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We intend to establish some results on the data dependence of fixed points of certain contractive-like operators for the multistep
and CR iterative processes in a Banach space setting. One of our results generalizes the corresponding results of Soltuz and Grosan

(2008) and Chugh and Kumar (2011).

1. Introduction

Throughout this paper, N denotes the set of all nonnegative
integers. Let X be a Banach space, E ¢ X a nonempty closed,
convex subset of X, and T' a self-map on E. Suppose that Fy, :=
{p € X : p = Tp} is the set of all fixed points of T Iterative
schemes abound in the literature of fixed point theory for
which the fixed points of operators have been approximated
over the years by many authors.

It is well known that the Picard iteration procedure [1] is
defined by

Xy € E,

@

Xy =Tx,, neN

(o)

Let {ot,}02 0, {Batocgs (Vulio and {[)’;}nzo, i=1,k-2k>2be
the real sequences in [0, 1) satisfying certain conditions.
The Mann iterative scheme [2] is defined by

Xy € E,

)

X1 = (1-a,) x, + o, Tx,, neN.

If o, = A (constant) in (2), then the resulting iteration will be
called Krasnoselkij iteration procedure [3].

A sequence {x,}°,, defined by
Xy € E,

X1 = (1= a,) x, + 0, Ty, ©)

= (1= Ba) % + BT

is commonly known as the Ishikawa iterative method [4].
The Noor iterative procedure [5] is defined by

nelN,

Xy € E,
Xy = (1= 0,) x, + 0, Ty,
Vo= (1= Ba) %, + B, T2,
z,=(1-v,)x,+y,Ix,, neN.

In 2004, Rhoades and Soltuz [6] introduced a multistep
iterative process as follows:

Xy € E,
1
Xn+1 = (1 - (xn) X, + (anyn’
, . , i1
o= (1=B) %+ BTV,

y'rf’l = (1 - ﬁﬁfl)xn + ﬁﬁflTxn, neN.

(5)



The iteration processes (2), (3), and (4) can be viewed as the
special cases of the iteration procedure (5).

Recently, Chugh etal. introduced a CR iterative scheme
in [7] as follows:

x, € E,
Xn+1 = (1 - an) In t ‘anyn’
Yn = (1 - /jn) Txn + ﬁnTzw

n € N.

(6)

Zy = (1 - Yn) X, + ynTxn’

Now we mention some important contractive type oper-
ators.

Any mapping T is called a Kannan mapping, see [8], if
there exists b € (0,1/2) such that, for all x, y € X,

|Tx = Ty| < b (lx = Txl + |y - Ty]) - (7)

Similar mapping is called a Chatterjea mapping, see [9],
if there exists ¢ € (0, 1/2) such that, for all x, y € X,

|75 = Ty] < e (lx = Ty] + |1y = T])). (8)

In [10] Zamfirescu collected these classes of operators and
proved an important result which states that an operator T :
X — X satisfies condition Z (Zamfirescu condition) if and
only if there exist the real numbers a, b, and c¢ satisfying 0 <
a < 1,0 < b, and ¢ < 1/2 such that, for each pair x, y € X,
at least one of the following conditions is true:

(z)) ITx =Tyl < allx - yl,
(z)) ITx = Tyl < b(llx - Tx| + lly = Tyl),
(z3) ITx = Tyl < c(llx = Tyl + lly — Tx|).

Then T has a unique fixed point p and the Picard iteration
{x,}2, defined by (1) converges to p, for any x, € X.

It is well known, see [11], that the conditions (z,), (z,), and
(z5) are independent.

Let x, y € X. Since T satisfies condition Z, at least one
of the conditions from (z,), (z,), and (z;) is satisfied. Then T
satisfies the inequalities

|Tx = Tyl < 8 |lx = y] + 28 1x = Tx]., )
|Tx = Ty| < &flx = y]| + 26 |x - Ty|, (10)

for all x, y € X where § := max{a,b/(1 - b),c/(1 -¢)}, 6 €
[0,1), and it was shown that this class of operators is wider
than the class of Zamfirescu operators; see [12]. Any mapping
satisfying condition (9) or (10) is called a quasi-contractive
operator.

Osilike and Udomene [13] extended the previous defini-
tion by considering an operator satisfying the condition that
there exist L > 0 and § € [0, 1) such that, forall x, y € X,

[Tx - Ty|| <&|x-y| +Llx-Tx|. (1)

Thereafter, Imoru and Olatinwo [14] further generalized and
extended the previous definition as follows: an operator T is

Abstract and Applied Analysis

called contractive-like operator if there exist a constant § €
[0,1) and a strictly increasing and continuous function ¢ :
[0,00) — [0, c0) with ¢(0) = 0, such that, for each x, y € X,

[Tx - Ty|| <8|x - y| + ¢ (x-Tx]). (12)

Remark 1 (see [15]). A map satisfying (12) need not have a
fixed point. However, using (12) it is obvious that if T' has a
fixed point, then it is unique.

It is important to know whether an iterative scheme
converges to fixed points of its associated map. In this context,
there are numerous works dealing with the convergence of
various iterative schemes in the literature, such as [6, 10, 12,
16-27].

As shown by Soltuz and Grosan [26, Theorem 3.1], in a
real Banach space X, the Ishikawa iteration {x,} > given by
(3) converges to the fixed point of T, where T : E — Eisa
mapping satisfying condition (12).

It is known from [28, Corollary 2] that there is equiva-
lence between convergence of iterative procedures (3), (5) and
that of some other well-known iterative procedures for the
class of operators satisfying (12).

Hussain et al. [29] introduced a Kirk-CR iterative scheme
and proved the convergence of this iteration for the class of
operators satisfying (12).

Remark 2. Putting s = t = i = 1 in [29, Theorem
2.5], convergence of the CR iteration to a fixed point of
contractive-like operators satisfying (12) can be obtained
easily.

2. Preliminaries

Definition 3 (see [30]). Let X be a Banach space and T, T:

X — X two operators. We say that T is an approximate
operator of T if for all x € X and for a fixed € > 0 we have

“Tx - Tx” <e. (13)

Suppose that there exists a certain fixed point iteration
that converges to some fixed point p € Fy and T has a fixed
point g € Fj which can be computed by certain method. If
it cannot compute fixed point p of T' due to various results,
then approximate operator T can be used. One can find some
of works done under this title in the following list [15, 24—
26, 31].

In this paper, we prove the data dependence results
for the multistep and CR iterative procedures utilizing the
contractive-like operators satisfying (12).

The following lemma will be useful to prove the main
results of this work.

Lemma 4 (see [26]). Let {a,},>, be a nonnegative sequence

for which one assumes there exists ny(€) € N, such that for all
n > ny one has satisfied the inequality

Apy1 < (1 - #n) ay + Waln> (14)
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where p, € (0,1), foralln € N, Y72 u, = 0o and n,, > 0, for
alln € N. Then the following holds:

0< nlLHéo sup a, < nlil%o sup #,,. (15)

3. Main Results

For simplicity we use the following notation through this
section.
For any iterative process, {x,},>, and {u,},>, denote

iterative sequences associated to T and T, respectively.

Theorem 5. Let T : E — E be a map satisfying (12)
with Fp#0, and let T be an approximate operator of T as
in Definition 3. Let {x,},2, {u,}ro be two iterative sequences
defined by the multistep iteration (5) and with real sequences
B}, c[0,1),i=1k-1, and {2, c [0,1) satisfying
Y a, =co.If p=Tpand q = Tq, then one has

ke
lp-al < 5 (16)

Proof. For a given x, € E and u, € E we consider the
following multistep iteration for T and T:

Xy € E,
Xpo1 = (1—a,) x, +a,Ty., neN
yi:(l—/})x +ﬁTy;H, i=1,k-2
Yo = (1= By )+ By Tx, k22,
17)
u, € E,
Uy = (1—a)u, +,Tv., neN
v, =(1-B)u,+ BT, ", i=1k-2
v’;_l = (1 - ,Bfl_l) u, + ﬁﬁ_l’fun, k=>2.

Then from (17), we get

Xn+1 ~ Upp1 = (1 - ‘xn) (xn - un) +ay, (Ty111 - TV;) . (18)

Thus, we have the following estimates by using (18) and (12):

"xn+l - un+1||
= “(1 - (xn) (xn - un) T, (Ty}’ll - Tvrlz)"
<(1-ay)|x,
= (1 - (xn) “xn

< (1 - an) “xn

- un“ +a, - Tv:l”

- un“ +a, "Ty,ll - Tv,ll + Tvrll - Tv:l"

—u,| +a, - TvrllH

3
+a, [T - T
< (1= a,) [l = ]| + 0,8 35 = v
+ . (| = Ton])) + e,
(19)
|
= (1= B) (x = ) + By (Tys - T
< (1-BY) lew - wal + B | T2 - T
< (1= B3) I = o]l + B |17 - 742 (20)
+Bu|Tv -
< (1= B3) o = wall + B3 ]2 - )]
+ B (|ya = Ty2]) + Bre:
o=V
= (1= B2) (e = ) + B2 (T - 3)
< (1=B) %~ + B2| Ty - T
< (1-82) Ixn = wall + B2 | Ty = T3 (21)
+ By v, - Tv;,
< (1= B2) %, = wall + B35 |72
+ B (|yn - Tyi|) + Be.
e -2l
= (1= B)) (5 =) + B (Tys - )]
<(1-8) %~ + B3| Ty - T
< (1= 8) I — | + By | Tyt - (22)

+ B |1, - Tv,
< (1=8) I =l + B33 |

+ B (|ya - Tyi]) + Be.

Combining (19), (20), (21), and (22) we obtain
|lxn+1 - ”n+1"
<[(1-a,) +,8(1-B)) +a, 8B, (1-BL)
+0,6° BB (1= B2)] e = ]

4 nl p2 N3
+(xn8nnn




+a, 8 BB ([vs - Toi]) + .8 BBl
+ o, BB (v - Toa])) + . BBre
+ 0,08, (|n — Tya]) + udBre
+o,0 ([ = To]) + e
(23)
Thus, inductively, we get
I%e1 = thua |
<[(1-a,)+0a,(1-B,) + 8B (1-B2)
+8°w,B,8, (1~ B) + 6%, 5, (1 - )
ot 8 BB B (1= B e —
+ 8 BB B =
+ 02, BB By e (
w4 O, B8 80 (|va - i)
+ 8%, BB (|72 - 23]
+ 8at, By ( 7n=Tn|)

k=2 ol 2 k-2 2 ol
+6 aﬂﬁﬂﬁn.'.ﬁn 8+.“+8anﬁnﬁn8

=Ty

)

o =Tya|) + etugp (

+8a,Ble + ae.
(24)
Using now (17) and (12), we get

k-1 k-1
n n

=[(1- ) Goy =) + B (1, - T,

< (1= B |, — ] + B "Txn -Tu,

< (=B ) s =l + B T, = Ty (25)
+ ﬁs_l "Tun - Tun”
< (1 - ﬁﬁ_l) ”xn - ”n” + ﬁﬁ_18 “xn - un“

+ ﬁﬁ_l(p (lx, = Tx,||) + ﬁﬁ_le.

Substituting (25) in (24) we have
I%e1 = st |
<[(1-a,)+0a,(1-B,) + 8B, (1-B2)
+ 8%, B8, (1= B3) + 8", B, (1 - By)
ot 8, BB B (1- B
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+ 8, BB B (1B

+8 a, BuBa B B 1 — ]
+ 8 o, BrBe - BB (1%, — Tix,)
+8 BB B ( )
+o+8a,BBiBre (|vi - Tvi])
+ 8%, BB ( )
+ 80,0 (|72 = Tyz|) + etuep (
+ 6k—1a ,31/32 . ﬁk—zﬁk—le

k-2 12 k—2
0520, B2 e

+ot 82an[3:lﬁfl£ +Oa,Ble + ae.

gt =Tyl

vy - Ty,

yn=Ty|)

(26)

If this inequality is rearranged using {ﬁ;}:zo c [0,1), 8! <
&' for each i = 1,k — 1, then we get the following inequality
as follows:

"xn+1 ~ Uy “

<[1-a,(1-8)]|x, - u,]

+a, (1 _ 5) §0(||x1n:§xn“)
+a,(1-90)
fon =)+ + o (lyn - Toa]) + kel

X

1-6 ’
(27)
Denote
a, = ||x, —u,|,

Uy =&, (1 -0) € (0.1),

— (P(“xn_Txn”)
;171 ° 1 —8

)+t o
1-0

(k- -l ks

(28)

From [26, Theorem 3.1] and [28, Corollary 2] we have
lim, , lx, — pl = 0. Since T satisfies condition (12), and
p € Fp, thatis, Tp = p, it follows from (12) that

0 < |x, - Tx, |
< |, = pll + | Tp - Tx, |
<|x,—p|+8]p- x| +o(lp-Tp|)

=(1+8)|x,-p| — 0 asn— oo.
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Considering [3’” €[0,1),foralln e N,i =1,k -1, and using
(12) and (5) we have

~-p+p-Ty,

0|y, =Ty =
<ol + o -1

<|yn-p|+8]e -y + o Ulp-Tol)

=1+0)|y-p|

=1+ l—ﬁi)yi+/3iTyﬁ—P(1—ﬂi+/3i)
<@+ {(1-8) |2 -2 » = Tp[}
<1+ {(1-8) |y - p||+ﬂ 8]y - pl}

:(1+5)[1—/3n(1—5)
=1+ [1-B,(1-08)]
x|(1-B2) ya + BTy

<(1+8)[1-B,(1-98)]

y2-p|

~p(1-g2+ )|
(30)

+ = Tp|}

A=A bn-rl
<(1+8)[1-8,1-9)]

x[1- B -9)]|y; - 7|

<(1+8)[1-B,(1-98)]
C-g a9y -p)
<(1+9)[1-B,1-9)]
[1-B7 =0 k- pl
<(1+8)|x,-p| —0 asn— co.
It is easy to see from (30) that this result is also valid for | T’y> ~

2 k=1 _ k-1
Il Ty =y -
Making use of the fact that ¢ is a continuous map we have

1im ¢ (|lx, - Tx,[) = lim o (|3, - Ty,])
= Jime (|57 - Ty7]) = 0
(31)

Hence an application of Lemma 4 to (27) leads to

ke
lp~dl < =5 (32)

Now we prove result on data dependence for the CR
iterative procedure.

Theorem 6. Let T : E — E be a map satisfying (12)

with Fr.#0, and let T be an approximate operator of T as
in Definition 3. Let {x,}>, {u,}r2 be two iterative sequences
defined by the CR iteration (6) and with real sequences {3},
{20 da, oy € [0, 1] satisfying ()1/2 < a,, foralln € N,
and (i)Y 2, a, = co. If p=Tpand q = Tq, then one has

(33)

5¢
Ip-al <

07'

Proof. For a given x, € E and u, € E we consider the
following iteration for T and T

Xn+1 = (1 - “n) In t ‘anyn’
= (1 - ﬂn) Txn + ﬁnTZn’

Zy = (1 - /’ln) X, + ."lnTxn’

. (34)
Uppr = (1 - an) Yy + anTVn’
Vn = (1 - /3n) T‘un + ﬁnTwn’
w, = (1 - Mn) U, + ‘unTun'
Then from (34) we have
Xp+1 ~ Upp1 = (1 _(xn) (yn Vn)+an (Tyn_TVn)’
In=Vn = (1 - ﬁn) (Txn - Tun) + ﬂn (Tzn - Twn) , (35)

Zp Wy, = (1 - A"in) (xn - un) T Uy, (Txn - Tun) .

Thus, by considering (35), it follows from (6) and (12) that

%1 = e |
= (1 =) (5 = v) + 0, (T, = Tv,,)
< (1=a,) [y = vall + @, | T = T
= (1= a,) |y = vall + @, | Ty, = Tv,, + Ty, = T,
< (1=0y) [y = vall + @, [Ty = T, |
+a, [T, - Tv,|
< (1= 00,) [y = vl + @8 3 = v

+ o, (“yn - Tyn") + ¢



= [1-a, 1= O]y, vl

+ a9 (”yn - Tyn") + a8

(36)
1y = vl
= (0= B.) (Tx, = Tuw,) + B, (T2, - Tw, )|
< (1= B,) |7, = T, | + B, [ T2, — Tw,
= (1-B,) |Tx, - Tu, + Tu, - Tu,
+B, Tz, - Tw, + Tw, - Tw, -

< (1= B I, = Tu | + | Tw, - Tu |}
+ Bu{IT2, = Tw, | + |Tw, - Tw,[}
< (1= B,) 8], — | + B8 ||z, - w,]
+(1=B.) o (|, - Tx, )
+(1=B) e+ B (|Tz, - Tw,]) + B,
Iz — w,
= (1= ) (= 1) + 1, (T, = T )|
< (1= ) e = v + | T, = T |
= (1= ) e = | + o | T, = Ty + T, = T |
< (1= ) 6, = ]
+ ty 7%, = T | + | Tw, - Tu, ||}
< (1) |x, - w|
+ {8, = 1, + @ (lx, = Tx, [) + &}
= (1= 4, (1= 8)] [l —

+ U, P ("xn - Txn“) + Uy
(38)

Combining (36), (37), and (38) we obtain
”anrl - un+1"
<[1-a,(1-9)]
X [(1 - ﬁn) o+ Bn‘s [1 — Uy (1 - 6)]] “xn - un“
+[1-a,(1-9)]
X {[1 - ﬁn (1 - 8/"?1)] (P(”xn - Txn") + /';n.unag
+ (1 - Bn) e+ ﬂn(P ("Zn - Tzn”) + ﬁns}

+ “n(P(||yn - Tyn") + g
(39)
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It may be noted that for {,}2, {¢4,,} e € [0,1),and 8 € [0, 1)
the following inequalities are always true:

1-p,(1-90)<1, Bud<1l, 6bu,<d  (40)
Using now the inequality 8y, < § we get
1-B,(1-6u,) <1-B,(1-8) <L (41)

Therefore an application of (40) and (41) to (39) gives us
s = thpaa |
< [1-a, (1=0)] [, - w,|
+[1-a,(1-90)] (42)
Ao (lx, - Tx,[) + e + e + 9 (12, - Tz, )}
+a, (v, = Tya) + .
Now, by the condition (i) 1/2 < a,,, for all n € N we have
l-a,<a,. (43)
Utilizing (43) in (42) we obtain
T

< [l -, (1 —8)] "xn _”n"

) {Z(P (”xn B Txn") +¢ ("yn B Tyn”)}

+a,(1-0 T
2 -T
o (10 2o TaD) +5e)
1-6
(44)
Denote
a, = ||x, —u,|,

Hn :=“n(1_8)€(0a1)>

L {2g0 (“xn_Txn”)"'q) (“yn_Tyn")-"Z(P ("Zn_TZn”)+5£}
= 1-6 '

(45)

From Remark 2, we have lim,, , [lx, — pll = 0. Since T
satisfies condition (12), and p € Fp, thatis, Tp = p, using
similar arguments as in the proof of Theorem 5, we get

Jim |lx, = Tx, || = lim [y, - Ty,| = lim |z, - Tz,[ =0.
(46)

Making use of the fact that ¢ is a continuous map we have

lim ¢ (||x, - Tx,[) = lim ¢ (||y, - Ty,|)

n— 00 n— 00

| (47)
= lim ¢ (||z, - Tz,[) = 0.
Hence an application of Lemma 4 to (44) leads to
5¢
- —. 48
lp-al <=5 (48)
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Corollary 7. Since the Mann (2), Ishikawa (3), and Noor (4)
iterative processes are special cases of the multistep iterative
scheme (5), the data dependence results of these iterative
processes can be obtained similarly.
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