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1. Introduction
Wilker [1] proposed two open questions, the first of which was the following statement.

Problem 1. Let 0 < x < ar/2. Then

. 2
<s1nx> +tar;x>2 (1.1)

X

holds.

Sumner et al. [2] proved inequality (1.1). Guo et al. [3] gave a new proof of inequality
(1.1). Zhu [4, 5] showed two new simple proofs of Wilker’s inequality above, respectively.
Recently, Wu and Srivastava [6] obtained Wilker-type inequality as follows:

2
< 'x > = > 2, 0<x<Z. (1.2)
sin x tan x 2

Baricz and Sandor [7] found that inequality (1.2) can be proved by using inequality (1.1).
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On the other hand, in the form of inequality (1.1), Zhu [5] obtained the following
Wilker type inequality:

>2, x>0. (1.3)

<sinhx>2 N tanh x

X X

In fact, we can obtain further results:

sinx 2 tan x X 2 X ar
+ > - + >2, O<x<—,
x x sin x tan x 2
sinhx\? tanhx X 2 x
+ > - + >2, x>0.
x x sinh x tanh x

In this note, we establish the following four new Wilker type inequalities in
exponential form for circular and hyperbolic functions.

(1.4)

Theorem 1.1. Let 0 < x < /2, a € Rand a #0. Then

(i) when a > 0, the inequality

<sinx>2“+<tan x>“>< 'x >2“+< x >a (15)
X X sin x tan x

holds;

(ii) when a < 0, inequality (1.5) is revered.

Theorem 1.2. Let 0 < x < or/2 and a > 1. Then the inequality

. 2u a 2a a
(smx) . <tan x) - ( .x ) +( x > o (16)
X X sin x tan x

holds.
Theorem 1.3. Let x >0, a € Rand a#0. Then

(i) when a > 0, the inequality

sinh x \ % tanh x \ * x 2a X \“
< x > +< x >><sinhx> +<tanhx) (1.7)

holds;

(ii) when a < 0, inequality (1.7) is revered.
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Theorem 1.4. Let x > 0 and a > 1. Then the inequality

sinh x\ %* tanh x \* X 2a r \a
( X ) +< x >><Sinhx> +<tanhx> = (1.8)

holds.

2. Lemmas

Lemma 2.1 (see [8-24]). Let f, g : [a,b] — R be two continuous functions which are differentiable
on (a,b). Further, let ' #00n (a,b). If f'/ ¢’ is increasing (or decreasing) on (a, b), then the functions

(f(x) = f(b))/(g(x) —g(b)) and (f(x) — f(a))/(g(x) — g(a)) are also increasing (or decreasing)
on (a,b).

Lemma 2.2 (see [25-27]). Let a, and b, (n =0,1,2,...) be real numbers, and let the power series
A(t) = Xy ant™ and B(t) = 377 byt" be convergent for |t| < R. If b, >0 forn=0,1,2,...,and if
an /by, is strictly increasing (or decreasing) forn =0,1,2,..., then the function A(t)/B(t) is strictly
increasing (or decreasing) on (0, R).

Lemma 2.3 (see [28, 29]). Let |x| < ur, then the inequality

x &2 -2
=1+ > =—"|By|x™" 2.1
sin x +; (2n)! [Banlx @1
holds.
Lemma 2.4. Let |x| < o, then the inequality
1 ) 1 0 22n ond

= ==+ Bou|(2n —1)x™" 22
Sil’l2x csex 2 ; (21’1)'| 21’l|( n )x ( )

holds.

Proof. The following power series expansion can be found in [30, 1.3.1.4 (3)]

1 s 22n _—
— n—
cotx = 2 nz:; )l |Bop |7, x| < ar. (2.3)
Then
L csc’x = —(cotx)' = ! 5 2" |Bon|(2n = 1)x*"2, |x| < (2.4)
sin?x B - x? ) (2n)! 2 ’ ' ‘
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Lemma 2.5 (see [5,31]). Let 0 < x < ar/2. Then the inequality

: 3
(smx) > Ccos X (2.5)

X

holds.

Lemma 2.6 (see [5, 31, 32]). Let x > 0. Then the inequality

< sinh x

3
) > cosh x (2.6)
X

holds.

Lemma 2.7. Let 0 < x < /2. Then the function G(a) = ((sinx/x)** + (tan x/x)%)/
((x/ sinx)* + (x/ tan x)*) increases as a increases on (—oo, +o0).

Lemma 2.8. Let x > 0. Then the function H(x) = ((sinhx/x)** + (tanh x/x)")/((x/ sinh x)** +
(x/tanh x)%) increases as a increases on (—co, +o0).

Lemma 2.9 (a generalization of Cusa-Huygens inequality). Let 0 < x < or/2 and a > 1. Then
the inequality

x \“ X\
2<sir1x> +(tan x> >3 @7)
or
sinx\* 2 1 a
( p > < §+§(cosx) (2.8)
holds.

Lemma 2.10 (a generalization of Cusa-Huygens type inequality). Let x > 0 and a > 1. Then
the inequality

x “ X\«
2<sinhx> " <tanhx> >3 29)
or
sinhx\* 2 1 .
( p > < 3 + §(cosh x) (2.10)

holds.
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3. Proofs of Lemma 2.7 and Theorem 1.1

Proof of Lemma 2.7. Direct calculation yields G'(«) = J(«) /[(x/ sinx)** + (x/ tan x)"‘]2, where
tan x\*/ x \** x \@/sinx\* tan x
J(a) = [< x ) <sinx> _<tanx> ( x > +2] log x
tan x\“/ x \* x \*/sinx\* x
+2 - - < > —2|log —
x sin x tan x x sinx
2x \“ sin2x\* tan x 2x \“ sin2x\* x
- [<sin2x> _< 2x ) +2] log x +2[<sin2x> _< 2x ) _2] logsinx

tan x \ &/ sin 2x) " (sin 2x/2x)+2 x2 (2x/ sin2x)"~(sin 2x/2x)"-2
=log —
X sSm-x

< oy >(2x/ sin 2x)%—(sin 2x/2x)" ((sinx>3 1 >2]
= log - .
sin 2x X COS X

(3.1)

First, we have [(sinx/ x)3(1/ cos x)]2 > 1 by Lemma 2.5. Second, when letting 2x/ sin2x = ¢
for 0 < x < xw/2, we have t > 1, and t* — +* > O fora > 0, so #'" > 1 and
(2x / sin 2x) ¥/ sin 20 =6in22/20% [ (gin x /x)3(1/ cos x)]2 > 1. Thus J(a) > 0 and G'(a) > 0. The
proof of Lemma 2.7 is complete. O

Proof of Theorem 1.1. From Lemma 2.7 we have G(a) > G(0) = 1 for a > 0. That is, (1.5) holds.
At the same time, we have G(a) < G(0) =1 for a < 0. That is, (1.5) is revered. O

4, Proofs of Lemma 2.9 and Theorem 1.2

Proof of Lemma 2.9. Let F(x) = ((sinx/x)* = 1)/((cosx)* — 1) =1 f(x)/g(x), where f(x) =
(sinx/x)" -1, and g(x) = (cos x)* — 1. Then

f'(x) sinx \“'sinx - x cosx , sinx \*? u(x)
k(x): ! = 2 ot 4 k(x): 4 o3 2/

g'(x) X COs x x2sinx X COs X x*sin x cos?x

(4.1)
where
u(x) = (¢ —1)(x — sinx cos x) (sin x — x cos x) + cos x(x2 — 2sin®x + x sin x cos x)
= (x sin x — sin®x cos x — x* cos x + x cos’x sin x> a

(4.2)

- (x sin x + sin®x cos x — 2x2 cos x)

= (x sin x — sin®x cos x — X COS X + X COS>X sin x> (a - G(x)),
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where G(x) = (x sin x +sin’x cos x — 2x2 cos x) / (x sin x — sin?x cos x — X2 cos X + X COs

Then

2x sin x).

2x/ sin2x + 1 — 2x%/sin’x _Ax)

G(x) = = ,
2x/sin2x -1 - (x/sinx)*+xcotx  B(x)

(4.3)

where A(x) = 2x/ sin2x + 1 — (2x2/sin’x), and B(x) = 2x/ sin2x —1 - (x/ sin x)* + x cot x. By
(2.1), (2.2), and (2.3), we have

22n

(2n)!
0 (2211 4n)22n . 0 (2211 _4n)22n
Sy T2

n=1 n=2

Alx) =1+ Z |BZn|(2x)2” +1- 2<1 + Z é:)! |Bon| (211 - 1)x2">

[ee]
| By | =: Zaan”,
-

2n _ 2n
B(x)—1+Z & 2B, (20)%" ~ 1 - <1+Zé )||an|(2n 1)x >+1 2(2 )||an|x2"

(22" - 2n - 2)22n 22 _ 2p —2)22n

< < ( 2 ST
= |Bon|x*" = |Bon|x™" =1 ) byx”",
2 (2n)! " nZ:z (2n)! " nZ:z "

n=1

(4.4)

where a, = (22" - 4n)2?"/(2n)!)|Byy,| and by, = (22" - 2n - 2)2?" /(2n)")|Ba,| > 0.

When setting ¢, = a,/b,, we have that ¢, = (2>" — 4n)/(2*" — 2n - 2) is increasing
forn = 2,3,..., A(x)/B(x) is increasing from (0,sr/2) onto (4/5,1) by Lemma 2.2. When
a >1,we have u(x) > 0. So k(x) is increasing on (0, r/2). This leads to that f'(x)/g'(x) is
increasing on (0,sr/2). Thus F(x) = f(x)/g(x) = (f(x) — f(07))/(g(x) — g(0%)) is increasing
on (0,or/2) by Lemma 2.1. At the same time, lim,_,o- F(x) = 1/3. So the proof of Lemma 2.9
is complete. O

Proof of Theorem 1.2. From Theorem 1.1, when a > 1 we have

: 2 a 2a P
<smx> N <tan x) . < .x > +< x ) . (4.5)
X X sin x tan x

On the other hand, when a > 1 we can obtain

2a a
x X \“ x X\
> .
+<sir1x> +<tar1 x> _2<sinx) +<tar1 x> >3 (46)
by the arithmetic mean-geometric mean inequality and Lemma 2.9. So
2
x X \“
4.
(sinx> +<tan x> >2 (47)

holds.
Combining (4.5) and (4.7) gives (1.6). O
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5. Proofs of Lemma 2.8 and Theorem 1.3

Proof of Lemma 2.8. Direct calculation yields H'(a) = I(a)/[(x/sinhx)** + (x/tanh x)”]z,
where

tanh x\ * x 2a x \a/sinhx\** tanh x
Ha) = [( x > <sinhx> +<tanhx> ( x ) +2] log x
tanh x \ * x 2a x \«/sinhx\%* sinh x
+2[< x ) (sinhx) +<tanhx> < x ) +2] log x (1)
~ (tanhx)“( x >Z“+< x >u<sinhx)2“+2 o (sinhx>3 1
- x sinh x tanh x x & x coshx |’

First, (tanh x/x)%(x/ sinh x)*® + (x/tanh x)*(sinh x/x)** + 2 > 0 for x > 0. Second, we have
log[(sinh x/x)*(1/ coshx)] > 0 by Lemma 2.6. Thus I(a) > 0 and H'(a) > 0. The proof of
Lemma 2.8 is complete. O

Proof of Theorem 1.3. From Lemma 2.8 we have H(a) > H(0) = 1 for a > 0. That s, (1.7) holds.
At the same time, we have H (a) < H(0) = 1 for a < 0. That is, (1.7) is revered. O

6. Proofs of Lemma 2.10 and Theorem 1.4

Proof of Lemma 2.10. Let Q(x) = ((sinhx/x)" —1)/((coshx)® - 1) =: f(x)/g(x), where f(x) =
(sinhx/x)* -1, and g(x) = (coshx)” — 1. Then

fi(x) ( sinh x )“1xcoshx—sinhx B < sinh x )"’1A(x
g'(x)  \tcoshx x2 sinh x " \tcoshx B(x

k(x) = )) (6.1)

where A(x) = x cosh x — sinh x and B(x) = x? sinh x. Since

B o) x o) x2n+1 (Zn)x2n+1
A(x)‘xnzzo 2n)! ZO(Zn+1)' Z 2n+1)!
i (2n + 2)x>m+3 ianxz;m 6.2)

~ (2n+3)!

0 2n+3

B(x) = Z (2 nr )] = E:(:)bnx2n+3l

where a, = (2n+2)/(2n+3)!and b, =1/(2n+ 1)!.

When setting ¢, = a,/b,, we have ¢, = 1/(2n + 3) is decreasing for n =
0,12,..., A(x) /B(x) is decreasing on (0, +o0) by Lemma 2.2. At the same time, the function
(tanh x/x)* ' is decreasing on (0, +o0) when a > 1. By (6.1), we obtain that k(x) = f'(x)/g'(x)
is decreasing on (0, +o0). Thus Q(x) = f(x)/g(x) = (f(x)—-f(0%))/(g(x)—-g(0%)) is decreasing
on (0, +o0) by Lemma 2.1. At the same time, lim,_,¢-Q(x) = 1/3. So the proof of Lemma 2.10
is complete. O
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Proof of Theorem 1.4. By the same way as Theorem 1.2, we can prove Theorem 1.4. O

7. Open Problem

In this section, we pose the following open problem: find the respective largest range of a
such that the inequalities (1.6) and (1.8) hold.
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