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1. Introduction

The special function (cf. (2.1))

(1.1) CPK( r ) iz-l( iz( r)/K),

where K (0, oo), r (0, 1), is closely related to geometric properties of
quasiconformal mappings. Some examples of such geometric properties are
the quasiconformal Schwarz lemma [LV, p. 64] and the study of the
Beurling-Ahlfors extension of quasisymmetric functions [AH], [L], [LV]. We
first recall two earlier explicit estimates for the function qr(r) and then give
our main results, which yield new identities and inequalities for this fre-
quently occurring function. The basic inequality

(1.2) rl/K < qK(r) < 41-1/Krl/K

for K (1, oo) and r (0, 1), has been known for more than thirty years. This
inequality was recently sharpened [AVV3] to

(1.3) 1 1 < qK(r) < th(arth r + (K- 1)/x(r’)),

for K (1, ), r (0, 1)with r’= X/1 r 2

1.4. THEOREM. For K (0, oo), let f: [0, 1] - R, be defined by

1 (l/K(r)
f(r)

(l-r) 1/Ic for O < r < 1,

and f(1) 81 1/K. Then f is strictly increasing if K > 1 and strictly decreasing
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