,,b] to (50) on the interval [x;, b].



Putting together the solutions in [a, x,] and [x;,b] and
taking into account the Lemma 15, we obtain that there
exists a unique solution y € C,_,o.[a,b] to the Volterra
integral equation (50) on the whole interval (a,b]. Hence,
¥ € Ci_y1og[a, b] is the unique solution to the Cauchy-type
problem (46).

It remains to show that such a unique solution is actually

in C‘f’f;# [a, b]. To this end we need to prove that HQZ:;I; y €
C10gla> b]. Let us recall that our y is a limit of the sequence
Yo Where y,,, = T" y¢ € Cy_,, 1, [a, b]; that is,

mh_r,noo"J’m - ”Cl,%log[a,b] =0, (99)
with a certain choice of y; (x) on each subinterval [a, x,],
..»[x7,b]. Indeed, this is a consequence of the construc-
tion adopted, the initial values are selected in the space
Ciyogl® b] (see (80) and (88)) and the operator maps this
space into itself (see argument right after (80) and (92)). As
for the convergence in that space it has been proved in (83)
and (95).

If yo(x) # 0,then we can take y;(x) = y,(x). Since y >
1 -y, then by (46), the Lipschitz condition and Lemma 8, we
have

921/3 Ym — Hc@:lﬁy

-

Cplogla:b]

=f %yl = £ 1% ¥lc,, tan (100)
p\# Y
<aflog? ) Il e
In virtue of (99) and (100), it follows that
. a,f _ o, _

mlgnm” gDa Ym —uD Y Gl 0. (101)
We entail from this relation that (HE%Z;ﬁ y) € Cﬂ,log[a, b] if

(HSZZ;‘B Ym) € Cuiogla,bl, m = 1,2,... This latter property
holds in as much as H@:;ﬁ Yu(x) = flx 9,_1(x)] and
Sl y()] € Cyogla, bl forany y € C, o la, bl.

Consequently, y € C‘f’f;)y [a, b]. This completes the proof
of Theorem 22. O

4. Stability

In this section, we consider the weighted Cauchy-type prob-
lem

LD u) = ftu®), t>a>0,

£\ 1-A)1-a)
<log —) u(t)|ep =b,
a

where H@i’ﬁ is the Hilfer-Hadamard fractional derivative
(HHFD) of order 0 < a« < land type0 < 5 < 1 and
b € R” (the set of all real numbers except 0). It is interesting to
note that, using an argument similar to the one in the proof of

(102)
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Lemma 3.5 in [2] (see also Lemma 3.2), we can prove that the
initial condition in (102) and the one in (46) are equivalent.
We will assume the following hypotheses on the function

(F*) f(t,u) is a continuous (nonlinear) function on
(a, 00) x R and is such that

If tu ()| < <log 2)#(/) OO, w0, m>1,t>a,
(103)

where ¢ is a continuous (nonnegative) function on [a, 00).
We first prove the following inequality.

Lemma 23. IfA,v,w > 0, then for any t > a, a > 0 we have
t 1-v t t -1 s A-1 s\ ds Y
lo —) J (10 —) <lo —) <—> — <Cw 7,
< & a a & s & a a s
(104)
where C is a positive constant independent of t.

Proof. Let us denote by I(¢) the left-hand side of the inequal-
ity in the Lemma. We consider the change of variable, & =

(log(s/a))/(log(t/a)) then s/a = (t/a)" and log(t/s) = (1 -
&)(log(t/a)). It follows that

[(t) = (log £>A Ll (1- 5)”‘15"‘1<£>_w§d5, (105)
or
10) = (1og E)A jol (1-87"8 " exp (-wglog (£) ) d.
(106)

Observe that, for £ > 1and [A] + 1 > ) we have EM*! >
EA . Also since A + 2 > [A] + 2 and the Gamma function is
increasing in [2, 0co) we have ['(A+2) > ['([A]+2) or 1/T([A] +
2) > 1/T(A+2). Moreover, e> > (EM*1/T([A]+2)) (T([A]+2) =
([A] + 1)), and hence

E[A]-ﬂ-l . 5/\ . E/\

e > > > , (107)
[(A]+2) T(Al+2) T(A+2)
or
e < F(AEI 2), (108)
Therefore, for 0 < & < 1/2 we get
(1-&"" <max(1,2'7). (109)

For 1/2 < & < 1 and ¢ such that w& log(t/a) > 1 we have

t T(A+2) w?
—wilog( L)) —2F2 Y ra
(et 0g<“>><(wﬁlog(t/a»A< gy

<20 (A +2).
(110)
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This means that

out) 0-57"6 ()
£\
max(l,ZH') (log ;) ! 1)

< xexp(—w£10g<£>), OSE<%,
a

20-8""TA+2)w™?, B <E<1.

Consequently,

I(t) < max (1, 21_v) (log é)/\
X LUZ E’H exp <—wf log (2)) dé (112)

1
+20 ' T (A +2) I (1-§)7"d¢.
1/2
Let u = wélog(t/a), we see that

I(t) < max (1, 21_v) (log £>A

y J~oo< u >)L1 » du
o \wlog(t/a) ¢ wlog (t/a) (113)

1

+207' T (A +2) [—(1 - E)v] .
£=1)2

v

Thus,

1-v, -\
277w 1"(/\+2). (114)
v

I(t)< max(l,zl_v) w T (A) +

Asaresult, I(t) < max{1,2! ”ITA)(1 + A\ + 1)/v)w .
For0 < < 1,€¢" > 1itis clear that
TA+2)e" 2124 (115)

holds and we proceed in the same manner to conclude that
for ¢ such that 0 < w&log(t/a) < 1

t 1-v t t -1 s A-1 s\ ®ds Y
g ), (loe) (oeg) (5) 5 e
<Oga a OgS oga a N @
(116)

where C = max{1,2'”JT(A)(1 + A(A + 1)/7). The proof is
complete. O

Let p and g be conjugate exponents; that is, pqg = p + g,
andlet A, := 1+ p[p—(1-y)m]and A, := 1+ p(a—1), where
p=a+f-af.Ifu—(m-1)(1-y)>0and g > 1/a, then
A, > 0and A, > 0. We denote by L" the positive real number

I'(x)

L e m( (2a)" )”q
2m+(oc—1)|b|m*1 m—1

X[ (p-1)" ]m/p
T (A)(1+2,/1;) .

(117)

Theorem 24. Suppose that f satisfies (F*) and p > (m—1)(1-
- If

- £\ -l
(o 01,)" o (106

<L’ (118)

q

for some q > 1/, then, for any solution of Problem (102), there
exists a positive constant C such that |u(t)| < C(log(t/a))y_l,
t>a,a>0 wherey =a+ f3—af.

Proof. Let us consider the Volterra integral equation

t y-1 1 t t a—1 dS
uw=b(log2) + s | (log?) Slsul S
t>a>0
(119)

associated to problem (102). Multiplying both sides of (119)
by (log(t/a))' " and using the assumption (E*) on f we get

(log£) " mco)

(log (t/a))"™"
T'(x)

X Lt (log E)a_l <log §>Mq) (s) |u (s)|m%.

Let v(t) denote the left-hand side of (120). The insertion of

the term
s (I-y)ym s —(1-yp)m
1 -) (1 -) (121)
( o8 a 8 a

inside the integral gives

(log (t/a))l_y
I'(x)

t 1 t a-1 1 s u—(1-y)m
SACHACH

X(p(s)vm(s)é, t>a.
s

< bl + (120)

v(t) <|bl+

(122)

Now, the Holder inequality with exponents p and g yields

t t a—1 s u—(1-y)ym ds
fog ) (g ;) ik
J;; < o8 S o8 a (P (S) v (S) S

t £\ Pla-1) s\ Plu-(-p)m) g\ /P
([ (s ey )
a s a sP

<([[er@vmes ds)l/q

a

t pla—1) plu—(1-y)m) —-(p-1) 1/p
sa ([ (g™ (e )™ () TT)
a s a a s

t 1/q
X (J @1 (s) V1" (s)ds) , t>a.

a

(123)
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Since A, -1=plu—- (1 -yp)ml,A,—1=pla—1)and A, A,,
p—1> 0, we may apply Lemma 9 (with v replaced by 1,, A
replaced by A, and w replaced by p — 1) to get

t t a-1 s u—(1-y)m ds
tog ) (log ) O
L(ogs g p(s)v(s) .
t a-1
< ail/qcl(log —>
a

(124)

t 1/q
x <J (pq(s)vqm(s)ds> , t>a,

where C, is the constant appearing in Lemma 9 correspond-
ing to the present exponents. That is,

C = <2P(“‘1’P(A1) (1 MR ) (p- 1)”1)1/?.

A,
(125)
Combining (122) and (124) we entail that
- 1\~ Bl-a)
v (t) < bl + Cl(log —)
a
(126)

t 1/q
x <J o1 (s)v1™ (s)ds> , t>a,

where 61 = a_l/q(Cl/I‘(oc)). Multiplying both sides of (126)
by (log(t/a))ﬁ(lf"‘), we obtain

t B(l-a)
<log —) v (t)
a

f\BU-) /0t
<16l (1og - ) +C1<J o7 (5) V7" (s) ds
a

a

)”‘1 (127)

t > a.

Let z(t) denote the left-hand side of (127). The insertion of

the term
1 s\ ~amp(1-«) | s \amB(l-a)
(7)) " (10s7)

inside the integral gives

(128)

£\ B-)
2 (1) < |b| (1og -)
a

_ [t —qmp(1-«) 1/q
+C, <L o1 (s) <log 2) z1 (s) ds) .
(129)

Raising both sides of (129) to the power g we get

t >q[3(1—oc)

a

2(t) <20 <|b|q<log

t —qmp(1-a)
+C1 J ¢ (s) (log i) 7" (s) ds) .
A a
(130)
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Let us set

t
t>a.

(131)

w@:@J

a

s >_qmﬁ(1_0‘)

¢ (s) (log : 27 () ds,

Then, clearly w(a) = 0, and by differentiation

—gmp(1-a)
W (1) = Cle? (1) <log 5) 2, tsa (132)
a

Moreover, it is clear that w is a continuous, nonnegative and
nondecreasing function in [a, 00).

Now, we would like to estimate the right hand side of (132)
in term of w(t). From (130) and (131) we entail that

(1-a)

B
29 (r) < 297! <|b|q(log£)q + w(t)), t>a. (133)

Raising both sides of (133) to the power m we get

) ¢ \map(1-a)
27 (£) < 2™ <|b|mq<log —) r (t)), t>a.
a
(134)
The substitution of (134) in (132) yields
—-gmp(1-«)
w (1) < 27"‘1_16?(;)‘1 (t) (log E)
a
mqp(1-a)
x <|b|mq<log 5) fw” (t))
a (135)
< 2M b (£) + 217 CT
1\ 9mPl-a)
« (log —) o1 () w" (t).
a
Applying Lemma 16 (with w(u) = ™) we infer that
t
w(t) <G [G <w (a) + 2" pmaC J 07 (s) ds)
t —gmpB(l-a)
+2mq_IC?J <log i) 1 (s) ds] .
a a
(136)
Let us set
t
1) = zmq—‘|b|*"@J o7 (s)ds,
t ’ i (137)
—gmB(l-a
k(t) = 2180 J (log f) 1 (s)ds,
a a
then
wt) <G GA®) +k(@®)], (138)

wrhere we have used the fact that w(a) = 0. Since G(r) =
|, ds/s™), r > 0,7y > 0, then G(r) = (r'™™"/(1 —m)) -
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-1/(m-1)

(rg "/(1=m) and G (y) = [y ™" = (m = 1)y] - That
is,
1-m 1-m
w(t) <G ™ M) +k(t)]
1-m 1-m
. O™ 1) ™" oy
< [l(to)l ~(m-1) <—§t)_ . —(10_)m +k(”>]
< 1™ — -1 k@],
(139)
As long as
16" e (1) < ——. (140)
m-—1

In particular, if (lp(t)ll )" llp(t)(log(t/a)) ™| < L*/2,
then w(t) < K, for some positive constant K, for all t > a,
and thus, from (129), we see that

B(l-a)
z(t) < |b| <log E) + Kll/q, (141)
a

and then
y £\ -B-a)
v(t) < b + K q(log—) <C tsty>a (142)
a

for some positive constant C. This yields that |u(t)] <
C(log(t/a))"_1 fort > t, > a. The proof is complete. O

Acknowledgment

The authors are very grateful for the financial support and the
facilities provided by King Fahd University of Petroleum and
Minerals through Project no. 101003.

References

[1] A. A. Kilbas, B. Bonilla, and J. J. Trujillo, “Fractional integrals
and derivatives and differential equations of fractional order
in weighted spaces of continuous functions,” Doklady of the
National Academy of Sciences of Belarus, vol. 44, no. 6, 2000
(Russian).

[2] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, “Theory and
applications of fractional differential equations;” J. Van Mill,
Ed., vol. 204 of North-Holland Mathematics Studies, Elsevier,
Amsterdam, The Netherlands, 2006.

[3] A. A. Kilbas and A. A. Titioura, “Nonlinear differential equa-
tions with Marchaud-Hadamard-type fractional derivative in
the weighted space of summable functions,” Mathematical Mod-
elling and Analysis, vol. 12, no. 3, pp. 343-356, 2007.

[4] 1. Podlubny, Fractional Differential Equations, vol. 198 of Math-
ematics in Science and Engineering, Academic Press, San Diego,
Calif, USA, 1999.

[5] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional
Integrals and Derivatives: Theory and Applications, Gordon and
Breach, New York, NY, USA, 1993.

1

[6] M. D. Qassim, K. M. Furati, and N.-e. Tatar, “On a differen-
tial equation involving Hilfer-Hadamard fractional derivative,”
Abstract and Applied Analysis, vol. 2012, Article ID 391062, 17
pages, 2012.

[7] R. Hilfer, “Fractional time evolution,” in Applications of Frac-
tional Calculus in Physics, pp. 87-130, World Scientific, London,
UK, 2000.

[8] S. Abbas, “Existence of solutions to fractional order ordinary
and delay differential equations and applications,” Electronic
Journal of Differential Equations, vol. 2011, no. 9, pp. 1-11, 2011.

[9] B. Ahmad and S. Sivasundaram, “Some existence results for
fractional integro-differential equations with nonlinear condi-
tions,” Communications in Applied Analysis, vol. 12, no. 2, pp.
107-112, 2008.

[10] B. Ahmad and S. Sivasundaram, “Some basic results for frac-
tional functional integro-differential equations,” Communica-
tions in Applied Analysis, vol. 12, no. 4, pp. 467-478, 2008.

[11] K. M. Furati and N.-e. Tatar, “An existence result for a nonlocal
fractional differential problem,” Fractional Calculus and Applied
Analysis Journal, vol. 26, pp. 43-51, 2004.

[12] K. M. Furati and N.-e. Tatar, “Long time behavior for a
nonlinear fractional model,” Journal of Mathematical Analysis
and Applications, vol. 332, no. 1, pp. 441-454, 2007.

[13] S. Hamani, M. Benchohra, and J. R. Graef, “Existence results for
boundary-value problems with nonlinear fractional differential
inclusions and integral conditions,” Electronic Journal of Differ-
ential Equations, vol. 2010, no. 20, pp. 1-16, 2010.

[14] A. A.Kilbas, B. Bonilla, and J. J. Trujillo, “Existence and unique-
ness theorems for nonlinear fractional differential equations;’
Demonstratio Mathematican, vol. 33, no. 3, pp. 583-602, 2000.

[15] A.A.Kilbasand S. A. Marzan, “Cauchy problem for differential
equation with Caputo derivative,” Fractional Calculus and
Applied Analysis, vol. 7, no. 3, pp. 297-320, 2004.

[16] A.A.Kilbasand S. A. Marzan, “Nonlinear differential equations
with the Caputo fractional derivative in the space of contin-
uously differentiable functions,” Differential Equations, vol. 41,
no. 1, pp. 84-89, 2005.

[17] C. Kou, J. Liu, and Y. Ye, “Existence and uniqueness of
solutions for the cauchy-type problems of fractional differential
equations,” Discrete Dynamics in Nature and Society, vol. 2010,
Article ID 142175, 15 pages, 2010.

[18] R. P. Agarwal, M. Benchohra, and S. Hamani, “A survey on
existence results for boundary value problems of nonlinear frac-
tional differential equations and inclusions,” Acta Applicandae
Mathematicae, vol. 109, no. 3, pp. 973-1033, 2010.

[19] S. A. Abd El-Salam and A. M. A. El-Sayed, “On the stability
of some fractional-order non-autonomous systems,” Electronic
Journal of Qualitative Theory of Differential Equations, no. 6, pp.
1-14, 2007.

[20] A. M. A. El-Sayed and S. A. A. El-Salam, “Weighted Cauchy-
type problem of a functional differ-integral equation,” Electronic
Journal of Qualitative Theory of Differential Equations, vol. 2007,
no. 30, pp. 1-9, 2007.

[21] A.M. A.El-Sayedand A. S. Abd El-Salam, “Solution of weighted
cauchy-type problem of a diffre-integral functional equation,”
The International Journal of Nonlinear Science, vol. 5, no. 3, pp.
281-288, 2008.

[22] K. M. Furati and N.-e. Tatar, “Power-type estimates for a
nonlinear fractional differential equation,” Nonlinear Analysis,
Theory, Methods and Applications, vol. 62, no. 6, pp. 1025-1036,
2005.



12

(23]

[25]

(26]

K. M. Furati and N.-e. Tatar, “Behavior of solutions for a
weighted Cauchy-type fractional differential problem,” Frac-
tional Calculus and Applied Analysis Journal, vol. 28, pp. 23-42,
2005.

B. G. Pachpatte, Inequalities for Differential and Integral Equa-
tions, vol. 197 of Mathematics in Science and Engineering,
Academic Press, London, UK, 1998.

P. L. Butzer, A. A. Kilbas, and J. J. Trujillo, “Mellin transform
analysis and integration by parts for Hadamard-type fractional
integrals,” Journal of Mathematical Analysis and Applications,
vol. 270, no. 1, pp. 1-15, 2002.

A. A Kilbas, “Hadamard-type fractional calculus;,” Journal of the
Korean Mathematical Society, vol. 38, no. 6, pp. 1191-1204, 2001.

Abstract and Applied Analysis



