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New A-convergence theorems of iterative sequences for asymptotically nonexpansive mappings in CAT(0) spaces are obtained.
Consider an asymptotically nonexpansive self-mapping T of a closed convex subset C of a CAT(0) space X. Consider the iteration
process {x,}, where x; € Cisarbitrary and x,,,, = a,x,® (1 -, )T"y, or x,,,; = &, T"x,®(1-,)y,, ¥, = B.x,® (1 - ,)T"x, for
n > 1, where {e,}, {8,} € (0, 1). It is shown that under certain appropriate conditions on «,, 3,, {x,,} A-converges to a fixed point

of T.

1. Introduction and Preliminaries

Let C be a nonempty subset of a metric space (X,d). A
mapping T C — C is a contraction if there exists
k € [0,1) such that for all x, y € C, we have d(Tx,Ty) <
kd(x, y). It is said to be nonexpansive if for all x,y € C,
we have d(Tx,Ty) < d(x, y). T is said to be asymptotically
nonexpansive if there exists a sequence {k,} € [1,00) with
k, — 1 such that d(T"x,T"y) < k,d(x, y) for all integers
n>1andall x, y € C. Clearly, every contraction mapping is
nonexpansive and every nonexpansive mapping is asymptot-
ically nonexpansive with sequence k,, = 1, for all n > 1. There
are, however, asymptotically nonexpansive mappings which
are not nonexpansive (see, e.g., [1]). As a generalization of the
class of nonexpansive mappings, the class of asymptotically
nonexpansive mappings was introduced by Goebel and Kirk
[2] in 1972 and has been studied by several authors (see,
e.g., [3-5]). Goebel and Kirk proved that if C is a nonempty
closed convex and bounded subset of a uniformly convex
Banach space (more general than a Hilbert space, i.e., CAT(0)
space), then every asymptotically nonexpansive self-mapping
of C has a fixed point. The weak and strong convergence
problems to fixed points of nonexpansive and asymptotically
nonexpansive mappings have been studied by many authors.

We will denote by F(T') the set of fixed points of T. In
1967, Halpern [6] introduced an explicit iterative scheme for

a nonexpansive mapping T on a subset C of a Hilbert space by
taking any point u, x; € C and defined the iterative sequence

{x,} by

Xy =ou+ (1 -a,)Tx,, fornx1, (1
where «, € [0, 1]. He pointed out that under certain appro-
priate conditions on «,, {x,} converges strongly to a fixed
point of T In 1994, Tan and Xu [7] introduced the following
iterative scheme for asymptotically nonexpansive mapping
on uniformly convex Banach space:

x, € C,
Xy =0, f (x,)+(1-a,)T"y,, n=0, )
Y = VnXn T (1 - Yn) Tnxn) n=0,

where {a,},{y,} < (0,1). They proved that under certain
appropriate conditions on «,, y,, {x,,} converges weakly to a
fixed point of T

In 2012, we [8] studied the viscosity approximation
methods for nonexpansive mappings on CAT(0) space. For a
contraction f on C, consider the iteration process {x,,}, where
x, € Cis arbitrary and

Xnt1 = (xnf (xn) ® (1 - ‘xn) wa (3)



for n > 1, where {«,} C (0,1). We proved that under certain
appropriate conditions on «,, {x,} converges strongly to a
fixed point of T' which solves some variational inequality.

The purpose of this paper is to study the iterative scheme
defined as follows: consider an asymptotically nonexpansive
self-mapping T of a closed convex subset C of a CAT(0) space
X with coefficient k,,. consider the iteration process {x,},
where x, € C is arbitrary and

Xpy1 = 0, X, @ (1 - “n) Tnyn’

Yn = ﬁnxn ® (1 - ﬁn) Tnxn’

(4)

or

Xny1 = “nTnxn ® (1 - (xn) V>

Yn = ﬂnxn ® (1 - ﬁn) Tnxn’

for n > 1, where {a,},{f,} < (0,1). We show that {x,} A-
converges to a fixed point of T under certain appropriate
conditions on «,, f3,,, and k,,.

We now collect some elementary facts about CAT(0)
spaces which will be used in the proofs of our main results.

©)

Lemma 1. Let X be a CAT(0) space. Then, one has the
following:

(i) (see[9, Lemma 2.4]) foreachx, y,z € X andt € [0, 1],
one has

d(l-t)yxety,z) <(1-t)d(x,2) +td(y,z), (6)
(ii) (see [10]) for each x, y,z € X and t,s € [0, 1] one has
d((1-t)yxety,(1-s)xe®sy)<|t—sld(x,y), (7)

(iii) (see [5, Lemma 3]) for each x, y,z € X and t € [0,1],
one has

d((1-t)zetx,(1-t)zety) <td(x,y), (8)
(iv) (see [9]) for each x, y,z € X and t € [0, 1], one has

d(1-t)xety,z)
)
<td’ (x,2)+(1-t)d* (y,2) —t(1-t)d* (x, y).

Let X be a complete CAT(0) space and let {x,} be a
bounded sequence in a complete X and for x € X set

r(x,{x,}) = limsup d(x,x,,). (10)
The asymptotic radius r({x,}) of {x,} is given by
r({x,}) = inf {r (x,{x,}) : x € X}, (1)
and the asymptotic center A({x,}) of {x,} is the set

Al ) = e Xor(x{x)) =r(fx}. (2)

It is known (see, e.g., [11, Proposition 7]) that in a CAT(0)
space, A({x,,}) consists of exactly one point.

A sequence {x,} in X is said to A-converge to x € X if x
is the unique asymptotic center of {u,,} for every subsequence
{u,} of {x,}. In this case, we write A-lim,x,, = x and call x
the A-limit of {x,}.
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Lemma 2. Assume that X is a CAT(0) space. Then, one has
the following:

(i) (see [12]) every bounded sequence in X has a /-
convergent subsequence;

(ii) (see [13]) if K is a closed convex subset of X and
T : K — X is an asymptotically nonexpansive
mapping, then the conditions {x,} A-converge to x and
d(x,,T(x,)) — 0, imply x € K and x € F(T).

Lemma 3 (see [14, 15]). Let {a,}, {b,}, and {c,} be three non-
negative real sequences satisfying the following condition:

a, <(1+b)a,+c, Vn=ny, (13)

where ny is some nonnegative integer, Y., b, < 00, }.° ¢, <
00. Then the limit lim a, exists.

n—0o00"'n

2. A-Convergence of the Iteration Sequences

In this section, we will study the A-convergence of the iter-
ation sequence for asymptotically nonexpansive mappings in
CAT(0) spaces.

Suppose that X be a CAT(0) space, C a closed convex
subset of X,and T : C — C an asymptotically nonexpansive
mapping with coeflicient k,,. Firstly, we consider the iteration
process:

xg € C,
n
Xpy1 = 0%, @ (1 - “n) T Y N2 0, (14)

Yn = lsnxn & (1 - ﬁn) Tnxn) n>0,

where {a,},{8,} < (0,1) and k,, satisfy the following.

(i) There exist positive integers 1y, n;, and § > 0,0 < b <
min{1, 1/L}, where L = sup, k,,, such that

0<d<a,<1-6, n=z=ny,
(15)

0<1-fB,<b, n=z=n,

(i) Consider Y (k* -~ 1) < oo.

We will prove that {x,} A-converges to a fixed point of T'.

Lemma4. Let X bea CAT(0) space, C a closed convex subset of
X, T :C — C an asymptotically nonexpansive mapping with
coefficient k,,, and Y o0 (k2 — 1) < co. If F(T) #0, {a,}, {B,} €
(0,1). Let x, € C, {x,} be generated by x,,,; = a,x, & (1 -
)TV ¥, = Bux, ® (1 = B)I"x,, n > 0. Then the limit
lim d(x,, p) exists for all p € F(T).

n— 00
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Proof. Taking p € F(T'), we have

d (xn+1’p) = d(‘xnxn ® (1 - (xn) Tnyn’p)
< (xnd (xwp) + (l - (xn) d (Tnyn’P)
< (xnd (xn’ p) + (1 - (xn) knd (yn’ p)
< a,d (x,, p)
+ (1 - “n) kn {ﬁnd ('xn’ P)
+(1-B,)d(T"x,, p)}
(16)
< a,d (x,, p)
+ (1 - ‘Xn) kn {ﬁnd (xn’ P)
+ (1 - ﬁn) knd (xn’ p)}
= {1 +(1_(Xn)(kn_ 1)
X [kn (1 - /-;n) + 1]}d(xn’p)
< {1 + (kﬁ - 1)}d(xn,p).
By Lemma 3, we can get that lim,, , . d(x,,, p) exists. O

Remark 5. 'The above lemma implies that {x,,} is bounded and
so is the sequence {Tx,}. Moreover, let L = sup, k,, then we
have

d(T"x,, p) < k,d (x,, p) < Ld (x,,, p),
d(yn’P) < ﬁnd (xrvp) + (1 - ﬁn)d(Tnxn’p)
< Ld (x,, p)

d(T"y,, p) < k,d (3, p) < L*d (x,,, p).

It follows that the sequences {T"x,}, {y,}, {T"y,} are
bounded.

Proposition 6. Let X be a CAT(0) space, C a closed convex
subset of X, and T : C — C an asymptotically nonexpansive
mapping with coefficient k,,. If F(T) # 0, {a,,}, {8,,} € (0, 1). Let
x, € C, {x,} be generated by x,,, = o, x, ® (1 —a,)T"y,,
Vo = Bux, ® (1 - B,)T"x,, n > 0. Then under the hypotheses
(i) and (ii), one can get that lim, _, . d(x,,T"y,) = 0.

Proof. By the assumption, F(T) is nonempty. Take p € F(T'),
by Lemma 1(iv), we have

d* (%1, p) = d” (a2, @ (1~ a,) "y, p)
< a,d’ (x,,p) + (1 - a,) d* (T"y,,, p)
—a, (-0, d” (x,, T"y,)
<d’ (%, p) + (1= ) {d* (T"y p)

_d2 (yn’P)}

+(1-a,) {d* (v p) - @ (x,0 )}
—a, (1-,)d (x,,T"y,),
d* (o p) = d” (%, p)
= d* (B,x, ® (1= B,) T"x,,, p) = d” (%, p)
< Bud’ (x5 p) + (1= B,)d* (T"x, p)
=B (1= B)d* (x,,T"x,) = d” (x,, p)
< Bud’ (%, p) + (1= B,)d* (T"x, p)

- d2 (xn’ p) >
(18)

which implies that

d2 (yn’p) - dz (xn’p) < (1 - :Bn) [dz (Tnxn’p) - d2 (xn’p)]

< (1 - ﬁn) (k721 - 1) d2 (xn’ p) .
(19)

Therefore, we have
dz (xn+1’p) < d2 (xn’p) + (1 - (Xn) (kfl - 1)d2 (yn’p)
+(1_(xn)(1_/3n) (ki—l)dz (xn’p) (20)
- % (1 - “n) d2 (xn’Tnyn) .

Since {x,} and {y,} are boundedand 0 < § < &, <1 -0
for all n > n,,. we have

82d2 (xn’ Tnyn) < d2 (xn’ P) - d2 (xn+1’ p)
+ (1 - “n) (kfz - 1) d2 (yn’p)

+ (1 _an) (1 _ﬁn) (k}Z’L - l)dz (xn’p)'

(21)
By the conditions (i) and (ii), we have

()
262(12 (x,,T"y,) < 00, (22)

n=1

which implies that

lim d* (x,, T"y,,) = 0. (23)
O

Theorem 7. Let X be a CAT(0) space, C a closed convex subset
of X, and T : C — C an asymptotically nonexpansive
mapping with coefficient k,. If F(T) # 0, {«,,}, {,,} € (0, 1). Let
xy € C, {x,} be generated by x,,,; = a,x,®(1—o,)T"y,, y, =
Bx,® (1= B,)T"x,,n > 0. Then under the hypotheses (i) and
(ii), one can get that {x,} A-converges to a fix point of T.



Proof. We first show that lim,, _, .,d(x,,, T"x,,) = 0. Indeed
d (%, y) = d (x5 Bpx, @ (1= B,) T"x,)

< (1-B,)d (%, T"x,)
< (1= B {d (% T",) +d (T"y,, T"x,,)}
< (1= B {d (%, T",) + Ld (3 )}

it follows that

(1-L(1-B)]d (xpp,) <(1=B,)d (x,T"y,) . (25)
By the conditions (i) and (i) and Proposition 6, we get

lim, _, d(x,, y,) = 0.
And then,

d (%, T"x,) < d (x,, T",) +d (T"y,, T"x,,)

(24)

(26)
<d(x,T"y,) + Ld (3,5 x,) -

By Proposition 6, we get that lim,, _, .,d(x,, T"x,,) = 0.
We claim that lim, d(x,,Tx,) = 0. Indeed we have

d(y,, T"x,) = d (B,x, ® (1= B,) T"x,, T"x,)
< B.d(x,T"x,) — 0.
d (x5 %,) = d (@,x, ® (1 - ) T"y,, x,)
<(1-a,)d(x,T"y,) — 0.
d (xn,l, T"ilxn) <d (xn,l, T"ilxn,l)
+d (T”_lxn_l, T"_lx,,)
<d (xn_l, T"_lxn_l) +Ld (x,_,x,) — 0.
d (xn, T”flxn) <d ((xn,lxn,l
o(1-a, )T 'y, 1 T"_lxn)

<, ,d (xn_l, T”_lxn)

n—1
+ (1 - “nfl) d (Tﬂilyn—l’ Tnilxn)
<a, ,d (xn_l, T"_lxn)

+ (1 - (Xn—l)Ld (yn—l’xn)

n—1
<a,,d (xn_l, T xn)

+ (1 - ‘xnfl)L [d (yn—l’xn—l)

+d (x,_1,x,)] — 0.
(27)

Thus,
d(x,,Tx,) <d(x,T"x,) +d(T"x,, Tx,)

(28)
<d(x,,T"x,) + Ld (T'Hxn, xn) — 0.
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Since {x,} is bounded, we may assume that {x,} A-
converges to a point X. By Lemma 2, we have X € F(T). [

Next we will consider another iteration process:

xg €C,
X =, T"x,@(1-a,)y,, n=0, (29)
VYp=Bux,®(1-B,)T"x,, n=0,

where {a,}, {,} € (0,1), and k,, satisfy the following

(H1) There exist positive integers n, and & > 0, such that

0<d<a,<1-6, n=ny

(30)
I- ﬂn — 0

(H2) Y72 (k, — 1) < co.

We will prove that {x,} also A-converges to a fixed point
of T.

Lemma 8. Let X be a CAT(0) space, C a closed convex subset
of X, T : C — C an asymptotically nonexpansive mapping
with coefficient k,, and Y. (k, — 1) < oo. If F(T)#0,
{a,}, 1B} <€ (0,1). Let x, € C, {x,} be generated by x,,, =
o, T"x, ® (1 — )V Yy = PuXn ® (1 = B)T"x,,n > 0. Then
the limit lim d(x,, p) exists for all p € F(T).

n— 00

Proof. Taking p € F(T), we have

d (%41, p) = d (,T"x, & (1 - 1) ¥, p)

< ayk,d (x, p) + (1 - ,) d (3, p)
< a,k,d (x,, p)

+(1 - a,) {Bud (x, p) + (1 - B,) d (T"x,, p)}
< o,k,d (%, p)

+ (1 =) {Byd (x, p) + (1 = B,) Kk (%, p)}
={1+(k, - 1) [1-(1-a,)B,]}d (x,, ).

(31)

By Lemma 3, we can get that lim,, , . d(x,,, p) exists. O

Next, we will prove lim,, _, . d(T"x,, y,,) = 0.

Proposition 9. Let X be a CAT(0) space, C a closed convex
subset of X, and T : C — C an asymptotically nonexpansive
mapping with coefficient k,,. If F(T) # 0, {«,,}, {8,,} € (0, 1). Let
xy € C, {x,} be generated by x,.,; = a,T"x,® (1 —,) ¥, ¥, =
Bx, ® (1 = B)T"x,,n > 0. Then under the hypotheses (HI1)
and (H2), one can get that lim, d(T"x,, y,) = 0.

n— 00
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Proof. By the assumption, F(T') is nonempty. Take p € F(T),
let L = sup, k,,, then we have
d (T"x,, p) < kyd (x,, p) < Ld (x,, ),
d (yu P) < o (x5 ) + (1= B,) d (T"x,5, p)
< Ld(x,, p)
d(T"y,, p) < kyd (y, p) < L°d (x, p).

It follows that the sequences {x,},{I"x,}, {y,},{I"y,} are
bounded.
By Lemma 1, we have

(32)

d* (%1, p) = d” (0,T"x, ® (1 - t,) Yy )
< akod” (0 p) + (1= o) & (3o p)
- a, (1-a,)d* (T"x, ,)
<d’ (x,, p) + (1= @) {d” (9 p) = d” (%, P)}
+a, (kfl - 1) d*(x,, p)

-y (1 - “n) d2 (Tnxn’ yn) .
(33)

Similar to the proof of Proposition 6, we can get
& (3 p) = d (%, p) < (1= B,) (kp = 1) & (x,,, p) . (34)
Therefore, we have
& (%pp) S d (3, p) + (1= @) (1= B,)
x (k- 1)d* (x,, p)
+a, (kﬁ - 1) d* (x,, p)

-y (1 - an) d2 (Tnxn’ yn) .

(35)

Since {x,}, {y,} are bounded and 0 < § < &, < 1 — & for all
n > n,. we have

& d* (T"%, y,) < d” (%, p) = d” (%01, P)
+(1-a,) (1= B,) (K, = 1) d* (%, p)

+a, (ki - 1) d* (x,, p).
(36)

By the conditions (H1) and (H2), we have Zs;(kf, -1)<
00 and

Y 8*d* (T"x,, y,) < oo, (37)
n=1

which implies that

lim d* (T"x,, y,,) = 0. (38)
O

Theorem 10. Let X be a CAT(0) space, C a closed convex
subset of X, and T : C — C an asymptotically nonexpansive
mapping with coefficient k,,. If F(T) # 0, {«,,}, {8,} € (0, 1). Let
xy € C, {x,} be generated by x,,,, = a,T"x,® (1 —,))¥,, ¥, =
Box, ® (1 = B)T"x,,n > 0. Then under the hypotheses (H1)
and (H2), one can get that {x,} A-converges to a fix point of T.

Proof. We first show thatlim,, _, . d(x,,, T"x,) = 0. Indeed, by
Lemmal, and 3, — 1, we can get

d (xn’ yn) =d (xn’ ﬁnxn ® (1 - ﬁn) Tnxn)
<(1-B,)d(x,T"x,) — 0.

(39)

And then,
d (%, T"x,) < d (x5 ) +d (3, T"x,) . (40)

By Proposition 9, we obtain that lim,, _, . d(x,,T"x,) = 0.
We claim that lim,, , . d(x,, Tx,) = 0. Indeed we have

d (%1 %,) = d (@,T"x, ® (1 - @,) Y, x,)
<a,d(T"x,, x,) + (1 -a,)d (x,, ,) — 0.

d (xn’ Tnflxn) <d (ocn_lT”’lxn_1 o(l-a,,) yn_l)Tn—lxn)
d(T""'x, ., T" 'x,)

<« n—1>

+ (1 - (xn—l) d (yn—l’ Tn_lxn)
< (xn—lkn—ld (xn—l’xn)
+(1-a,,) [d (yn—l’ Tnilxn—l)

+d (T”_lxn,l, T"_lxn)]

n—1

s “n—lkn—ld (xn—l’ xn)

+ (1 - ocn—l) [d (yn—l’ Tn_lxn—l)
+kn—ld (xn—l’ xn) ] — 0.
(41)
Thus,

d(x,,Tx,) <d(x, T"x,) +d (T"x,, Tx,)
(42)
<d(x,,T"x,) +Ld (T"ilxn,xn) — 0.

Since {x,} is bounded, we may assume that {x,} A-
converges to a point X. By Lemma 2, we have X € F(T). [
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