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We employ Meyer wavelets to characterize multiplier space X, »(R") without using capacity. Further, we introduce logarithmic

Morrey spaces Mﬁj;(R") to establish the inclusion relation between Morrey spaces and multiplier spaces. By fractal skills, we

construct a counterexample to show that the scope of the index 7 of M:z;(IR”) is sharp. As an application, we consider a Schrodinger

type operator with potentials in M} (R").

1. Introduction

As useful tools, multipliers on the spaces of differential func-
tions are applied to the study of various problems in harmonic
analysis and differential equations. A function g is called
a multiplier from a Sobolev space H™"P(R") to another
Sobolev space H*P(R") if for every function f € H"P(R"),
the product fg € H"P(R"). We denote by Xﬁ‘ P(R") the
class of all such functions g. In the famous book [1], Maz’ya
and Shaposhnikova gave many characterizations of different
kinds of multiplier spaces. For different indices r, t, and p, the
multiplier spaces can adapt to the needs of different problems.
Further, for different indices r, t, and p, they need different
skills to deal with different multiplier spaces. In this paper,
we consider multiplier spaces X; P([R”) defined as follows.

Definition I (see [1]). Givent > 0,7 > 0and 1 < p < n/(r+t),
the multiplier space Xi) p(IR") is defined as the set of all the
functions f(x) such that

£l @y = sup <1" Fallgrgn <00

”-‘7 HEP (TS

For a compact set e ¢ R”, the capacity cap(e, H?) is
defined by

cap (e, Ht’p) = inf{||u||p

He Ry - Y €S, u>1on e}, 2)

where & denotes the Schwartz class of rapidly decreasing
smooth functions on R".

Lemma 2 (see [1]). Givenr > 0andt > 0.

(i) For1< p<n/(r+t), f € X;)P(IR") if and only if

_AV2
“( ) f'lLP(ei ”f"LP(e) : <oo. (3)
ecR" \ (cap (e, H*"P)) Ip (cap (e, H"?)) I

(ii) For 1 < p < n/r and any cube Q with a length less than
1, the capacity cap(Q, H"F) is less than ClQ|i-P/n,

Our motivation is based on the following consideration.
For complicated compact sets, it is very difficult to compute
the capacity. The main aim of this paper is to establish a
relation between Xﬁ) p(IR") and the Morrey spaces Mﬁ P(R”),
t > 0,and r > 0 by wavelets. See also Liang et al. [2, 3], Triebel



[4], and Yuan et al. [5] for further information on wavelet
characterization of Morrey spaces. The special case t = 0 has
been studied by Yang [6] and Yang and Zhou [7]. We point
out that the result for ¢ > 0 is not a simple generalization. For
t = 0, the Sobolev space H?(R") becomes Lebesgue space
LP(R™). It is well known that

[l ~ 1M ()]s

where M is the Hardy-Littlewood maximal operator.
Yang and Zhou [7] used this equivalence to characterize
XB,P(R”). See also Yang [6]. However, (4) does not hold for

H"P(R™), t > 0.

For the case t > 0, it is necessary to make some progress
in technique. The difficulty is to deal with the impact of
the maximal operator M on the frequencies when we split
a product of two functions. To overcome this difficulty, we
introduce an almost local operator T*. See Definition 12. Let
r>0,t>0witht+r <1< p<n/(r+t).In Theorem 21,
we characterize X:’P(R”) by Meyer wavelets without using
capacity. Also our method can be applied to study the relation
between multiplier spaces and Morrey spaces.

Lemma 2 implies that X;P(IR") C M;P(IR"). For the
converse imbedding, Fefferman [8] established the following
relation:

1< p<oo, (4)

M, (R") c X, ,(R"), q>p>1 (5)

Let f € M, (R") and g € H""P(R"). From the coun-
terexample in Theorem 33, we can see that the product fg
may produce a logarithmic type blowup on the fractal sets
with Hausdorft dimension n— p(r+t). To eliminate this defect,
we introduce a logarithmic type Morrey space Mﬁi;(R”) and

prove that, for 7 > 1/p/,

M, (R") c X, , (R"), (6)
wherer > 0,t > 0,and 1 < p < n/(r +t). See Section 4.1.
In (6), the scope of 7 is (1/p’,00), where 1/p + 1/p" =

In Section 4.2, our counterexample implies that, for 0 <
7 < 1/p’, there exists some function f € Mﬁ:;(IR"), but

f¢ Xip(R"). See Section 4.2 for the details. Theorems 24

and 33 illustrate the difference between Morrey spaces and
multiplier spaces.

Remark 3. For the case t = 0, some similar counterexamples
have been obtained. Lemarié-Rieusset [9] gave a counterex-
ample to show that XS)Z(R”) # MOZ(IR") where n — 2r is an
integer. Recently, Lemarié-Rieusset [10] and Yang and Zhou
[7] constructed some counterexamples for + = 0 and 1 <
p < n/r. The counterexamples there are independent of the
wavelet characterization of Xi)P(IR"). Our counterexample
depends on the wavelet characterization of multiplier space,
Theorem 24, and fractal skills. See Theorem 33.

As an application, we apply our results obtained in
Section 4 to the Schrodinger operator L = I — A +V,
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where V is the potential function. Maz’ya and Verbitsky [11]
considered the multipliers from H"*(R") to H™"*(R"). For a
Schrodinger operator L = I — A +V, they got many sufficient
and necessary conditions such that V' is a multiplier from
HY(R") to H “*(R"). For more information, we refer the
reader to Jiang et al. [12], Lemarié-Rieusset [9], Maz'ya and
Shaposhnikova [1], Maz’ya and Verbitsky [11, 13], Yang and
Yang [14], Yang et al. [15-17], Yang and Zhou [7], and the
references therein.

Givenr > 0,t 20,1 < p <n/(r+t),and 7 > l/p',we
consider the following equation:

(I+0"+V)f=g, )

where g € H"?(R") and V ¢ Mﬁ:;(IR"). If V is a function
of Holder class, one usual method to deal with (7) is the
boundedness of Calderén-Zygmund operators. As a function
in M”(R") V may not be a L® function. In Section 5, by
Theorem 32, we prove thatifV € M,’ P(R") (7) has an unique
solution in the Sobolev space H**"?(R").

The rest of this paper is organized as follows. In Section 2,
we state some notations and known results which will be used
throughout this paper. In Section 3, we give a wavelet charac-
terization of Xﬁ) P(IR"). In Section 4, we introduce a class of
logarithmic Morrey spaces M”(IR”) such that M”(IR”) C
Xﬁ, P(R"). Further, we construct a counterexample to prove
the sharpness of the scope of the index 7. In the last section,
we consider an application to PDE problem.

Notations.U = V represents that there is a constant ¢ > 0 such
that c'V < U < ¢V whose right inequality is also written as
U < V. Similarly, if V > cU, we denote V 2 U.

2. Some Preliminaries

In this section, we state some notations, knowledge, and
preliminary lemmas which will be used in the sequel. Firstly,
we recall some background knowledge of wavelets and
multiresolution analysis.

Forany j € Nand k = (k;,k,,....k,) € Z" let Q;; =
1., [277k,, 27/ (k, + 1)] and denote by Q the set of all dyadic
cubes Q; . For arbitrary set Q, we denote by Q the 2M*2.
multiple of Q. Finally, let y, ¥ be the characteristic functions
of the unit cube Q, and Q,, respectively.

We will adopt real-valued tensor product wavelets to
study the multiplier spaces in this paper. Let {le, j ez}
be an orthogonal multiresolution in L*(R) with the scaling
function ®°(x). Denote by W1 the orthogonal complement
thatis,Wl Vi10V] . Let{®' (x-k), k €
Z}bean orthogonalbasis inW .Pore = (g,...,¢,) € {0,1}",
denote @°(x) = [, D% (x;).

In the proof, we use only Meyer wavelets and regular
Daubechies wavelets. We say a Daubechies wavelet is regular

space ofV1 inV}

]+1’
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if it has sufficient vanishing moment until order m and
Df(x) € Cg”([—ZM, 2M™), where the regularity exponent m
is large enough and M is determined by m; see [18, 19] for
more details. For any ¢ € {0,1}", j € N, and k € Z", we
denote CD;)k(x) = 2"2QE (2 — k). For j € Zandk € Z", let
x(2/x — k) and ¥(27x — k) be the characteristic functions on
Qjx and Qj,k, respectively. For simplicity, we denote by x;,
and ; for short.
In addition we define

A, ={(ej.k):e€{0,1}", jeN, keZ", e+0, if j > 0}.
(8)

For fixed tempered distribution f, if we use wavelets which
are sufficiently regular, then we can define f7, = (f, ®%).
And the wavelet representation f = ¥, i ca, f7x @5 holds
in the sense of distribution.

Let {V}, j € Z"} be the orthogonal multiresolution in

L2(R™) with the scaling function ®°(x). Denote by W; the
orthogonal complement space of V; in V,y; that is, W; =

Vi1 ©V. Denote by P; and Q; the projection operators from

L*(R") to V; and W), respectively. Dobynski got a decomposi-
tion of the product of two functions f and g, which is similar
to Bony’s paraproduct (see [20]). Denote

A, ={(a&, i,k k'), &e €{0,1}"\ {0},
©)
>0, k,k' € 7" (k) # (Sl,k’)}-

By the projection operators P; and Q;, we divide the product
fg into the following terms:

fx)g(x) =P (f)P(g9)+ Y Pi(£)Q;(9)

=0

+YQ ()P (9) + Y Fragi ®p (0 O ()

j20 A,

+ Z f;kg;k(@?,k (x))z'
Aet0
(10)

To facilitate our use, we make a modification to (10) and use
special wavelets for different cases. Let N be a positive integer.
We decompose the product fg as

M8

fg= [Pj+1(f)Pj+1(9)_Pj(f)Pj(9)]+P0(f)Po(9)

-
0
—

[Q(/)Q;(9) + P (/) Q;(9) + Q; (f) Py (9)]

1
LM

+ Py (f) Py (9), W
11

and the term Z;’ZN Qj(f)Pj (g) can be decomposed as

s

T
Z

Q; (f)P;(9)

= EQJ (£)2.Q+(9) + in (Pn(9) (2

j t=1

- 530,110, (9)+ S0 (1B a).

j=0t=1

In 1970s, Triebel introduced Triebel-Lizorkin spaces
F,9(R") ([21]). Many function spaces can be seen as the spe-
cial cases for F;;?(R"). For example, F[ 2(R") is the fractional
Hardy space. For 1 < p < 0o, F;’Z(IR") are the Sobolev spaces

H"P(R"). For p = oo, F;’Z(R") is the space BMO"(R")
defined as

BMO' (R") := (I - A)"*BMO,,. (R"), (13)

where I and A denote the unit operator and the Laplace oper-
ator, respectively. Here BMO, .(R") denotes the set of
all measurable functions f with

sup |fQ|+ sup

IQI_IJ 1f ()~ fol dx < 00, (14)
1/2<(Q)<1 0<1(Q)<1/2 Q

where f, denotes the mean value of f on Q. See also Section
3.10f [1].

For1 < p < coandr € R, itis well known that
(F;’Z(R”))’ = F;,r 2(R™). The following lemma gives a charac-
terization of F;’Z(IR") via Meyer wavelets and regular Daub-

echies wavelets. For the proof, we refer the reader to Chapters
5 and 6 of Meyer [18]. See also Yuan et al. [22] and Yang [23].

Lemma 4. Given |r| < m, let {(Dik} be Meyer wavelets or m-
regular Daubechies wavelets. Then,
(i) for1 < p < oo,

Y P (x) € Fy(RY)
(s.jik)eA,

g(x)=

&

1/2
2j(r+n/2 2
— Z 2j(r+n/2) I i ¢ <00
(s.jik)eA, o

1/2
; 2
2j(r+n/2) 'gj,k' Xj,k ()) < 00,
Lr

(15)

«=><z

(s.jik)eA,

(ii) g(x) = Yo jmen, 5P () € EPX(R"™) if and only if
there exists p € (1, 00) such that for Q € Q,

1/2
. 2
Z 2i(r+n/2) gj,k Xk ) SC|Q|1/p' (16)
SEEn,Qj,kCQ

L?



The wavelet characterizations of function spaces have
been studied by many authors. In [18, Chapters 5 and 6],
Meyer established wavelet characterizations for many func-
tion spaces, for example, Hardy space, BMO spaces, Besov
spaces, and Bloch space. Yang et al. [24] used wavelets to char-
acterize Lorentz type Triebel-Lizorkin spaces and Lorentz
type Besov spaces. For the wavelet characterization of Besov
type Morrey spaces and Triebel-Lizorkin type Morrey spaces,
We refer to Yang and Yuan [25, 26], Yang [23], and Yuan et al.
[22].

Morrey spaces were introduced by Morrey in 1938 and
played an important role in the research of partial differential
equations. Xiao [27] established a relation between the
homogeneous Morrey space Z>">*(R") and Q-type space
Q,(R™) by heat semigroup and the fractional integrals. In
the recent 20 years, Q-type spaces are studied extensively. See
Esseén et al. [28], Dafni and Xiao [29, 30], Peng and Yang [31],
Wu and Xie [32], Yang [23], and Yuan et al. [22].

Define f, 5 as

1

ft,Q: @

JQ (I-A)"f (x)dx. 17)

The Morrey spaces M;, p(IR") are defined as follows.

Definition 5. Givenl < p < coandr,t > 0, the Morrey space
Mﬁ)P(IR”) is defined as the set of all measurable functions f
such that sup,q_, | f; ol < Cand

Jo 10207 ) gl dx < QI

where Q is any cube in R" with |Q| < 1.

Morrey spaces Mﬁ’p(R”) can be also characterized by

wavelets. We state it as the following theorem and refer to
Yuan et al. [22] for the proof.

Theorem 6. Givent € R, 1 < p <ocoand0 < p(r+t) <n,

f(x)= Z Fix®5p (x) € M:,p (R") (19)

(s.jik)eA,,
if and only if for any Q € Q with |Q| < 1

L2

pl2
j(n+2t 2 1-p(r+t
2| £l xj,k(x>> dx < CIQI' P,
€€E,,Q;xCQ

(20)

The following lemma can be obtained by Lemmas 2 and
4 immediately.

Lemma 7. Givenr > 0,t > 0and 1 < p < n/(r +t), then
t t
X,’p([R{”) C Mr)p([R{").

Now we give two lemmas about BMO' (R").
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Lemma 8. Givenr > 0,t > 0and 1 < p < n/(r +t), then
Mﬁ)p(lR") c BMO'(R™).

Proof. For any dyadic cube Q, we have

2 P
J( Z Xj,k(x)> dx

seEn,Qj,kCQ
<1Qr | < 2

seEn,Qj)ch

2jn—2jr

fin

pl2
: 2
)

<lQl.
(Zg
Forany ¢ € {0,1}", j € Nand k € Z", we denote f7; =
(f, (Dj,k). We can get the following result.

Lemma 9. Suppose that r > 0 and f € BMO'(R"). The
wavelet coefficients of f satisfy

fin

Proof. Take j € Nand k € Z". We consider two cases ¢ € E,,
and & = 0 separately.

< Z(r—n/2)j)

Vee 1{0,1}", jeN, ke Z". (22)

(i) For € € E,, by Lemma 4, we get

J (2 jn-2jr

It is easy to see that | f7;] < 2Jr=ni2),
(ii) Fore = 0,

pl2 .
£l (x)) dx < 27", (23)

0 ¢ q)s' (DO
ik Y fiw e O
(.5 K" )eA,,
(24)

g ¢ 0
Yo i@
(.7 K" )eA ,:j'<

! ! .
Because | ¥ i xen jrej [ @ < 27, we

have
il = (27|00, (o)) < 27072 (25)
O
Let ¥! and ¥? be two functions such that
¥oeclh ([-2M 2", =12
(26)

Jx“‘l’i (x)dx =0, where |a| <p, i=1,2.

Write a; i 0 = (‘I’}’k, ‘I’]%’k,). The following lemma can be
found in Chapter 8 of Meyer [18] or Chapter 6 of Yang [23].
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Lemma 10 (see [18, Chapter 8, Lemma 1]). Let |u| < m. For
Is| < u, the coefficients a; . » o satisfy the following condition:

) o n+s
277427
2714277 + 'kZ’j - k’2’f'| '
(27)

P
|aj,k,j’,k" <2 lj-j |(n/2+s)<

By Lemma 4, the boundedness of Calderén-Zygmund
operators on H™?(R") is equivalent to the following lemma.
We refer the reader to [18, 23, 33] for the proof.

Lemma 11. Suppose that s > [rl and g(x)
Z(s)j,k)eAng;kCDj’k(x) € H"P(R™). Let gj)k =

! !
Yejben, Gop 9y u- I the coefficients a% ., satisfy
(27), then

p/2
j(n+2r)| ¢ 2
Z): 2 gj,k| Xk (%) dx
(s.jk)en,
(28)

pi2

j(n+2r 2
< J Z 2J(me2n g;k| Xik () | dx.

(s.jik)eA,

We say that T is a local operator if there exists some
constant C > 1 such that, for all x € R” and r > 0, T maps a
distribution with the support B(x, r) to another distribution
supported on the ball B(x,Cr). If /2 is not a nonnegative
integer, the operator (I — A)"/? is not a local operator. Now we
use wavelets to construct some special fractional differential
operators T*, which are almost local operators and will be
used in the proof of our main result.

Definition 12. For t > 0 and h(x) = Y. ; e, 1k P51 (x), we

call that T* is an operator associated to the kernel K “x,y) =
e jk)eh, 271t®§,k(x)®§,k(y) if

—jt1 & &
( %A 2 R b (29)
&jk)eN,

T'h(x) =

It is easy to prove that T° is the identity operator and
IT*All;» = |kl g for 1 < p < co. Furthermore, we have the
following.

Lemma 13. Supposet > 0. For any Q;; € Q and x € Q;y,
20O | < CMT'h (%), (30)

where M is the Hardy-Littlewood maximal operator.

Proof. If t = 0, the proof was given by Meyer [18]. Now we
consider the case t > 0. It is easy to verify that

[170" ] = | [ K7 (33 0" () dy| < C1 o )
(3

By the fact that t > 0, we have
j(n/2-8) 10 _ 5 j(nf21) [ty et )0
2OR = 2P (T, T @, )
_ Ajn/2 t —t 0
= 2" (T (170°%), ).
Hence, we can get

P
=21 (T70"), )

< pinl2 J |Tth (x)l Qinf2 dx

(1+|2ix - k)"

<27 ( J C rh()dx
2 x—k|<1

« dx
N Th ()| —— 2
g’ J-Z"ISIfo—kISZ’ | ) (1+]27x - k|)"" )

1

< 2" <2f”M (T'h) (x) + izf’fM (T'h) (x) zf">
=1
<M (T')h(x).
(33)

This completes the proof of Lemma 13. O

In the rest of this section, we give a decomposition of
Sobolev spaces associated with combination atoms. For |r| <

mand g(x) = Y. ien, 954 Pjx(x), denote
1/2

Y@ | . 64

Z 2j(2r+n)

(s.jik)eA,

S,9(x) = Ik

and, for = 0, denote also Sg(x) = S;g(x).

Definition 14. Letr € R and A > 0. For arbitrary measurable
set E with finite measure, we say that g(x) is a (r, A, E)-
combination atom if supp(S,g) ¢ E and S,g(x) < A. If E
is a dyadic cube, then we say g(x) is a (r, A, E)-atom.

In the next theorem, we give a combination atom decom-
position of Sobolev spaces. This result is a generalization of
that of Yang [34].

Theorem 15. If1 < p < 0o, |r| < mand ||gll g, < 1, there
exists a series of (r,2", E,)-combination atoms g,(x) such that
Yoen 2PVIE | < C.

Proof. Denote

1/2

j(2r+n 2_
( Z): 2 )'gik| Xije () | (35)
& j.k)eN,

5,9 (x) =



Forv > 1,let E, = {x : S,g(x) > 2'}. By wavelet
characterization of Sobolev spaces, we have Y 2?"|E,| < 1.
LetE, = |, Q"!, where Q"' are disjoint maximal dyadic cubes
with [Q"| < 1. Let &, be the set of dyadic cubes contained in
Qv’l but not in Ev+1’ %v = Ul 81/,1 and %0 =Q \ Uvzl %v' Let
E, = {x € Q, Q € B}, and we can write also E, = |, Q™
where Q™! are disjoint maximal dyadic cubes in Q0. The related

set o, is defined as Fy; = {Q ¢ Q" and Q € F,}.

For any v > 0, we write

Gy (%) = Z gj,kq);,k (%),
Qi€

9, ()= ) gP,(x).
Qj,kE%v

(36)

Then g,(x) is a desired combination atom. This completes the
proof. O

3. Wavelet Characterization of
the Multiplier Spaces

In this section, we use Meyer wavelets to characterize
X;,P(R”). Let @ be a function in Cy°(B(0,1)) satisfying

®(x) > 0and f ®(x)dx = 1. For any g € H*P(R"), define
gix = (9270 (2 - k). (37)

The function space Sf}f(R") is defined as follows.

Definition 16. Givenr > 0,t > 0andr+t <1 < p <n/(r+t),
wesay f € Sf}f(R") if £(x) = X jmyen, fxP5x(x) and
p/2

dx < |g]

R AT
& j,k)EN,

2 )
(38)
where g € H™"P(R") and ||gl yrser < 1.

Now we give a wavelet characterization of X;, P(R”). Let

®° and @, & € E,, be the scaling function and wavelet func-
tions, respectively. For (g, j, k), (s',j',k'), (s”,j',k') € A,
and ! € Z", let

! !
&€ _ 0 € €
Gkl = <®J’J<+I‘DJ‘J<’ ‘Dj',k’> :

, ' ' , (39)
(@) 20 (2 4).0f

£,£,£” ,0
7.k,0,7' k'

Furthermore, for0 < s < N, ¢’ ¢ E,leZ" ands+|e— e+
[I| #0, let

e e s _ P &'
asiitrn = (0% e, @) (40)

By the same method of [18, Chapter 8, Lemma 1], we could
prove the following lemma.
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Lemma 17. There exist sufficient big integers N, N,, and N,
such that min{N, Ny, N,} > 8n + 8m and the following esti-
mates hold.

() If (&, j, k), (€', ' K'Y e A, 1 € 7" and j > §, then

,Nz

! .1 .l . .l .
ki k" < (L+ iy 71(1 * |k’ -2 7Jk’)

(41)

(i) If (&, j, k),,(s”, ik eA,0<s<N, e €E,leZ",
and j > j, then

ron 7N2
E£,€ ,E ,S
a .

. ./ .
o] < a2 Y '1(1 +

K -2

(42)

(iii) If (&, j, k), (¢, ', k") € A, 1 € Z", and j < ', then

N,

,’ _N, 7./2 'N'f', o e
’a;,li,l,j’,k”s(l +IH"2 nj [24nj+N(j J)(1 + ‘k_zj 7 e |)
(43)

(iv) If e, , k),,(s", i k)eA,0<s<N,e €E,leZ",
and j < j', then

SS,E”S
€ HE
a

. . . n . . _N
|y N NGO (1 e 27T )

(44)

3.1. Decomposition of Products via Multilinear Analysis. At
first, we give a wavelet decomposition of the product of fh.
Let ®° and {®°, ¢ € E,} be the scaling function and wavelet
functions of Meyer wavelets, respectively. There exists an
integer N > 3 such that

J x*0° (x) O (ZNx - k) dx=0
(45)
for any k € 7" aeN" ¢ee¢ E,.

Denote

As,n={(s,s/,l), 0<s<N,¢ ¢ E,leZ" |l < 2(M+2+s)n’
and if s = 0, (0,&,0) # (0,¢',0)},

Zy={l=(....1,) ez, 0, <2 -1, i=1,...,n}.

(46)
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Fore € E,, 1 € 7" |l < 2™*2" and (¢/,1) € A, we denote

T (x)= Z

jeENkez" lez"

0 € 0
Z fj,k+l j,k(D

ket (x) CDj,k (%)

TZ,O,S,E (x) = Z Z f] k+lhskq)] k+1 (X) (D jik (x)

jE€Z,keZ" 1eZ™]1#0

)

j€Nkez"

(@50 ) - 270 @ -4

T, (x) = Z Z Z f ]+N2Nk+lh] k+1'
jeENkeZ" 1z} I'ez"

0 €
XD (%) @ N2V (%),

Ty ()= ) fih52"0(2/x-k),

jeNkez"

0 710 0 0
Z Z Joxhopn® ik (%) D peyy (%)

kez" lez"

Ty (x) =

(47)

Fore, &' €E,0< ssNors=0,ands¢s',denote

r !
£ £ £ £
Tyeer () = Z Z f j+s,2‘k+lhj,kq) jts,25k+ (x) @ ok (x).
jeNkez" lez"

(48)

By (11) and (12), we can decompose f# as follows:

f@hE) =T x)+ )

€k, 0<s<N,e,e' €E,

TZ,s,s,s’ (.X)

F 2T+ Y T+ T5(x) 49

e€E, e€E,

5
=T, (x).
i=1

If g € H*"P(R"), write g(x) = e jkeh, gj’kq)ik(x). For
&& € E,and 0 < s < N, we define

Tl,s = J Tl,e (x) g (x) dx,
(50)

TZ,s,s,s’ = J T2,s,s,s’ (x) g (x)dx.

Let

Tl,l,s,l = Z Z

JENKEZ" j>j'>0,e' k'ez"

!

&

. 5
5

0 & e,s'
|f jok+ | |hj,k| ‘aj,k,l, K

_ 0 € e’ ¢
Tiper= . ) |f jok+l | |hj, aj,k,l,j’,k" |gf’,k”’
JENkeZ" j<j' ¢ k' ez"
T2,1,s,£,£’,l
_ Z z h sa &ls ¢
- ]+s 25k+1| "V k ],kl] N4 g] K|
jENkeZ" j>j'>0," k' €z
T2,2,s,£,£’ |l
_ Z Z ¢’ ££ &ls ¢’
= .25kl ikl K ezn 9] aE
jeNkez" ]<]’ "k
(51)
It is easy to see that
|T1,sl s Z (Thre0+ Tipes) >
lez" ( )
52
|T2,s,£,£'| < Z (T2,1,s,s,s’,l + T2,2,s,s,s’,l) :
lez"

3.2. Several Technical Lemmas. Now we estimate the quanti-
ties Ty ) s Thoep Topsee > and Ty ¢ 1) separately. Let

S:gj (%) = ’Zkzlzjl(”/“t) gj:’k,| X (Zj’x - k’). (53)

For fixed x, there is only one k’ such that X(Zj’x -k')#0and
the number of ¢’ is finite. Then

1/2
gjf,krrx(zf'x—k’)> . (54)

e k!

Let M be the Hardy-Littlewood maximal function. Then,
if j < j/and x € Qx> we have

=N, ’ .
) 22] (—n/2+t)g;/’k, < Z_JnMStgj! (x) .

Z(l + lk o
‘ (55)

Lemmal8. Givenr >0,t >0, andt+r <1< p<n/(t+71).
If f € BMO"(R"), then

(i) for g € H*"P and h € H™,

|T1,8| + |T2,s,s,8’| < “g”H”“P "h”H%P” (56)

(i) for g € H™™P and h € HP,

[(Ts, 9)| < |9l ggeors 1Bl e - (57)



Proof. (1) For j' < j, we have

e,s' ¢
Ttes =2, 'f al [l lovel- o9
Ik jzj' ek
By Lemma 17, we know
N,
las, o] < Q™ (14 [ - 27 Jkl) 2" P4
(59)

By Lemma 9, f € BMO'(R") implies | f;| < C2r12)j,
Now we can get

ZT1,1,s,l s Z Z

lez" leZ" k,j>j'

1/2
.l .1 . . ! 2
3nj [2+(j = j)+(r-n/2)
[y (sla, | )
K\ ¢
(Zj,x—k')

L+ DN (14 K - 27-7k])™

< Z Jz3nj'/2+(j'—j)+(r—n/2)j
zf
A\ M2
’,k’| ) 2—j (t+r+n/2)

% Z(zzzj’(n/2+t+r) gj
K\ ¢
X (Zj’x - k')

hj,k
k (1 + |k’ - 21"‘J'k|)N2

2j(—n/2—t)2j(n/2+t) dx

p J' Z23nj’/2—j'(t+r+n/2)+(j'—j)+(r—n/2)j+j(‘rl/2+t)

=i

x 2778, gy (x) M (S_h;) (x) dx.

(60)
Because0 <t +r <1,
NITNED) Q=0 (o)
lez" =
X J Stirgj () M (S_thj) (x)dx -

< Z Z(j’fj)(lfrft) ”g"Hﬁ”F "h”H*fvP’
jzf

< NGl gevrs 1l e -

Now we estimate the term

T2,1,s,s,s',l (x) = Z Z

Jk j=j'>0

£££S

&
h ]kl,] k!

j+s,2°k+l

'
Fi

e
g] k"'

(62)
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Because f € BMO'(R"), by Lemma 9, we have |f;fk+l| <
202j By Lemma 17,

-N, 2
aen s ey ™ (1l -2 fk|) 21D,
(63)
We can get, similarly,
Z TZ,I,s,s,s’,l (x)
lezy,
23 pr=n12)jgni' 247 =]
leZy jk j=j'>0
|hs | 8”
j+s,2°k+l gj’,k’

(L4 )N (1 + |k - 27"k

< Z Z 23nj’/2+(j'—j)+(r—n/2)j
lezyj=j'>0

|g§:,k’| 'h;+5,2‘k+l' X <2j,x - k’)
o (L+ DN (1 + K - 273k])™

< Y U sz (9;) () MS_ by, (x) dx
j=j’>0

o R0 M LR

3 7] e 1
(64)

(2)If j' > j, the estimates of Ty , . ;and T, , . .+, are easier
than those of T}, .; and T, | ;. ;. For example, we estimate
the term

T1,2,s,l = Z Z |f0

ok 0<j<j e K

as,s’ ¢
ki | 97K (65)

Because f € BMO'(R"), by Lemma 9, |f el < o(r=n/2)j
By Lemma 17,

ss
]kl] K

< (1+|l|)‘N‘(1+|k VK

) 2—71] /2+n]+N(] j )

(66)
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Because 2" J Xj)k(x) dx = 1, we can obtain

Z T1,2,e,l

lez"

»)

J S (r=n12)j =1’ [2enjN(j=]') 3
lez" jk 0<j<j',e' k'

K ‘g;:)k,| Xjk (%)
L+ 1N (1+ [k -2-7k|)™

<y J r=1/2) 5= (24} NG=5') p i =1j 5] (/24 t47)
&j,k

X MS,,, (gjr) (%) |h§’k' Xjk () dx

< Z J 2 (r=1/2)j =] [2)+njN(j=]') 5= jn/2-1)
0<j<j’
_il ()2
x 27/ I g (gj:) (x)S_, (hj) (x)dx

< Gl g WPl e -
(67)

The estimate for T, , , . .+ ;(x) can be obtained similarly. By
the same methods used in (1) and (2), we can get the estimate
of the term T5. We omit the details. O

Now we consider the term T;,. We have the following
claim.

Lemmal9. Givenr >0,t >0, andt+r <1< p<n/(t+r),
if f € BMO™(R"), then

(Ts.0 )| < |Gl NPl e (68)

Proof. In fact, forl € Z%,, (¢, j,k) € A, and ' € Z", let

!
&l

_ o2 [ g0
9NNk = 2 <(Dj,k+l’(D§+N,2Nk+l’g> . (69)
We have

|<T3,s> g>|

=l 2

(s.jik)eA,, lezy l'ez”

jn/2| 0 | el
Z Z < Z 27 | |9 NNk
ez

1eZy (&,jik)eA,,

jn/210 &l £
27 hikrg j+N,2Nk+lf j+N,2Nk+

(70)

N

€
x |fj+N,2Nk+l| :

Because (FIT’Z(R”))I = BMO'"(R"), by Lemmas 9 and 13, we
have

(Tse 9)
< Z ”f"BMor J- Z 2j(l’l+2r+t)
lezy, (ejk)eh,
2
X ( Z 21(n/2—t) 'h(;,k#" 'g;’iN’szH >
I'ez"
1/2
X Xjk (%) dx

Ao [{ 3 2

(e.4.k)en,
2
JI\N+n s,l'
X < Z (1 + |Z ') 94N 2Nk+ )
l'ez"
1/2
X Xk (¥) | MT'h(x)dx.
(71)
Because
el
9 JHN2Nk+]

8, Sl
Z gjl)kl(bjl’kl

_ A—nj/2 0 &
=2 < (Dj,k+l’ q)j+N,2Nk+l’
(e',j Ken,

_ A1j/2 0 3
=2 q)j,kJrl’ ®j+N,2Nk+l'
x E & DY
gjl)kl j/’kl ,
(&.5' K" )eA | j - j-NI<2
(72)
we can get

Z 2(n+2t+2t)j
(s.jik)eA,

1/2
(T 0w

2
> Xjk (x)) 73)
I'ezn

9 JHN2Nk+]
< ) MS,g; ().
|j'-j-N|<2
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Hence, we have

j < Z 2j(n+2r+t)

(s.jik)eA,

2 p/2
j(n/2-t) {10 &l
X<Z/Z 2 ‘hj,kﬂ' 9N 2Nk ) Xjk (x)) dx
ez"

2\ P2
< z( S Mg <x>> dx < [l
J20\ |j'-j-N|<2
(74)
Finally, we obtain, by Holder’s inequality,
(209 < [ lonior Nl M TR,
(75)
S "f"BMo’ g"Hw 17l e -
This completes the proof of Lemma 19. O

In order to deal with the term

L= ) fil2"o(@Px-k), oo

(e.4.k)eA,

we need the following estimate.

Lemma 20. Givenr >0,t > 0witht+r <1< p<n/(r+t),
fe Sf?;(lR”) if and only if

(Tyer D < |Gl oo 1l e - (77)
Proof. In fact, for g € H™™*P(R"),

(Toorg) = Y firdihpe (78)

(s.jik) €A,

By Lemma 4, using Holder’s inequality, we have

|<T4,s’g>|
s Y L1l e d
(8.4k)€eA,,,j=0

1/2
sJ( LA AT <x>>
(8:.juk) €A 1,20

£
hix

Abstract and Applied Analysis
« < Y i

1/2
) | d
Xjk (X x
(8.jk)en,,j=0

S<J < DR AR
(8.j;k) €A .20

p/2 1/p
X Xjk (%) ) dx)
’ l/p,

p2
j(n—2t) 2
X J Z 2/ t|h§’k| X () dx
(8.jik) €A 1,20

< I fllps bl
(79)

Because f € Sf’)}f([R{"), we can see that [(T,,,g)| <

(7] Py L ey
Conversely, let

e _ Ajt e O
Tie=2 fj,kgj,k>

()= )

(e.4:k)€A,,j=0

80
7,0, (). (80)

Denote h = |7|P™*%. For h(x) = Z(e’j,k)eAn h;k(Dik(x), we
write h,(x) as

hx)= )

(8:jk) €A ,,,j20

Zﬁh;k(l);)k (x) = Z (ht);,kq)j,k (x).

(s.jik)eA,
(81)

It is easy to see that h € LP,(R”) is equivalent to h, €
H"P (R™).
By the wavelet characterization of H LP(R™), we get

P2
J <( k)Z: 2j(n+2t)|gfk'2|fjg,k'2)(j,k (x)> dx
&jk)€A,;,j20

:J< 5

(8:.juk) €A 1,20

p/2
in|_e |2
2/ |Tj)k' Xik (x)> dx
(82)
= J |7|Pdx = J‘rhdx

_ j(t+n/2) @
= Z 2 f;,kg j,kh;,k
(s.jik)eA,

j @
:( Z): 2Jn/2fjs,kgj,k(ht)j,k'
&j,k)eA,
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Further, we can deduce that

p/2
J <( k)z 2j(n+2t)|gfk|2|f;k'zxj’k (x)) dx
&,k )€ ,,j=0

= |<T4,s7 g)l (83)

< lglligers

ht“H*t,p’
< [lglggslel?2?

Hence ||7||;» < coand f € Sf:’;(R”). This completes the proof
of this lemma. O

3.3. Wavelet Characterization of Sobolev Multipliers

Theorem 21. Lett > 0,r > Owitht +r <1< p <n/(t +7).
Then,

X, , (R") = M, , (R") NS> (R"). (84)

Proof. We first assume f ¢ Mﬁ’p(lR") n Sf?}f([R”). Let g €
H*"P(R") and h € H' (R"). By the decomposition given
in Section 3.1, we have

f@hE) =T (x)+ )

€k, 0<s<N,ee'€E,

Y T 0+ Y Ty (%) + T5 ().

e€E, e€E,
Notice that [ € Mﬁ)p([R{") implies that f € BMO'(R"). By
Lemmas 18-20, we obtain that, for f € Mf)P(R") n Sf?;(IR”),
fhe H"™" (R") and

1Pl < 1]

T2,s,s,s' (x)

(85)

Al PN
M NSy NA2ll e (86)
which gives

If

x,= sup sup [(fg.h)]

lgllgrt.p <1 WA

= sup  sup [(fh,g)|

gl et 1,

(87)

IN

sup—sup. |l Nl

gl reepst 10,

<|fl

Hence, we can get Mﬁ)p([R{") n SS;(R”) C Xi)P(R").
Conversely, assume that f € X} p(R”). By Lemma 7, we
have f € Mf’P([R”) c BMO'"(R™). We apply Lemmas 18 and

19 again to deduce
|<T4,s> g>| S |T1,£| + |T2,s,£,£’| + |<T3,s’ g)l + |<T ’g>|

< |\gllzreo 1Bl e -

Then, Lemma 20 implies that f € ng(R”). This completes
the proof of this theorem. O

t Dt
M; NS,

88)

1

Now we characterize X, »(R™) by the fractional integra-
tion. Let ¥(x) > 0, ¥(x) € C;°(B(0,2)) with ¥(x) = 1 on
B(0,1). 1t is well known that § € H"*"P(R") if and only if
there exists g € LP(R") such that

t+r—n

Gx)=J,9((x) = jg(y)qf (Je=yD|x =y "dy. (89)

For g € LP(R"), let

t+r—n

Gik = J(Z‘j +|ly-27K) " Tg(»)dy.  (90)

Definition 22. Givenr > 0,t > 0and 1 < p < n/(r +t), then
f(x) = Z(S’j’k)eAn fjs)k@;’k(x) € Q;P(R”) if and only if

(.2

p/2
j(n 2| e |2
2! +2t)|gj,k| |fj,k' Xik(x) | dxs1, (91)
(s:jik)eA,,
where g € L*(R") and g(x) > 0.
Let f(x) = Z(s,j,k)eA,, ;’)k(Dj.)k(x) and h(x) =
D(e,jen, hikq)j,k(x). Define

To(fh)(x)=) > 20" FihS @ (2/x-k). (92)

jeN kez"
Similar to Lemma 20, we can get the following.

Lemma 23. Givent > 0,7 >0andt+r <1< p<n/(t+r),
then f € S5 (R") if and only if

(To (fih). @] < 9]l Bl e (93)

where g € H*"P(R") and h € HP (R,
Now we give another characterization of X:, P(R”).

Theorem 24. Givent > 0,v > Qandt+r <1< p <n/(t+7r),
then

X,,(R") =M, (R")nQ,,(R"). (94)

Proof. By modifying the coefficients such that f;h, =
If;kl Ih;)kl, we could suppose that g(y) > 0. By Theorem 21 (ii)
and Lemma 23, we know that f € Sf}f(lR”) is equivalent to

” 2 |filel2re

(a.jik)eA,

Wdy dx

-y

X (ij —k)‘{’(|x - ) | 90

S “9||LP||h||H4,P', Vg > 0.
(95)
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By a simple calculation, we get

J 2" (ij - k) (Jx=y]) |x - y|t+r "d

(96)
(2 j |)’ 2 Jk| (t+r— n)
So (95) is equivalent to the following inequality:
t+r —n
2 el @7y =27K) g () dy
(s.jk)en, o)
< gl ¥g 2 0.
That is to say
” Z 2 f ;,k|Xj,k
(s.jk)en,
98
) 9(y) axdy

(2—j + Iy _ 2_jk|)n—(t+r)
<|lgl Bl . Vg2 o.

Let

S_h(x) = ( Y

1/2
2](n 2t)|h k| X]k(x)> ) (99)
(s.jik)eA,

We have IIS,thIIP: = eq|hl
is equivalent to

(.2

(s.jik)eA,

[ Then, the inequality (98)

P2
j(n+ e |2 2
2 2t)|fj,k' 'gj,k' Xk (x)) dx (100)

<lgli» vg=0.

The above inequality is equivalent to f € Qi) p([R"). O

4. Logarithmic Morrey Spaces and Multipliers

4.1 A Logarithmic Condition. Lemma7 implies that
Xi, p([R{”) C Mﬁ p(R”). In this section, we consider the reverse

inclusion relation. At first we introduce a logarithmic Morrey
spaces.

Definition 25. Fix1 < p <n/(r+t)and 7 > 0. We say f(x) €
Mﬁ”;(RH) ifsup|Q|:1 |ft)Q| < C and

JQ (1= 87 f () = fig]” dx < [1-log, QI 1@l 0"
(101)

for any cube Q with |Q| < 1.

Similar to Theorem 6, we have the following wavelet
characterization of M ;:;(R”).

Abstract and Applied Analysis

Theorem 26. Givent,7>0,r>0,1 < p<n/(r+t), f(x) =
Yejben, Jix®5(x) belongs to Mt " (R") if and only if

p/2
J Z ik (%) dx
Q SEEn’Qj,kCQ

< (1 - log, [Ql) FF|Q|*Pr+/m
where Q € Qwith |Q| < 1.

(102)

Proof. Similar to that of Theorem 6, the proof of this theorem
can be obtained by the characterization of Triebel-Lizorkin
spaces. See Lemma 4. We omit the detail. O

In [8], Fefferman established the following relation:
t n t n t n
M (R") c X, ,(R") c M; ,(R"), (103)

where g > p > 1. In this section, we use wavelet characteri-
zation to give a logarithmic type inclusion. Let » > 0, > 0,
1< p<n/(r+t),and T > 1/p’. In Theorem 32, we prove that
Mﬁ:;(IR”) is a subspace of Xi,p(lR"). Hence,

My (R") € X, (R") € My, (R") = My (R™). (104)

Lemma 27. Givent > 0,7 >0,t >0, and 1 < p < n/(r +1),
iffe M”([R{") then

sl 2P )

Proof. Because f € Mf:;(R”), then for Q € Q,

(>

€€E,,Q;xCQ

(105)

p/2
Al PN I
(106)

< (1-log, [Q|) FF|Q|Fr+h/n

We have
p2
J Z 2ftn=2r) il Xjx () dx
Q \ e€E,,QrcQ
P2
< IQIP(W)/”J Yy o t)|f;k' Xi (%) | dx
Q €€E,,Q;xCQ

< [QIPTIMIQITPT M (1~ log, 1Q1)
<1QI(1-1log, Q)
(107)

Fore € E,, j € N,and k € Z", take Q = Q. By
Lemma 4, we get

J' (2 jn-2jr

£ 2 . (x))p/2 dx <27"(1- 1og22*f”)_"’

<271+ )77,
(108)
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which gives

fi] <272+ ) (109)

When e =0,

0 ! ! 0
fi= D Fip @ @i
(e,j'K)eA,,
(110)
= Z f;’,kl q)‘;:’k,) (D?,k

(.7 K" )eA ,:j'<j

Since

Yo fre®e <271 )T,
(.7 K" )eA ,:j'<j

we have
[l = @I+ D[ <27 )T )
O

Let B = (B, Br--->B.) Bi € N,, where N, denotes
the set of all positive integers. Denote by f(x) the derivative

(8/0x)* f. We have the following two lemmas.

Lemma 28. Givent > 0,7 >0,t >0, and 1 < p <n/(r +1t),
if fe Mﬁ;;(R”), the derivative fﬁ € M::f;::;(u%"), where |B| =
Y B

Proof. If f € My (R") and f(x) = Y. ien, F1xP54(), by
Theorem 26, we have

P2
J( D 2/ t)|fj£,k' Xik (x)) dx
€€E,,Q;xcQ (113)

< (1-1log, |Q[) PF|Q' P+,

Denote by f;kﬁ the wavelet coeflicients of fg(x). We can get
i = 2P £, and

2 P/Z
Xik (x)> dx

J < Y 2i(n+2t—2|l3|)| e
7>

€€E,,Q;xCQ

A , pl2 (114)
S J Z 21(n+2t)'fjs,k| Xjk (x) | dx
SEEmQj,kCQ
< (1 _ 10g2 |Q|)*PT|Q|I—P[(T+|ﬁ|)+(t—|ﬁ|)]/f1.
This implies that fg(x) € M:llﬁll:;(lR"). O
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To get the sufficient condition for multiplier spaces, we
need to consider carefully the relationship of different dyadic
cubes relative to combination atoms. Because of this reason,
we use always the same Daubechies wavelets in the rest of this
section. For a cube Q and a measurable set E, if |Q [ E| = |Q)|,
we say that Q is a cube in the set E.

For (m,2",E,)-combination atoms g,(x) defined in
Definition 14, the measure of E,, is finite. Hence, the number
of biggest dyadic cubes in E,, is finite. We denote the number
of biggest dyadic cubes in E, by i,. Denote by F, ; the set
{i e N,i = 1,...,ij}. Ifi € F,,, we denote such cube
by Q,.1;- The volume of Q,,; is denoted by 271 that is,
IQu,l,iI = Z_WM’I' Denote Eu,l = Eu \ (LJieFu’1 Qu,l,i)'

The measure of E, | is finite. We denote the number of
biggest dyadic cubes in E, ; by i,. Denote by F, , the set {i €
N, i=1,...,i,}.Ifi € F,,, we denote such cube by Q,, , ;. The
volume of Q,,, ; is denoted by 27w that is, |Q,, , ;| = 27«2,
Denote Eu,z = Eu,l \ (UieFu’2 Qu,z,i)'

We continue this process until there exists some s such
that E, (., is empty. For s’ > s+ 1, wedenote iy = 0, and F, g
and E,, ¢ are empty sets. Otherwise we continue until infinity.
Then Eu = Uszl,iEFM Qu,s,i and gu(x) = z:szl,ieFu’S gu,s,i(x)>
where g, (;(x) = sz,kCQu,s,i gj)kCDj.)k(x).

To compute the norm of f(x)g,(x), we need to find out
a special set of dyadic cubes denoted by {Q,,  ; x} (Sik)EH, such

that supp g, € Us,ikyer, Quusik- 9u(x) is nearly L function
on Q, ; and satisfies the estimate of Lemma 29. We divide
such process into the following three steps.

u,2,i

Step 1. For all s > 1,ifi € F, and k € Z" with [k|] <
Vm2M3In e denote (i, k) € G, Denote F, = {(s,1,k), s >
1, (i,k) € G, For (s,i,k) € F,, we denote Q,;

27wk +Q,;. For s > 1, we denote Eg’s = U(i,k)ecu’s Qusik-In
the next step, we choose a special subcover to the support of

g, (x).

Step 2. We define now H,,; (s > 1), Ei,s (s>1)and G, (s>
2).

For s = 1, denote H,, = G,, and E,, = E_, . For s = 2,
denote (i, k) € G,,,, if there exists 0 < j < j, ./ € Z" such
that Q;; € Upk'| <ymwrom Qo and (g, (D(;J(X)) #0. We

know that e Quaik € B, - Denote H,, = G, \ G,,

=1
and E, , = U(i,k)eHu’z Quaik:

For s = 3, denote (i,k) € G}ﬁ, if there exists 0 <
j < ju,Z’ 1 € 7" such that Qj,l C Ulk_krlg\/ﬁz(M-v-z)n Qu)z)i)kl

0
and (g, (x), ®; ,(x))#0. We know that g pect , Quaik C
=1 1 =1
UISSSZ Eu,s‘ Denote Hu,3 = Gu,3 \ Gu,3 and Eu,3
Uimen,, Quaik:
We continue this process until infinity. For s > 2, maybe,
a part of GLS, H,,, and E}M is empty set.

Step 3. Let H, = {(s,i,k), s = 1, (i,k) € H,}. It is easy to
see that the support of g, (x) is contained in | J, E, . For a
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(t +r,2", E,)-combination atom g,,(x) and g?’k = Gy (D?,k),
we have the following estimate.

Lemma 29. Givenr > 0,t > 0,1 < p < n/(t + ) and

s > 1, for i,m') € H, and Qix € Qugjipm» we have
|g§‘),k| < 2u—nj/22—(t+r)ju,s.
Proof. By the definition of H, ;, we have
0 ¢ ¢ 0
gj,k = Z gj’,k’q)j’,k,’ (Dj,k
(7K )eh,,
(115)

_ ¢ &' 0
= Z gj’,k' q)jl)kl, (Dj,k
(&7 K ) e yij' 2 iy

(m,2", E,)-combination atom,
Hence, for every (s',j',k'),

Because g, is a
SH’r(gu)(x) < C2%.

.
|5 | < 227 (r+t+1/2) ‘We can obtain

¢ ¢! 0
gjl)qu)jl’kl N cDj,k

|97 = >

(&7 k") e i 2 iy

< qu' Z =1 ) 5=ju 125 'nl25 ]2

= (116)
T 2Jus
x |f (2jlx - k') |<D0 (ij - k)' dx
< 2u2—jn/22—ju,s(r+t).
O

Theorem 30. Supposethatt > 1/p',t>0,7r>0,and1 < p <
n/(r+t).If f € M::;([R{") and g, isa (t+r,2", E,)-combination

atom, then, fors > 1, (i,m') € H, , and Q = Q 1, we have

u,s,i,m'>

1fullizricy < (1+ fus) 241Q1M2 (17)

Proof. First, for t > 0, we prove || fg,ll 5 < Cj;;Z“IQIl/ P,
€ &

Let f(x) = Z(s,j,k)eA,, fj,k(Dj,k(x) and g,(x) =

Yiejben, I3k Pk (x). Denote by A’ the set

{(8,8’)j,k,l),s,s’ € E,,(sk) # (8',k+l),
(118)
j € Z, k,l € Zn, |l| < \/ﬁz(MJrZ)n} '

Abstract and Applied Analysis

For any dyadic cube Q ¢ E,,, by the formulas (11) and (12), we
decompose fg, as

ne= ) 2

(85:K) €A = NS 232

nw- Y Y

(8:7sk) €A 1pj2 iy <2 M+

L= ) 2

(&:4k) €A 52 iy NlI<y/m2M 2N

L= Y Y fie

(88 k) €N 1 j2 s NI VP2ATF2n

0 0 0 0

f 19k P e (x) @ ik (%)
g D () D, (x)
k19 kP ke jde \X) 5

0 0
Fikn93x P (%) @i (x)

X gj,kq);,kﬂ (x) (Dj‘,k (x),

Ty(x)= )

FixGix ((@j,k (x))2 -2, (x)) ,

(8.k) €N 22 s
Ts (x) = > fjs,kgj,kznj/zq)g,k (x).
(2) €N 22 s
(119)
The rest of the proof is divided into three steps. O
Step 1. For t > 0, we estimate ||T,-||LP(Q), i=12...,6 By
Lemma 4, we obtain
f= > Fix®@p () € LF
(e,j,k)eAn
12 (120)
. 2 .
= Z 2" f;k X(ZJ-—k)
(s.jik) €A, I
Let
1/2
; 2
S(NE={ X 2"fil x| - 2D
(e:j:k) €A,
We have || fll ., = ISo(f)ll -
(1) Because f € M7, by Lemma 27,
£ ] € (U ) 20 (122)
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. Hence we can

By Lemma 29, we have | g? ol < 2e i,

get
So (Tl) (x)
1/2
— 2jusn 0 2 0 2 jus k
= DI Vi |9ju,s,k x(2Mx ~k)
| Qi |=1Q ]
< 22ju,sn(1 +j )*2722(7—”/2)]}“
~ u,s
| Qi |=1Qy ek
1/2
™ 22u—2(r+t+n/2)ju,s22ju,s(n/2+t)X (szx _ k)
(123)
Because j, ; = 0, we have
1/2
So(T) )< (T+4,0 2 Y xe@ |
| Q=1 (124)

ITslr) = 180 (Tl < (1+ jus) "2°1Q1.

(2) Now we estimate

L= ) )

(8.1:k) €A s j2 i IS V2 M+

0 0
Fien 93P e (%) i (x).
(125)
Because j > j, ¢ = 0, we have
[l < (145 )20 < (14, ) T2 26
Let

AT, = {(s,j,k) €A1 G2 jus VI < V2N
(127)
|SuPP ((D(J)‘,kﬂ (x) @5 (x)n Q' #0}.

Then, we can get

1/2
ok 195 1 (x)>

So (T2) (x) = < Z

(E’j’k) EAE,z

< < >
(e,jk)eA?,

% 22j(r+t—n/2)

214+ )7

e
ok

1/2
2
Xjk (%) >

(128)

s (1 + ju,s)_Ter (gu) (x) .
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Because g, (x) is a (¢t + r,2", E,)-combination atom,

"SO (TZ)“LP(Q) s (1 + ju,s)_‘r“SHr (gu)"Ll’(Q)

< (14 j0) 2112,

(129)

(3) Since g,(x) is a (t + r,2", E,)-combination atom, for
s>1,(,m') €eH,,j>0,andQ=Q, ;>

0 —1j/2 A i —nj/2
'gj,k| < U nj/ o) (r+0)j _ U nj/ |Q|(r+t)/n. (130)

Let
A%,g = {(8, J k) €eA, | j2 Jus ¥ ) < \/ZZ(MJrz)n’
(131)
'Supp (q)?,kq);,kﬂ) n Q| # 0} .

We have, by j, ;= 0,

1/2
2jn|g;'),k|2|fj€,k|2Xj,k (X)>

So (T5) (x) = < Z

(e0k) EA?x,s

1/2
; 2
2J(n+2t)'fj€,k| Xk (x)> )

(132)

< 214|Q|(r+t)/rl< Z

(€>j’k)€A3,3
By the fact that j > j, and f € M7 (R"), we get
”SO (T3)||LP(Q) < 2u|Q|(r+t)/n(l ~log, |Q|)—T|Q|1/P—(r+t)/n

< 2%(1+ j,,) T IQIMP.
(133)

(4) Now we estimate the term T, (x). Let
A ={(ejk) €Ayl j2 juo Y(ad jikl) e A,

‘supp (d);:k” (x) @5 (x)) n Ql # 0} .
(134)

Because f € M;:;(R”), we have

|[fix < (L4 )20 < (14 )0, (135)

Y2

(k)€

So (T4) (x) = (

£

jQ@r+2t-n) A jn
x 2 2709k

1/2
2
Xk (%) >

(136)

S (1 + ju,s)_TSH—r (gu) ('x) :
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Then we can get, by the fact that g, is a (¢ + r, 2", E,)-combi-
nation atom,

150 (Tl
< (1 i) ISr ()l < 2“1+ i) TIQIMP.
(137)
(5) Now we estimate the term

o)=Y fad ((cpj)k ) - 2910, (x)) .
(8.5k) €D 1272 fus
(138)

Because the function (CI)j’k)2 — 2"/ 2CI)?’k plays the role as that
of CDik(x), we have

IS0 (TS)“LP(Q) <2%(1+ ju,s)_T|Q|1/p- (139)

(6) To estimate the term T (x), we take h € jid (Q). Let

A%,G = {(s’j’k) € An | J 2 ju,s’
(140)
|supp (d)(]).,kﬂ (x) d)j,k (x)) N Q' # 0} .

By the orthogonality of the wavelet function, we have

(Te 1) Z f js,kg;,kzjn/zq)?,k’ h

(e,j,k) EAE,G

& & Anj/210
Z . fj,kgj,kz hj,k'
(e.k)ers

(141)

Then,
(Teml<| ¥ 2

(E’j’k)EAg,s

&€

ik

fix 2P |h3,k| Xjx (x)dx

N

> 2| g | ik 0 M () () dix.
(k) en,
] (142)

By Hélder’s inequality and j > j, ; > 0, it can be deduced that
Z 2Y |fJ€k| |9;,k' Xjk (x)

(ek)e,

1/2

e 2
fj,k| Xijk (x)

N

Z 2(n—2t—2r)j

(ek)eA2,

1/2
(n+2t+2r)j| e 2
x| > 2 |95l s ()
(s,j,k)eA‘iﬁ
1/2

t ~2t-2r)j 2
<2 Y 2 P (0
(k)€

(143)

Abstract and Applied Analysis

Finally, we can get

(T, 1)
< 2u |Q|(r+t)/n Z 2(n—2t—27)j
(S)J"k)EA(g,s
1/2
e |2
| il Xk ) 1Al
LP(Q)

< 2u|Q|(r+t)/n ll _ 10g2| Q”—T|Q|l/p—(r+t)/n

<2“Q1"P (1 + )
(144)

Because /i takes over all functions in L? (Q), it is obvious that

10Tl oy < (1 + Jus) 241Q1MP. (145)

Step 2. Assume that 0 < t <
Z(s, ik)eA,, 9§,k®§,k(x) and

S (9) (x) = < Z

(s.jik)eA,

1. Let g(x) =

12
2j(2t+n)|g;,k'2)(j,k (x)> O (146)

We need to prove that
M (fgu)“LP(Q) <2%(1+ ju,s)_T|Q|l/p-

The index sets A(ii, i=1,2,...,6, are the same as Step 1.
(1) For the term T}, we have

S (Tl) (x)

(147)

2ju‘s(n+2t) 2ju,sn

| Qe |=[ Qo]
12

2)( (Zj“"x - k)

2 0
Gj ok

0
x ‘f sk

< Z zju,s(n+2t)2ju,sn(1 + J-u)s)—2‘1’22(7’—71/2)’1'%s
| Qx| o]
1/2
% 22u—2(r+t+”/2)ju,s22]'.4,5(”/2”))( (Zj“"x _ k)
172
s (1 + ju,s)i‘rzu z Xj,k (X)
| Q] =[]
(148)
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Then, we have
Il ey = 1S (T oy < (1 + Jus) 2°1QIMP. (149)

(2) For the term

L= ) )

(8.1:k) €A s j2 i 1S 2 M+

0 £ 0 £
Fiks193x @it () @iy (x) 5

(150)
we have
S (T3) (x)
1/2
j(n+2t) jn| 0 21 ¢ |2
=\ X YAl 1] i @)
(e.jik)erl,
g( Yo 2 ) (151)
(k) er,

1/2
2j(r-n/2 2
% 2ilr=n/ )'gj,k| Xk (x) >

< (1 + ju,s)_TSHr (gu) (X) :

Because g, (x) is a (t + r,2", E,))-combination atom, we have

"St (TZ)“LP(Q) < (1 + ju,s)_‘r“SHr (gu)"Li’(Q)

< (1+ j,e) 2°1Q12.

52)

(3) Because g,(x) is a (t + r,2", E,)-combination atom,
fors>1,(i,m') € H,,,and Q = Q,;,» We can get

0 u-nj/24—(r+t)j _ ~Au-nj/2 (r+t)/n
9] = 272 = QT

S (T3) (x)

1/2
u j(n+2t) 4—njy—(r+t)j| re 2
<2 <( % ) 2/ £ | Xj’k(x)>
&,k EAn)3

1/2
2
Xjk (x)> .

(153)

Z 2iln+2t)

(S)J"k)eA(is

< 2u|Q|(r+t)/n< f]s)k

From the fact that j > j, and f € Mﬁ:;([R”), we deduce that

18T r oy

< zulQl(rH)/n(_lng |Q|)—T|Q|1/p—(r+t)/n < Zu];;|Q|l/p
(154)
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(4) For the term T,(x), because f € Mi:;(R”) and g,
is a (¢t + r,2", E,)-combination atom, we have If;kl < (1+

j)_sz(r_"/z) and

2]'(n+2t)(1 + j)—ZT

S (Ty) (x) = < Z

(ek)eAs,

XZj(Zr—n) 2jn

&
ik

1/2
2
Xk (x) >

(155)

S (14 Jiue) Sy (9) ()

Then, we can get

"St (T4)||LP(Q)

< (1 + ju,s)71l|st+r (gu)"LP(Q) S 214(1 + ju,s)_TIQll/p~
(156)

(5) Now we estimate the term

Ty(x)= )

(k) €A 12 i

fik9ix ((<D§,k () - 27, (x)) ,

(157)

Because the function (GD;,((X))2 — o/ 2@?’k(x) plays the role
as that of d)j)k(x), we have

1: (T5) ooy < 201 + i) TIQIM2. (158)

(6) For the term Ty(x), we take h € HP (Q). By the
orthogonality of the wavelet functions, we have

(Te: h)

e & ~jn/2 10
Z fj,kgj,k2 q)j,k’h
(e.jk)enss

£ & Anj/210
Z . fj,kgj,k2 hj,k'
(e..k)ers

(159)

We can get

(T 1)| < Z znj/zgj,kf;kzjnhg,ka,k (x)dx

(e.jk)en?

sj > o2

(e.jik)en?

M (h) (x) xj (x) dx.

g;,k / j£,k

(160)
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By Holder’s inequality, we have

Z 2" |fj€,k' 'g;,k| Xjk (%)

(e.k)ends

1/2

N

Z 2(n 2t-2r)j

(e,j,k) EAg,a

]k| Xjk (X)

1/2

(n+2t+2r)j
x Z 2 | ]k| Xk ()
(e.jk)enss

1/2

Z z(n_Zt_zr)j|fjs,k|2Xj,k (x)

(e:jk)ends

< St+r (gu) (x)
(161)
Because j > j,  implies that 2770 < 277" "we can get

(T 1)
1/2
2(n 2t-2r)j

<2 D

()€,

]k' X]k(x)
Q

X Ihly

< 2ulQl(r-ﬁ—t)/rl'1 _ lng |Q||71|Q|1/p—(r+t)/n

<20QI"P(1+ )"
(162)

!
Because h takes over all functions in H™*? (Q), we can get

IS (Tllp iy < (1 + Jus) 241Q1MP. (163)

This completes the proof for the case 0 <t < 1.
Step 3. Now we consider the case t > 1. In this case, there
exists an integer [t] such that [t] < t < [t] + 1. Forany « =

(0,05, ...,0,) € N" with |af = Y7, «; = [t], the derivative
0%/0x™ of the product fg, can be represented as

ol P oY
ﬁ (fgu) = %Co@ﬁ,y (w ) f (X) ﬁgu (x) > (164)

where |a| = |B]+]y|. Denote (aﬁ/axﬁ)f(x) and (9" /0x")g,,(x)
by fg(x) and g, (x), respectively. Applying the conclusion in
Step 1, we only need to prove

| FsGup] s < (L+jue) 2Q17, (165)

that is, ;- (fauy)ll, < 201+ ji,) IQI2.

Abstract and Applied Analysis

If g, isa (¢t + r,2" E,)-combination atom, then

N i
Guy (x ;} 9,k< x) [zn] q’;,k(x)]
Qjk€F
e nizojivl ( 9 g\ (i
2 B (55 )0,
o v,
(166)
Hence,

1/2
ik (x)>

1/2
4 2

( Z 2](n+2t)|9;,k| Xk (x)>

(8.jik)eA,,

=5 (94) (%)

Secty (Guy) () = < )

(e.jik)en,,

(167)
On the other hand, if f € M;:;(R"), then
P2
. 2
J ( AR (x)> dx
Q \ e€E, Qi cQ (168)
< (1~ log, |Q) jQ"#*0

and (fp)5 = 2j”3|fjfk. We have

2 P/2
J Z 2j(n+2t72|ﬁ|)‘f ]ﬁks X (%) dx
Q sEE,,,Qj,ch

(L3

€€E,,Q;,CQ

2](n+2t 2|ﬁ|)2

p/2
> dx

(169)

< (1~ log, |QI) rjQ Pt bl

. t=1BlT ymyn
that is, f(x) € M, (R™).
cube Q, the fp(x) =

Z(S,j,k)eAnff,f(Dik(x), and any dyadic cube Q < S, we
divide the product fg - g,,,, into the following parts:

= ¥ X

(83K)EA =iy < ym20ED"

GRIORIED) )

(8.1:k) €A 22 iy LS m2MF2m

= Y >

(8.j:k) €A o2 iy LIS m2MH2m

For any function

f]k+lg]k ]k+l() ?,k(x))
f1k+19]k et () D (),

0
fjk+19]k ]k+l(x)q)j,k(x)’
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TP (x)

=2 >

(e jhl) €A, j2 iy NS VR2MH2m

f;k+1g]k ]k+l () Dy (),

2 ni
=Y (05 w) -2l ),
(£.5K) €A 172 s
X & Vs€Anj[2 40
TP (x) = y ffk e 20, (x).

(&) €A 12 s
(170)

Similar to the method used in the case 0 < ¢t < 1, we can
complete the proof of the case t > 1. This completes the proof
of this theorem.

By Theorem 30, we can get the following lemma.

Lemma 31. Givenr > 0,t > 0,1 < p <n/(r+t),and 1 >
1/p, if f € Mﬁ:;(R”) and g,, is a (t + r, 2", E,)-combination
atom, then

|£gulire < L+ )24 |E, 7. (171)

Theorem 32. Givenr > 0,t > 0,1 < p < n/(r +1t), and
> 1/p', then M7 (R") € X, (R").

Proof. By Lemma 31, we have

| fllr < (14w 2% E,["*

u>0
1/p' 1/p
s(Zuw)P’f) (Zzp“|Eu|) e
u=0 u=0
< [|gllggeene-

O

4.2. 'The Sharpness for Mﬁ:;(IR"). In this section, applying
our wavelet characterization of multiplier spaces and fractal
theory, we prove that the scope of the index of Mﬁ’;(IR”)
obtained in Theorem 32 is sharp for » + t < 1. Precisely, by
Meyer wavelets, we construct a counterexample to show that
Theorem 32 is not true for the case 0 < 7 < 1/p’.

Our key idea is to construct a group of sets C; composed
by special dyadic cubes and fractal set H with Hausdorff
dimension n — (t + r)p. Denote by S; the union (Jgpec Q
and H = [, S,. By the above dyadic cubes S, s > 0, we
construct a special L? function g(x), which is bounded on
S,\S;;; forall's > 1. The fractional integration I, , g(x) bumps
on the fractal set H. Then we construct a multiplier f(x) such
that its wavelet coefficients are based on these special dyadic
cubes C; for all s > 1. Applying our wavelet characterization
of multiplier spaces, we prove that the product of the above
multiplier f(x) and the function I,,,g(x) will go out to the
desired space H"?(R").

Theorem 33. If0 < 7 < 1/p’, there exists f € M”(IR") such
that f ¢ X;)F(R").
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Proof. We use Meyer wavelets and suppose that ¢ = (1,1,
.»1) and ®*(0) > 0. First of all, we construct a group of
self-similar cubes {Q,} such that the limitation is a set with
Hausdorff measure n — (t + r)p.
We construct two series of integers {7} ., and {v,} ., such

that
V, = max { [ _ ] , 2(M+2)"} ,
n—(t+r)p

=)
1<t <|—m—
n—(t+r)p

<, < max{[s—n] ,2(M+2)”}.
n-—(t+r)p

Denote o, = ;. T and ug = Y, ;. v;. We take 7, such that
there exists C > 0 satisfying that

(173)

znas—(n—(t+r)p)us > 2—nu1 ,

. no—(n—(t+r)p)u, _
Jlim 2 =G (174)
no,
(t+r)p— lim —.
—+00 1

For 7, and v, denote I, = (,,[,,...
and fori=1,2,...,n, we have

s, € 73, if g € 77,

0<l;<2"" or 0<l,;+2%"'-2" <27 (175

Denote Z} = 7}, and, for s > 2, denote k, € Z7, if there
exists k,_; € Z;_ and [ € Z7 such that k; = 2k kg, +1,.

We divide the unit dyadic cube Q, = [0, 1]" into 2™
dyadic cubes. Then, we reserve the 2" dyadic cubes which
are near the 2" vertex points; that is, we reserve C; = {Q, ;.
I, € Z},} and denote x € Sy, if there exists [; € Z] ; such that
xeQ, ;.

For the dyadic cube Q, ; € C;, we divide it into 2™
dyadic cubes, and we reserve the 2" dyadic cubes which are
near the 2" vertex points; that is, we reserve

Gy, = {Quz,zvzll+lz»lz € Zrll,o}- (176)
For s = 2, denote
Cy = {Quu ko =2"L + L1, L e ZY ) (77)

and denote x € S, if there exists k, € Z] such that x € Q,,_j .

We continue this process until infinity, and we get a series
of dyadic cubes C, and sets S,. We know that |S | = 2%
and the limitation of {S,} is a fractal set H with Hausdorft
dimension n — (¢t + r)p.

Fors > 1, let
f@= Y for®ix (), (178)
Qus,ksccs
where f] = TP it g fx) = Yo fil).

Applylng the wavelet characterization of Morrey spaces,
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f e M::;/p (R™). In fact, for s, > 1 and any cube Q with
27 < |Q| < 27™:, we have
QN (Seyy \ Sqapyr)| < 2777, (179)

Hence, we get

P2
J < Z 2u5(n+2t)|f1i,ks|2X (zusx _ ks)> dx
Q\ Qi@

SJ' Z Qus(r21) =2/’
Q\Sy11 Qo Q

p/2
x 2—2tu522(r+t)u5X (zqu _ ks) > dx

+Z J Z Qus(+26) 21’ 521, 2r 4,
151 JQN(S,\Ss1141) QurCQ

pl2
X x (2%x—k,) > dx
< S—p/p'z(tw)pusz—nus

+ Z(S + l)—P/P,2(t+")P”s+l2‘"(0s+1—<75)—n14s
I>1

< (1-log, [QI) "7 QI *nPI
(180)

Let § be a sufficient small positive real number. For x €
[0,1]"\ S, then g(x) = 1. Fors > land x € S, \ S,,,, we
take

g(x) =57 P[log, (1 +)] P2 (8
Then, we have g € L?([0,1]"). In fact,
J. g(x)|p dx
[0,1]"
= j- g7 (x)dx+Zj g7 (x)dx
[0’1]n\sl s>1 Ss\ss+l
(182)

<l+) J s log, (1 +5)] V2t gy
s>1 Ss\ssﬂ

< Y57 [log, (1+9)] 20RO <,

s>1

Now we estimate the coefficients |g, ; |. We divide the
estimate into two cases.
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(1) For dist(Q,,_x,S,) < 27%,
- - (t+r-n)
Ijk = L g(») @™+ |y -2k ) dy

+ z J l—l/p[log2 (1 +l)]*(1+5)/P2n(uz—Uz)/P
S\Sp

1<I<s—1

x (27 + |y - 27“’kl|)(t+r_n)dy

> sP[log, (1 +5)] VP

+ Z s_l/p[log2 (1+ s)]_(ms)/‘D

1<i<s-1

> s [log, (1 + ).

(183)

(2) For dist(Q,_x ,S;) > 27", there exists | < s such that
Q c S, \ S, It is easy to see that g,, is equivalent to
gk, -1 \ 91 Y 9k q
177 [log, (1 +1)]7+77,
Finally, we have

P2
Y 2l e | dx
(s,j,k)eAn
> zus(n+2t) 2
5222 dist(Qusgss)sT“s ' e
pl2

< |fofx@x-k) | dx

S zus(n+2t)52/p’

(184)
$22 \ dist(Q, S, )27

x [log, (1 + s)]_z(lw)/ps*z/[’

pi2
% 2—2tu5+2(t+r)usX (2u5x _ ks) dx

2 Y llogy 1 + ] 90 m i)

s>2

> Z[log2 1+ s)]_(lﬂs) =00

5>2

This completes the proof. O

5. An Application to Schrédinger
Type Operators

Let L = I — A + V be a Schrodinger operator. Maz'ya and
Verbitsky [11] established many sufficient and necessary con-
ditions such that V is a multiplier from H"*(R") to H “*(R").
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Their results can be used to study the Schrédinger operators
L. In Section 4, Theorem 32 gives a relation between Morrey
spaces and Sobolev multipliers. In this section, we give an
application of the wavelet characterization of X; P([R”) to the

Schrédinger type operator I + (—=A)"7? + V.
ForV € M:z;(IR"), 7> 1/p,and g € H*P(R"), we want
to find a solution f € H*"P(R") to the equation

(I+8)"+V) f(x)=gx). (185)

Remark 34. Fixedr > 0,t > 0,and 1 < p < n/(r +1).

(i) If there exists a § > 0 such that [Vl g+:s is sufficiently
small, according to the continuity of Calderén-
Zygmund operator (I + (~A)*)(I + (-A)"* + V)7,
(185) can be solved easily. But if we consider a
nonsmooth potential V' € Mﬁz;(lR"), applying the

same proof in Lemmas 8 and 9, it is possible that V'

is not a L function.

(i) The condition 7 > 1/p’ cannot be weakentot > 1/p’.
In fact, according to our counterexample in Section 5,
if r +t < 1, there exists some V € MUP (R™) such

P
that the operator I + (—A)T/ 2 4 V is not continuous
from H""P(R") to H"P(R™).

Now, we use our sufficient condition of multiplier spaces
X; p(lR{”) to get the solution of (185). We need the following
two operators. Fort,r > 0, let

T,, = [I+ (0" 1+(-0)"],
(186)
S, = [1+(-0)"]vT )

Lemma 35. Givenr > 0,t 2 0,1 < p < n/(r +t), and
T > 1/p,ifV e ij;(lR"), the operator S, , is bounded

from LP(R") to LP(R") with the operator norm less than
Cirrp VI M where C denotes a constant associated with

t, 1, T, and p.

t,r,T,p

Proof. By Theorem 32, for any f € LP(R"), we have

1l < [T+ 0PIV L < VT f e

-1
T} flliges S CramplVlages

flle-
(187)

< Cr,t,r,p”V"Mii;

Then, S, , is a bounded operator on L (R") with the norm less
than C,,t,T,PIIVII Mz O

In the following lemma, we prove that (I+S, ) is invertible

in L?(R") and the inverse (I + St’,)f1 can be written formally
as )2 (-1)"S},.

Lemma 36. Givenr > 0,t > 0,1 < p < n/(r +t), and
7> 1/p, zf||V||M£,; < 1/C, ;. » the operator I+S, , is invertible

in LP(R™).
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Proof. By Lemma 35, S, , is bounded on L?(R"). Hence, for
any f € LP(R"),

”

YEUSLf < Ys s
n=0 P n=0

(188)

N

o0 n
> (CraplVilags ) 111s-

n=0

If [Vl < 1/C
LP(R™). Further,

r,7,p> the above series is convergent in

(I+5:,) [Z(—U”Sfm] =) DS, - Y NS, = 1
n=0 n=0 n

=1

(189)
Similarly, we can also get
[Z(—l)"s’g,] (I+S,)=15 (190)
n=0
that is, the operator I + S, is invertible in LP(R"). O

Theorem 37. Givenr > 0,t > 0,1 < p < n/(r +1t), and
> 1/p, if | V||M¢; < 1/C, . p» then, for g € H"P(R™), there

exists a unique solution f € H™"P(R") for (185).

Proof. Because g € H"P(R™), we have g=u+ (—A)t/z)g €
LP(R"). By Lemma 36, the operator (I + S, ) is invertible in
LP(R™). Hence, we can get that there exists a unique solution
to the following equation in L¥(R"):

(I+S,)f=37 (191)

where g € LP(R"). Hence, for the above g € LP(R"),

F=+8,)"g=1+8,)" (I+-0)")g(x) e L? (R")
(192)

is a solution to (191). Write f = (I+(-A)"*) " (I+(-A)"*)' f.
Then, f € LP(R")is equivalent to f € H™™P(R"). It is easy to
verify that f is a solution to (185). This completes the proof.

O
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