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1. Introduction

Let E be a real Banach space with || - || and let C be a nonempty closed convex subset of E. A
mapping T of C into itself is called nonexpansive if || Tx - Ty|| < ||x —y|| for all x, y € C. We use
F(T) to denote the set of fixed points of T; thatis, F(T) = {x € C : x = Tx}. Amapping T of C
into itself is called quasinonexpansive if F(T) is nonempty and ||[Tx — y|| < ||[x — y|| forallx € C
and y € F(T). For two mappings S and T of C into itself, Das and Debata [1] considered the
following iteration scheme: xy € C and

X1 = 0 S(BuTxn + (1= Pn)xn) + (1 = an)x,, n>0, (1.1)

where {a,} and {p,} are sequences in [0, 1]. In this case of S = T, such an iteration process
was considered by Ishikawa [2]; see also Mann [3]. Das and Debata [1] proved the strong
convergence of the iterates {x,} defined by (1.1) in the case when E is strictly convex and
S, T are quasinonexpansive mappings. Fixed point iteration processes for nonexpansive
mappings in a Hilbert space and a Banach space including Das and Debata’s iteration and
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Ishikawa’s iteration have been studied by many researchers to approximating a common
fixed point of two mappings; see, for instance, Takahashi and Tamura [4].

Let A be a maximal monotone operator from E to E*, where E* is the dual space of E. It
is well known that many problems in nonlinear analysis and optimization can be formulated
as follows. Find a point u € E satisfying

0€ Au. (1.2)

We denote by A0 the set of all points u € C such that 0 € Au. Such a problem contains
numerous problems in economics, optimization, and physics. A well-known method to solve
this problem is called the proximal point algorithm: xy € E and

Xn+l = ]Tnxn/ n= 0/ 1/2/3/- sy (13)

where {r,} C (0,00) and J,, are the resovents of A. Many researchers have studied this
algorithm in a Hilbert space; see, for instance, [5-8] and in a Banach space; see, for instance,
[9-11].

Next, we recall that for all x € E and x* € E*, we denote the value of x* at x by (x, x*).
Then, the normalized duality mapping J on E is defined by

Jx = {x* €E : (x,x*) = ||x|? = ||x*||2}, Vx € E. (1.4)

We know that if E is smooth, then the duality mapping ] is single valued. Next, we assume
that E is a smooth Banach space and define the function ¢ : E x E — R by

¢y, x) = [yl -2y, Jx) + [xI>, Vy,x€E. (1.5)

A point u € C is said to be an asymptotic fixed point of T [12] if C contains a
sequence {x,} which converges weakly to u and lim,,_, ,,||x, — Tx,|| = 0. We denote the set
of all asymptotic fixed points of T by F(T). A mapping T : C — C is said to be relatively
nonexpansive [13-15] if F(T) = F(T) #Pand ¢(u, Tx) < ¢p(u, x) forall u € F(T) and x € C. The
asymptotic behavior of a relatively nonexpansive mapping was studied in [13-15].

In 2004, Matsushita and Takahashi [15] proposed the following modification of Mann’s
iteration for a relatively nonexpansive mapping by using the hybrid method in a Banach
space. Four years later, Qin and Su [16] have adapted Matsushita and Takahashi’s idea [15]
to modify Halpern's iteration and Ishikawa’s iteration for a relatively nonexpansive mapping
in a Banach space. In particular, in a Hilbert space Mann’s iteration, Halpern’s iteration, and
Ishikawa’s iteration were considered by many researchers.

Very recently, Inoue et al. [17] proved the following strong convergence theorem for
finding a common element of the zero point set of a maximal monotone operator and the
fixed point set of a relatively nonexpansive mapping by using the hybrid method.

Theorem 1.1 (Inoue et al. [17]). Let E be a uniformly convex and uniformly smooth Banach space
and let C be a nonempty closed convex subset of E. Let A C E x E* be a maximal monotone operator
satisfying D(A) ¢ Cand let J, = (J+rA) ] forall v > 0. Let S : C — C be a relatively
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nonexpansive mapping such that F(S) N A710#0. Let {x,} be a sequence generated by xo = x € C
and

Uy = ]_1 (,Bn]xn + (1 _ﬂn)]S]rnxn)/

Ch={z€C:P(z,us) <P(z,xn)},
Qn=1{zeC:{x,—2z Jxo— Jx,) >0},

(1.6)
Xns1 = e, n0, X0

forall n € NU {0}, where ] is the duality mapping on E, {B,} C [0,1], and {r,} C [a, o) for some
a> 0. Ifliminf,_, (1 - f,) >0, then {x,} converges strongly to I syna-10X0, where T1g(g)na-19 is
the generalized projection of E onto F(S) N A™10.

The purpose of this paper is to employ the idea of Inoue et al. [17] and Das and
Debata [1] to introduce a new hybrid method for finding a common element of the zero point
set of a maximal monotone operator and the fixed point set of two relatively nonexpansive
mappings. We prove a strong convergence theorem of the new hybrid method. Moreover we
apply our main results to obtain strong convergence for a maximal monotone operator and
two nonexpansive mappings in a Hilbert space.

2. Preliminaries

Throughout this paper, all linear spaces are real. Let N and R be the sets of all positive integers
and real numbers, respectively. Let E be a Banach space and let E* be the dual space of E. For
a sequence {x,} of E and a point x € E, the weak convergence of {x,} to x and the strong
convergence of {x,} to x are denoted by x, — x and x, — x, respectively.

Let S(E) be the unit sphere centered at the origin of E. Then the space E is said to be
smooth if the limit

e 1)
t—0 t

exists for all x,y € S(E). It is also said to be uniformly smooth if the limit exists uniformly
in x,y € S(E). A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1 whenever
x,y € S(E) and x #y. It is said to be uniformly convex if for each e € (0,2], there exists 6 > 0
such that ||(x + y)/2|| <1 - 6 whenever x,y € S(E) and ||x — y|| > e. We know the following
[18]:

(i) if E is smooth, then J is single-valued;

(ii) if E is reflexive, then J is onto;

)

)
(iii) if E is strictly convex, then J is one to one;
(iv) if E is strictly convex, then ] is strictly monotone;
)

(v) if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.
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A Banach space E is said to have the Kadec-Klee property if for a sequence {x,} of E
satisfying that x, — x and ||x,|| — [lx||, x, — x. It is known that if E is uniformly convex,
then E has the Kadec-Klee property; see [18, 19] for more details. Let E be a smooth, strictly
convex, and reflexive Banach space and let C be a closed convex subset of E. Throughout this
paper, define the function ¢ : E x E — R by

¢ (v, x) = |lyl|* - 2(y, Jx) + x>, Vy,x€E. (2.2)

Observe that, in a Hilbert space H, (2.2) reduces to ¢(x,y) = ||x — y||?>, forall x,y € H. Itis
obvious from the definition of the function ¢ that, for all x, y € E,

@) (Ixll = llyI)? < plx, y) < (lxll + [y,
(2) p(x,y) = d(x,2) + P(z,y) +2(x ~ 2z, ]z~ Jy),
3) p(x,y) = (x, Jx = Jy) +(y —x,Jy) < x[lllJx = Tyl + lly = x[lllyll.

Following Alber [20], the generalized projection Ilc from E onto C is a map that
assigns to an arbitrary point x € E the minimum point of the functional ¢(y, x); that is,
ITcx = x, where X is the solution to the minimization problem

¢ (X, x) = min ¢y, x). (2.3)

Existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(y,x) and strict monotonicity of the mapping J. In a Hilbert space, Ilc is the metric
projection of H onto C. We need the following lemmas for the proof of our main results.

Lemma 2.1 (Kamimura and Takahashi [6]). Let E be a uniformly convex and smooth Banach
space and let {x,} and {y,} be two sequences in E such that either {x,} or {y,} is bounded. If
limy, —, P (xn, ) = 0, then limy, _, ||x,, — yull = 0.

Lemma 2.2 (Matsushita and Takahashi [15]). Let C be a closed convex subset of a smooth, strictly
convex, and reflexive Banach space E and let T be a relatively nonexpansive mapping from C into
itself. Then F(T) is closed and convex.

Lemma 2.3 (Alber [20] and Kamimura and Takahashi [6]). Let C be a closed convex subset of a
smooth, strictly convex, and reflexive Banach space, x € E and let z € C. Then, z = I'lcx if and only

if(y—z Jx—Jz) <0forall y € C.

Lemma 2.4 (Alber [20] and Kamimura and Takahashi [6]). Let C be a closed convex subset of a
smooth, strictly convex, and reflexive Banach space. Then

¢(x,Tlcy) + ¢(Tcy, y) <¢(x,y), VxeC, yeE. (24)

Let E be a smooth, strictly convex, and reflexive Banach space, and let A be a set-
valued mapping from E to E* with graph G(A) = {(x, x*) : x* € Ax}, domain D(A) = {z €
E: Az#0}, and range R(A) = U{Az : z € D(A)}. We denote a set-valued operator A from E
to E*by A C E x E*. Ais said to be monotone if (x —y,x* —y*) > 0, for all (x,x*), (y,y*) € A.
A monotone operator A C E x E* is said to be maximal monotone if its graph is not properly
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contained in the graph of any other monotone operator. We know that if A is a maximal
monotone operator, then A™'0 = {z € D(A) : 0 € Az} is closed and convex. The following
theorem is well known.

Lemma 2.5 (Rockafellar [21]). Let E be a smooth, strictly convex, and reflexive Banach space and
let A C E x E* be a monotone operator. Then A is maximal if and only if R(] +rA) = E* forall r > 0.

Let E be a smooth, strictly convex, and reflexive Banach space, let C be a nonempty
closed convex subset of E and let A C E x E* be a monotone operator satisfying

DA)cCcJt! <ﬂR(} + rA)>. (2.5)

>0
Then we can define the resolvent J, : C — D(A) of A by

Jix={zeD(A): JxeJz+rAz}, VxeC. (2.6)

We know that J,x consists of one point. For 7 > 0, the Yosida approximation A, : C — E*is
defined by A,x = (Jx - JJ,x)/r forall x € C.

Lemma 2.6 (Kohsaka and Takahashi [22]). Let E be a smooth, strictly convex, and reflexive Banach
space, let C be a nonempty closed convex subset of E and let A C E x E* be a monotone operator

satisfying

D(A)cCcJ! <ﬂR(] + rA)>. (2.7)

>0

Let r > 0 and let ], and A, be the resolvent and the Yosida approximation of A, respectively. Then, the
following hold:

() ¢(u, J;x) + ¢(Jrx,x) < ¢p(u,x), forall x € C, u € A710;
(ii) (Jrx, Arx) € A, forall x € C;
(iii) F(J,) = A~10.

Lemma 2.7 (Zalinescu [23] and Xu [24]). Let E be a uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous, and convex function g : [0,00) — [0, o) such
that g(0) = 0 and

[ex + (1= Hy|* < tixl? + A - Hly]|* - 1 - g (lx - y) (2.8)

forall x,y € B,(0) and t € [0,1], where B,(0) = {z € E : ||z|| < r}.
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3. Main Results

In this section, we prove a strong convergence theorem for finding a common element of
the zero point set of a maximal monotone operator and the fixed point set of two relatively
nonexpansive mappings in a Banach space by using the hybrid method.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let A C E x E* be a maximal monotone operator satisfying
D(A) c Cand let J, = (J + rA)"J forall r > 0. Let S and T be relatively nonexpansive mappings
from C into itself such that Q = F(S)NF(T) N A™0#0. Let {x,} be a sequence generated by xo € C
and

= J N anJoxn + (1~ an)JTzy),
Zn = (BuJxn+ (1= Pu) JSTr, Xn),
Co={z€C:P(zu) <P(z,x)}, (3.1)
Qu=1{z€C:(xy~2z Jxo = Jxu) 20},
X1 = Ile,n, X0
for all n € NU {0}, where ] is the duality mapping on E, {a,}, {a} € [0,1] and {r, o) for

some a > 0. Ifliminf,_, (1 -a,) > 0and lim 1nfn_>mﬁn(1 ﬁn) > 0, then {x,} converges strongly
to Ilgxg, where Tg is the generalized projection of E onto Q.

Proof. We first show that C, and Q,, are closed and convex for each n > 0. From the definitions
of C, and Q,,, it is obvious that C,, is closed and Q,, is closed and convex for each n > 0. Next,
we prove that C,, is convex. Since ¢(z, u,) < ¢(z, x,) is equivalent to

0 < llocull® = llnll® = 2¢z, Jxtn — Juan), (3.2)

which is affine in z, and hence C,, is convex. So, C,, N Q,, is a closed and convex subset of E
for all n > 0. Next, we show that Q c C,, for all n > 0. Indeed, let u € Q and y,, = ], x, for all
n > 0. Since J,, are relatively nonexpansive mappings, we have

u,z0) = (1,7 (BuJ2u + (1= ) Syn))
= [|uall® = 21, BuJ 2 + (1= Bu) ISYu) + || BuJ 2n + (1 = Bu) T Sy
< Nl = 2B (1, Jx) = 2(1 = Bu) (1, JSyw) + Bullacal® + (1 = ) [| Sy |
= Bup (1, Xn) + (1= Bn) (1, Syn) (3.3)
< Pudp(,x0) + (1= Bu) P (4, )
= Pudp (1, xn) + (1= ) P(u, ], 1)
< Pudp (o, x0) + (1= Bu) (1, x)
= ¢(u, xp).
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It follows that

Pt ) = (1, ] (@0 + (1 - @) J T2) )
= [[ull* = 2(u, atn Joxu + (1 = o) JT2z) + lanJ2n + (1 = ) J T 2|
< full® = 2an (u, Joxn) = 2(1 = an) (1, JT2Zn) + anlxall* + (1 = @) | Tzn 1>
= anp(u, x,) + (1 - an)Pp(u, Tzy) (3.4)
< anp(u, xn) + (1= an)P(u, z,)
< () + (1= )b (1, x)

= ¢(u, xp).

So, u € C, for all n > 0, which implies that Q c C,. Next, we show that Q C Q, for all n > 0.
We prove by induction. For n = 0, we have Q € C = Qp. Assume that Q C Q,. Since x,,1 is
the projection of xy onto C,, N Q,, by Lemma 2.3 we have

(Xns1 =2, Jx0 = JXns1) 20, Yz€CrNQy. (3.5)
As Q c C, N Q, by the induction assumptions, we have
<xn+1 -z, Jxo— ]xn+1> >0, VzeQ. (36)

This together with definition of Q.1 implies that Q C Q.1 and hence Q C Q,, forall n > 0. So,
we have that Q ¢ C, N Q,, for all n > 0. This implies that {x,} is well defined. From definition
of Q, that x,, = I'lg, xo and x,+1 = I1c,ng, %0 € C, N Qn C Qn, we have

¢(x7‘l/ xO) S ¢(xn+1/ xO)/ vn 2 0 (37)
Therefore, {¢(x,,x0)} is nondecreasing. It follows from Lemma 2.4 and x,, = Ilp,x, that
P (xn, x0) = ¢ (I, x0, x0) < P(u, x0) — P(u, g, x0) < P(u, x0) (3.8)

for all u € Q C Q,. Therefore, {¢(x,, x0)} is bounded. Moreover, by definition of ¢, we know
that {x,} is bounded. So, we have {y,} and {z,} are bounded. So, the limit of {¢(x,, x¢)}
exists. From x, = I'lp, xg and Lemma 2.4, we have

¢(xn+1/ Xp) = ¢(xn+1/ 1_IQ,,XO) < ¢(xn+1r X0) — (i)(HanOr xO) = ¢(xn+1r X0) — ‘i’(xn/ X0) (3.9)



8 Abstract and Applied Analysis

for all n > 0. This implies that lim,, _, oo P (xy41, x4) = 0. From x,,1 = I'lc g, x0 € C,, we have

G (xns1, Un) < P(Xns1, Xn).

Therefore, we have lim,, , ¢ (xp11, u,) = 0.

(3.10)

Since limy,—, oo (Xps1,x) = limy 0P (xp11,u,) = 0 and E is uniformly convex and

smooth, we have from Lemma 2.1 that

lim ||x,41 — Xu|| = Im [|x,41 — 1] = 0.
n—oo n—oo

(3.11)

So, we have lim,,_, o ||x, —u,|| = 0. Since ] is uniformly norm-to-norm continuous on bounded

sets, we have

Lim || Jxpe1 = Jxu|| = Hm || Jxpq = Ju,|| = Em ||Jx, = Ju,|| = 0.
n—oo n—oo n— oo

On the other hand, we have

1Jxn1 = Junll = |J X011 — anJxn = (1 = ay) JTz4 ||
= llan(Jxner = Jxn) + (1 = an) (Jxue1 = JTzn)||
= ||(1 - an)(]xn+1 - ]TZ,,) - an(]xn - ]xn+1)||

2 (1= an)[[Jxne1 = JTznll = anl|Jxn = Jxpsa |-
This follows that

1Jxne1 = JTzy| <

1-—a (”]xn+1 - ]un” + an“]xn - ]xn+1||)-

From (3.12) and liminf, _, (1 — a,,) > 0, we obtain that lim,, _, .|| J ;11 — JT 2| = 0.

Since J7! is uniformly norm-to-norm continuous on bounded sets, we have
Jim [0 = T2, = 0.
From
lcn = Tzull < |20 = Xpsall + |01 = Tzal|,

we have

lim [|x,, — Tz,|| = 0.
n—oo

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Since {x,} and {y,} are bounded, we also obtain that {Jx,} and {JSy,} are bounded. So,

there exists r > 0 such that { Jx,}, {JSy,} C B;(0). Therefore Lemma 2.7 is applicable and we
observe that

P,z = (] (BuTou+ (1= B)ISyn))
= lull = 24w, BuJxcn + (1= Pu) JSyn) + ||BuT xn + (1 = Bu) JSyal|”
< lull® = 2B (1, Txn) = 2(1 = ) (14, TSYa) + Bullall* + (1= Bu) | Syu|?
= Pu(1 = Bu) g (| J2tn = T Syl|)
= Bup(, xn) + (1= Bu) P (11, Syn) = Pu(1 = Bu) g (|| J 2w = JSyml|)
= Bup(t, %) + (1= B)p(1t, S ], %) = Bu (1 = ) & (|| = TSyl )
< (4, ) + (1= B) (1, %) = Bu(1 = B) & (|| ] = TSyl
=, xn) = Pu(1 = ) g (|| Jxn = TSyull).

(3.18)

where g : [0,00) — [0,00) is a continuous, strictly increasing, and convex function with
g(0) = 0. That is

ﬂn(l - ﬂn)g(”]xn - ]5}/71”) < d)(u/ xn) - ¢(ur Zn)' (319)

Let {||xyn, — Sy, ||} be any subsequence of {||x, — Sya,||}. Since {x,,} is bounded, there
exists a subsequence {xn}} of {x,, } such that

lim ¢<u, xn}> = limsup ¢(u, xp,,) = a, (3.20)

j—ooo k— oo

where u € Q. By (2) and (3), we have

(,b(u,xn}) = (j)(u,Tzn;) +¢<Tzn},xn;_> +2(u - Tzn},]Tzn} - ]xn;_)

772 = 1

+ “Tzn} — xn}

< p(wz) + T2 (3.21)

X'
;

+ 2||u -Tz,
]

7720 - T
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Since lim,, _, o ||x, — Tz,|| = 0 and hence lim,, . || Jx, — JTz,|| = 0, it follows that

a = liminf (l)(u, xn;_> <liminf ¢ <u, zn}> . (3.22)

jooo jooo

We also have from (3.3) that

lim sup ¢ (u, Zn}) <limsup ¢ (u, xn;.> =a, (3.23)
jooo jooo
and hence
Jim p (5 ) = lim p(1, 2 ) = o (.24

Since liminf, _, B, (1 — B.) > 0, it follows from (3.19) that lim]-ﬁoog(H]xn} - ]Syn;”) = 0. By

properties of the function g, we have lim;_, ||J X, =] Syn;_ | = 0. Since J! is also uniformly
norm-to-norm continuous on bounded sets, we obtain lim]-éoollxn} - Syn} || = 0 and then
lim [0, — Sy = 0. (3.25)

So, we have lim, _, || Jx, — JSyx|| = 0. Since

1Jzn = Jxall = ”ﬁn]xn + (1 _ﬂn)]Syn - ]xn”

(3.26)
= (U= P) 7Sy = Txull < TSy = Jxall,
it follows that lim,, _, o || Jz, — Jx4|| = 0, and hence
Jim [l — 2| = 0. (3.27)
From (3.3), we have
(90,20 =P 32)) < by, (.29

Using v, = J;,x, and Lemma 2.6, we have

(Y, xn) = ¢Ur, Xn, Xn) < P(1t, x) = P14, Jr, X0) = P(1t, X0) = P (1, Yi). (3.29)
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It follows that

Py 20) < P00~ o, )
<l ) = 5 (00, 20) ~ 0, %)

= 1_1—ﬁn(¢(u, Xn) — P(u, zn))

1

= — ﬁn(nxnnZ— lzall® = 242, J2u = Jz0)) (3:30)
< 75 (Jhl? = P |+ 20 7, - 72201)

< 5 Qxall = a0l + 200D + 2150 = T2 ])

< ﬁum = 2| (lxall + 12all) + 202l = 2 ])-

Since liminf, ., ,p3,(1 — ) > 0, we have that liminf,_, (1 - ,) > 0. So, we have
limy, —, - (Yn, x,) = 0. Since E is uniformly convex and smooth, we have from Lemma 2.1
that

lim ||y, — x,|| = 0. (3.31)

n—oo
Since

1zn = Tzull < llzn = xull + |0 — Tzal|,

(3.32)
[y = Syull < [lyn =2l + [|20 = Synll,
from (3.17), (3.25), (3.27), and (3.31), we obtain that
Jim ||z, = Tzy|| = lim ||y - Sya|| = 0. (333)

Since {x,} is bounded, there exists a subsequence {x, } of {x,} such that x,, — v. From
limy, -, o ||xn — Y|l = 0 and lim,,_, oo ||x, — z,|| = 0, we have y,, — v and z,, — v. Since S and
T are relatively nonexpansive, we have that v € F (S)n F (T) = F(S) n F(T). Next, we show
v € A70. Since ] is uniformly norm-to-norm continuous on bounded sets, from (3.31) we
have

nli_I}!O”]xn - ]]/n” =0. (3.34)
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From r,, > a, we have

o1
nh_r:r;or—”]xn — Jya|| =0. (3.35)
Therefore, we have
lim || A = 1li ! =0 (3.36)
i [|Ar, xull = lim =T = Jyul| = 0. :

For (p,p*) € A, from the monotonicity of A, we have (p — y,,,p* — A;,x,) > 0 forall n > 0.
Replacing n by ny and letting k — oo, we get (p — v,p*) > 0. From the maximallity of A, we
have v € A710, thatis, v € Q.

Finally, we show that x, — Ilaxo. Let w = Ilgxp. From x,41 = Ilc,ng,x0 and w € Q C
C, N Qy, we obtain that

¢(xn11, x0) < P(w, X0). (3.37)
Since the norm is weakly lower semicontinuous, we have

$(v,x0) = [[0lI* = 2(v, Jx0) + [|x0]1*
< i inf (0, = 2, J%0) + o) (3.38)

= lilgn inf ¢(xy,, x0) < limsup ¢(x,,, x0) < Pp(w, xp).

k— oo

From the definition of I'lg, we obtain v = w. This implies that
,}gr;o¢(xnk,xo) = ¢(w, xp). (3.39)

Therefore we have
0= klgl;((i)(xnk/xo) - ¢(wl .X'o))
= lim (1l | = llelP = 2(x, - w, Jx0) ) (3.40)

. 2 2
= 1im (|| = l0])-
k— o0

Since E has the Kadec-Klee property, we obtain that x,, — w = Ilgxg. Since {x,,} is
an arbitrary weakly convergent subsequence of {x,}, we can conclude that {x,} converges
strongly to Ilgxg. This completes the proof. O
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As direct consequences of Theorem 3.1, we can obtain the following corollaries.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let A C E x E* be a maximal monotone operator satisfying
D(A) c Candlet J, = (J + rA)J forall r > 0. Let T be a relatively nonexpansive mapping from C
into itself such that Q = F(T) N A710# 0. Let {x,,} be a sequence generated by x, € C and

Uy = J (@] oxn + (1= ) JT2y),
2 =] (BuJxn+ (1= ) JT T xn),
Cu={z€C:d(zun) < P(z,x0)}, (3.41)
Qn={z€C:(xy -2z Jxo - Jxp) 20},
X1 = He,n, X0
for all n € N U {0}, where ] is the duality mapping on E, {ay}, {Bn} C [0,1], and {r,} C [a, o) for

some a > 0. Ifliminf, (1 -ay,) > 0and liminf, _, B, (1 - p,) > 0, then {x,} converges strongly
to Ilgxg, where Ig is the generalized projection of E onto Q.

Proof. Putting S = T in Theorem 3.1, we obtain Corollary 3.2. O

Corollary 3.3. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let A C E x E* be a maximal monotone operator satisfying
D(A) c Candlet J, = (J + rA)_ljfor allv > 0. Let S : C — C be a relatively nonexpansive
mapping such that Q = F(S) N A70# 0. Let {x,} be a sequence generated by x, € C and

Uy = ]_1 (ﬁn]xn + (1 _,Bn)]S]rnxn)/
Ch={z€C:P(z,us) <P(z,xn)},
Qn=1{z€C:(x,—2z Jxo - Jx,) 20},

(3.42)
Xn+1 = Ic,n0, X0

forall n € NU {0}, where | is the duality mapping on E, {$,} C [0,1], and {r,} C [a, o) for
some a > 0. If liminf, _, ,fn(1 — Bn) > O, then {x,} converges strongly to Ilqxo, where Ilg is the
generalized projection of E onto Q.

Proof. Putting T = I and a,, = 0 in Theorem 3.1, we obtain Corollary 3.3. O

Let E be a Banach space and let f : E — (-0, 0] be a proper lower semicontinuous
convex function. Define the subdifferential of f as follows:

of(x) ={x*€E: f(y) > (y—x,x*)+ f(x), Vy € E} (3.43)

for each x € E. Then, we know that 0f is a maximal monotone operator; see [18] for more
details.
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Corollary 3.4. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let S and T be relatively nonexpansive mappings from C into
itself such that Q = F(S) N F(T) #0. Let {x,,} be a sequence generated by x, € C and

Un = (@) X0 + (1= ay) JT2y),
zp = ] (BT xn + (1= Bn) JSxn),
Cu={z€C:P(z,un) <P(z,xn)}, (3.44)
Qu=1{z€C:(xn—zJx0— Jxn) 20},
Xn+1 = Ic,n, X0
forall n € NU {0}, where ] is the duality mapping on E and {a,,},{f,} C [0,1]. If iminf, (1 -

ay) > 0 and liminf, _, (1 — B) > 0, then {x,} converges strongly to Iloxo, where Ilg is the
generalized projection of E onto Q.

Proof. Set A = 0ic in Theorem 3.1, where ic is the indicator function; that is,

0, C,
ic(x){ *e (3.45)

o, otherwise.

Then, we have that A is a maximal monotone operator and J, = I'lc for r > 0. In fact, for any
x € E and r > 0, we have from Lemma 2.3 that

z=J,x & Jz+7r0ic(z) > Jx

— Jx - Jz € roic(z)

—ic(y) > <y—z,]x_jz> +ic(z), Yye€E
(3.46)
—=0>(y-zJx-Jz), YyeC
& z =argmin¢(y, x)
yeC
— z =Ilcx.
So, from Theorem 3.1, we obtain Corollary 3.4. O

4. Applications

In this section, we discuss the problem of strong convergence concerning a maximal
monotone operator and two nonexpansive mappings in a Hilbert space. Using Theorem 3.1,
we obtain the following results.
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Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let A C H x H be
a monotone operator satisfying D(A) C C and let J, = (I + rA)_1 forall r > 0. Let S and T be
nonexpansive mappings from C into itself such that Q = F(S) N F(T) N A70#0. Let {x,} be a
sequence generated by xo € C and

Un = anXn + (1= ay)Tzy,
zn = Puxn + (1= Bn)SJr%n,
Co={zeC:llz-ul <llz=xull}, (4.1)
Qn={z€eC:(xy—z,x0—x,) >0},
Xn+1 = Pc,ng,Xo
forall n € NU {0}, where {a,}, {fn} C [0,1] and {r,} C [a, o) for some a > 0. If liminf, _, (1 -

ay) > 0and liminf, _, B, (1-P,) > 0, then {x,} converges strongly to Poxo, where P, is the metric
projection of H onto Q.

Proof. We know that every nonexpansive mapping with a fixed point is a relatively
nonexpansive one. We also know that ¢(x, y) = ||x — y||? for all x,y € H. Using Theorem 3.1,
we are easily able to obtain the desired conclusion by putting | = I. This completes the
proof. O

The following corollary follows from Theorem 4.1.

Corollary 4.2. Let C be a nonempty closed convex subset of a Hilbert space H. Let A C H x H be a
monotone operator satisfying D(A) c C and let J, = (I+rA)™" forall v > 0. Let T be a nonexpansive
mapping from C into itself such that Q = F(T)NA™'0#0. Let {x,} be a sequence generated by xo € C
and

Un = anXn + (1 - an)Tzy,

zn = Pnxn + (1= Bn) T Jy, Xn,

Co={zeC:llz-un <|lz-x4ll}, (4.2)
Qn={z€eC:(xy,—z,x0—x,) >0},

Xns1 = Pc,n0,X0
forall n € NU {0}, where {a,}, {pn} C [0,1] and {r,} C [a, oo) for some a > 0. If liminf, _, (1 -

ay) > 0and liminf, _, B, (1 - B,) > 0, then {x,} converges strongly to Pox,, where P, is the metric
projection of H onto Q.

Proof. Putting S = T in Theorem 4.1, we obtain Corollary 4.2. O

Corollary 4.3. Let C be a nonempty closed convex subset of a Hilbert space H. Let A ¢ H x H be
a maximal monotone operator satisfying D(A) ¢ C and let J, = (I + rA)™ forall r > 0. Let S be
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a nonexpansive mapping from C into itself such that Q = F(S) N A710#@. Let {x,} be a sequence
generated by xy € C and
Uy = ﬂnxn + (1 - ﬂn)sjrnxn/
C,={z€eC:|lz—u,|| <||lz— x|},
{ | <l I} (43)
Qun={z€eC:(xyp—z,x0—x,) >0},
Xn41 = Pc,n0,X0

foralln € NU{0}, where {$,} C [0,1] and {r,} C [a, o) for some a > 0. Ifliminf, _, .3, (1-p,) > 0
then {x,} converges strongly to Paxo, where Pg is the metric projection of H onto Q.

Proof. Putting T = I and a,, = 0 in Theorem 4.1, we obtain Corollary 4.3. O

Corollary 4.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let S and T be
nonexpansive mappings from C into itself such that Q = F(S) N F(T) #0. Let {x,} be a sequence
generated by xy = x € C and

Uy = apxy+ (1 —a,)Tz,,

Zp = ,ann + (1 - ,Bn)S-xn/

Co={z€C:z-ull <z = xall}, (4.4)

Qn={z€C:(xp-2,x0-xn) 20},

Xn+1 = Pc,n, X0

foralln € NU{0}, where {a,}, {fn} C [0,1]. Ifliminf, ., (1-a,) > 0and liminf, _, B, (1-f,) >
0, then {x,} converges strongly to Poxo, where Pqg is the metric projection of H onto Q.

Proof. Set A = 0ic in Theorem 4.1, where ic is the indicator function; that is,

) 0, xeC,
ic(x) (4.5)

o, otherwise.

Then, we have that A is a maximal monotone operator and J, = Pc for > 0. In fact, for any
x € E and r > 0, we have that
z=J,x &= z+71rdic(z) dx

— x -z €rodic(z)

<=>iC(y)2<y—zlx Z>+ic(z), Vy € E (4.6)

—=0>(y-z,x-2z), VyeC

& z = Pcx.

So, from Theorem 4.1, we obtain Corollary 4.4. O
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